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Circuit equivalence problem CEQV(A)

INPUT: p(X1,...,Xn), g(X1,...,Xs) polynomials, encoded by circuits
QUESTION: Does A = p(xi,...,%,) = q(x1,...,%n)?

CEQV(A) € coNP
Main question
What are criteria for tractability (P) or hardness (coNP-c)?

Why circuits?
Pol(A)... clone of polynomials of A
e Pol(A) C Pol(A’") = CEQV(A) < CEQV(A’)
e If input encoded by strings ('PolEQV’) — language sensitive.

e (encoding not relevant in nilpotent case)
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A... n-nilpotent from CM variety.
Theorem (Freese, McKenzie)
Then 3 L Abelian, U is (n — 1)-nilpotent, A= L x U and

FAR, un), .y (I un)) = (FY(hy oo ) + Fun, oy ug), £, - ., un)),
for all operations. We write A=L®7 U.

Corollary

Checking A |= pA(x1, ..., x,) ~ 0 is equivalent to checking
pY(u1,...,u,) = 0in U v (n— Lnilpotent)
pt(h,....lh)~cinL Vv

p(ur,...,upy) = —cinlL

we need to analyze the expressions p!
Operations p: U" — L form an (L)-clonoid.
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o flu) = fu)~ -~ F((qg—1)u)
o lx Z{':ol Flu—1i)
e axioms for L and U (e.g. p-f(u) =0, f(u+q-u') ~ f(u))

— compute in polynomial time the representation:

N

Plu,...,up) =y + 375 F(1 4226 up)
This is representation is unique:
{F(1+ 37,6 - 1)} U {1} is a basis of the vector space LY" for every n.
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= (Zp X Zq,+,(0,0), —, f) is finitely based.
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Let L&T U= (Z, x Zp,+,(0,0),—, f), f binary
A lifuu=u=0
f(ul’u2) _ IT Uy u»
0 else
e |s 2-supernilpotent

A n z"
e Function p do not generate all LV" = Z,
(no nontrivial 0-absorbing operations of arity > 2)

e But, for n>2: {(uy,...,un) > F(u;i — a;, uj — a;)|i < Jj,aj,a; € U}
is a basis generating all p(xy,...,X,)
e Normal form p(uy, ..., u) ~= S - F(ui — aj, u; — aj)

can be computed in polynomial time

= CEQV(L®T U) e P

Remark: All 2-supernilpotent algebras with L = U = Z,, reduce to this
one.
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2-nilpotent algebras

Theorem (Kawatek, MK, Krzaczkowski '19)
Let A=L®" U 2-nilpotent. Then CEQV(A) € P

Proof steps

1. Example 1 generalizes to L = (Z4)* and U = (Z,)’.
2. IfL=(Zg)" x -+ x (Zg,) — decompose p = m1p+ ...+ Tp.
3. U= (Zp)" x -+ x(Zp,)", L= (Zq)" — modify generating function:
2 lifmj(u))=0forj=1,....n
f(Ul,...,Un): WJ( j) /
0 else
4. U= (Zm)i1 Koo X (an)i" X (Zq)kv L= (Zq)/
mix coprime and supernilpotent approach

5. Major problem: Non vector-spaces, e.g. U = Zg L = Z,. How to
find normal form of LU"? — different approach
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A different approach

Example: U =79 L = Z,.
Let f(u) =1if u=0and f(u) =0 else.

e Check f(u+1)+ f(u+v)+ f(u+4v) ~ const

e |dea: reduce to subterms by 'systematic summing':

o Y0 (Flu+1)+f(u+a)+ f(u+4a)) ~ 9F(u+1)+1+1 ~ const
= f(u+1)~ const = f(u+v)+ f(u+4v) ~ const

o f(u+v)+ f(u+4v) = const does not decompose, but reduce to Zs
(u+v)+Ff((u+v)+3v) =0 F(3w) + F(3w +3v) = 0

>

Downsides

e For arbitrary abelian U,L very technical

e How to generalize to n — 1-nilpotent U?
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Aichinger coordinatisation

Proposition (Aichinger '18)
Let A be nilpotent, |A] = pf -pg ... pim_Then there are operations
+,0,— such that

O (Aa+7037) Ezgl Koo X Zgnm

e (A +,0,—) is still nilpotent.

CEQV(A) < CEQV((A,+,0,-))
— work only in Aichinger’s extended groups

Remark
The degree of nilpotence might increase (but < log,(|A|)).
E.g. (Z4,+) Abelian, but (Z4,+,+v) is 2-nilpotent.
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A... n-nilpotent, extension of a group Z2 X --- x Zir

e A=Le"U
pY(u, ... u,) =
e pA(x1,...,xn) = 0 holds iff < pt(hy,... . I,) ~ ¢
pur,...,up) = —c
e Extend A by f's, such that fgenerates feasible subspace of LV
e compute normal form of p(uy, ..., u,) using f
= CEQV(A) < CEQV(U) in polynomial time

By induction on n:

Theorem (MK)
Let A be n-nilpotent. Then CEQV(A) € P.
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Open questions

A... finite nilpotent, from a CM variety

Question
By our proof A has a finitely based nilpotent extension.
Is A itself finitely based?

Question

Is the equation/circuit solvability problem of A in P?

11



Thank you!
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