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http://msekce.karlin.mff.cuni.cz/~komarek
http://www.karlin.mff.cuni.cz/~maciak
http://msekce.karlin.mff.cuni.cz/~nagy

Study materials

Webpage of the course

http://msekce.karlin.mff.cuni.cz/ komarek/vyuka/nmsa407.html J
Central webpage of the exercise classes
http://msekce.karlin.mff.cuni.cz/"maciak/nmsa407_2022.php J
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http://msekce.karlin.mff.cuni.cz/~maciak/nmsa407_2022.php

Study materials

1. Self-written notes made during the lecture.

2. Course notes
® Should be used selectively as a supplement to self-written notes.
@ They contain (much) more than what’s required to pass the exam.
® Some parts of the lecture will be presented a bit differently as compared to
the course notes.

3. Slides
® Pure complement to information being provided orally and “on the black-
board” (irrespective of what “blackboard” means during the COVID-19
pan(dem)ic).

Past experience suggests that individual reading of the notes only is in
most cases insufficient to be prepared for exam. The course notes are
intended as a supplement of the lecture, not its replacement.
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Literature

Basic supplementary

Khuri, A. I. (2010). Linear Model Methodology.
Boca Raton: Chapman & Hall/CRC. ISBN 978-1-58488-481-1.

Zvara, K. (2008). Regrese.
Praha: Matfyzpress. ISBN 978-80-7378-041-8.
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Literature

Extended supplementary

Seber, G. A. F. and Lee, A. J. (2003). Linear Regression Analysis, Second Edition.

New York: John Wiley & Sons. ISBN 978-0-471-41540-4.

Draper, N. R., Smith, H. (1998). Applied Regression Analysis, Third Edition.

New York: John Wiley & Sons. ISBN 0-471-17082-8.

Sun, J. (2003). Mathematical Statistics, Second Edition.
New York: Springer Science+Business Media. ISBN 0-387-95382-5.

Weisberg, S. (2005). Applied Linear Regression, Third Edition.
Hoboken: John Wiley & Sons. ISBN 0-471-66379-4.

Andél, J. (2007). Zaklady matematické statistiky.
Praha: Matfyzpress. ISBN 80-7378-001-1.

Cipra, T. (2008). Financni ekonometrie.
Praha: Ekopress. ISBN 978-80-86929-43-9.

Zvéra, K. (1989). Regresni analyza.
Praha: Academia. ISBN 80-200-0125-5.
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Literature

The lectures shall not follow closely any of the
books.
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Exercise classes

During semester
e Practical analyses of various types of datasets.

o Theoretical assignments.
Principal computational environment
e System ‘R (http://www.R-project.org).

e Possibly (but not necessarily) combined with RStudio
(http://www.rstudio.org).

e Exercise classes are not a course in “R programming!

e Emphasis on interpretation of results.

“Technical” materials (how to do calculations in “R):
e “Rtutorials at
http://msekce.karlin.mff.cuni.cz/ "komarek/vyuka/nmsa407.html

e Just supplementary.
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http://msekce.karlin.mff.cuni.cz/~komarek/vyuka/nmsa407.html

Course credit (Zapocet)

e Details have been (will be) provided on the web and during the first
“exercise classes”.
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Exam

1. Written part composed of theoretical and semi-practical assignments
(no computer analysis).

2. Oral part (extent depending on results of the written part).
® The exam dates for the written part will be communicated in due time via SIS. All
(£five) exam dates will be in a period
January 10 — February 11, 2022.

® There will be no exam dates later on!
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Prerequisite knowledge

Unavoidable prerequisites
® NMSA331 and 332: Mathematical Statistics 1 and 2;

e NMSARS33: Probability Theory 1;

e NMSAB36: Introduction to Optimisation;

e NMAG101 and 102: Linear Algebra and Geometry 1 and 2.
Other prerequisites

e All other compulsory (optional) subjects of Bachelor study branch General
mathematics, direction Stochastics.
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Prerequisite knowledge

The most important areas of general mathematics and mathematical statistics
which are unavoidable to be able to follow this course include:

e Vector spaces, matrix calculus;
e Probability space, conditional probability, conditional distribution,
conditional expectation;

e Elementary asymptotic results (laws of large numbers, central limit
theorem for i.i.d. random variables and vectors, Cramér-Wold theorem,
Cramér-Slutsky theorem);

e Foundations of statistical inference (statistical test, confidence interval,
standard error, consistency);

e Basic procedures of statistical inference (asymptotic tests on expected
value, one- and two-sample t-test, one-way analysis of variance, chi-
square test of independence);

e Maximum-likelihood theory including asymptotic results and the delta
method;

e Working knowledge of “R.
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Regression analysis
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Houses1987 (n = 546)
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Cars2004nh (subset, n = 409)

consumption ~ weight
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Cars2004nh (subset, n = 409)

consumption ~ drive
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Cars2004nh (subset, n = 409)
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Cars2004nh (subset, n = 409)

consumption ~ weight, drive
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Cars2004nh (subset, n = 409)

consumption ~ weight, drive
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Cars2004nh (subset, n = 384)

consumption ~ drive, type, weight, engine.size, horsepower, wheel.base,
length, width
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1.2.1 Linear model with i.i.d. data

Definition 1.1 Linear model with i.i.d. data.

The data (Y;, X,-T)T e (v, XT)T, i=1,...,n, satisfy a linear model if

E(Y|X)=X"B8, var(Y|X) =0

.
where 8 = (Bo, ..., Bk-1) € R¥and 0 < o2 < co are unknown parameters.
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1.2.2 Interpretation of regression coefficients

x:(xo,...,)(j...,xk_1)TeX7
XD = (x0, .., 41 X)) € X,
x/(+6) = (XO’...,)(j+6-~~7Xk_1)T€X

11 1. Linear Model
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1.2.3 Linear model with general data

-
X170 X17k_1 X1

-
Xno oo Xnkot X

Lemma 1.1 Conditional mean and covariance matrix of the response
vector.

Let the data (Y}, X,-T)T g (Y, XT)T, i=1,...,nsatisfy a linear model. Then

E(Y|X)=X8, var(Y|X) =0l

4
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1.2.3 Linear model with general data

Definition 1.2 Linear model with general data.

The data (Y, X), satisfy a linear model if
E(Y|X)=X38, var(Y|X) =0,

.
where B = (Bo, ..., Bk—1) € R¥and0 < o2 < oo are unknown parameters.
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1.2.4 Rank of the model

Assumptions

® n>Kk;

® P(rank(X) =r) =1 for some r < k.

Definition 1.3 Full-rank linear model.

A full-rank linear model is such a linear model where r = k.

14 1. Linear Model
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1.2.5 Error terms

e=(c1,..en) = (Yi—X{B, ..., Vo= X} B8) =Y -Xp

Lemma 1.2 Moments of the error terms.

Let Y|X ~ (X8, 02l,). Then

E(e|X) = o, E(e) = 0,

var(e |X) = o2l var(e) = o2l
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1.2.6 Distributional assumptions
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1.2.7 Fixed or random covariates
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1.2.8 Limitations of a linear model

Essentially, all models are wrong, but some
are useful. The practical question is how
wrong do they have to be to not be useful.

George E. P. Box

October 18, 1919 in Gravesend,
Kent, England

— March 28, 2013 in Madison,
Wisconsin, USA.

18 1. Linear Model 2. Linear model: Basics



HosiO (n = 4838)
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HosiO (n = 4838)

bweight ~ blength
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HosiO (n = 4838)

bweight ~ blength
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HosiO (n = 4838)

bweight ~ blength
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Section 2.1

Sum of squares, least squares estimator
and normal equations
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2.1 Sum of squares, least squares estimator and
normal equations

Definition 2.1 Sum of squares.

Consider a linear model Y | X ~ (X3, o2l,). The function SS : R¥ —; R given
as follows

SS(B) =Y (Y- X[ B2 =Y -X8|* = (Y -XB) (Y -XB), BeR

i=1

will be called the sum of squares of the model.
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2.1 Sum of squares, least squares estimator and
normal equations

Lemma 2.1 Least squares estimator.

Assume a full-rank linear model Y | X ~ (X8, o®l,), rank(Xn«x) = k. There
exist a unique minimizer to SS(83) given as

B=(xX"X)"'XTY.
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2.1 Sum of squares, least squares estimator and
normal equations

Definition 2.2 Least squares estimator, normal equations.

Consider a linear model Y |X ~ (X8, 02l,), rank(X,«x) = k. The quantity
B = (XTX)_1 XTY will be called the least squares estimator (LSE) of the
vector of regression coefficients 3. The linear system X'X3 = X' Y will be
called the system of normal equations.
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2.1 Sum of squares, least squares estimator and
normal equations

Lemma 2.2 Moments of the least squares estimator.

Let Y| X ~ (X8, 0®l,), rank(Xnxx) = k. Then
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2.2 Fitted values, residuals, projections

Definition 2.3 Regression and residual space of a linear model.

Consider a linear model Y |X ~ (X8, 0?l,), rank(Xnxk) = r < k. The
regression space of the model is a vector space M (X). The residual space
of the model is the orthogonal complement of the regression space, i.e.,

a vector space M (X)l.
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2.2 Fitted values, residuals, projections

Definition 2.4 Fitted values, residuals.

Consider a full-rank linear model Y |X ~ (X8, 0®l,), rank(X,xx) = k. The

vector N R ;
Y =XB=X(X'X)" X'Y

will be called the vector of fitted values of the model. The vector

u=vY-Y

will be called the vector of residuals of the model. )
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2.2 Fitted values, residuals, projections

Notation. H .= X(X'X) 'XT, M =1, —H.

Lemma 2.3 Algebraic properties of fitted values, residuals and related
projection matrices.

(i) Y =HY and U = MY are projections of Y into M (X) and M(X)™,
respectively;

(ii Y L U;

)
(iii) H and M are projection matrices into M(X) and M(X)™, respectively;
(iv) HT =H, M" = M;
(v) HH = H, MM = M;
(vi) HX =X, MX = 0pyk-
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2.2 Fitted values, residuals, projections

Terminology (Hat matrix, residual projection matrix).
For a linear model of (not necessarily full-rank)
Y| X~ (X8, 02l,), rank(Xpxk) = r < k.

e H=QQ" =X(X"X) XT: hat matrix ,

where Q. = (qy, ..., q,) is an orthonormal vector basis of the regression
space M (X);

e M=NN'" =1, - X(XTX) XT: residual projection matrix ,
where Ny, = (M1, ..., ny_;) is an orthonormal vector basis of the residual
space M (X)".
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Gauss-Markov theorem
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2.3 Gauss-Markov theorem

Theorem 2.4 Gauss—Markov.

Assume a linear model Y |X ~ (X8, 0®l,), rank(Xnxx) = r < k. Then the

vector of fitted values Y is, conditionally given X, the best linear unbiased
estimator (BLUE) of a vector parameter . = E(Y | X). Further,

var(Y|X) = o?H = o2 X(X'X) X,
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2.3 Gauss-Markov theorem

Historical remarks
® The method of least squares was used in astronomy and geodesy already at the beginning of
the 19th century.

® 1805: First documented publication of least squares.
Adrien-Marie Legendre. Appendix “Sur le méthode des moindres quarrés” (“On the method
of least squares”) in the book Nouvelles Méthodes Pour la Détermination des Orbites des
Cometes (New Methods for the Determination of the Orbits of the Comets).

® 1809: Another (supposedly independent) publication of least squares.
Carl Friedrich Gauss. In Volume 2 of the book Theoria Motus Corporum Coelestium in Sec-
tionibus Conicis Solem Ambientium (The Theory of the Motion of Heavenly Bodies Moving
Around the Sun in Conic Sections).
@ C. F. Gauss claimed he had been using the method of least squares since 1795 (which is
probably true).

® The Gauss—Markov theorem was first proved by C. F. Gauss in 1821 —1823.
In 1912, A. A. Markov provided another version of the proof.

® In 1934, J. Neyman described the Markov’s proof as being “elegant” and stated that Markov’s
contribution (written in Russian) had been overlooked in the West.

" The name Gauss—Markov theorem.
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2.3 Gauss-Markov theorem

Theorem 2.5 Gauss—Markov for linear combinations.

Assume a full-rank linear model Y | X ~ (X8, 0®ln), rank(Xnxx) = k. Then
(i) Foravectorl= (b, ..., k_1)' €RK 10, the statisticd =173 is the best linear
unbiased estimator (BLUE) of the parameter 6 =1" 3 with
var(6]x) = o°1' (X'X) 1> 0.

(i) For a given matrix

L=|:|, LeR L #0, j=1,....m, m<k

I

with linearly independent rows (rank(]mek) = m), the statistic 0= ]LB is the best
linear unbiased estimator (BLUE) of the vector parameter 6 = 1.3 with

var(6]X) = o L(X'x)'LT,

which is a positive definite matrix.

4
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Residuals, properties
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2.4 Residuals, properties

Definition 2.5 Residual sum of squares.

Consider a linear model Y | X ~ (X8, 02l,), rank(Xnxx) = r < k. The quantity
SSe = |U|? = 0, 1B = S0 (Yi— Y)? = || Y — Y|° will be called the
residual sum of squares of the model.
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2.4 Residuals, properties

Lemma 2.6 Altenative expressions of residuals and residual sum of
squares.

Let Y |X ~ (XB, 02l,), rank(Xnxk) = r < k. The following then holds.
(i) U=Me, wheree =Y —Xp3;
(i) SSe = YTMY = ¢ Me.
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2.4 Residuals, properties

Lemma 2.7 Moments of residuals and residual sum of squares.

Let Y| X ~ (X8, 02l,), rank(Xnxk) = r < k. Then
(i) E(UIX) =05, var(U|X) = o2 M;
(i) E(SSe|X) = E(SSe) = (n— r)o?.
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2.4 Residuals, properties

Definition 2.6 Residual mean square and residual degrees of free-
dom.

Consider a linear model Y | X ~ (X8, 0®l,), rank(Xnxk) = r < k.
(i) The residual mean square of the model is the quantity SS./(n— r) and
will be denoted as MS,. That is,

SSe

MS, = .
Se n—r

(i) The residual degrees of freedom of the model is the vector dimension of
the residual space /\/l(X)l and will be denotes as ve. That is,

I/e:n_r.
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Parameterizations of a linear model
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2.5 Parameterizations of a linear model

Definition 2.7 Equivalent linear models.

Assume two linear models: My: Y |X; ~ (X4, o®l,), where Xy is an n x k
matrix with rank(X;) = r and Mp: Y| Xz ~ (Xzv, 0®l,), where Xz is an n x |/
matrix with rank(Xz) = r. We say that models My and M are equivalent if their
regression spaces are the same. That is, if

M(X1) = M(%a).
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Matrix algebra and a method of least
squares
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2.6 Matrix algebra and a method of least squares

e Quantities to calculate for the LSE in a full-rank model (rank (X,x) = k):

1 1

H=X(X'X)" X", M=Il,-H=1,-X(X"X)" X'

)

~

Y=HY=XX'X)"'X"Y, var(¥|X)=oH =2X(X'X) X",

<
I
=

Y-v-Y, var(U|X) = o?M = o?{1, - X(X"X) "X},

B=(xX"x)'xTY, var(B|X) = o? (XX) .
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2.6.1 QR decomposition
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2.6.2 SVD decomposition

See the Fundamentals of Numerical Mathematics (NMNMZ201) course.
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(Normal) linear model assumptions
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3.1 (Normal) linear model assumptions

1. E(Yi| X; = x) = x "3 for some 3 € R¥ and (almost all) x € X.
Correct regression function

2. var(Y;| X; = x) = o for some o irrespective of (almost all) values of
xXeX.
= homoscedasticity

3. cov(Y;, V)| X =x)=0,i# I for (almost all) x € X".
= The responses are conditionally uncorrelated.

4. Yi|Xi=x~N(x"B, 02), for (aimost all) x € X.
= Normality
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3.1 (Normal) linear model assumptions

Assumptions in terms of the errors e:

1.

E(ei| X; = x) = 0 for (almost all) x € X,
and consequently also E(z;) = 0,i=1,...,n.
= the regression function of the model is correctly specified.

var(s,- | X = x) = o2 for some o2 which is constant irrespective of (almost all)
values of x € X.

Consequently also var(s;) = 0%, i=1,...,n.

= homoscedasticity of the errors.

cov(ej, 1| X =x) =0, # 1, for (almost all) x € X". Consequently also
COV(E,‘, E/) = O, I';é /.

= The errors are uncorrelated.

ei| Xi = x ~ N(0, 02) for (aimost all) x € X and consequently also

E/NN(O, 02), i= 1,...,n.
= The errors are normally distributed and owing to previous assumptions,

€1y+..4En i'ri'wd'/\/'(O7 02).
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3.1 (Normal) linear model assumptions

Assumptions and residual properties
1. (A1) = E(U|X) =0,.

2. (A1) & (A2) & (A3) = var(U|X) = o? M.

3. (A1) & (A2) & (A3) & (A4) => U |X ~ N;,(0,, 0> M).

4 3. Basic Regression Diagnostics 1. (Normal) linear model assumptions
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Standardized residuals
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3.2 Standardized residuals

Definition 3.1 Standardized residuals.

The standardized residuals or the vector of standardized residuals of the
model is the vector U = (U5, ..., Us), where

U
! m;j > 0,

use = ) V/MSem;” i=1,....n.

undefined, m;; =0,
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3.2 Standardized residuals

Lemma 3.1 Moments of standardized residuals under normality.

Let Y| X ~ N,(XB, 0®l,) and let for choseni € {1,...,n}, m;; > 0. Then

E(US|X) =0,  var(U™|X)=1.

7 3. Basic Regression Diagnostics 2. Standardized residuals
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Graphical tools of regression diagnostics
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3.3.1 (A1) Correctness of the regression function

Residuals vs Fitted
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3.3.1 (A1) Correctness of the regression function

Overall inappropriateness of the regression function
b scatterplot (¥, U) of residuals versus fitted values. }

Nonlinearity of the regression function with respect to a particular regressor X’

- scatterplot (X, U) of residuals versus that regressor.

Possibly omitted regressor V
- scatterplot (V, U) of residuals versus that regressor. }
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3.3.2 (A2) Homoscedasticity of the errors

Residuals vs Fitted

3050
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Residuals

°97

Fitted values
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3.3.2 (A2) Homoscedasticity of the errors

Residual variance that depends on the response expectation }

m scatterplot (¥, U) of residuals versus fitted values.

Residual variance that depends on a particular regressor X’

- scatterplot (X, U) of residuals versus that regressor.

Residual variance that depends on a regressor V not included in the model
- scatterplot (V, U) of residuals versus that regressor. }
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3.3.2 (A2) Homoscedasticity of the errors

Scale-Location

3050

2.0

3480

15

|Standardized residuals|
1.0

Fitted values
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3.3.3 (A3) Uncorrelated errors

To consider possibly correlated errors

(i) repeated observations performed on N independently behaving
units/subjects;

(i) observations performed sequentially in time where the ith response value
Y; is obtained in time f; and the observational occasions t; < --- < t, form
an increasing (often equidistant) sequence.
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3.3.3 (A3) Uncorrelated errors

Detection of serial correlation in errors

- Autocorrelation and partial autocorrelation plot based on residuals U.

- Plot of delayed residuals, that is a scatterplot based on points (U;, Us),
(U27 US)a R ] (Un—h Un)
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3.3.4 (A4) Normality

Normal Q-Q
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000 ?®

Standardized residuals
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3.3.5 The three basic diagnostic plots

Residuals vs Fitted

©
3050
< 4 480
~ 4
o
s
3
3
& ©
~
b
< o7
)
T T T T T T
6 8 10 12 14 16
Fitted values
Normal Q-Q Scale-Location
© 3050
3050 .
< o 3480
~ 3480 o
) @
1 ° E]
2 - s 21
2~ 8
2 i
k-] s S -
g o H
§ K
2] 2
0
o~ 7
v e
°
o7 S
T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 6 8 10 12 14 16
Theoretical Quantiles Fitted values

17 3. Basic Regression Diagnostics 3. Graphical tools of regression diagnostics



3.3.5 The three basic diagnostic plots

Correct model

True: Y = log(0.1 +x) +¢, &~ N(0, 0.22).
Model: Y = £y + f1 log(0.1 + x) +¢, &~ N(0, o).
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3.3.5 The three basic diagnostic plots

Incorrect regression function

True: Y =sin(2r x) +¢, e~ N(0, 0.3%).
Model: Y:60+51X+5, SNN(O, 0'2).

Residuals vs Fitted
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3.3.5 The three basic diagnostic plots

Incorrect regression function

True: Y = log(0.1 + x) + ¢,

Model: Y=60+ﬁ1 X+ ¢,

e~ N(0, 0.2%).

e~ N(0, o?).

Standardized residuals

Residuals vs Fitted
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3.3.5 The three basic diagnostic plots

Heteroscedasticity

True: Y = log(0.1 +x) +¢, &~ N(0, (0.2x)%).
Model: Y = 8y + B4 log(0.1 + x) +¢, &~ N(0, o2).
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3.3.5 The three basic diagnostic plots

Heteroscedasticity

True: Y =sin(2rx) +¢, &~ N(0, {0.6 sin(27 X)}z).

Model: Y = ﬂo + ﬂ1 sin(27rx) + ¢,

e~ N(0, 6°).

Standardized residuals
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3.3.5 The three basic diagnostic plots

Nonnormal errors

True: Y = log(0.1 + x) +¢, &~ Gumbel.
Model: Y = Gy + 1 log(0.1 + x) +¢, &~ N(0, o).

Residuals vs Fitted
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Section 4.1

Linearization of the dependence of the
response on the covariates

4. Parameterizations of Covariates 1. Linearization of the dependence



4.1 Linearization of the dependence

Data

(v, Z)',  Zi=(Z4,..., Zp) €ZCRPi=1,...,n

Y; z{
y=|:1|, z=|":
Y, z)
Model
E(Y|Z) = E(Y[X) = X3, X7 t7(Zy)
X, t'(Zy)
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4.1 Linearization of the dependence

Problem

Choice of t: Z — X C R,

t(z) = (bb(2), ..., tk_1(z))T = (X0, - --, xk_1)T =X

such that
E(Y|Z=2) = t'(2)3

= Boto(z) + -+ + Br—1 t—1(2) =2 m(z), z€Z
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Section 4.2

Parameterization of a single covariate

4. Parameterizations of Covariates 2. Parameterization of a single covariate



4.2 1 Parameterization

Definition 4.1 Parameterization of a covariate.

Let Zy, ..., Z, be values of a given univariate covariate Z € Z C R. By a pa-
rameterization of this covariate we mean

(i) the function s: Z — R*~', s(2) = (s1(2), ..., sk,1(z))T, z € Z,where
all s1, ..., sx_1 are non-constant functions on 2, and
(i) an n x (k — 1) matrix S, where

ST(Z1) Sq (21) oo Sk—1q (21)
S — . _ . . .

ST(Zn) 81(-2,7) Sk_1.(Zn)
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4.2.2 Covariate types

Numeric covariates

Covariates where a ratio of the two covariate values makes sense and a unity
increase of the covariate value has an unambiguous meaning.

() continuous: Z = mostly an interval in R;

(i) discrete: Z = infinite countable or finite (but “large”) subset of R.
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4.2.2 Covariate types

Categorical covariates

Covariates where the ratio of the two covariate values does not necessarily
make sense and a unity increase of the covariate value does not necessarily
have an unambiguous meaning.

Z = afinite (and mostly “small”) set, i.e.,

Z:{w1,...7we}.

wy < -+ < wg: somehow arbitrarily chosen labels of categories.

1. nominal: from a practical point of view, chosen values
w1, ..., wg are completely arbitrary.

2. ordinal: ordering wy < - -+ < wg Makes sense also from a prac-
tical point of view.
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Cars2004nh (n = 425)

data(Cars2004nh, package = "mffSM")

head (Cars2004nh)

vname type drive price.retail price.dealer price
1 Chevrolet.Aveo.4dr 1 1 11690 10965 11327.5
2 Chevrolet.Aveo.LS.4dr.hatch 1 1 12585 11802 12193.5
3 Chevrolet.Cavalier.2dr 1 1 14610 13697 14153.5
4 Chevrolet.Cavalier.4dr 1 1 14810 13884 14347.0
5 Chevrolet.Cavalier.LS.2dr 1 1 16385 16357 15871.0
6 Dodge .Neon.SE.4dr 1 1 13670 12849 13259.5

cons.city cons.highway consumption engine.size ncylinder horsepower

1 8.4 6.9 7.65 1.6 4 103
2 8.4 6.9 7.65 1.6 4 103
3 9.0 6.4 7.70 2.2 4 140
4 9.0 6.4 7.70 2.2 4 140
5 9.0 6.4 7.70 2.2 4 140
6 8.1 6.5 7.30 2.0 4 132

weight iweight 1lweight wheel.base length width ftype fdrive
1 1075 0.0009302326 6.980076 249 424 168 personal front
2 1065 0.0009389671 6.970730 249 389 168 personal front
3 1187 0.0008424600 7.079184 264 465 175 personal front
4 1214 0.0008237232 7.101676 264 465 173 personal front
5 1187 0.0008424600 7.079184 264 465 175 personal front
6 1171 0.0008539710 7.065613 267 442 170 personal front
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Cars2004nh (n = 425)

summary (subset (Cars2004nh,

select = c("price.retail", "price.dealer", "price", "comns.city", "cons.highway",
"consumption", "engine.size", "horsepower", "weight",
"wheel.base", "length", "width")))

price.retail price.dealer price cons.city
Min. : 10280  Min. 9875  Min. : 10078  Min. : 6.20
1st Qu.: 20370 1st Qu.: 18973 1st Qu.: 19600 1st Qu.:11.20
Median : 27905  Median : 25672 Median : 26656 Median :12.40
Mean : 32866 Mean : 30096 Mean ;31481 Mean :12.36
3rd Qu.: 39235 3rd Qu.: 35777 3rd Qu.: 37514 3rd Qu.:13.80
Max. 1192465  Max. :173560  Max. 1183012  Max. 23.50

NA’s 114

cons.highway consumption engine.size horsepower

Min. : 5,100 Min. : 5.65  Min. 1.300  Min. :100.0

1st Qu.: 8.100 1st Qu.: 9.65 1st Qu.:2.400 1st Qu.:165.0
Median : 9.000 Median :10.70 Median :3.000 Median :210.0
Mean 9.142  Mean :10.75  Mean :3.208 Mean :216.8

3rd Qu.: 9.800 3rd Qu.:11.65 3rd Qu.:3.900 3rd Qu.:255.0
Max. :19.600 Max. :21.565 Max. 8.300 Max. :500.0
NA’s 114 NA’s 114

weight wheel.base length width

Min. : 923 Min. :226.0  Min. :363.0  Min. :163.0

1st Qu.:1412 1st Qu.:262.0 1st Qu.:450.0 1st Qu.:175.0
Median :1577 Median :272.0 Median :472.0 Median :180.0
Mean :1626  Mean :274.9  Mean :470.6  Mean :181.1

3rd Qu.:1804 3rd Qu.:284.0 3rd Qu.:490.0 3rd Qu.:185.0
Idx . U TTax. < 2VU0. VU
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Cars2004nh (n = 425)

summary (subset (Cars2004nh, select = c("type", "drive")))
type drive

Min. :1.000 Min. :1.000

1st Qu.:1.000 1st Qu.:1.000

Median :1.000 Median :1.000

Mean :2.219  Mean :1.692

3rd Qu.:3.000 3rd Qu.:2.000

Max. :6.000 Max. :3.000

table (Cars2004nh[, "type"], useNA = "ifany")

1 2 3 4 5 6
242 30 60 24 49 20

table (Cars2004nh[, "drive"], useNA = "ifany")

1 2 3
223 110 92
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Cars2004nh (n = 425)

summary (subset (Cars2004nh, select = c("ftype", "fdrive")))
ftype fdrive

personal:242  front:223

wagon : 30 rear :110

Suv : 60 4x4 o 92

pickup : 24

sport : 49

minivan : 20
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Cars2004nh (n = 425)

summary (subset (Cars2004nh, select = "ncylinder"))

ncylinder
Min. :-1.000
1st Qu.: 4.000
Median : 6.000

Mean : 5.791
3rd Qu.: 6.000
Max. :12.000

table (Cars2004nh[, "ncylinder"], useNA = "ifany")

-1 4 5 6 8 10 12
2134 7190 87 2 3
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Section 4.3

Numeric covariate

13
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4.3.1 Simple transformation of the covariate

Regression function

m(z) =po + B18(2), zeZ,
s: Z — R, a suitable non-constant function.

Reparameterizing matrix

S(Z1)
s=| :
s(Zn)
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Houses1987 (n = 546)
log(price) ~ log(ground), ﬁ?(Z) =7.76 + 0.54 log(2)

log(Price)

11.0
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|

T T T T T
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X =log(Z) = log(Ground size) [Iog(mz)]
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Houses1987 (n = 546)
log(price) ~ log(ground), f/f)(Z) =7.76 + 0.54 log(2)

log(Price)
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Z = Ground size [m?]

16 4. Parameterizations of Covariates 3. Numeric covariate



Houses1987 (n = 546)

log(price) ~ log(ground), residual plots

Residuals vs Fitted
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4.3.1 Simple transformation of the covariate

Regression function

E(Y|Z=2) = m(z) = Bo + B15(2), zeZ

Evaluation of the effect of the original covariate

Ho: 1 =0
b t-test on regression coefficient (under normality)

Interpretation of the regression coefficients

Br = E(Y|X=s(z)+1) - E(Y|X =s(2)).
E(Y|Z=z+1) —E(Y|Z=2) = B1{s(z+1)-s(2)}, zeZ

v
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Houses1987 (n = 546)

Effect of the covariate, interpretation of the regression coefficients

summary (Im(log(price) ~ log(ground), data = Houses1987))

Residuals:
Min 1Q Median 3Q
-0.8571 -0.1988 0.0046 0.1929

Coefficients:

Estimate Std. Error
(Intercept) 7.75625 0.19933
log(ground) 0.54216 0.03265

Residual standard error: 0.3033
Multiple R-squared: 0.3364,
F-statistic: 275.7 on 1 and 544

Max
0.8969

t value Pr(>Itl)
38.91 <2e-16 *%x*
16.61 <2e-16 *#**

on 544 degrees of freedom
Adjusted R-squared: 0.3351
DF, p-value: < 2.2e-16
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4.3.2 Raw polynomials

Regression function

mz)=0o + 1z + - + Br1 2577,

zeZ.

Reparameterizing matrix

zZ ... Zf!

Z, ... ZK1
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Houses1987 (n = 546)
log(price) ~ rawpoly(ground, d)
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Houses1987 (n = 546)
log(price) ~ rawpoly(ground, d), residuals vs. fitted plots
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Houses1987 (n = 546)
log(price) ~ rawpoly(ground, 3),
m(z)=997+378-10%2z-331-10°22+970 - 10°'°2®
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Houses1987 (n = 546)
log(price) ~ rawpoly(ground, 3), residual plots

Residuals vs Fitted

o ]
— 0104
w
=}
u
2
s o
®» o
3
&
w
@
7
<
9
! T T T T T
10.6 108 11.0 11.2 114
Fitted values
Normal Q-Q
® 373-104‘, 0
0 Z < 7
r% o~ o g
2 =
2 3
g A 2 o |
= - 3
2 3
s °q B
T <
g < S »
5 g °
B o~ (4]
o
o | o1 o |
! T T T T T T T ° T T T T T
-3 -2 -1 0 1 2 3 10.6 10.8 11.0 11.2 11.4
Theoretical Quantiles Fitted values

24 4. Parameterizations of Covariates 3. Numeric covariate



4.3.2 Raw polynomials

Regression function

E(Y|Z=2) = m(2) = Bo+ Brz+ ...+ B 27", zeZ

IBZ = (/817"'7/6/(—1)—r

Evaluation of the effect of the original covariate

Ho: 8% = 0k

m Wald type test (F-test) on a subvector of regression coefficients
(under normality)

= submodel F-test (under normality)

25 4. Parameterizations of Covariates 3. Numeric covariate



4.3.2 Raw polynomials

Regression function

E(Y|Z=2) = m(z) = Bo+ Prz+ ...+ 12", zez

IBZ = (/817"'7/6/(—1)—r

Interpretation of the regression coefficients

E(Y|Z=z+1) - E(Y|Z=2)
=05 + 52{(2-1-1)2—22} + -+ ﬂk_1{(2+1)k_1 —Zk_1},

zeZ.

m any direct reasonable interpretation?
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Houses1987 (n = 546)

Effect of the covariate, interpretation of the regression coefficients

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Residuals:
Min 1Q Median 3Q Max
-0.87279 -0.19903 0.00212 0.19780 0.90934

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 *#**
ground 3.784e-03 7.109e-04 5.323 1.49e-07 **x
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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4.3.2 Raw polynomials

Regression function

]E(Y|Z:z):m(Z):ﬂo+512+...+5k—12k717 zeZ

IBZ = (/817 BN /6/(7‘1)—r

Degree of a polynomial

Degree d — 1 (d < k) is sufficient to express the regression function
= Ho: ﬁd:O & ... & ﬂk_1 =0.

b \Wald type test (F-test) on a subvector of regression coefficients
(under normality)

= submodel F-test (under normality)
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Houses1987 (n = 546)

Degree? Cubic versus quadratic, cubic versus linear polynomial

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e¢+00 1.371e-01 72.682 < 2e-16 *¥x*
ground 3.784e-03 7.109e-04  5.323 1.49e-07 #x*x
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

rp3 <- 1m(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987)
rpl <- 1m(log(price) ~ ground, data = Houses1987)
anova(rpl, rp3)

Analysis of Variance Table

Model 1: log(price) ~ ground

Model 2: log(price) ~ ground + I(ground~2) + I(ground~3)
Res.Df RSS Df Sum of Sq F Pr (>F)

1 544 53.186

2 542 48.968 2 4.2181 23.344 1.883e-10 #x%*
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Houses1987 (n = 546)

log(price) ~ log(ground) and log(price) ~ rawpoly(ground, d),

m with 95% prediction band

Log(price)

Y=

Log(Price) ~

—— Log(Ground)
—— Poly(Ground, 3)
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Houses1987 (n = 546)

log(price) ~ log(ground) and log(price) ~ rawpoly(ground, d), residuals vs.
fitted plots

Log(Price) ~ Log(Ground) Log(Price) ~ Poly(Ground, 3)
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Houses1987 (n = 546)

Practical importance of higher order polynomials?

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Residuals:
Min 1Q Median 3Q Max
-0.87279 -0.19903 0.00212 0.19780 0.90934

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 *#**
ground 3.784e-03 7.109e-04 5.323 1.49e-07 **x
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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4.3.3 Orthonormal polynomials

Regression function

m(z)=Po + B P (2) + -+ + Bt P Y(2), z€ 2,

P/ is an orthonormal polynomial of degree j, j = 1,...,k — 1 built above a set
of the covariate datapoints 23, ..., Z,.
Pl(z)=ao+aq 1z+--+a,;2, j=1,..., k-1,

Reparameterizing matrix
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Houses1987 (n = 546)

log(price) ~ orthpoly(ground, 3)

|summary(lm(log(price) ~ poly(ground, degree = 3), data = Houses1987))

Residuals:
Min 1Q Median 3Q Max
-0.87279 -0.19903 0.00212 0.19780 0.90934

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 11.05896 0.01286 859.717 < 2e-16 **x
poly(ground, degree = 3)1 4.71459 0.30058 15.685 < 2e-16 *xx
poly(ground, degree = 3)2 -1.96780 0.30058 -6.547 1.37e-10 *xx
poly(ground, degree = 3)3 0.58811 0.30058 1.957 0.0509 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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Houses1987 (n = 546)
log(price) ~ orthpoly(ground, 3),
m(z) =11.06 + 4.71 P'(z) — 1.97 P?(z) + 0.59 P3(z)
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Houses1987 (n = 546)
log(price) ~ orthpoly(ground, 3), residual plots

Residuals vs Fitted
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Houses1987 (n = 546)
Basis orthonormal and raw polynomials

Orthonormal polynomials Raw plynomials
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Houses1987 (n = 546)

Advantages of orthonormal polynomials compared to raw polynomials

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e¢+00 1.371e-01 72.682 < 2e-16 *¥x*
ground 3.784e-03 7.109e-04  5.323 1.49e-07 #x*x
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

summary (Im(log(price) ~ poly(ground, degree = 3), data = Houses1987))

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 11.05896 0.01286 859.717 < 2e-16 **x
poly(ground, degree = 3)1 4.71459 0.30058 15.685 < 2e-16 *xx
poly(ground, degree = 3)2 -1.96780 0.30058 -6.547 1.37e-10 *xx
poly(ground, degree = 3)3 0.58811 0.30058 1.957 0.0509 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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4.3.3 Orthonormal polynomials

Regression function

E(Y|Z=2) = m(2) = Bo + B P'(2) + ... + Bea PX'(2), zeZ2

IBZ = (/817"'7/6/(—1)—r

Evaluation of the effect of the original covariate

Ho: 8% = 0k

m Wald type test (F-test) on a subvector of regression coefficients
(under normality)

= submodel F-test (under normality)
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Houses1987 (n = 546)

Effect of the covariate (cubic versus constant regression function)

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Estimate Std. Error t value Pr(>|t])
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 *¥x*
ground 3.784e-03 7.109e-04  5.323 1.49e-07 *x*x
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

summary (Im(log(price) ~ poly(ground, degree = 3), data = Houses1987))

Estimate Std. Error t value Pr(>|tl)
(Intercept) 11.05896 0.01286 859.717 < 2e-16 ***
poly(ground, degree = 3)1 4.71459 0.30058 15.685 < 2e-16 **x
poly(ground, degree = 3)2 -1.96780 0.30058 -6.547 1.37e-10 *¥x*
poly(ground, degree = 3)3 0.58811 0.30058 1.957 0.0509 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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4.3.3 Orthonormal polynomials

Regression function

E(Y|Z=2) = m(2) = Bo + B P'(2) + ... + Bea PX'(2), zeZ2

IBZ = (/817"'7/6/(—1)—r

Interpretation of the regression coefficients

E(Y|Z=z+1) - E(Y|Z=2)
=B1{P(z+1) = PY(2)} + B {P*(z+1) - P*(2)} + -+ +
Bk_1 {Pk_1(Z+ 1) — Pk_1(Z)},

zeZ.

b any direct reasonable interpretation?
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4.3.3 Orthonormal polynomials

Regression function

E(Y|Z=2) = mz) = o+ Bi1P(2)+ ...+ Bt P (2), zez

IBZ = (/817 BN /6/(7‘1)—r

Degree of a polynomial

Degree d — 1 (d < k) is sufficient to express the regression function
= Ho: ﬁd:O & ... & ﬂk_1 =0.

b \Wald type test (F-test) on a subvector of regression coefficients
(under normality)

= submodel F-test (under normality)
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Houses1987 (n = 546)

Degree? Cubic versus quadratic regression function

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Estimate Std. Error t value Pr(>|t])
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 *¥x*
ground 3.784e-03 7.109e-04  5.323 1.49e-07 *x*x
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

summary (Im(log(price) ~ poly(ground, degree = 3), data = Houses1987))

Estimate Std. Error t value Pr(>|tl)
(Intercept) 11.05896 0.01286 859.717 < 2e-16 ***
poly(ground, degree = 3)1 4.71459 0.30058 15.685 < 2e-16 **x
poly(ground, degree = 3)2 -1.96780 0.30058 -6.547 1.37e-10 *¥x*
poly(ground, degree = 3)3 0.58811 0.30058 1.957 0.0509 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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Houses1987 (n = 546)

Degree? Cubic versus linear regression function

rp3 <- 1m(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987)
rpl <- 1m(log(price) ~ ground, data = Houses1987)
anova(rpl, rp3)

Analysis of Variance Table

Model 1: log(price) ~ ground

Model 2: log(price) ~ ground + I(ground~2) + I(ground~3)
Res.Df RSS Df Sum of Sq F Pr (>F)

1 544 53.186

2 542 48.968 2 4.2181 23.344 1.883e-10 *x*x

op3 <- Im(log(price) ~ poly(ground, degree = 3), data = Houses1987)
opl <- Im(log(price) ~ poly(ground, degree = 1), data = Houses1987)
anova(opl, op3)

Analysis of Variance Table

Model 1: log(price) ~ poly(ground, degree = 1)

Model 2: log(price) ~ poly(ground, degree = 3)
Res.Df RSS Df Sum of Sq F Pr (>F)

1 544 53.186

2 542 48.968 2 4.2181 23.344 1.883e-10 *xx
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Houses1987 (n = 546)
log(price) ~ poly(ground, 4), global effect

o
P
—
2
w
- 4
—
o
.2
a
=3
S o
[[—
> o
0
S -
-
T T T T T T T
200 400 600 800 1000 1200 1400

Z = Ground size [m?]

45 4. Parameterizations of Covariates 3. Numeric covariate



4.3.4 Regression splines
Basis splines

Definition 4.2 Basis spline with distinct knots.

Letd e Npand A = (\y, ..., )\d+2)T € R9*2 where —co < Ay < -+ < Agj2 <
oco. The basis spline of degree d with distinct knots A is such a function
B9(z; \), z € R that

(i) BY(z; A)=0,forz < Ay and z > Ay 2;

(i) On each of the intervals (\j, \jz1),j=1, ..., d+1, B A)is
a polynomial of degree d;

(iii) BY(-; A) has continuous derivatives up to an order d — 1 on R.
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4.3.4 Regression splines
Some basis splines of degree d =0, ..., 5

d=0 d=1 d=2
° °
i S
@ @ ©
o 7 o 7 o 7
© ©
_ o7 —~ o7 P
= s T S
& & &
< | <
S S
o
o ] ~ ] o
S S
S g o S . o
T T T T T T T T T T T T T T T T T T
00 05 10 15 20 25 30 0 1 2 3 4 0 1 2 3 4 5
z z z
d=3 d=4 d=5
©
R
© v
S - S
o
2 < |
< S
< S 7
3
) ORI ) T
[ @ | ] o [
S
o i
o S ]
S
- - i
2 S
° ° °
S{——e"s & . 2 S {— « s
T T T T T T T T T T T T
o 1 2 3 4 5 &6 0o 1 2 3 4 5 6 7 0 2 4 6 8
z z z

47 4. Parameterizations of Covariates 3. Numeric covariate



4.3.4 Regression splines
Basis splines

Definition 4.3 Basis spline with coincident left boundary knots.

Letd e No, 1 <r<d+2and X = (A, ..., /\d+2)T € R92 where —oo < \j =

<= A < -+ < Aga2 < 00. The basis spline of degree d with r coincident left
boundary knots X is such a function B9(z; A), z € R that

(i) BY(z; A)=0,forz < A\, and z > Ag;2;

(i) On each of the intervals (A, \jz1),j=r, ..., d+1, B A)is
a polynomial of degree d;

(i) BY(-; A) has continuous derivatives up to an order d — 1 on (), oo);

(iv) BY(-; A) has continuous derivatives up to an order d — r in \,.

48 4. Parameterizations of Covariates 3. Numeric covariate




4.3.4 Regression splines

Some basis splines of degree d = 1 with possibly coincident boundary knots
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4.3.4 Regression splines

Some basis splines of degree d = 2 with possibly coincident boundary knots
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4.3.4 Regression splines

Some basis splines of degree d = 3 with possibly coincident boundary knots
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4.3.4 Regression splines

Basis B-splines

Previous plots showed basis B-splines.

Useful properties of a basis B-spline with knots A = ()\1,

Bd(Z, )\) >0, A1 < Z < Agy2,

B9z, \) =0, Z< M, Z> Adio-

ceey )\d+2)—r:
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4.3.4 Regression splines

Spline basis

Definition 4.4 Spline basis.

Letd € No, k > d+1and XA = (A1, ..., d_gy1) € RE-IH where —co < Ay < ... <
Ak—d+1 < oo. The spline basis of degree d with knots X is a set of basis splines By, ..., By,
where for z € R,
Bi(2) = BY(Z; Aty -y At, ), Bi_a(2) = BY(Z; Mk—2dy « -+ » Mk—di1)s
—_———
(d+1)x
Ba(2) = Bz Aty ooy Ay A2y As), Breas1(2) = BYU(Z Akczdits -y Ak—dits Mk—drt)s
—_——— ———
dx 2%
By(2) = BY(Z: My M, Azs ooy Adit)s Bre1(2) = BY(Z Mkd—ts Mkmd -« -5 Mk—dits -5 Mk—di1)s
N——" —_—
2% dx
Byi1(2) = BY(Z Aty Az, ooy Ady2)s Bi(2) = BUZi Ak—d -y Ak—dits e ey Ak_dit)-
N—— —
(d+1)x
Bai2(2) = BY(z Xz, - -, Adsa),
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4.3.4 Regression splines

Linear B-spline basis (of degree d = 1)
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4.3.4 Regression splines

Quadratic B-spline basis (of degree d = 2)
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4.3.4 Regression splines

Cubic B-spline basis (of degree d = 3)
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4.3.4 Regression splines

Spline basis

Properties of the B-spline basis

k
(a) Z B/(Z) =1 forall z € ()\1, )\k—d+1);

j=1
(b) for each m < d there exist a set of coefficients 7{", ..., v/ such that

k
nyjm B;j(z) is on (A1, Ak—a+1) @ polynomial in z of degree m.
j=1

57 4. Parameterizations of Covariates 3. Numeric covariate



4.3.4 Regression splines

Regression spline

Assumption:
Covariate space Z = (Zmin, Zmax)» —0© < Zmin < Zmax < 0©.

Regression function

m(z) = p1Bi(z) + --- + Bk Bk(2), z€2Z,

B, ..., Bg is the spline basis of chosen degree d € Ny composed of basis B-
splines built above a set of chosen knots A = (Ay, ..., )\k,dH)T, Zmin = M <
o< )\k—d+1 = Zmax-

v

Reparameterizing matrix

Bi(Z) ... Bk(&)
X=S= : ; : = B.

Bi(Z)) ... Bk(Zn)

v
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Houses1987 (n = 546)

B-spline basis (cubic, d = 3, A = (150, 400, 650, 900, 151O)T)
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Houses1987 (n = 546)

log(price) ~ spline(ground, degree = 3), model matrix X =B

lambda.inner <- c(400, 650, 900)
lambda.bound <- c(150, 1510)
Bx <- bs(Houses1987[, "ground"l,
knots = lambda.inner, Boundary.knots = lambda.bound,
degree = 3, intercept = TRUE)
showBx <- data.frame(ground = Houses1987[, "ground"],
B1 = Bx[,1], B2 = Bx[,2], B3 = Bx[,3],
B4 = Bx[,4], B5 = Bx[,5], B6 = Bx[,6], B7 = Bx[,7]1)
print (showBx)

ground B1 B2 B3 B4 B5 B6 B7
1 544 0.000 0.019 0.424 0.535 0.022 0 O
2 372 0.001 0.341 0.541 0.117 0.000 0 O
3 285 0.097 0.583 0.293 0.026 0.000 0 O
4 619 0.000 0.000 0.235 0.689 0.076 0 O
5 592 0.000 0.003 0.302 0.644 0.051 0 O
6 387 0.000 0.291 0.567 0.142 0.000 0 O
7 361 0.004 0.379 0.517 0.100 0.000 0 O
8 387 0.000 0.291 0.567 0.142 0.000 0 O
9 447 0.000 0.134 0.590 0.275 0.001 0 O
10 512 0.000 0.042 0.497 0.451 0.010 0 O
11 670 0.000 0.000 0.130 0.729 0.142 0 O
12 279 0.113 0.590 0.273 0.023 0.000 0 O
13 158 0.907 0.091 0.002 0.000 0.000 O O
14 268 0.147 0.597 0.238 0.018 0.000 0 O
15 335 0.018 0.465 0.450 0.068 0.000 0 O
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Houses1987 (n = 546)

log(price) ~ spline(ground, degree = 3)

summary (Im(log(price) ~ Bx - 1, data = Houses1987))

Bx3 10
Bx4 11

Bx6 11
Bx7 11

Signif.

Residuals:
Min
-0.90457 -0.19497

Coefficients:

Estimate Std.
Bx1 10.
Bx2 10.
.97388
.46283
Bx5 11.
.41145
.69708

71312
66519

17900

codes:

1Q

0

Residual standard
Multiple R-squared:
F-statistic:

Median
0.00698 0.19693 0.94698

3Q Max

Error t value Pr(>|t|)

0.12078
0.07956
0.07464
0.
0
0
0

06699

.16773
.31448
.25076

88.
134.
147.
171.

66.

36.

46.

<2e-16 **x
<2e-16 **x
<2e-16 **x*
<2e-16 ***
<2e-16 **x*
<2e-16 **x
<2e-16 **x

Cx%x7 0.001 “#%’ 0.01 ‘%’ 0.05 ¢.” 0.1 ¢ *> 1

error: 0.2974 on 539 degrees of freedom

0.9993,
1.079e+05 on 7 and 539 DF, p-value: < 2.2e-16

Adjusted R-squared: 0.9993

1! R-squared’s and the F-statistic in the output do not have usual interpreta-

tion I

61

4. Parameterizations of Covariates

3. Numeric covariate



Houses1987 (n = 546)
log(price) ~ spline(ground), m(z)=10.71B;(z)+ 10.67 By(z) + 10.97 B3(z)+
11.46 B4(z) + 11.18 B5(z) + 1141 Bg(z) + 11.70 B7(z) and the 95% prediction band
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Houses1987 (n = 546)

log(price) ~ spline(ground), residual plots

Residuals vs Fitted
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Houses1987 (n = 546)

log(price) ~ spline(ground), residuals versus covariate plot
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4.3.4 Regression splines

Regression function

E(Y|Z:Z) :m(Z)25131(2)-1-...-1-,3/(3;((2), zeZ

Evaluation of the effect of the original covariate

k
Remember: » " Bj(2) = 1for z € (A1, A1)
=
Ho: B1=--= Bk
= E(Y|Z) e M(1,) C M(B)

m Submodel F-test (under normality)
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Houses1987 (n = 546)

Effect of the covariate

mB <- Im(log(price) ~ Bx - 1, data = Houses1987)
m0 <- Im(log(price) ~ 1, data = Houses1987)
anova(m0, mB)

Analysis of Variance Table

Model 1: log(price) ~ 1
Model 2: log(price) ™ Bx - 1

Res.Df RSS Df Sum of Sq F Pr (>F)
1 545 75.413
2 539 47.663 6 27.75 52.302 < 2.2e-16 ***k
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Houses1987 (n = 546)

Spline better than a (global) cubic polynomial?

mB <- 1m(log(price) ~ Bx - 1, data = Houses1987)

anova(mpoly3, mB)

mpoly3 <- 1m(log(price) ~ ground + I(ground~2) + I(ground~3), data

Houses1987)

Analysis of Variance Table

Model 1: log(price) ~ ground + I(ground~2) + I(ground~3)
Model 2: log(price) ~ Bx - 1
Res.Df RSS Df Sum of Sq F Pr(GF)
1 542 48.968
2 539 47.663 3 1.3045 4.9174 0.002226 *x*
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Houses1987 (n = 546)

log(price) ~ log(ground), log(price) ~ poly(ground, 3),
log(price) ~ spline(ground, degree = 3), m with the 95% prediction band
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4.3.4 Regression splines

Regression function

E(Y|Z:Z) :m(Z)25131(2)-1-...-1-,3/(3;((2), zeZ

Interpretation of the regression coefficients

Any direct reasonable interpretation?
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Motorcycle (n = 133)

haccel ~ time
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Motorcycle (n = 133)
haccel ~ time, scatterplot with the LOWESS smoother
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Motorcycle (n = 133)

B-spline basis (cubic, d = 3, A = (0, 11, 12, 13, 20, 30, 32, 34, 40, 50, GO)T)

B(z)
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Motorcycle (n = 133)

haccel ~ spline(time),
M(z) = —11.62 By(2) + 12.45 By(z) — 13.99 By(2) + 2.99 By(2) + 6.11 Bs(2) — 237.28 Bg(2)+

17.34 By (2) + 53.26 By (2) + 5.07 By (2) + 12.72 Byo(z) — 22.00 By1(2) + 11.37 Ba(2) + 6.97 By3(2)

50
|

Head acceleration [g]
=50

-100
|

T T T T T T
0 10 20 30 40 50 60

Time [ms]
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Motorcycle (n = 133)

haccel ~

spline (time), residual plots

Residuals vs Fitted
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Motorcycle (n = 133)

haccel ~ spline(time), residuals versus covariate plot
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Section 4.4
Categorical covariate

76
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Cars2004nh (subset, n = 409)

consumption ~ drive

20

15

Consumption [I/100 km]

10

T T I
front rear 4x4

Drive
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Cars2004nh (subset, n = 409)

consumption ~ drive
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Cars2004nh (subset, n = 409)

consumption ~ drive
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4.4.1 Link to a G-sample problem
Cars2004nh (subset, n = 409)
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4.4.2 Linear model parameterization of one-way classified group
means

w: the (conditional) response expectation

M1 my

: ny-times
M1,n1 m1
- - m1 1n1
- - mG1nG
HG A e}

: ng-times
HG,ng mg
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4.4.3 Full-rank parameterization of one-way classified group
means

ﬂ:(507617"'7BG71)T!ﬂZ:(617"'7BG*1)T
mg = Bo+cgB, g=1,...,G,
m=X8=(1g, C)B = folg+ CH°

n=X8, B=(60 5, Bc1) . B85=5,...,B61)

1 ¢l
: ny-times
1 ¢l
- 1, ® (1 ¢f)
X = : : = :
—-- 15 ® (1, ©3)
1 ¢}
: : ng-times
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4.4.3 Full-rank parameterization of one-way classified group
means

Definition 4.5 Full-rank parameterization of a categorical covariate.

Full-rank parameterization of a categorical covariate with G levels (G =
card(Z2)) is a choice of the G x (G — 1) matrix C that satisfies

rank(C) =G-1, 1g¢ M(C).
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4.4.3 Full-rank parameterization of one-way classified group
means

B= 60, B1, .-, Ba1) B =61, ..., Ba1)

mg = BO"_C;—IBZv g:17"'7G,
m=XB=(16,C)8 = Bola + CB*

Evaluation of the effect of the categorical covariate

H02m1=~-~:mG
= Ho: f1=0& -+ & Bg.1=0 = Ho: B% =0g_4

m Wald type test (F-test) on a subvector of regression coefficients
(under normality)

= submodel F-test (under normality)

* G=2 = (equal variances) two-sample t-test
* G>2 =one-way ANOVA F-test

v
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Cars2004nh (subset, n = 409, npon = 212, Nrear = 108, Nays = 89)

Y =10.75,  Yiont = 9.74, Yiear = 11.29, Yaxa = 12.50
g
S &
24
E wn E wn
§ B § 84
5 5
g =
5 £ u
2 2
8 8 o
3 =R
|
T T T T
Al front rear 4x4
Drive
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4.4.3 Full-rank parameterization of one-way classified group
means

Reference group pseudocontrasts (dummy variables)

C: contr.treatment

o
o

m=5016+CB%, B%= (B, ..., Bar1)

my = Bo, Bo = my,
my = Bo+ P, B1 = mp—nmy,
mg = po+ Be-1, Be-1 = mMg—m.

o
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Cars2004nh (subset, n = 409, npon = 212, Nrear = 108, Nays = 89)

Y =10.75,

T/front = 9-74a 7rear = 11.29, 74)(4 =12.50

summary (mTrt)

CarsNow <- subset(Cars2004nh,
complete.cases (Cars2004nh[, c("consumption", "lweight", "engine.size")]))
mTrt <- lm(consumption ~ fdrive, data = CarsNow)

Residuals:
Min

Coefficients:

(Intercept)
fdriverear
fdrivedx4

Signif. codes:

1Q Median

9.7413
1.5627
2.7576

0.2799,

3Q Max

-4.0913 -1.2489 -0.0440 0.9587 9.05611

Estimate Std. Error t value

0.1247 78.149
0.2146  7.237
0.2292 12.030

0 “xxx> 0.001 “*x> 0.01

Pr(>ltl)
< 2e-16
2.32e-12
< 2e-16

‘x> 0.05

Residual standard error: 1.815 on 406 degrees of
Multiple R-squared:
F-statistic: 78.91 on 2 and 406 DF,

%k
*okok
*okk

£.20.1 ¢ 1

freedom

Adjusted R-squared: 0.2764
p-value: < 2.2e-16
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4.4.3 Full-rank parameterization of one-way classified group
means

Reference group pseudocontrasts (dummy variables)

C: contr.SAS
1 0
: lg_1
C = ° =
0 1 <OE1>
0 0

m=5016+CB%, B%= (B, ..., Bar1)

my = Bo+ B, B = my—mg,
mg—1 = po+ Ba-1, Be—1 = Mg_1 — Mg,
mg = Po, Bo = mg.

o
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Cars2004nh (subset, n = 409, npon = 212, Nrear = 108, Nays = 89)

Y =10.75, Yiont = 9.74, Yiear = 11.29, Y4y = 12.50

mSAS <- lm(consumption ~ fdrive, data = CarsNow, contrasts = list(fdrive = contr.SAS))
summary (mSAS)

Residuals:
Min 1Q Median 3Q Max
-4.0913 -1.2489 -0.0440 0.9587 9.0511

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 12.4989 0.1924 64.969 < 2e-16 ***
fdrivel -2.7576 0.2292 -12.030 < 2e-16 **x
fdrive2 -1.2049 0.2598 -4.637 4.77e-06 **x

Signif. codes: O “x%*’ 0.001 ‘*%> 0.01 ‘%’ 0.05 ¢.”> 0.1 ¢ * 1

Residual standard error: 1.815 on 406 degrees of freedom
Multiple R-squared: 0.2799, Adjusted R-squared: 0.2764
F-statistic: 78.91 on 2 and 406 DF, p-value: < 2.2e-16
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4.4.3 Full-rank parameterization. . .

Sum contrasts

C: contr.sum

T _
m=516+CB%, %= (B1,....B64), T=%32 my

BO - m?
m = fo+ b, B = m—m,
Mmg—1 = fo+ Ba-1, Be-1 = Mg_y1—m.

G—1
mg - 60 - Z /697
g=1




Cars2004nh (subset, n = 409, npon = 212, Nrear = 108, Nays = 89)
Y =10.75, Yiont = 9.74, Yrear = 11.29, Yyya = 12.50

mSum <- lm(consumption ~ fdrive, data = CarsNow, contrasts = list(fdrive = contr.sum))
summary (mSum)

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 11.17804 0.09606 116.365  <2e-16 *x*
fdrivel -1.43677 0.12003 -11.970  <2e-16 *x*
fdrive2 0.11594 0.13926  0.833 0.406

Residual standard error: 1.815 on 406 degrees of freedom
Multiple R-squared: 0.2799, Adjusted R-squared: 0.2764
F-statistic: 78.91 on 2 and 406 DF, p-value: < 2.2e-16

Values of &1, a, a3

alphaSum <- as.numeric(contr.sum(3) %*% coef(mSum)[-1])
names (alphaSum) <- levels(CarsNow[, "fdrive"])
print (alphaSum)

front rear 4x4
-1.4367702 0.1159377 1.3208326
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Cars2004nh (subset, n = 409, ns =57, 95, 137, 71, 49)

consumption ~ categorized weight
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Cars2004nh (subset, n = 409, n's = 57, 95, 137, 71, 49)
Y =10.75, Y1 =777,Y,=9.84,Y3=1074,Y,=11.83, Y5 = 14.46

20
|

15

Consumption [I/100 km]

T T T T T
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Weight [kg]
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Cars2004nh (subset, n = 409, ns =57, 95, 137, 71, 49)

14.46

11.83, Ys

10.74, Y,

7.77,Y2=9.84, Y3

Y, =

10.75,

Y

0c

ST

[ux 00T/ uondwnsuod

1250-1500 1500-1750 1750-2000 >2000

<=1250

Weight [kg]
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4.4.3 Full-rank parameterization. . .

Orthonormal polynomial contrasts

C: contr.poly, group means

my = m(wr) = Bo+ 1 P(wr) + -+ Ba_1 P (w1),

my = m(wz) = Po+ 1 P'(wa) + - + Ba—1 PF " (w2),

mg = m(wg) = Bo+ B1 P (wg) + -+ Ba_1 P (wa),

95 4. Parameterizations of Covariates 4. Categorical covariate



4.4.3 Full-rank parameterization. . .

Orthonormal polynomial contrasts

C: contr.poly

P (w1)
P (w2)

P! (.wG)

Pz(w1)
P?(ws)

PZ(IWG)

PG_1((U1)
PGi1(L<J2)

PG_{ (wa)

® Wi < < wg

an equidistant (arithmetic) sequence of the group labels;

oPf(z):aj,o+aj71z+-~+aj,jzf, j:1,...7G—1I
orthonormal polynomials of degree 1, ..., G — 1 built above a sequence of
the group labels.
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4.4.3 Full-rank parameterization. . .

Orthonormal polynomial contrasts

C: contr.poly, examples

G=2 G=3
1 1 1
c— V2 V2 NG
a1 C= 0 _Z
V2 V6 |’
1 1
N
G=4
3 1 1
26 2 25
1 1 3
c_| 25 2 2/
1 1 3
26 2 25
3 1 1
25 2 2,5

v
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Cars2004nh (subset, n = 409, ns =57, 95, 137, 71, 49)

14.46

Y,=11.83, Y5

10.74, Y4

Y =777,Y,=984,Y;

10.75,

Y
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ST
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Cars2004nh (subset, n = 409, ns =57, 95, 137, 71, 49)

Y =1075 Y{=777,Y,=984,Y3=10.74,Y,=11.83, Y5 = 14.46

mTrt <- lm(consumption ~ fweight, data = CarsNow)
summary (mTrt)

Residuals:
Min 1Q Median 3Q Max
-4.1900 -0.7102 -0.0400 0.6232 7.0898

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 7.7719 0.1497 51.91 <2e-16 #*xx*
fweight1250-1500 2.0681 0.1894  10.92  <2e-16 ***
fweight1500-1750  2.9671 0.1782 16.65  <2e-16 **x*
fweight1750-2000 4.0548 0.2010 20.17 <2e-16 #**
fweight>2000 6.6883 0.2202 30.37 <2e-16 ***

Signif. codes: O “xx*x> 0.001 “*%> 0.01 ‘x> 0.05 ¢.> 0.1 ¢ > 1

Residual standard error: 1.13 on 404 degrees of freedom
Multiple R-squared: 0.7221, Adjusted R-squared: 0.7193
F-statistic: 262.4 on 4 and 404 DF, p-value: < 2.2e-16

summary (aov(consumption ~ fweight, data = CarsNow))

Df Sum Sq Mean Sq F value Pr(>F)
fweight 4 1341.0 335.3 262.4 <2e-16 **x*
Residuals 404 516.2 1.3
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Cars2004nh (subset, n = 409, ns =57, 95, 137, 71, 49)

Y =1075 Y{=777,Y,=984,Y3=10.74,Y,=11.83, Y5 = 14.46

mPoly <- Ilm(consumption ~ fweight, data = CarsNow,
contrasts = list(fweight = contr.poly))

summary (mPoly)
Residuals:
Min 1Q Median 3Q Max

-4.1900 -0.7102 -0.0400 0.6232 7.0898

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 1.093e+01 5.975e-02 182.876 < 2e-16 *#**
fweight.L 4.858e+00 1.501e-01 32.359 < 2e-16 ***
fweight.Q 3.526e-01 .370e-01  2.574 0.0104 *
fweight.C 8.585e-01 .320e-01  6.503 2.33e-10 *xx
fweight~4  -7.193e-05 1.126e-01 -0.001  0.9995

o

Residual standard error: 1.13 on 404 degrees of freedom
Multiple R-squared: 0.7221, Adjusted R-squared: 0.7193
F-statistic: 262.4 on 4 and 404 DF, p-value: < 2.2e-16

summary (aov(consumption ~ fweight, data = CarsNow))

Df Sum Sq Mean Sq F value Pr(>F)
fweight 4 1341.0 335.3 262.4 <2e-16 **%
Residuals 404 516.2 1.3
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Cars2004nh (subset, n = 409)

Polynomial of degree 4 based on representation of the covariate values by
numbers 1,2,3,4,5,mg=fBo+ 19+ B20°+ B3 g° + ag*g=1,....5

CarsNow <- transform(CarsNow, nweight = as.numeric(fweight))

p4 <- Im(consumption ~ nweight + I(nweight~2) + I(nweight~3) + I(nweight~4),
data = CarsNow)

summary (p4)

Residuals:
Min 1Q Median 3Q Max
-4.1900 -0.7102 -0.0400 0.6232 7.0898

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 3.177¢+00 1.820e+00 1.745 0.0818 .
nweight 6.312e+00 3.274e+00 1.928 0.0546 .
I(nweight~2) -1.943e+00 1.947¢+00 -0.998 0.3190
I(nweight~3) 2.265e-01 4.687e-01 0.483 0.6292
I(nweight~4) -2.507e-056 3.925e-02 -0.001  0.9995

Residual standard error: 1.13 on 404 degrees of freedom
Multiple R-squared: 0.7221, Adjusted R-squared: 0.7193
F-statistic: 262.4 on 4 and 404 DF, p-value: < 2.2e-16
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Cars2004nh (subset, n = 409)
Is a linear trend adequate?
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Cars2004nh (subset, n = 409)

Is a linear trend adequate?

pl <- Im(consumption ~ nweight, data = CarsNow)
anova(pl, p4)

Analysis of Variance Table

Model 1: consumption ~ nweight

Model 2: consumption ~
Res.Df RSS Df Sum of Sq F Pr (>F)

1 407 577.49

2 404 516.20 3 61.291 15.99 7.667e-10 %%

nweight + I(nweight~2) + I(nweight~3) + I(nweight~4)

anova(pl, mPoly)

Analysis of Variance Table

Model 1: consumption ~ nweight
Model 2: consumption ~ fweight
Res.Df RSS Df Sum of Sq F Pr(>F)
1 407 577.49
2 404 516.20 3 61.291 15.99 7.667e-10 *%x*
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Multiple Regression



Section 5.1

Multiple covariates in a linear model

5. Multiple Regression 1. Multiple covariates in a linear model



5.1.1 Additivity

Definition 5.1 Additivity of the covariate effect.

We say that a covariate Z; acts additively in the regression model with covari-
atesZ = (Z, ..., Z,,)T € Z C R if the regression function is of the form

E(Y‘Z1 =2z, 2 = 227...,Zp = Zp) = m1(z1) +m2(z(_1)),

-
where z_1) = (2, ..., 2) ,m : R — Rand m, : R~ — R are some
measurable functions.
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5.1.2 Interactions

Definition 5.2 Interaction terms.

Let (Z , W)T € Z x W C R? be two covariates being parameterized using pa-
rameterizations sz : Z — RK"" (sz = (s}, ..., s& 1) ) and sy : W — R
(sw= (s, ... s’,,;1)T). By interaction terms based on those two parameteri-
zations we mean elements of a vector

sow(Z, W) = sy(W) @ s3(2)
= (sX(2) - sly(W),....s5(2) - shy(W), ...,
SH(2) sy '(W),....s57(2) - sl (W)
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Numeric and categorical covariate

5. Multiple Regression 2. Numeric and categorical covariate



5.2.1 Additivity
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight),

m(z, w) = —52.56 + 0.701[z = rear] + 0.881[z = 4x4] + 8.54 log(w)
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight),

m(z, w) = —52.56 + 0.701[z = rear] + 0.881[z = 4x4] + 8.54 log(w)

Drive

20

—o— front
—0— rear
—A— 4x4

Consumption [I/200 km]

T T T T T T T
6.8 7.0 7.2 7.4 7.6 7.8 8.0

Log(weight) [log(ka)]

7 5. Multiple Regression 2. Numeric and categorical covariate



Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), contr.treatment param. of drive

Y: consumption [I/100 km], Z: drive, W: weight [kg]

m(z, w) = Bo + 5 I[z = rear] + 55 1]z = 4x4] + BY log(w)

Im(consumption ~ fdrive + lweight, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.4064 -0.6649 -0.1323 0.5747 5.1533

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -52.5605 1.9627 -26.780 < 2e-16 *x*x
fdriverear 0.6964 0.1181 5.897 7.83e-09 *#*x
fdrivedx4 0.8787 0.1363 6.445 3.29e-10 **x
lweight 8.5381 0.2688 31.762 < 2e-16 **x
Signif. codes: O ’#x%x> 0.001 ’*x> 0.01 ’«”> 0.05 >.”> 0.1 > > 1

Residual standard error: 0.9726 on 405 degrees of freedom
Multiple R-squared: 0.7937, Adjusted R-squared: 0.7922
F-statistic: 519.5 on 3 and 405 DF, p-value: < 2.2e-16
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), contr.sum param. of drive

Y: consumption [I/100 km], Z: drive, W: weight [kg]

m(z, w) = Bo + 7 [z = front] + 5 [z = rear] — (3{ + %) [z = 4x4] + 3" log(w)

Im(consumption ~ fdrive + lweight, data = CarsNow,

contrasts = list(fdrive = "contr.sum"))
Residuals:
Min 1Q Median 3Q Max

-3.4064 -0.6649 -0.1323 0.5747 5.1533

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) -52.03547 1.99090 -26.137 < 2e-16 ***

fdrivel -0.52504 0.07044 -7.454 5.53e-13 %%

fdrive2 0.17134 0.07465 2.295 0.0222 *

lweight 8.53810 0.26882 31.762 < 2e-16 x**

Signif. codes: O ’#*%’ 0.001 ’*x’ 0.01 ’%”> 0.05 >.” 0.1 > > 1

Residual standard error: 0.9726 on 405 degrees of freedom
Multiple R-squared: 0.7937, Adjusted R-squared: 0.7922
F-statistic: 519.5 on 3 and 405 DF, p-value: < 2.2e-16
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), contr.sum param. of drive

Y: consumption [I/100 km], Z: drive, W: weight [kg]

m(z, w) = Bo + 7 [z = front] + 5 [z = rear] — (3{ + %) [z = 4x4] + 3" log(w)

Estimates of parameters of = 37, a5 = 35, a5 = — 3% — p5

Estimate Std. Error t value P value Lower Upper
front -0.5250404 0.07043545 -7.454206 5.532be-13 -0.66350509 -0.3865756
rear 0.1713353 0.07464863 2.295224 0.022231 0.02458813 0.3180824
4x4 0.3537051 0.08437896 4.191864 3.3999e-05 0.18782965 0.5195805
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Cars2004nh (subset, n = 409)
consumption ~ drive + log(weight),

m(z, w) = —52.04 — 0.531[z = front] + 0.171[z = rear] + 0.35][z = 4x4] + 8.54 log(w
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5.2.2 Partial effects
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), partial effect of log(weight)?
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight)

For a given drive, does the log(weight) have an effect on the mean
consumption? Partial effect of log(weight)

Im(consumption ~ fdrive + lweight, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.4064 -0.6649 -0.1323 0.5747 5.1533

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -52.5605 1.9627 -26.780 < 2e-16 *x*x
fdriverear 0.6964 0.1181 5.897 7.83e-09 **x
fdrivedx4 0.8787 0.1363 6.445 3.29e-10 **x
lweight 8.5381 0.2688 31.762 < 2e-16 **x
Signif. codes: O ’#%x> 0.001 ’*x> 0.01 ’«”> 0.05 >.”> 0.1 > > 1

Residual standard error: 0.9726 on 405 degrees of freedom
Multiple R-squared: 0.7937, Adjusted R-squared: 0.7922
F-statistic: 519.5 on 3 and 405 DF, p-value: < 2.2e-16
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), partial effect of drive?
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight)

Analysis of covariance to evaluate effect of drive given log(weight)

mAddit <- 1lm(consumption ~ fdrive + lweight, data = CarsNow)
mOnelLine <- Im(consumption ~ lweight, data = CarsNow)
anova(mOneLine, mAddit)

Analysis of Variance Table

Model 1: consumption ~ lweight
Model 2: consumption ~ fdrive + lweight
Res.Df RSS Df Sum of Sq F Pr (>F)
1 407 435.68
2 405 383.10 2 52.577 27.791 4.896e-12 #*x*
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5.2.3 Interactions
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight),
m(z, w) = —52.80 + 19.841[z = rear] — 12.541[z = 4x4] + 8.57 log(w) — 2.591[z = real
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight),
m(z, w) = —52.80 + 19.841[z = rear] — 12.541[z = 4x4] + 8.57 log(w) — 2.591[z = real
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight), contr.treatment

param. of drive

Reference group pseudocontrasts for drive

m(z, w) = Bo + 7 [z = rear] + 5 I[z = 4x4] + 8" log(w)

+ B 1[z = rear] log(w) + 85" [z = 4x4] log(w)

Im(consumption ~ fdrive + lweight + fdrive:lweight, data

CarsNow)

Coefficients:

(Intercept) -52.8047
fdriverear 19.8445
fdrivedx4 -12.5366
lweight 8.5716

fdriverear:1lweight -2.5890
fdrivedx4:lweight 1.7837

OO GIN

-20.
3
-2.
24.
-3.
2

Estimate Std. Error t value Pr(>|tl)
.5266
.1297
.6506
.3461
.6956
.6240

900 < 2e-16

.869 0.000128

696 0.007319
763 < 2e-16
722 0.000226

.858 0.004480

0.8057
p-value: < 2.2e-16

Residual standard error: 0.9404 on 403 degrees of freedom
Multiple R-squared: 0.8081, Adjusted R-squared:
F-statistic: 339.4 on b and 403 DF,

20 5. Multiple Regression

2. Numeric and categorical covariate



Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight), contr.sum param. of
drive

Sum contrasts for drive

m(z, w) = Bo + 57 T[z = front] + 85 [z = rear] — (57 + 5 ) 1[z = 4x4] + 8" log(w)

+ " 1]z = front] log(w) + " 1]z = rear] log(w) — (B + B5Y) 1]z = 4x4] log(w)

Im(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow,
contrasts = list(fdrive = contr.sum))

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) -50.3688 2.1489 -23.440 < 2e-16 ***
fdrivel -2.4360 2.5972 -0.938 0.349
fdrive2 17.4085 3.35568  5.188 3.38e-07 %%
lweight 8.3031 0.2894 28.696 < 2e-16 *x*x
fdrivel:lweight 0.2684 0.3517 0.763 0.446
fdrive2:1lweight -2.3206 0.4529 -5.124 4.64e-07 *x*x

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 *.” 0.1 * > 1

Residual standard error: 0.9404 on 403 degrees of freedom
Multiple R-squared: 0.8081, Adjusted R-squared: 0.8057
F-statistic: 339.4 on 5 and 403 DF, p-value: < 2.2e-16
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5.2.4 Additivity or interactions?
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Cars2004nh (subset, n = 409)

consumption ~ drive, log(weight), additivity or interactions?
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Cars2004nh (subset, n = 409)

consumption ~ drive, log(weight), additivity or interactions?

Does the log(weight) have different effect on the mean consumption
depending on the drive type?

mInter <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
mAddit <- 1lm(consumption ~ fdrive + lweight, data = CarsNow)
anova(mAddit, mInter)

Analysis of Variance Table

Model 1: consumption ~ fdrive + lweight

Model 2: consumption ~ fdrive + lweight + fdrive:lweight
Res.Df RSS Df Sum of Sq F Pr(>F)

1 405 383.1

2 403 356.4 2 26.702 15.097 4.758e-07 *%x*
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5.2.5 More complex parameterizations of a numeric covariate
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Two numeric covariates

26

5. Multiple Regression 3. Two numeric covariates



5.3.1 Additivity
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight),

m(z, w) = —42.65 + 0.54 z 4+ 7.01 log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight),

m(z, w) = —42.65 + 0.54 z 4+ 7.01 log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight)

Y: consumption [l/100 km], Z: engine size [l], W: weight [kg]

m(z, w) = o + 5% z + 8% log(w)

Im(consumption ~ engine.size + lweight, data = CarsNow)
Residuals:
Min 1Q Median 3Q Max

-3.3243 -0.6741 -0.1286 0.5270 5.0459

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -42.65641 2.99243 -14.255 < 2e-16 **x*
engine.size  0.54231 0.08304 6.531 1.96e-10 *x¥x*
lweight 7.01155 0.43501 16.118 < 2e-16 ***

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1

Residual standard error: 0.9854 on 406 degrees of freedom
Multiple R-squared: 0.7877, Adjusted R-squared: 0.7867
F-statistic: 753.3 on 2 and 406 DF, p-value: < 2.2e-16
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight),

m(z, w) = —42.65 + 0.54 z 4+ 7.01 log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight)

Y: consumption [l/100 km], Z: engine size [l], W: weight [kg]

m(z, w) = o + 5% z + 8% log(w)

Im(consumption ~ engine.size + lweight, data = CarsNow)
Residuals:
Min 1Q Median 3Q Max

-3.3243 -0.6741 -0.1286 0.5270 5.0459

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -42.65641 2.99243 -14.255 < 2e-16 **x*
engine.size  0.54231 0.08304 6.531 1.96e-10 *x¥x*
lweight 7.01155 0.43501 16.118 < 2e-16 ***

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1

Residual standard error: 0.9854 on 406 degrees of freedom
Multiple R-squared: 0.7877, Adjusted R-squared: 0.7867
F-statistic: 753.3 on 2 and 406 DF, p-value: < 2.2e-16
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5.3.2 Partial effects
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight), partial effect of log(weight)?
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight)

Y: consumption [l/100 km], Z: engine size [l], W: weight [kg]

m(z, w) = o + 5% z + 8% log(w)

Im(consumption ~ engine.size + lweight, data = CarsNow)
Residuals:
Min 1Q Median 3Q Max

-3.3243 -0.6741 -0.1286 0.5270 5.0459

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -42.65641 2.99243 -14.255 < 2e-16 **x*
engine.size  0.54231 0.08304 6.531 1.96e-10 *x¥x*
lweight 7.01155 0.43501 16.118 < 2e-16 ***

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1

Residual standard error: 0.9854 on 406 degrees of freedom
Multiple R-squared: 0.7877, Adjusted R-squared: 0.7867
F-statistic: 753.3 on 2 and 406 DF, p-value: < 2.2e-16
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight), partial effect of engine.size?
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight)

Y: consumption [l/100 km], Z: engine size [l], W: weight [kg]

m(z, w) = o + 5% z + 8% log(w)

Im(consumption ~ engine.size + lweight, data = CarsNow)
Residuals:
Min 1Q Median 3Q Max

-3.3243 -0.6741 -0.1286 0.5270 5.0459

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -42.65641 2.99243 -14.255 < 2e-16 **x*
engine.size  0.54231 0.08304 6.531 1.96e-10 *x*x*
lweight 7.01155 0.43501 16.118 < 2e-16 ***

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1

Residual standard error: 0.9854 on 406 degrees of freedom
Multiple R-squared: 0.7877, Adjusted R-squared: 0.7867
F-statistic: 753.3 on 2 and 406 DF, p-value: < 2.2e-16
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5.3.3 Interactions
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight),

m(z, w) = —25.46 — 5.32 z + 4.69 log(w) + 0.79 z log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight),

m(z, w) = —25.46 — 5.32 z + 4.69 log(w) + 0.79 z log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight),

m(z, w) = —25.46 — 5.32 z + 4.69 log(w) + 0.79 z log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight)

Y: consumption [I/100 km], Z: engine size [l], W: weight [kg]

m(z, w) = o + 3% 2+ " log(w) + 87" z log(w)

Im(consumption ~ engine.size + lweight + engine.size:lweight, data = CarsNow)
Residuals:
Min 1Q Median 3Q Max

-3.3999 -0.6538 -0.1407 0.4779 3.9219

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -25.4574 5.1267 -4.966 1.01e-06 **x*
engine.size -5.3160 1.4338 -3.708 0.000238 ***
lweight 4.6877 0.7104 6.599 1.30e-10 #xx*
engine.size:lweight 0.7860 0.1921  4.092 5.15e-05 *xx*

Signif. codes: O “x**> 0.001 “*%> 0.01 ‘%’ 0.05 ¢.”> 0.1 ¢ > 1

Residual standard error: 0.9669 on 405 degrees of freedom
Multiple R-squared: 0.7961, Adjusted R-squared: 0.7946
F-statistic: 527.2 on 3 and 405 DF, p-value: < 2.2e-16
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5.3.4 Additivity or interactions?
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Cars2004nh (subset, n = 409)

consumption ~ engine.size, log(weight), additivity or interactions?
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Cars2004nh (subset, n = 409)

consumption ~ engine.size, log(weight), additivity or interactions?

Consumption 100 km]

Engine size [iters]

Consumption (/100 km]

Engine size [iters] M

Log(weight) log(kg)]

7.0 72 7.4 76 78 80
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Cars2004nh (subset, n = 409)

consumption ~ engine.size, log(weight), additivity or interactions?

Log(weight fog(ka)] M Log(weight) log(ko)] ¢
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight)

Y: consumption [I/100 km], Z: engine size [l], W: weight [kg]

m(z, w) = Bo + 8%z + B log(w) + B z log(w)

Does the [log]weight have different effect on the mean consumption
depending on the engine size?

Does the engine size have different effect on the mean consumption
depending on the [log]weight?

Im(consumption ~ engine.size + lweight + engine.size:lweight, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.3999 -0.6538 -0.1407 0.4779 3.9219

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -25.4574 5.1267 -4.966 1.01e-06 **x
engine.size -5.3160 1.4338 -3.708 0.000238 *x*x*
lweight 4.6877 0.7104 6.599 1.30e-10 *x*
engine.size:lweight  0.7860 0.1921  4.092 5.15e-05 #*x*
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight)

Y: consumption [I/100 km], Z: engine size [l], W: weight [kg]

m(z, w) = Bo + 8%z + B log(w) + B z log(w)

Does the [log]weight have different effect on the mean consumption
depending on the engine size?

Does the engine size have different effect on the mean consumption
depending on the [log]weight?

mAddit <- lm(consumption ~ engine.size + lweight, data = CarsNow)
mInter <- lm(consumption ~ engine.sizexlweight, data = CarsNow)
anova(mAddit, mInter)

Analysis of Variance Table

Model 1: consumption ~ engine.size + lweight

Model 2: consumption ~ engine.size * lweight
Res.Df RSS Df Sum of Sq F Pr (>F)

1 406 394.26

2 405 378.60 1 15.656 16.748 5.154e-05 *%*x*

Signif. codes: O “x%*’ 0.001 ‘**> 0.01 ‘%> 0.05 ¢.” 0.1 ¢ * 1
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5.3.5 More complex parameterization of either covariate
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Section 5.4
Two categorical covariates
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HowelsAll (subset, n = 289)

Covariates: gender (G = 2) and population (H = 3)

data(HowellsAll, package = "mffSM")
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5.4.1 Additivity
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HowellsAll (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)
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HowellsAll (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)
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HowelsAll (subset, n = 289)

gol ~ gender + popul, contr.treatment parameterisation

Z: gender (Female, Male), W': population (Australia, Berg, Burjati)

m(z, w) = By + 3% I[z = male] + 8}V I[w = Berg] + 8¥ I[w = Burjati]

Im(gol ~ fgender + fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.5400 -4.3103 -0.3103 4.4600 17.6897

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 181.0712 0.7814 231.724 <2e-16 *xx*
fgenderM 9.7703 0.7529 12.977 <2e-16 *x*
fpopulBERG  -10.5311 0.9706 -10.850 <2e-16 *x*
fpopulBURIAT -9.2213 0.9695 -9.511 <2e-16 #xx*

Signif. codes: O “***> 0.001 “**> 0.01 ‘%’ 0.05 ¢.”> 0.1 ¢ * 1

Residual standard error: 6.284 on 285 degrees of freedom
Multiple R-squared: 0.4729, Adjusted R-squared: 0.4674
F-statistic: 85.24 on 3 and 285 DF, p-value: < 2.2e-16
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HowelsAll (subset, n = 289)

gol ~ gender + popul, contr.sum parameterisation

Z: gender (Female, Male), W': population (Australia, Berg, Burjati)

m(z, w) = By + 5% 1|z = female] — 5% I[z = male]

+ BY I[w = Austr] 4 Y I[w = Berg] + (-3 — ) I[w = Burjati]

options(contrasts = c("contr.sum"”, "contr.sum"))
Im(gol ~ fgender + fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.5400 -4.3103 -0.3103 4.4600 17.6897

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 179.3722 0.3797 472.421 < 2e-16 **x
fgenderl -4.8852 0.3765 -12.977 < 2e-16 **x
fpopull 6.5842 0.5811 11.330 < 2e-16 *x**
fpopul2 -3.9470 0.5167 -7.654 3.03e-13 *x**

Signif. codes: O “xx*x> 0.001 “*%> 0.01 ‘x> 0.05 ¢.> 0.1 ¢ > 1

Residual standard error: 6.284 on 285 degrees of freedom
Multiple R-squared: 0.4729, Adjusted R-squared: 0.4674
F-statistic: 85.24 on 3 and 285 DF, p-value: < 2.2e-16
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5.4.2 Partial effects

57 5. Multiple Regression 4. Two categorical covariates



HowellsAll (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3),
partial effect of gender, of population?
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HowelsAll (subset, n = 289)
gol ~ gender + popul

For a given population,

does gender have an effect in the mean value of go1?
Partial effect of gender

mgolAddit <- 1lm(gol ~ fgender + fpopul, data = HowellsAll)
mgolPopul <- 1lm(gol ~ fpopul, data = HowellsAll)
anova(mgolPopul, mgolAddit)

Analysis of Variance Table

Model 1: gol ™ fpopul
Model 2: gol ~ fgender + fpopul
Res.Df RSS Df Sum of Sq F Pr(>F)
1 286 17904
2 285 11254 1 6649.7 168.4 < 2.2e-16 %

Signif. codes: O “x**> 0.001 ‘**> 0.01 ‘%> 0.05 ¢.”> 0.1 ¢ * 1
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HowelsAll (subset, n = 289)
gol ~ gender + popul

For a given gender,

does population have an effect in the mean value of go1?
Partial effect of population

mgolAddit <- 1lm(gol ~ fgender + fpopul, data = HowellsAll)
mgolGender <- Im(gol ~ fgender, data = HowellsAll)
anova(mgolGender, mgolAddit)

Analysis of Variance Table

Model 1: gol ™ fgender
Model 2: gol ~ fgender + fpopul
Res.Df RSS Df Sum of Sq F Pr(>F)
1 287 16415
2 285 11254 2 5160.7 65.345 < 2.2e-16 *%x*

Signif. codes: O “x**> 0.001 ‘**> 0.01 ‘%> 0.05 ¢.”> 0.1 ¢ * 1
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HowelsAll (subset, n = 289)

gol ~ gender + popul

F-tests of significance of both partial effects

mgolAddit <- 1m(gol ~ fgender + fpopul, data = HowellsAll)
dropl (mgolAddit, test = "F")

Single term deletions

Model:
gol ” fgender + fpopul

Df Sum of Sq RSS AIC F value Pr(>F)
<none> 11254 1066.3
fgender 1 6649.7 17904 1198.5 168.396 < 2.2e-16 *¥x*
fpopul 2 5160.7 16415 1171.4 65.345 < 2.2e-16 #*%x*

Signif. codes: O “*%*> 0.001 “**x> 0.01 ‘%> 0.05 ¢.> 0.1 ¢

>

1
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HowellsAll (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3),
quantification of both partial effects?
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HowelsAll (subset, n = 289)

gol ~ gender + popul, contr.treatment parameterisation

Z: gender (Female, Male), W': population (Australia, Berg, Burjati)

m(z, w) = By + 3% I[z = male] + 8}V I[w = Berg] + 8¥ I[w = Burjati]

Im(gol ~ fgender + fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.5400 -4.3103 -0.3103 4.4600 17.6897

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 181.0712 0.7814 231.724 <2e-16 *xx*
fgenderM 9.7703 0.7529 12.977 <2e-16 *x*
fpopulBERG  -10.5311 0.9706 -10.850 <2e-16 *x*
fpopulBURIAT -9.2213 0.9695 -9.511 <2e-16 #xx*

Signif. codes: O “***> 0.001 “**> 0.01 ‘%’ 0.05 ¢.”> 0.1 ¢ * 1

Residual standard error: 6.284 on 285 degrees of freedom
Multiple R-squared: 0.4729, Adjusted R-squared: 0.4674
F-statistic: 85.24 on 3 and 285 DF, p-value: < 2.2e-16
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HowelsAll (subset, n = 289)

gol ~ gender + popul

LSE'sof E(Y|Z=gi,W=+)—E(Y|Z=gs, W =x)
and E(Y |Z =W ="h) —E(Y|Z=x W =h,)

mgolAddit <- 1m(gol ~ fgender + fpopul, data = HowellsAll)
L <- matrix(ec(0,1,0,0, 0,0,1,0, 0,0,0,1, 0,0,-1,1), ncol = 4, byrow = TRUE)
rownames (L) <- c("Male-Female", "Berg-Austr", "Burjati-Austr", "Burjati-Berg")
colnames(L) <- names(coef (mgolAddit))
print (L)

(Intercept) fgenderM fpopulBERG fpopulBURIAT
Male-Female 0 1 0 0
Berg-Austr 0 0 1 0
Burjati-Austr 0 0 0 1
Burjati-Berg 0 0 -1 1
mffSM::LSest(mgolAddit, L =1)

Estimate Std. Error t value P value Lower Upper

Male-Female 9.770313 0.7529092 12.976750 < 2e-16  8.2883454 11.252282
Berg-Austr -10.531148 0.9705782 -10.850385 < 2e-16 -12.4415591 -8.620737
Burjati-Austr -9.221329 0.9695097 -9.511332 < 2e-16 -11.1296364 -7.313021
Burjati-Berg 1.309819 0.8512377  1.538723 0.12498 -0.3656911 2.985330
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HowellsAll (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3),

alternative quantification of both partial effects?
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HowelsAll (subset, n = 289)

gol ~ gender + popul, contr.sum parameterisation

Z: gender (Female, Male), W': population (Australia, Berg, Burjati)

m(z, w) = By + 5% 1|z = female] — 5% I[z = male]

+ BY I[w = Austr] 4 Y I[w = Berg] + (-3 — ) I[w = Burjati]

options(contrasts = c("contr.sum"”, "contr.sum"))
Im(gol ~ fgender + fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.5400 -4.3103 -0.3103 4.4600 17.6897

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 179.3722 0.3797 472.421 < 2e-16 **x
fgenderl -4.8852 0.3765 -12.977 < 2e-16 **x
fpopull 6.5842 0.5811 11.330 < 2e-16 *x**
fpopul2 -3.9470 0.5167 -7.654 3.03e-13 *x**

Signif. codes: O “xx*x> 0.001 “*%> 0.01 ‘x> 0.05 ¢.> 0.1 ¢ > 1

Residual standard error: 6.284 on 285 degrees of freedom
Multiple R-squared: 0.4729, Adjusted R-squared: 0.4674
F-statistic: 85.24 on 3 and 285 DF, p-value: < 2.2e-16
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HowelsAll (subset, n = 289)

gol ~ gender + popul

LSEsof E(Y|Z=g W=+ -5 3 E(Y|[Z=j,W=5)
andE(Y|Z=#»W="h) - ST E(Y[Z=%W=))

options(contrasts = c("contr.sum"”, "contr.sum"))

mgolAdditSum <- 1m(gol ~ fgender + fpopul, data = HowellsAll)
L <- matrix(c(0,1,0,0, 0,-1,0,0, 0,0,1,0, 0,0,0,1, 0,0,-1,-1), ncol = 4, byrow = TRUE)

rownames (L) <- c("Female", "Male", "Australia", "Berg", "Burjati")
colnames(L) <- names(coef(mgolAdditSum))
print (L)
(Intercept) fgenderl fpopull fpopul2
Female 0 1 0 0
Male 0 -1 0 0
Australia 0 0 1 0
Berg 0 0 0 1
Burjati 0 0 -1 -1

mffSM: :LSest (mgolAdditSum, L = L)

Estimate Std. Error t value P value Lower Upper
Female -4.885157 0.3764546 -12.976750 < 2.22e¢-16 -5.626141 -4.144173
Male 4.885157 0.3764546 12.976750 < 2.22e-16 4.144173 5.626141
Australia 6.584159 0.5811231 11.330059 < 2.22e-16 5.440321 7.727997
Berg -3.946989 0.5156772 -7.653992 3.0336e-13 -4.962008 -2.931970
Burjati  -2.637170 0.5150067 -5.120651 5.6141e-07 -3.650869 -1.623470
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5.4 .3 Interactions
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HowellsAll (n = 289)

oca (occipital angle) ~ gender (G = 2) and population (H = 3)
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HowellsAll (n = 289)

oca (occipital angle) ~ gender (G = 2) and population (H = 3)
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HowelsAll (subset, n = 289)

oca ~ gender + popul + gender:popul, contr.treatment parameterisation

Z: gender (Female, Male), W': population (Australia, Berg, Burjati)

m(z, w) = By + 3% I[z = male] + 8V I[w = Berg] + 5¥ I[w = Burjati]
+ 8™z = male, w = Berg] + 851z = male, w = Burjati]

Im(oca ~ fgenderxfpopul, data = HowellsAll)

Residuals:
Min 1qQ Median 3Q Max
-15.1607 -3.1607 0.0455  3.1636 13.8393

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 114.6531 0.7186 159.548  <2e-16 *x*
fgenderM -0.6985 1.2910 -0.541 0.5889
fpopulBERG 2.3092 0.9969 2.316 0.0213 *
fpopulBURIAT 2.3840 0.9925  2.402 0.0169 *
fgenderM:fpopulBERG 0.8970 1.6112 0.557 0.5782
fgenderM:fpopulBURIAT -2.5022 1.6110 -1.553 0.1215

Signif. codes: O “x**> 0.001 “*%> 0.01 ‘%’ 0.05 ¢.”> 0.1 ¢ > 1

Residual standard error: 5.03 on 283 degrees of freedom
Multiple R-squared: 0.07842, Adjusted R-squared: 0.06214
F-statistic: 4.816 on 5 and 283 DF, p-value: 0.0003046
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HowelsAll (subset, n = 289)

oca ~ gender + popul + gender:popul, contr.sum parameterisation

Z: gender (Female, Male), W: population (Australia, Berg, Burjati)

m(z, w) = By + % 1[z = female] — 8% I[z = male]
+ 8V I[w = Austr.] + 8Y TI[w = Berg] + (-8} — 8Y) I[w = Burjati]
+ ,31ZW]I[Z =fem.,w = Aus.] + BQZW]I[Z = fem., w = Berg] + (—,B1ZW — BQZW)]I[Z = fem., w = Bl

— 81z = male, w = Aus.] — 85V1[z = male, w = Berg] + (87" + 8£") 1[z = male, w = Blr

options(contrasts = c("contr.sum", "contr.sum"))
Im(oca ~ fgender + fpopul, data = HowellsAll)

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 115.6007 0.3129 369.455 < 2e-16 ***
fgenderl 0.6168 0.3129  1.971 0.049671 *
fpopull -1.2969 0.4866 -2.665 0.008138 *x*
fpopul2 1.4608 0.4187  3.489 0.000563 ***
fgenderl:fpopull -0.2675 0.4866 -0.550 0.582896
fgenderl:fpopul2 -0.7160 0.4187 -1.710 0.088376 .

Residual standard error: 5.03 on 283 degrees of freedom
Multiple R-squared: 0.07842, Adjusted R-squared: 0.06214
F-statistic: 4.816 on 5 and 283 DF, p-value: 0.0003046
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5.4.4 Additivity or interactions?
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HowellsAll (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3),
additivity or interactions?
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HowelsAll (subset, n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)

Do the mean gol differences between male and female depend on

population?

Do the mean gol differences between populations depend on gender?

mgolAddit <- 1lm(gol ~
mgolInter <- 1lm(gol ~
anova(mgolAddit, mgollnter)

fgender + fpopul, data = HowellsAll)
fgender*fpopul, data = HowellsAll)

Analysis of Variance Table

Model 1: gol ~ fgender + fpopul
Model 2: gol ~ fgender * fpopul

Res.Df RSS Df Sum of Sq F Pr(>F)
1 285 11254

2 283 11254 2 0.19404 0.0024 0.9976

75 5. Multiple Regression

4. Two categorical covariates



HowellsAll (n = 289)

oca (occipital angle) ~ gender (G = 2) and population (H = 3),
additivity or interactions?
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HowelsAll (subset, n = 289)
oca (occipital angle) ~ gender (G = 2) and population (H = 3)

Do the mean oca differences between male and female depend on
population?

Do the mean oca differences between populations depend on gender?

mocaAddit <- lm(oca ~ fgender + fpopul, data = HowellsAll)
mocalnter <- lm(oca ~ fgender*fpopul, data = HowellsAll)
anova(mocadddit, mocalnter)

Analysis of Variance Table

Model 1: oca ~ fgender + fpopul
Model 2: oca ~ fgender * fpopul
Res.Df RSS Df Sum of Sq F Pr(>F)
1 285 7326
2 283 7161 2 165.02 3.2607 0.03981 =*

Signif. codes: O ‘%%’ 0.001 ‘*%> 0.01 ‘%> 0.05 ¢.”> 0.1 ¢ > 1
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Section 5.5
Multiple regression model
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5.5.1 Model terms

Numeric covariate: Simple transformation parameterization

s=s5: Z — Rwith

S(Z1 )
s=| 1 |=(s)
s(Zy)

Xy = X

Xn:Xn

I
(%)
—~
N
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5.5.1 Model terms

Numeric covariate: Polynomial parameterization

s=(s1,..., sk,1)T such that sj(z) = P/(z) is polynomial in z of degree j,
j=1,.. k-1

P1(Z1) Pk_1(Z1)
s=| : : _(P‘, Pk“),
P1(Zn) Pk*1(Zn)
X = (P(&), ..., PY(Z)) ",
X, = (PY(Z), ..., P (Zy))".
80 5. Multiple Regression

5. Multiple regression model




5.5.1 Model terms

Numeric covariate: Regression spline parameterization

s=(s1,..., sk)T such that s;(z) = Bj(z),j = 1,...,k, where By, ..., By is
the spline basis of chosen degree d € Ny composed of basis B-splines built
above a set of chosen knots A = (Aq, ..., M _g11) -
Bi(Z) ... Bk(&)
s=B=| : : : |=(B, .., B,
B (Zn) s Bk(Zn)
X: = (Bi(&), ..., Bk(Z1))T7

81 5. Multiple Regression 5. Multiple regression model



5.5.1 Model terms

Categorical covariate: (Pseudo)contrast parameterization
e Z={1,..., G}
® s(z)=c¢;,z€ Z,

® Ci,...,CccRG!

= rows of a chosen (pseudo)contrast matrix Cgxg_1-

C—Zr1 X1 = €z,
s=|:|=(c" ... &), :
c—Zrn Xn = CZn.
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5.5.1 Model terms

Main effect model terms

Definition 5.3 The main effect model term.

Depending on a chosen parameterization s : 2 — RX", the main effect model
term (of order one) of a given covariate Z is defined as a transformation t with
elements as follows and a matrix T with columns as follows.

Numeric covariate

(i) Simple transformations: Z — R.
m t — s and T is (the only) column S of the reparameterizing matrix S,
i.e.,

s(41)
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5.5.1 Model terms

Main effect model terms

Definition 5.3 The main effect model term, contd.

(i) Polynomial s = (s, ..., sk,1)T, sj(z) = PI(z) is polynomial in z of
degreej,j=1,..., k — 1 with the reparameterizing matrix
P1(Z1) Pk71(Z1)
s=| : =(P, ., P
P'(Z,) ... PK'Y(Z)

mb ¢ — s, = P (linear polynomial) and T is the first column P of the
reparameterizing matrix S that corresponds to the linear transformation of
the covariate Z, i.e.,

T = (P").
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5.5.1 Model terms

Main effect model terms

Definition 5.3 The main effect model term, contd.

(i) Regression spline s = (s, ..., sk)T, si(z) = Bj(2),j=1,...,k, where
By, ..., B is the spline basis and the reparameterizing matrix is
Bi(Z) ... Bu(Z)
Bi(Z)) ... Bi(Zy)
m ¢ — s (all basis splines) and T are (all) columns B, ..., B of the

reparameterizing matrix S = B, i.e.,

T= (B, ..., BY.
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5.5.1 Model terms

Main effect model terms

Definition 5.3 The main effect model term, contd.

Categorical covariate with Z = {1,..., G} parameterized by the mean of
a (pseudo)contrast matrix

ie,s(z)=c;,z€ Z.
m + — s (row of a chosen (pseudo)contrast matrix) and T are (all) columns of
the corresponding reparameterizing matrix, i.e.,

2
T=S=|: |=(C,....co").

T
(54

v
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5.5.1 Model terms

Main effect model terms

Definition 5.4 The main effect model term of order j.

If a numeric covariate Z is parameterized using the polynomial of degree k—1,
ie,s=(s1,..., sk,1)T, si(z) = Pl(z),j=1,...,k — 1, then the main effect
model term of order j, j = 2,...,k — 1, means the element s;(z) = P/(z) of the
polynomial parameterization and a matrix TV whose the only column is the jth
column P’ of the reparameterizing matrix

P1(Z1) Pk_1(Z1)
s=| ¢ |=(P . P
P'(Z,) ... P(Z)
that corresponds to the polynomial of degree J, i.e.,
T = (P)).

Note. Theterms T, ..., V-1 are called as lower order terms included in the
term TV )
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5.5.1 Model terms

Two-way interaction model terms

Two covariates Z and W and their main effect model terms t>, T> and t,
Tw.

Definition 5.5 The two-way interaction model term.

The two-way interaction model term means elements of a vector ty ® tz and
a matrix T4, where
T .= Tz Ty.

Notes.

® The main effect model term T> and/or the main effect model term Ty, that
enters the two-way interaction may also be of a degree j > 1.

@ Both the main effect model terms T, and Ty, are called as lower order
terms included in the two-way interaction term Tz : Ty .
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5.5.1 Model terms

Higher order interaction model terms

Three covariates Z, W and V and their main effect model terms t~, T, and
tw, Twand ty, Ty.

Definition 5.6 The three-way interaction model term.

The three-way interaction model term means a vector ty ® (tw ® tz) and

a matrix TZ"Y, where
T .— (T;:Ty):Ty.

Notes.

e Any of the main effect model terms Tz, Tw, Ty that enter the three-way
interaction may also be of a degree j > 1.

e All main effect terms Tz, Ty and Ty and also all two-way interaction terms
Tz:Tw, Tz:Ty and Ty : Ty are called as lower order terms included in the
three-way interaction term T4WV.

e By induction, we could define also four-way, five-way, . . ., i.e., higher order
interaction model terms and a notion of corresponding lower order nested
terms.
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5.5.2 Model formula

Symbols in a model formula

e 1:
intercept term in the model if this is the only term in the model (i.e., intercept
only model).

e Letter or abbreviation:
main effect of order one of a particular covariate (which is identified by the
letter or abbreviation). It is assumed that chosen parameterization is either
known from context or is indicated in some way (e.g., by the used abbre-
viation). Letters or abbreviations will also be used to indicate a response

variable.
e Power of j, j > 1 (above a letter or abbreviation):

main effect of order j of a particular covariate.
e Colon (:) between two or more letters or abbreviations:
interaction term based on particular covariates.
e Plus sign (+):
a delimiter of the model terms.
e Tilde (~):
a delimiter between the response and description of the regression func-
tion.
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5.5.3 Hierarchically well formulated model

Definition 5.7 Hierarchically well formulated model.

Hierarchically well formulated (HWF) model is such a model that contains an
intercept term (possibly implicitely) and with each model term also all lower
order terms that are nested in this term.
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5.5.3 Hierarchically well formulated model

Example. Quadratic regression function

® X parameterization:
my(X) = fo + B1 X + P X?

e Transformation x — t (0 # 0, ¢ # 0):

X
x=0(t— ), t=g0+g

e [ parameterization:
my(t) =0 + 71 t+ 72 2
Yo = Bo — P10p + 26242
Y1 = P16 — 2B20%¢
Y2 = B26°
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5.5.3 Hierarchically well formulated model

Example. Quadratic regression function, no linear term

® X parameterization:
My(X) = Bo + B2 X

e Transformation x — t (0 # 0, ¢ # 0):

X
x=0(t— ), t=g0+g

e [ parameterization:
my(t) =0 + 71 t+ 72 2
Y0 = o + 26247
Y1 = —2020%¢
Y2 = B26°
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5.5.3 Hierarchically well formulated model

Possible reasons for not using the HWF model

e No intercept in the model

= it can be assumed that the response expectation is zero if all regressors
in a chosen parameterization take zero values.

e No linear term in a model with a quadratic regression function
m(x) = fo + B2 X
= it can be assumed that the regression function is a parabola with the
vertex in a point (0, 3p) with respect to the x parameterization.

e No main effect of one covariate in an interaction model with two numeric
covariates and a regression function m(x, z) = S + 12+ fa X Z
= it can be assumed that with z = 0, the response expectation does not
depend on a value of x, i.e,, E(Y | X = x, Z = 0) = j (a constant).
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5.5.4 Usual strategy to specify a multiple regression model
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Cars2004nh (subset, n = 409)

consumption ~ drive, engine size, log(weight)

1.0 15 2.0 25 3.0 2 3 4 5 6
cqgsumption re
L3 . L4
d | 2
o | / fdrive
s - - - -
Iweight -

.Size

68 70 72 74 76 78 80
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Cars2004nh (subset, n = 409)

consumption ~ drive + engine size + log(weight)

mAddit <- lm(consumption ~ fdrive + engine.size + lweight, data = CarsNow)
summary (mAddit)

Estimate Std. Error t value Pr(>|t])

(Intercept) -35.84930 3.08092 -11.636 < 2e-16 **x*
fdriverear 0.46260 0.11715 3.949 9.26e-05 **x*
fdrivedx4 0.98198 0.13019  7.543 3.07e-13 #x*x*
engine.size  0.56908 0.08361  6.807 3.62e-11 *¥x
lweight 6.03099 0.44795 13.464 < 2e-16 **x*

Residual standard error: 0.9223 on 404 degrees of freedom
Multiple R-squared: 0.8149, Adjusted R-squared: 0.8131
F-statistic: 444.8 on 4 and 404 DF, p-value: < 2.2e-16

dropl(mAddit, test = "F")

Single term deletions

Model:
consumption ~ fdrive + engine.size + lweight

Df Sum of Sq RSS AIC F value Pr(>F)
<none> 343.69 -61.161
fdrive 2 50.574 394.26 -9.012 29.725 9.046e-13 *¥x*
engine.size 1 39.413 383.10 -18.758 46.330 3.62be-11 *x*x*
lweight 1 154.205 497.89 88.436 181.267 < 2.2e-16 **x*
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Cars2004nh (subset, n = 409)

consumption ~ drive + engine size + log(weight) + drive:log(weight)

mInterl <- Im(consumption ~ fdrive + engine.size + lweight + fdrive:lweight, data = CarsNow

Multiple R-squared: 0.8294,
F-statistic: 325.8 on 6 and 402 DF,

619 < 2e-16 *xx*
711 3.40e-06 *x*x*
943  0.05627 .

088 6.16e-12 **x*
494 < 2e-16 **x
604 5.57e-06 *xx*
135  0.0333 *

summary (mInterl)
Estimate Std. Error t value Pr(>|t])

(Intercept) -37.44459 3.22260 -11.
fdriverear 22.90273 4.86163 4.
fdrivedx4 -8.59853 4.42520 -1.
engine.size 0.57588 0.08125 7.
lweight 6.24702 0.46296 13.
fdriverear:lweight -3.03731 0.65971 -4.
fdrivedx4:lweight 1.26748 0.59368 2.

Residual standard error: 0.8877 on 402 degrees of freedom

Adjusted R-squared: 0.8269
p-value: < 2.2e-16

dropl(mInterl, test = "F")

Single term deletions

Model:

consumption ~ fdrive + engine.size
Df Sum of Sq RSS

<none> 316.81

engine.size 1 39.590 356.40

fdrive:lweight 2 26.879 343.69

+ lweight + fdrive:lweight
AIC F value Pr (>F)

-90.469
-44.308
-61.161

50.236 6.159e-12 *xx*
17.064 7.782e-08 *%x*
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Cars2004nh (subset, n = 409)

cons. ~ drive + eng.size + log(weight) + drive:log(wgt) + eng.size:log(wgt)

mInter2 <- lm(consumption ~ fdrive + engine.size + lweight + fdrive:lweight +
engine.size:lweight, data = CarsNow)

summary (mInter2)

Estimate Std. Error t value Pr(>Itl)
(Intercept) -22.8398 4.9687 -4.597 5.76e-06 *xx
fdriverear 27.3567 4.9219  5.558 4.98e-08 #x*
fdrivedx4 4.3904 5.5249 0.795 0.427287
engine.size -5.8845 1.6945 -3.473 0.000571 *x*x*
lweight 4.2821 0.6873  6.230 1.18e-09 *xx
fdriverear:1lweight -3.6356 0.6675 -5.446 8.98e-08 *xx*
fdrive4x4:lweight -0.4836 0.7425 -0.651 0.515241
engine.size:lweight  0.8662 0.2270  3.817 0.000157 s#x*

Residual standard error: 0.8731 on 401 degrees of freedom
Multiple R-squared: 0.8354, Adjusted R-squared: 0.8325
F-statistic: 290.7 on 7 and 401 DF, p-value: < 2.2e-16

dropl(mInter2, test = "F")

consumption ~ fdrive + engine.size + lweight + fdrive:lweight +
engine.size:lweight

Df Sum of Sq RSS AIC F value Pr (>F)
<none> 305.70 -103.064
fdrive:1lweight 2 24.150 329.85 -75.966 15.839 2.395e-07 **x*

engine.size:lweight 1 11.105 316.81 -90.469 14.567 0.0001566 *x*x

99 5. Multiple Regression 5. Multiple regression model



Cars2004nh (subset, n = 409)

consumption ~ (drive + engine size + log(weight))?

summary (mInter)

mInter <- lm(consumption ~ (fdrive + engine.size + lweight)~2, data = CarsNow)

Estimate Std. Error t value Pr(>|t|)
(Intercept) -26.124609 5.776121 -4.523 8.06e-06 *xx
fdriverear 26.875936  7.367167  3.648 0.000299 *xx
fdrivedx4 13.308169 8.311915  1.601 0.110147
engine.size -5.391862  1.746264 -3.088 0.002158 **
lweight 4.757609 0.817131  5.822 1.19e-08 sk*x
fdriverear:engine.size 0.009665 0.182958 0.053 0.957895
fdrive4x4:engine.size 0.315489  0.216880  1.455 0.146547
fdriverear:lweight -3.571144  1.061146 -3.365 0.000839 **x*
fdrivedx4:1lweight -1.818723 1.189560 -1.529 0.127081
engine.size:lweight 0.790111  0.233312  3.386 0.000778 =x*x

Residual standard error: 0.8726 on 399 degrees of freedom
Multiple R-squared: 0.8364, Adjusted R-squared: 0.8327
F-statistic: 226.7 on 9 and 399 DF, p-value: < 2.2e-16

dropl(mInter, test = "F")

consumption ~ (fdrive + engine.size + lweight)~2

<none> 303.78 -101.642

Df Sum of Sq RSS AIC F value Pr (>F)

fdrive:engine.size 2 1.9215 305.70 -103.064 1.2619 0.2842440
fdrive:lweight 2 8.6863 312.46 -94.112 5.7045 0.0036085 x*
engine.size:lweight 1 8.7315 312.51 -92.052 11.4684 0.0007782 *xx
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Cars2004nh (subset, n = 409)

consumption ~ drive, engine size, log(weight)

Residuals
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Cars2004nh (subset, n = 409)

consumption ~ drive + engine size + log(weight)
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Cars2004nh (subset, n = 409)

log(weight)

consumption ~ drive + engine size + log(weight) + drive
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Cars2004nh (subset, n = 409)

cons. ~ drive + eng.size + log(weight) + drive:log(wgt) + eng.size:log(wgt)
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Cars2004nh (subset, n = 409)

consumption ~ (drive + engine size + log(weight))?
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Cars2004nh (subset, n = 409)

consumption ~ drive, engine size, log(weight)

anova(mAddit, mInter)

Model 1: consumption ~ fdrive + engine.size + lweight

Model 2: consumption ~ (fdrive + engine.size + lweight)~2
Res.Df RSS Df Sum of Sq F Pr (>F)

1 404 343.69

2 399 303.78 5 39.906 10.483 1.813e-09 #:**

anova(mInterl, mInter)

Model 1: consumption ~ fdrive + engine.size + lweight + fdrive:lweight
Model 2: consumption ~ (fdrive + engine.size + lweight)~2
Res.Df RSS Df Sum of Sq F Pr (>F)
1 402 316.81
2 399 303.78 3 13.027 5.7034 0.0007864 **x*

anova(mInter2, mInter)

Model 1: consumption ~ fdrive + engine.size + lweight + fdrive:lweight +
engine.size:1lweight
Model 2: consumption ~ (fdrive + engine.size + lweight)~2
Res.Df RSS Df Sum of Sq F Pr(>F)
1 401 305.70
2 399 303.78 2 1.9215 1.2619 0.2842
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5.5.5 ANOVA tables

consumption ~ drive + log(weight) + drive:log(weight)

Certain ANOVA table for the model:

m(z, w) = fo + B11[z = rear] + B2 1[z = 4x4] + (3 log(w)

+ B4 1]z = rear] log(w) + G5 I[z = 4x4] log(w)

mInterl <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
anova(mInterl)

Analysis of Variance Table

Response: consumption
Df Sum Sq Mean Sq F value Pr (>F)

fdrive 2 519.89 259.94 293.935 < 2.2e-16 ***
lweight 1 954.26 954.26 1079.040 < 2.2e-16 ***
fdrive:lweight 2 26.70 13.35 15.097 4.758e-07 *xx*
Residuals 403 356.40 0.88

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1
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5.5.5 ANOVA tables

lllustration for a model

Mag: ~ A+ B+ A:B.
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5.5.5 ANOVA tables

Type | (sequential) ANOVA table

Order A +- B + A:B

Degrees Effect Effect
Effect of sum of mean
(Term) freedom  squares square F-stat. P-value
A * SS (A ‘ 1 ) * * *
B * SS (A +B | A) * * *
A:B * SS(A+B+A:B|A+B) * * *
Residual  ve SSe MSe
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5.5.5 ANOVA tables

Type | (sequential) ANOVA table

Order B + A + A:B

Degrees Effect Effect
Effect of sum of mean
(Term) freedom  squares square F-stat. P-value
B * SS (B ‘ 1) * * *
A * SS (A +B | B) * * *
A:B * SS(A+B+A:B|A+B) « * *
Residual ve SSe MSe
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5.5.5 ANOVA tables

Type | (sequential) ANOVA table

The row of the effect (term) E

e Comparison of two models My C M,
e M; contains all terms included in the rows that precede the row of the
term E.

e Mo, contains the terms of model My and additionally the term E.

e® The sum of squares shows increase of the explained variability of the re-
sponse due to the term E on top of the terms shown on the preceding
rows.

e The p-value provides a significance of the influence of the term E on the
response while controlling (adjusting) for all terms shown on the preceding
rows.
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight),
m(z, w) = —52.80 + 19.841[z = rear] — 12.541[z = 4x4] + 8.57 log(w) — 2.591[z = real

Drive

20

—o— front
—0— rear
—A— 4x4

Consumption [I/200 km]

T T T T T T T
6.8 7.0 7.2 7.4 7.6 7.8 8.0

Log(weight) [log(kg)]
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Reference group pseudocontrasts for drive

m(z, w) = fo + B11[z = rear] + B2 1[z = 4x4] + (3 log(w)

+ B4 1]z = rear] log(w) + G5 I[z = 4x4] log(w)

mInterl <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
anova(mInterl)

Analysis of Variance Table

Response: consumption
Df Sum Sq Mean Sq F value Pr (>F)

fdrive 2 519.89 259.94 293.935 < 2.2e-16 ***
lweight 1 954.26 954.26 1079.040 < 2.2e-16 ***
fdrive:lweight 2 26.70 13.35 15.097 4.758e-07 *xx*
Residuals 403 356.40 0.88

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + drive + drive:log(weight)

Reference group pseudocontrasts for drive

m(z, w) = fo + 461 log(w) + B21[z = rear] + 53 [z = 4x4]
+ B4 1]z = rear] log(w) + G5 I[z = 4x4] log(w)

mInter2 <- lm(consumption ~ lweight + fdrive + fdrive:lweight, data = CarsNow)
anova(mInter2)

Analysis of Variance Table

Response: consumption
Df Sum Sq Mean Sq F value Pr(>F)

lweight 1 1421.57 1421.57 1607.458 < 2.2e-16 *xx*
fdrive 2  52.58 26.29 29.726 9.079e-13 #*%x*
lweight:fdrive 2 26.70 13.35 15.097 4.758e-07 *xx*
Residuals 403 356.40 0.88

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1
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5.5.5 ANOVA tables

Type Il ANOVA table

Degrees  Effect Effect
Effect of sum of mean
(Term) freedom  squares square F-stat. P-value
A * SS (A +B ‘ B) * * *
B * SS(A+B|A) * * *
A:B * SS(A+B+A:B|A+B) « * *
Residual ve SSe MSe
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5.5.5 ANOVA tables

Type Il ANOVA table

The row of the effect (term) E

e Comparison of two models My C M,
o M; is the considered (full) model without the term E and also all higher
order terms than E that include E.
e M, contains the terms of model My and additionally the term E (this is
the same as in type | ANOVA table).

e The sum of squares shows increase of the explained variability of the re-
sponse due to the term E on top of all other terms that do not include the
term E.

e The p-value provides a significance of the influence of the term E on the

response while controlling (adjusting) for all other terms that do not include
E.
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Reference group pseudocontrasts for drive

m(z, w) = fo + B11[z = rear] + B2 1[z = 4x4] + (3 log(w)

+ B4 1]z = rear] log(w) + G5 I[z = 4x4] log(w)

mInterl <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
car::Anova(mInterl, type = "II")

Anova Table (Type II tests)

Response: consumption

Sum Sq Df F value Pr(>F)
fdrive 52.58 2 29.726 9.079e-13 #*x*
lweight 954.26 1 1079.040 < 2.2e-16 **x*
fdrive:1lweight 26.70 2  15.097 4.758e-07 *x*x
Residuals 356.40 403

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + drive + drive:log(weight)

Reference group pseudocontrasts for drive

m(z, w) = fo + 461 log(w) + B21[z = rear] + 53 [z = 4x4]
+ B4 1]z = rear] log(w) + G5 I[z = 4x4] log(w)

mInter2 <- lm(consumption ~ lweight + fdrive + fdrive:lweight, data = CarsNow)
car::Anova(mInter2, type = "II")

Anova Table (Type II tests)

Response: consumption

Sum Sq Df F value Pr(>F)
lweight 954.26 1 1079.040 < 2.2e-16 **x*
fdrive 52.58 2 29.726 9.079e-13 #*x**
fdrive:1lweight 26.70 2  15.097 4.758e-07 *x*x
Residuals 356.40 403

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * * 1
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5.5.5 ANOVA tables
Type Il ANOVA table

Degrees Effect Effect
Effect of sum of mean
(Term) freedom  squares square F-stat. P-value
A * SS(A+B+A:B|B+A:B) * * *
B * SS(A+B+A:B|A+A:B) « * *
A:B * SS(A+B+A:B|A+B) * * *
Residual ve SSe MSe
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5.5.5 ANOVA tables
Type Il ANOVA table

The row of the effect (term) E

e Comparison of two models My C M,
e M is the considered (full) model without the term E.

e M, contains the terms of model My and additionally the term E (this is
the same as in type | and type Il ANOVA table). Due to the construction
of My, the model M is always equal to the considered (full) model.

e The submodel My is not necessarily hierarchically well formulated.

e If My is not HWF, interpretation of its comparison to model My may depend
on parameterizations of covariates included in the full model M,. Conse-

quently, also the interpretation of the F-test depends on the used parame-
terization.
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Reference (first) group pseudocontrasts for drive

m(z, w) = fo + B11[z = rear] + B2 [z = 4x4] + (3 log(w)

+ B4 1[z = rear] log(w) + 5 I[z = 4x4] log(w)

* B3: slope of log(w) in group z = front

car::Anova(mInter,

type = "III")

mInter <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data

= CarslNow)

Anova Table (Type III tests)

Response: consumption

Sum Sq Df F value Pr (>F)
(Intercept) 386.28 1 436.793 < 2.2e-16 **x*
fdrive 26.49 2 14.979 5.310e-07 **x
lweight 542.30 1 613.216 < 2.2e-16 **%*
fdrive:lweight 26.70 2 15.097 4.758e-07 *xx*
Residuals 356.40 403
Signif. codes: O ’*#%%’ 0.001 ’*x’ 0.01 ’%” 0.05 >.” 0.1 * > 1
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Reference (last) group pseudocontrasts for drive

m(z, w) = Bo + B11[z = front] + S I[z = rear] + B3 log(w)
+ B4 1[z = front] log(w) + 85 I[z = rear] log(w)

* B3: slope of log(w) in group z = 4x4

mInterSAS <- 1m(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow,
contrasts = list(fdrive = contr.SAS))
car::Anova(mInterSAS, type = "III")

Anova Table (Type III tests)

Response: consumption

Sum Sq Df F value Pr (>F)
(Intercept) 247.68 1 280.063 < 2.2e-16 **x*
fdrive 26.49 2 14.979 5.310e-07 **x
lweight 351.72 1 397.714 < 2.2e-16 *xx
fdrive:lweight 26.70 2 15.097 4.758e-07 *xx*
Residuals 356.40 403

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%* 0.05 >.” 0.1 * * 1
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Sum contrasts for drive

m(z, w) = Bo + B1 [z = front] + B2 I[z = rear] — (81 + B2) [z = 4x4] + B3 log(w)
+ fal[z = front] log(w) + G5 I[z = rear] log(w) — (B4 + B5) [[z = 4x4] log(w)

* B3: mean of the slopes of log(w) in the three drive groups

mIntersum <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow,
contrasts = list(fdrive = contr.sum))
car::Anova(mIntersum, type = "III")

Anova Table (Type III tests)

Response: consumption

Sum Sq Df F value Pr (>F)
(Intercept) 485.88 1 549.416 < 2.2e-16 *%x
fdrive 26.49 2 14.979 5.310e-07 **x
lweight 728.22 1 823.440 < 2.2e-16 *xx
fdrive:lweight 26.70 2 15.097 4.758e-07 *xx*
Residuals 356.40 403

Signif. codes: O ’#%%’ 0.001 ’*x’ 0.01 ’%* 0.05 >.” 0.1 * * 1
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6.1 Normal linear model

Definition 6.1 Normal linear model with general data.

The data (Y, X), satisfy a normal linear model if
Y | X ~ Np(XB, 0%1y),

.
where B = (Bo, ..., Bk—1) € R¥and 0 < o2 < oo are unknown parameters.
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6.1 Normal linear model

Lemma 6.1 Error terms in a normal linear model.

Let Y |X ~ N,(XB, o1,). The error terms

e=Y-XB=Yi—-X{B,...,Y=X.8)" = (1, ..., en)
then satisfy
(|) E‘XNNH(On, Uzln).
(”) sNNn(th U2|n).
(i) & e, i=1,...,n, e~ N(0, 02).
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6.2 Properties of the LSE under the normality

Theorem 6.2 Least squares estimators under the normality.

Let Y |X ~ Ny(XB, 021,), rank(Xnxk) = r < k. Let Ly be a real matrix with
non-zerorows 1y, ... 1, and@ =18 = (I{ B, ..., 1,8) " = (61, ..., 6m) " be
a vector of linear combinations of regression parameters.
If additionally r = k, let 8 = (XTX)™'XT Y be the least squares estimator of
regression coefficients, = LB = (I 8, ..., 1,8)" = (61, ..., 6m) ' and

V=LX'X) LT = (v),

77777

]D)—diag( L L )
B Va1 Vam)’

T,:M, j=1,....m,
T=(Tr....Tw) = ——D(6-0).
VMS,
TO BE CONTINUED.
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6.2 Properties of the LSE under the normality

Theorem 6.2 Least squares estimators under the normality, cont'd.
The following then holds.

(i) ¥|X ~Na(XB, 02 H).

(ii) U|X N (0, o M)
(iii) & | X ~ N (8, 62 V).
)
)

(iv) Statistics Y and U are conditionally, given X, independent.

(v) Statistics 0 and SS, are conditionally, given X, independent.
kY 2
Iv-xelt
ag 2 r

(vii) 252 ~ $2,
TO BE CONTINUED. )
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6.2 Properties of the LSE under the normality

Theorem 6.2 Least squares estimators under the normality, cont'd.

(viii) Foreachj=1,...,m, T~ thr.
(|X) T|X ~ mvtmvn_r(DVD).

(x) If additionally rank(Lyxx) = m < r = k then the matrix V is invertible and

1

E (a—O)T (MSeV)i‘I (’0\_ 0) ~ fm7n_r.
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6.2 Properties of the LSE under the normality

Consequence of Theorem 6.2: Least squares estimator of the regres-
sion coefficients in a full-rank normal linear model.

Let Y| X ~ N, (XB, 021y), rank(Xn«x) = k. Further, let

v=(X7%)7" = (),

77777

. 1 1
D:d|ag< e )
v V0,0 v Vk—1,k—1

The following then holds.
() B|X ~Ni(B, V).
(i) Statistics B and SSe are conditionally, given X, independent.

i) Foreachj=0,...,k—1,T:= L2 ~t, .

W Foreach) V= s

. 1 ~

V) Ti=(To,...,Tkeq) | = D (8 — B) ~ mvtx,_«(DVD), conditionall

(iv) (To k1) N (B-08) k,n—k (DVD) ly
givenX.

V) L (B-8) MSs'X K (B-B) ~ Fun




6.2.1 Statistical inference in a full-rank normal linear model

Inference on a chosen regression coefficient

Y| X ~ Np(XB, 021,), rank(Xnxk) = k,j€{0, ...,k =1}, V = (XTx)™"

LSE of 3;: B = {(XTX)—1 XT y}.,
J

Standard error:  S.E.(5)) = \/MS. v},

(1-0a)100% Cl: (8- BY) = B + SE.(5) tak(1— %)

Test of Ho: 8; = 5 against Hi: 3 # 38° (8? € R)
Bj — ﬁlo B\/ - 510

Test statistic: Tio

T USE(B)  VMSeyy
Reject Hy if | Tiol =tk (1= %).

P-value when Tjo = tio: p =2CDFy nk(— [tiol)-
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6.2.1 Statistical inference in a full-rank normal linear model

Simultaneous inference on a vector of regression coefficients

Y| X ~ No(XB, 02 1n), rank(Xnxk) = k

LSE of 3: B=(XTX)'X"Y,
(1 — a)100% CR:
S(a) = {BeR": (8-B) (MS;'X'X)(B-B) < kFns(1- )},
ellipsoid with center: 3,
shape matrix: MS, (XTX) " = var(3|X),

diameter: VK Fin—k(1 — o).

1
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6.2.1 Statistical inference in a full-rank normal linear model

Simultaneous inference on a vector of regression coefficients

Y| X ~ No(XB, 02 1n), rank(Xnxk) = k

Test of Hy: 8 = 3° against Hy: 8 # 8° (8° € R¥)

Test statistic:  Qp = % (B - BO)T MS. ' XTX (B - 8°).

Reject Hy if Qp > Fi.n—k(1 — ).

P-value when Qo = go: p =1 — CDF £  n—k(Qo)-
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6.2.1 Statistical inference in a full-rank normal linear model

Inference on a chosen linear combination

Y| X ~ No(XB, 021p), rank(Xnxk) = r =k, 6 = 1"8,1+£0

LSE of 6: =15,

Standard error:  S.E.(0) = \/MSelT (XTX) 71,
(1-a)100%Cl: (6%, 0Y) = 6 + S.E.(0) to—i(1 — 2).

Test of Hy: 6 = 6° against Hy: 0 # 60° (6° € R)

n_po n_po
Test statistic: To = 606 = 66 =
SE®) | Ms,1T(xTx) 1
Reject Ho if |To| > ti-k(1—%)-

P-value when To = f;:  p=2CDF; k(- |to])-
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6.2.1 Statistical inference in a full-rank normal linear model

Simultaneous inference on a set of linear combinations

Y ] X ~ Np(XB, 02 1p), rank(Xnxk) = r = k, 6 = LB, rank(Lmxk) = m < k

LSE of 6: 0 =13,
(1 — a)100% CR:
S(a) =

{oerm: (6-0)" {MSBL(XTX)A}LT}A (0-8) < MFnok(1 - )},

o~

ellipsoid with center: 0,
shape matrix: MSeL(XTX)_1LT = ﬁr(@ | X),
diameter: VMFmak(1— ).
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6.2.1 Statistical inference in a full-rank normal linear model

Simultaneous inference on a set of linear combinations

Y ] X ~ Np(XB, 02 1p), rank(Xnxk) = r = k, 6 = LB, rank(Lmxk) = m < k

Test of Hy: 6 = 0° against Hq: 0 # 0° (8° € R™)
_ PRSI
Test statistic: Qo = 15 (6-06°)" {MS.L(xx) LT} (8- ).
Reject Hy if Qo > Fmn—k(1 — ).

P-value when Qo = qo: p=1— CDF £ 10—k (qo).
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6.3 Confidence interval ..., prediction interval

Theorem 6.3 Confidence interval for the model based mean, predic-
tion interval.

Let Y|X ~ Np(XB.02l,),

(XTX)_1XTY is the LSE of the regression parameters 3. Let Xpew € X,

Xnew 7 Ok. Let cnew ~ N(0, 0?) is independent of e = Y — X3. Finally, let
Ynew = X owB + new. The following then holds:

rank(Xnxk) = k (full-rank model), B =

(i) The quantity linew := X w3 is the best linear unbiased estimator (BLUE) of
Linew ‘= Xnew3. The standard error of finew is

S.E. (finew) = \/MSe Xfou (X7X) ™ Xrew

and the lower and the upper bound of the (1 — «) 100% confidence interval for
Hnew are

(:U'ﬁeW7 /Llsjew) = ﬁnew + S.E.(ﬂnew) bhkl1— %)
TO BE CONTINUED.
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6.3 Confidence interval for the model based mean,
prediction interval

Theorem 6.3 Confidence interval for the model based mean, predic-
tion interval, cont’d.

(i) A (random) interval with the bounds

(Y/&ew7 le{éw) = ﬁnew + SEP(X,—,ew) tn—k(1 — %)’

where

S.E.P.(x"ew) = \/MSe {1 + X;’reW(XTX)_1Xnew}7

covers with the probability of (1 — «) the value of Ypey .
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Kojeni (n = 99)

bweight ~ blength
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HosiO (n = 4838)

bweight ~ blength

5000
|

- - Confidence band
— — Prediction band -7

Birth weight [g]
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! !
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|
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6.4 Distribution of the linear hypoth. test stat.
under the alternative

Theorem 6.4 Distribution of the linear hypothesis test statistics under
the alternative.

Let Y| X ~ Ny(XB, o21n), rank(Xnxx) = k. Let1 # 0y and let§ = 1" 3 be the
LSE of the parameter 9 =1' 3. Let6°, 6" € R, 6° - 0" and let
6 — 60

To = _.
YMSe1T (x7x) 1

Then under the hypothesis 6 = 61,

To|X ~tok(h), A=
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6.4 Distribution of the linear hypoth. test stat.
under the alternative

Theorem 6.5 Distribution of the linear hypotheses test statistics under
the alternative.

LetY | X ~ Nn(XB, 021,), rank(Xnxk) = k. LetLmxx be a real matrix with m <

k linearly independent rows. Let 6 = L3 be the LSE of the vector parameter
0=13. Letd® 8" cR™, 6° £ 6" and let

1 T 1 -1
Q=—(0-6°) {MS.L(X'X)TLT} (9-6°).
Then under the hypothesis 6 = 6",

Q|X ~ Fnn (), A=(6"—06°" {UZL(XTx)’1LT}_1 (6" — 6°.
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7.1 Intercept only model

Definition 7.1 Regression and total sums of squares in a linear model.

Consider a linear model Y | X ~ (X3, 6?l,), rank(Xnxx) = r < k. The follow-
ing expressions define the following quantities:

(i) Regression sum of squares and corresponding degrees of freedom:
SSp=|Y-Y1,|P=> (Vi-Y)", wva=r-1,
i=1

(i) Total sum of squares and corresponding degrees of freedom:

n
SSr=|lY - V1. =3 (Vi - V)%, vr=n-1.

i=1
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7.1 Intercept only model

Lemma 7.1 Model with intercept only.

Let Y ~ (147, ¢3l,). Then

i) Y=Y1,=(V,....V)".

(i) SSe = SS7.
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7.2 Models with intercept

Lemma 7.2 |dentity in a linear model with intercept.

Let Y |X ~ (X8, 0®l,) where1, € M(X). Then

n n
1,Y=>V=> V=1V
i=1 i=1
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7.2 Models with intercept

Lemma 7.3 Breakdown of the total sum of squares in a linear model
with intercept.

Let Y |X ~ (X8, 0®l,) where 1, € M(X). Then

SSr = SSe + SSgp
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7.3 Theoretical evaluation of a prediction quality of
the model

Data: (V;, X)) " (v, x7)"

Conditional response distribution

E(Y[X)=X"8, var(Y|X)=0?

Y|X ~ (X8, 6®l,), y=|:] x=

Marginal response distribution

E(Y) =+, var(Y) = (%,

Y~ (1 n7s <2|n)

4
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7.4 Coefficient of determination

Unbiased estimators of the conditional and marginal resp. variances

1 1 < S
~2 _ SR VAY:
6% = 88, n_r;(Y, Yi)?,

¢ =

—SSr =" 12\/ Y)?

MLE of the conditional and marginal resp. variances under normality

- 1¢ o
T = 788 =~ > (Y- Y2,

n

1 _
(= 8St=_> (Yi- V)

i=1

V.

10 7. Coefficient of Determination 4. Coefficient of determination



7.4 Coefficient of determination

Definition 7.2 Coefficients of determination.

Consider a linear model Y | X ~ (XB, 0®l,), rank(X) = r where 1, € M(X).
A value

SS
RP=1- =
SSt
is called the coefficient of determination of the linear model.
A value | 88
2 _ 4 N-— e
Fag =1 n—r SSr

is called the adjusted coefficient of determination of the linear model.
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8.1 Submodel

Definition 8.1 Submodel.

We say that the model My is the submodel (or the nested model) of the model
M if
M(X%) c M(X) withrg <r.

Notation. Situation that a model My is a submodel of a model M will be

denoted as
Mo c M.
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8.1.1 Projection considerations

Orthonormal vector basis of R”

Poxn = (P1, .--,Pn)
= (Q@°% Q" N)

ng,o: orthonormal vector basis of the submodel regression space

hx(r—n): Orthonormal vectors such that Q := (Q°, Q') is an

orthonormal vector basis of the model regression space
Npx(n—r): orthonormal vector basis of the model residual space
M(X%) = M(Q°)
M(X) = M(Q) = M((@q Q1))

M(X)" = M(N)
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8.1.2 Properties of submodel related quantities

Notation (Quantities related to a submodel).

o V' —moy — Ty :

fitted values in the submodel (projection of Y into the submodel regression

space).

o =YV —MY=(QQ +NNY:
residuals of the submodel.

o SSY = ||U°)*:
residual sum of squares of the submodel.

e 0 = n— ry : submodel residual degrees of freedom.

0

SS .
o MS? = 5 : submodel residual mean square.
Ve

e D: projection of the response vector Y into the space M (Q')
p=QQY=Y-V=0-u
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8.1.2 Properties of submodel related quantities

Theorem 8.1 On a submodel.

Consider two linear models M : Y |Z ~ (XB,d%l,) and Mg : Y |Z ~

(x°8°, 621,) such thatMo C M. Let the submodel My holds, i.e., letE(Y | Z) €
M(X). Then

~0
(i) Y s the best linear unbiased estimator (BLUE) of a vector parameter
p® =x68° =E(Y|Z).

(i) The submodel residual mean square MS(; is the unbiased estimator of
the residual variance o°.

<0
(iii) Statistics Y and U° are conditionally, given Z, uncorrelated.

- 0
(iv) ArandomvectorD=Y — Y = U° — U satisfies

|D||* = SS? - SSe.

TO BE CONTINUED.
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8.1.2 Properties of submodel related quantities

Theorem 8.1 On a submodel, contd.

(v) If additionally, a normal linear model is assumed, i.e., if

~0
Y|Z~N, (XO,BO, o?1,) then the statistics Y and U° are conditionally,
given Z, independent and

SS? - ss, SS? —SS,

0
_ r—rn _ Ve — Ve _
Fo N SSe - SSe - ]:rfro,nfr o ]:Vg*”evl’e
n—r Ve
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8.1.3 Series of submodels

Model Mo : Y |Z ~ (X°8°, 0®1,),
Model My : Y |Z ~ (X'8', 6°1,),

Model M: Y |Z ~ (X8, 021,),

7 8. Submodels

1. Submodel



8.1.3 Series of submodels

Notation. Quantities derived while assuming a particular model
o V', U°, S0, 10, MS?:

quantities based on the (sub)model My: Y |Z ~ (XOBO, o?ly);
o Y U, SS., u, MS:

quantities based on the (sub)model My: Y |Z ~ (X‘ﬂ1, o?ly);

[ ?, U, SSe, Ve, MSe:
quantities based on the model M: Y | Z ~ (X8, ¢2l,).
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8.1.3 Series of submodels

Theorem 8.2 On submodels.

Consider three normal linear models M : Y | Z ~ Np(XB, 0®1,), My : Y |Z ~
Na(X18Y, 021,), Mo Y |Z ~ Np(X°8°, 021,) such that My € My € M. Let

the (smallest) submodel My hold, i.e., let E(Y | Z) € M(X°). Then

ss?-ss!  SS;-Ss,
. 0_ .1
For = r1SSer0 - Vgseye ~ Fri—ro,n—r = F0

n—r Ve

1
Vg—Vg, V

o
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8.1.3 Series of submodels

Notation (Differences when dealing with a submodel).
M, and Mg: two models distinguished by symbols “A” and “B” such that
My C Mg.
vE ¥ A B
D(Mg|Ma) =D(B|A):=Y —Y =U"-U".

SS(Mg |M,) = SS(B| A) := SS) — SS¢.

10 8. Submodels 1. Submodel



8.1.4 Statistical test to compare nested models

F-test on a submodel based on Theorem 8.1

Consider two normal linear models:
Model Mo: Y |Z ~ Np(X°8°, 621,),
Model M: Y|Z~ N, (Xﬁ, o2 I,,),

where My C M, and a set of statistical hypotheses:
Ho: E(Y|Z) e M(X%)
Hi: E(Y]Z) € M(X)\ M(X?),

11 8. Submodels
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8.1.4 Statistical test to compare nested models

F-test on a submodel based on Theorem 8.2

Consider three normal linear models:
Model Mo: Y |Z ~ Np(X°8°, 621,),
Model My: Y |Z ~ No(X'8", 6?1,),
Model M: Y |Z ~ Ny(XB, 021,),

where My € My C M, and a set of statistical hypotheses:

Ho: E(Y|Z) € M(X°)
Hi: E(Y]|Z) € M(X") \ M(X°),

12 8. Submodels
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8.2 Omitting some regressors

Lemma 8.3 Effect of omitting some regressors.

Consider a couple (model — submodel), where the submodel is obtained by
omitting some regressors from the model. The following then holds.

(i) FM(X) L M(X°) then
D=x'(x'"x)'x" Ty = ¥

which are the fitted values from a linear model Y | Z ~ (X' B, a?ly).

(ii) If for given Z, the conditional distribution Y | Z is continuous, i.e., has
a density with respect to the Lebesgue measure on (R", B,) then

D+#0, and SS(; — 8S¢ > 0 almost surely.

14 8. Submodels 2. Omitting some regressors
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8.3 Linear constraints

Definition 8.2 Submodel given by linear constraints.

We say that the model My is a submodel! given by linear constraints 1.3 = 6°
of model M: Y |Z ~ (X8, 0®l,), rank(X,xx) = k, if the response expectation
E(Y |Z) under the model My is assumed to lie in a space M(X; L3 = 90),
where L« is a real matrix with m linearly independent rows, m < k and
6° € R™ is a given vector.

Notation. A submodel given by linear constraints will be denoted as
Mo : Y|Z~ (X8, o?l,), LB = 6°.
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8.3 Linear constraints

Definition 8.3 Fitted values, residuals, residual sum of squares, rank
of the model and residual degrees of freedom in a submodel given by
linear constraints.

Let b° € R¥ minimize SS(8) = ||Y — Xﬂ”z over B € R¥ subject to L3 = 6°.

For the submodel Mo : Y |Z ~ (X8, 02l,), L3 = 6°, the following quantities
<0

are defined as follows: Fitted values: Y = Xb°.
Residuals: vC—y-v°
Residual sum of squares: SS? = |}U°||2.
Rank of the model: rh=k—m.

Residual degrees of freedom: 12 :=n—r,.
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8.3 Linear constraints

Theorem 8.4 On a submodel given by linear constraints.

LetMo : Y|Z ~ (XB, 0®ln), LB = 6° be a submodel given by linear constraints of
amodelM : Y |Z ~ (XB, o°l,). Then

(i) There is a unique minimizer b° to SS(B) = ||Y — XB||* subject to L3 = 6° and is
given as

~

=B-(xX'x)7"'LT { L(X"X) 'L } (L3 — 6°),
where B = (XTX) XTY is the (unconstrained) least squares estimator of the
vector 3.

(i) The fitted values Y’ can be expressed as ;
V=¥V ox(xTx) L) LT (LB - 6).

(i) The vector D = V¥ — ¥° satisfies 1
ID|J* = 882~ 880 = (LB - 6°) ' {L(x"%) LT} (LB -6").
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8.3.1 F-statistic to verify a set of linear constraints

ss)-ss, (LB {LExTx) LT} (LB 6)

. k—-n m
Ffo=—5s, — = SS,
n—k n—k

_ % (LB — GO)T{MSeL(XTX)"LT}_1 (LB - 6°)

1 @ - OO)T{MSeL(XTX)_1LT}_1 (6 — 6%,

3
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8.3.2 t-statistic to verify a linear constraint

Fom 20 ) {usr” (27 1) 5 o)

1
m

500 2
:< h—6 ) .
YMSe1 (x7x) 1
where
0 — 6°

To = 1
VMSe1T (x7x) 1
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8.4 Overall F-test

Lemma 8.5 Overall F-test.

Assume a normal linear model Y |X ~ Np(XB, 0l,), rank(Xpxk) = r > 1
where 1, € M(X). Let R? be its coefficient of determination. The submodel
F-statistic to compare model M : Y | X ~ N,(XB, 0?l,) and the only intercept
model Mg : Y | X ~ N, (107, 0®l,) takes the form

R? n—r

Fo=9"m =71
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9 Checking Model Assumptions

Data

(Y, Z)', 2= (Zi1, ..., Zip) €ZCRPi=1,...,n

First set of regressors

Xi=1tx(Z),i=1,...,n, for some transformation ty : R° — RX
X{
= o= |1 [ = (X0 x4
XT

n

Second set of regressors

Vi=ty(Z),i=1,...,n, for some transformation ty : R° —; R/
v/
= Vag=| :(v1,...,v’)
v,
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9 Checking Model Assumptions

Assumptions behind Y | Z ~ N, (X8, o?l,)

With e =Y —-X8=(Yi—X{B, ..., Ya=X}8)" = (c1, ..., ),

Xi=tZ))
1. Correct regression function
(E(Yi|Z)) = X[ Bforsome B, E(e]2Z;) =0).
2. (Conditional) homoscedasticity of errors
(var(Y;|Z;) = var(ei| Z;) = 0® = const).

3. (Conditionally) uncorrelated/independent errors €1, ..., .

4. (Conditionally) normal errors
(Yi|Zi~ N, ei|Zi~N).

2 9. Checking Model Assumptions
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9.1 Model with added regressors

Quantities derived under model M: Y| Z ~ (X8, o®l,)

y
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9.1 Model with added regressors

Quantities derived under model My: Y |Z ~ (X8 4 Vv, 02l,), G = (X, V)

(b).¢}) =(@GG) Gy,

(B;, ﬁ;)T =(G'G)'GTY (it Gis of full-rank),
Hg=G(G'G) G = (hgs);
Vo=HgY = (Yor,....Yen) ',
Mg =1, —Hg = (mg,i)f)i,t:u“,n’

Ug=Y - Yg=MgY = (Up1,...,Ugn)

$Sg.e = || Us|"

v
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9.1 Model with added regressors

Lemma 9.1 Model with added regressors.

Quantities derived while assuming modelM : Y | Z ~ (X8, o®l,) and quantities
derived while assuming model My : Y |Z ~ (XB + V~, o®l,) are mutually in
the following relationship.

Yo = Y+MV(VIMV) VU
= Xbgy+Vey,  forsomeby € R¥ ¢y e R
Vectors by and ¢y such that ?g = Xby + Veq satisfy:
cg = (VIMV) VTU,
b, = b- (X'X) X'Ve, forsomeb= (X'X) XTY.

Ei
inally ,
SSe — SSeg = |[MVey||”.

v
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9.2 Correct regression function

Assumed model

M: Y|Z ~ (Xﬁ, azln),

e=Y-XB: E(e|Z) =0,
var(e | Z) = o?l,.

Assumption (A1) on a correct regression function

E(Y|Z) e M(X), E(Y|Z)=XB forsome 3 e R,

E(e|Z) =0, (= E(e) =0p).

v

(Al) = E(U]|z)=0, |
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9.2.1 Partial residuals

Model with a removed jth regressor, j € {1, ..., k— 1}

X(-) = matrix X without the column X,
_ T
B = (Boy -y Bty Bisty -y Bret)
MED: Y| 2~ (XD, 21,
MD =1, XD (X(—/)TX(—/'))_1 x0T

U =MDy,

Assumption: rank(Xnxx) = k, X° =1,

= rank(XN)=k-1 = ()X ¢ MEXD);
(ii) X' # 0p;
(iii) X’ is not a multiple of a vector 1,.

v
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9.2.1 Partial residuals

Definition 9.1 Partial residuals.

A vector of jth partial residuals of model M is a vector
Ur + BiX1

UPet — U + ,6, X =
Un + BiXa,

Note. We have
urati = U + ﬁ X!

- (xB - )
=Y (Y-3X).

10 9. Checking Model Assumptions 2. Correct regression function



9.2.1 Partial residuals

Lemma 9.2 Property of partial residuals.

LetY |Z ~ (XB, o2l,), rank(Xpux) = ks X° =1, 8= (Bo, ..., Bi_1) - LetJ;
be the LSE of p;, j € {1, oo k—1 } Let us consider a linear model (regression

line with covariates X’) with

e the jth partial residuals UPaJ as response;
e amatrix (1,, X’) as the model matrix;

. . . T
e regression coefficients v; = (vj0, V1) -
The least squares estimators of parameters ;o and ~; 1 are

Yo =0, A1 =B

11 9. Checking Model Assumptions 2. Correct regression function



9.2.1 Partial residuals

Notation. Response, regressor and partial residuals means

. n - . n )
7 _ %Z Yi, 7] _ %ZXI'J’ Upart,/ _ %Z U[part,/.
i=1 i=1

If X° = 1, (model with intercept), we have

O—ZU Z( et — Bix;;), 72Upa”’f Bi(x Zx,,)

i=1
Upart,j _ Ejy/
Definition 9.2 Shifted partial residuals.

A vector of jth response-mean partial residuals of model M is a vector
ypartiy _ yparti i (7 _ BJY]> 1
A vector of jth zero-mean partial residuals of model M is a vector

Upart,/ 0 Upart,/ ﬂjyl 1n~
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9.2.1 Partial residuals

Interpretation of partial residuals

UPJ = a response vector from which we removed a possible effect of all
remaining regressors

Dependence of UP¥"/ on X’ shows
e a net effect of the jth regressor on the response Y;

e a partial effect of the jth regressor on the response Y which is adjusted for
the effect of the remaining regressors.

v

Use of partial residuals

Diagnostic tool — on a scatterplot (X/, UP"/), the points should lie along
aline (Lemma 9.2)

Visualization — on a scatterplot (X, UP"/), the slope of the fitted line is
equal to 3; (Lemma 9.2)

v

13 9. Checking Model Assumptions 2. Correct regression function



Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

summary (m)

m <- Im(consumption ~ lweight + engine.size + horsepower, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.1174 -0.6923 -0.1127 0.5473 5.2275

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -42.353265 2.948614 -14.364 < 2e-16 **x*
lweight 6.935604  0.428971 16.168 < 2e-16 **x*
engine.size  0.352687 0.096730 3.646 0.000301 #**x
horsepower 0.003983  0.001085  3.672 0.000273 *x*x

Signif. codes: O “xx*x> 0.001 “*%> 0.01 ‘x> 0.05 ¢.”> 0.1 ¢ > 1

Residual standard error: 0.9706 on 405 degrees of freedom
Multiple R-squared: 0.7946, Adjusted R-squared: 0.793
F-statistic: 522.1 on 3 and 405 DF, p-value: < 2.2e-16

Consumption: Y = 10.75, Log(weight): X' =7.37,
Engine size: X = 3.18,

Horsepower: x° = 215.8.
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

Marginal Partial
o _| o _| o
[3Y N N N
B =9.36 (8.86, 9.87) E B =6.94 (6.09, 7.78)
g
— m °
£ El ¢
o =
€ 24 b
= K]
S =
e :
? [
f=4 [}
8 £
S 2
2
3
o
T T T T T T I T T T T T T I
68 70 72 74 76 78 80 68 70 72 74 76 78 80

Log(weight) [log(kg)] Log(weight) [log(kg)]
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

Marginal Partial
8 N g n N
B =1.65(1.53, 1.77) E B =0.35(0.16, 0.54)
g

2 3 4 5 6 2 3 4 5 6

Engine size [I] Engine size [I]
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

Marginal Partial
o _| o _|
[3Y N N N
B=0.021(0.019,0.023) | E B = 0.004 (0.002, 0.006)
g
= 7
£ E °
o =
S @ g 9- .
= K]
S =
e :
3 IS
f=4 [}
8 £
S 2
2
3
o
T T T T I T T T T I
100 200 300 400 500 100 200 300 400 500

Horsepower Horsepower
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Policie (n = 50)

fat ~ weight + height

summary (mHeWe <- lm(fat weight + height, data = Policie))

Residuals:
Min 1Q Median 3Q Max
-6.4011 -2.9482 -0.0211 2.3072 7.2968

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 16.55309 15.24621 1.086 0.2831
weight 0.50418 0.05095  9.896 4.49e-13 **x
height -0.24362 0.09728 -2.504 0.0158 =*

Residual standard error: 3.731 on 47 degrees of freedom
Multiple R-squared: 0.714, Adjusted R-squared: 0.7018
F-statistic: 58.66 on 2 and 47 DF, p-value: 1.68le-13
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Policie (n = 50)

fat ~ weight + height

Marginal Partial
8 A 8 A )
B =0.43 (0.34, 0.51) B =0.50 (0.40, 0.61)

wn _| = o _|

N P\i‘ N
w
[
=}
k=] °
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Policie (n = 50)

fat ~ weight + height

Marginal Partial
N N
2 4 B=0.34(0.07, 0.61) 8 4 B=-0.24 (-0.44, -0.05)
S
& o
SIS ERRS . .
= s
5 s
5 9 s
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14
o o . e
T T T T T T I T T T T T I
165 170 175 180 185 190 195 170 175 180 185 190 195
Height [cm] Height [cm]
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9.2.2 Test for linearity of the effect

Without loss of generality:

X = (1n, XO, xf').
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9.2.2 Test for linearity of the effect

More general parameterization of the jth regressor

X ¢ M(V), rank(V) > 2

Submodel M: (1n, X0, xf) —X;

(Larger) model My: (1n, X0, V).

Possibilities for a choice of V:
e polynomial of degree d > 2 based on the regressor X

e regression spline of degree d > 1 based on the regressor X',
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Quadratic term added for horsepower

mh2 <- 1lm(consumption ~ lweight + engine.size
data = CarsNow)
summary (mh2)

+ horsepower + I(horsepower~2),

Residuals:
Min 1Q Median 3Q Max
-3.3298 -0.6501 -0.1307 0.5178 5.1163

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) -4.386e+01 3.065e+00 -14.308 < 2e-16 #**
lweight 7.249e+00 4.641e-01 15.621 < 2e-16 *x*x
engine.size 3.482e-01 9.652e-02  3.607 0.000348 xx*x
horsepower -2.578e-03 3.914e-03 -0.659 0.510515
I(horsepower~2) 1.221e-05 7.001e-06 1.744 0.081873 .
Signif. codes: O “xx*x> 0.001 “*%> 0.01 ‘x> 0.05 ¢.> 0.1 ¢ > 1
Residual standard error: 0.9682 on 404 degrees of freedom
Multiple R-squared: 0.7961, Adjusted R-squared: 0.7941
F-statistic: 394.3 on 4 and 404 DF, p-value: < 2.2e-16
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

Original With horsepower”2

< ° ¥ 7 °

o~ N
1%2) 1%2)
© ©
3 =]
h=] h=]
% (7]
i [l
x o

o
o -
o
o~ ) o
I o °
o
o o
T T T T T T T T T T T T
6 8 10 12 14 16 6 8 10 12 14 16
Fitted values Fitted values
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Cubic spline parameterization of horsepower (knots: 100, 200, 300, 500)

library("splines")

knots <- c(100, 200, 300, 500)

inner <- knots[-c(1, length(knots))]

bound <- knots[c(l, length(knots))]

hB <- bs(CarsNow[, "horsepower"], knots
intercept = TRUE)

inner, Boundary.knots = bound, degree = 3,

mhB <- 1lm(consumption ~ -1 + lweight + engine.size + hB, data = CarsNow)
summary (mhB)
Residuals: 84
Min 1Q Median 3Q Max
-3.0533 -0.6471 -0.1273 0.5095 b5.1164 &
Coefficients: 81
Estimate Std. Error t value Pr(>[tl) g
lweight 7.19154 0.48080 14.958 < 2e-16 *x*x % 81
engine.size 0.36108 0.09911 3.643 0.000304 **x* *
hB1 -43.88205 3.25963 -13.462 < 2e-16 *** g1
hB2 -43.40426 3.32369 -13.059 < 2e-16 ***
hB3 -43.58750 3.39894 -12.824 < 2e-16 **x* 87
hB4 -43.18531 3.38594 -12.754 < 2e-16 *x*x
hB5 -41.93832  3.43966 -12.193 < 2e-16 %k* e ; ; ; !
hB6 -41.83870 3.37295 -12.404 < 2e-16 **x* 100 200 300 400 500
Horsepower
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

Original With spline(horsepower)
< ° < °
N N -
1%2) 1%2)
K] ©
3 =]
] b=
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i [l
4 4
o o
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| °, [ o
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Cubic spline parameterization of horsepower (knots: 100, 200, 300, 500)

m <- Im(consumption ~ lweight + Analysis of Variance Table
engine.size +
horsepower, Model 1: consumption ~ lweight +
data = CarsNow) engine.size + horsepower
anova(m, mhB) Model 2: consumption ~ -1 + lweight +
engine.size + hB
o
S Res.Df RSS Df Sum of Sq F Pr(>F)
i 1 405 381.56
= 2 401 377.08 4 4.4797 1.191 0.3142
g o 4
3 <
a i
9]
2]
s 2
S g~
2 i
5 v
©
<
i
° ° °
T T T T T
100 200 300 400 500
Horsepower
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9.2.2 Test for linearity of the effect

Categorization of the jth regressor

Categorization of the jth regressor

Bounds: xj’OW < min; Xi j, max; X ; < XjUPP,
Division: Ao = x/!OW <M< <Ay < ijpp -\,
Intervals and their representatives:

Ih:()\h—‘]y)\h}s Xn€Zp, h=1, ..., H,
Categorized covariate: X' =x, = X eI, h=1,...,H.

V based on (pseudo)contrasts for X/:°“* if that is viewed as categorical

Submodel M: (1 n XO, X/',cut);

(Larger) model My: (1 ny XO, V).
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Categorized horsepower (100-150, 150—200, 250—-300, 300-500)

BREAKS <- c(0, 150, 200, 250, 300, 500)

levels(CarsNow[, "horseord"])[1] <- "[100, 150]"
table(CarsNow[, "horseord"])

CarsNow <- transform(CarsNow, horseord = cut(horsepower, breaks = BREAKS))

[100, 1501 (150,200] (200,250] (250,300] (300,500]
75 112 121 56 45

horsepower categories represented by midpoints

MIDS <- c(125, 175, 225, 275, 400)

CarsNow <- transform(CarsNow, horsemid = as.numeric(horseord))
CarslNow[, "horsemid"] <- MIDS[CarsNow[, "horsemid"]]
table(CarsNow[, "horsemid"])

125 175 225 275 400
75 112 121 56 45
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Larger model (horsepower as categorical, reference group pseudocontrasts)

F-statistic:

0.7994,

Adjusted R-squared:
p-value: < 2.2e-16

mhord <- Im(consumption ~ lweight + engine.size + horseord, data = CarsNow)
summary (mhord)
Coefficients:

Estimate Std. Error t value Pr(>It|)
(Intercept) -43.4282 3.1974 -13.582 < 2e-16 #*x
lweight 7.1578 0.4676 15.307 < 2e-16 *x*
engine.size 0.3312 0.0981  3.376 0.000806 **x
horseord(150,200] 0.3928 0.1637  2.400 0.016852 *
horseord(200,250] 0.2206 0.1832  1.204 0.229119
horseord(250,300] 0.5249 0.2338  2.245 0.025332 *
horseord(300,500] 1.0871 0.2626  4.140 4.23e-05 ***
Signif. codes: O “xx*x> 0.001 “*%> 0.01 ‘x> 0.05 ¢.> 0.1 ¢ > 1

Residual standard error: 0.9628 on 402 degrees of freedom
Multiple R-squared:
267 on 6 and 402 DF,

0.7964
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower
Submodel (horsepower intervals represented by midpoints)

mhmid <- lm(consumption ~ lweight + engine.size + horsemid, data = CarsNow)
summary (mhmid)

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -43.121394  2.944142 -14.647 < 2e-16 ***
lweight 7.057884  0.427803 16.498 < 2e-16 **x
engine.size 0.338626 0.096994  3.491 0.000534 ***
horsemid 0.003519  0.009049  3.889 0.000118 ***

Signif. codes: O “xx*x> 0.001 “*%> 0.01 ‘x> 0.05 ¢.> 0.1 ¢ > 1

Residual standard error: 0.9687 on 405 degrees of freedom
Multiple R-squared: 0.7954, Adjusted R-squared: 0.7938
F-statistic: 524.7 on 3 and 405 DF, p-value: < 2.2e-16

F-test on a submodel
anova(mhmid, mhord)

Model 1: consumption ~ lweight + engine.size + horsemid

Model 2: consumption ~ lweight + engine.size + horseord
Res.Df RSS Df Sum of Sq F Pr(GF)

1 405 380.07

2 402 372.61 3 7.4566 2.6816 0.04653 *
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower
Approximate submodel (original horsepower values)

m <- lm(consumption ~ lweight + engine.size + horsepower, data = CarsNow)
summary (m)

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -42.353265 2.948614 -14.364 < 2e-16 **x*
lweight 6.935604  0.428971 16.168 < 2e-16 **x*
engine.size  0.352687 0.096730 3.646 0.000301 #*x*x
horsepower 0.003983  0.001085  3.672 0.000273 #x*x

Signif. codes: O “xx*x> 0.001 “*%> 0.01 ‘x> 0.05 ¢.> 0.1 ¢ > 1

Residual standard error: 0.9706 on 405 degrees of freedom
Multiple R-squared: 0.7946, Adjusted R-squared: 0.793
F-statistic: 522.1 on 3 and 405 DF, p-value: < 2.2e-16

Approximate F-test on a submodel

anova(m, mhord)

Model 1: consumption ~ lweight + engine.size + horsepower

Model 2: consumption ~ lweight + engine.size + horseord
Res.Df RSS Df Sum of Sq F Pr(>F)

1 405 381.56

2 402 372.61 3 8.9427 3.216 0.02285 *
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9.2.2 Test for linearity of the effect

Drawback of tests for linearity of the effect

e Linearity of the effect of the jth regressor = null hypothesis
e Linearity of the effect can be rejected but never confirmed
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9.3 Homoscedasticity

Assumed model

M: Y|Z ~ (Xﬁ, azln),

e=Y-XB: E(e|Z) =E(e) =0p,
var(e | Z) = var(e) = o®l,.

Assumption (A2) of homoscedasticity

var(Y|z) = o1y, var(e | Z) = o® I, (= var(e) = o®l,),

for some o2 > 0.

4

(A1) & (A2) = var(U|Z)=0*M, M=Il,—X(XTX) X" J
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9.3.1 Tests of homoscedasticity

Considered hypotheses

Ho: var(e;|Z;) = const,

Hi:  var(e;| Z;) = certain function of some factor(s).
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9.3.2 Score tests of homoscedasticity

Model under the NULL hypothesis

Full-rank normal linear model:

M: Y | 7 ~ Nn(X,B, U'zln), rank(xnxk) = k,

Model under the ALTERNATIVE hypothesis

Generalization of a general normal linear model:

Mhetero: Y ’ Z ~ Nn(X,B, UQW_1)a

W = diag(wi, ..., Wy), wo =7\ B,2), i=1,...,n,
7: a known function (A € R9, 8 € R¥, z ¢ RP), such that

7(0, 8,2) =1, for all 3 € R, z € RP.

P - -
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9.3.2 Score tests of homoscedasticity
Breusch-Pagan test

Xx = tx(z) = regressors of model M

(A, B, 2) = (X, B, X) = exp(\ XTﬁ)

Ho: )\:0,
H1: )\750

® One-sided tests with Hy: A > 0 (or A < 0) also possible
e Test not robust against violation of the normality assumption

e Koenker (1981): modified version of the test being robust towards
non-normality

= (Koenker’s) studentized Breusch-Pagan test
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9.3.2 Score tests of homoscedasticity

Linear dependence on the regressors

w = tw(z): given transformation of the covariates

T\, B, 2)=7(\, W) = exp()\T W)

Ho: )\:0,
H1: )\750

Score tests of homoscedasticity in the “R software

() ncvTest (abbreviation for a “non-constant variance test”) from package
car

(i) bptest from package 1mtest (allows also for the Koenker’s studentized
version)
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9.3.3 Some other tests of homoscedasticity

Goldfeld-Quandt

G-sample tests of homoscedasticity
Applicable mainly in a context of ANOVA models.
e Bartlett

e Levene
e Brown-Forsythe

e Fligner-Killeen
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9.4 Normality

Assumed model

M: Y|Z~ Np(XB, 0?l), rank(Xnxk) = r < K,

— &= \/I—XIT/G Satisfyi,‘ I’I\qN(Oy 02)7 i:17"'?n'

Assumption (A4) of normality

indep. i.i.d.
€ } 7 "P N, g ~ N

(A1) & (A2) & (A3)
& (A4) = U|Z~N;(0n 02M),

= Uz~ (0,1), i=1,....n
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9.4 Normality

Reminder of notation

e Hat matrix: H = X(X'X) X' = (h;;)

e Projection matrix into the residual space M(X)l:
M=y = H = (Mig); g o

e Residuals: U=Y - Y =MY(Uy,...,Uy)";

e Residual sum of squares: SS = ||U||*;

e Residual mean square: MS, = -1- SSq;

e Standardized residuals: US® = (Us®, ... US) ", where

ijt=1,..,n

U;STdZL i:1,...,n (ifmi,i>0)'

\/ MSe m i ’
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9.4.1 Tests of normality

Under normality of errors ¢4, ..., ep

—— U‘ZNNn(On, 0'21\,41)7

= Us9|z~ (0,1), i=1,....n

Approximate approaches to test

Ho: distribution of ¢4, ..., 5 is normal.

= Apply any of classical tests of normality
(Shapiro-Wilk, Lilliefors, Anderson-Darling, ...) to

(i) Raw residuals Uy, ..., Up;
(i) Standardized residuals U, ..., US©.
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9.5 Uncorrelated errors

Assumed model

M: Y|X~ (Xﬂ, 0'2|n),

e=Y-XB: E(¢|X) =E(e) =0,,
var(e | X) = var(e) = oI,

Assumption (A3) of uncorrelated errors

cov(ej, g/ |X)=0,i#1 (= cov(e,e) =0, i#])).
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9.5 Uncorrelated errors

Typical situations when uncorrelated errors cannot be taken for granted
(i) Time series: Y = (Y;, ..., Y,,)T obtained at (equidistant) time points
h<...<t

— serial dependence.

(i) Repeated measurements on one subject/unit: ¥ = (Y7, ..., Y,,)T,

Y":(\/l’,h"w \/I',n,')—r,i:‘I,...,n,

i (identification of a subject) not used as a covariate.

In the following

Test for uncorrelated errors will be developed for situation when ordering of
observations expressed by indeces 1, ..., n has a practical meaning and may
induce dependence between eq, ..., ep.
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9.5.1 Durbin-Watson test

Model under the NULL hypothesis

M: Yi=X/B+e, i=1,...,n,
E(si|X) =0, var(e|X)=0% i=1,...,n,
cor(ej, 1] X) =0, i# 1.

Model under the ALTERNATIVE hypothesis

Mar:  Yi=X/B+e, i=1,...,n,
€1 =11, Ei=0Ei—1+ N i=2,...,n,
E(ni|X) =0, var(n|X)=02 i=1,...,n,
cor(n;, m | X) =0, i# 1,

—1 < ¢ < 1: additional unknown parameter of the model.

w
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9.5.1 Durbin-Watson test

Durbin-Watson test statistic

u= (U, ..., Un)T: residuals from model M.

n

> (U= Uiy)?
DW= =2

n
2 U
i=1

e Distribution of DW under Hy: ¢ = 0 depends on a model matrix X
1ot possible to derive (and tabulate) critical values in full generality.

e R function dwtest [Imtest]:
p-values from approximations (Farebrother, 1980, 1984)

e R function durbinWatsonTest [car]:
p-values from a general simulation based method bootstrap
o One-sided tests (with Hy: o > 0) frequent in practice
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9.6 Transformation of response

Heteroscedasticity and/or non-normality for original response

" often the following model is correct (perhaps wrong but useful):

Normal linear model for transformed response

Y*|X ~ Nn(Xﬂ7 02 In)v
Y* = (t(V1), s t(V0)

for suitable t : R — R, chosen (non-linear) transformation

WARNING, interpretation of the regression function

mx) =E(t(Y)| X =x) # t(E(Y|X=x))
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9.6.1 Prediction based on a model with transformed response

Aim: predict Yyew, given Xpew = Xnew, assume: t is strictly increasing.
1. Yy and (Vs Yiew):
point and interval (with a coverage of 1 — «) prediction for
Yoew = t(Ynew)
based on the model t(Y) = X' B +¢, | X ~ N(0, 02).

2. Interval
(Viows Vi) = (7" (Yaaw), " (View))

covers a value of Y,e, with a probability of 1 — «.

3. Ynew =t (Y;ey): poInt prediction.
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9.6.2 Log-normal model

Log-normal linear model

log(Y;) = X B+ <, i=1,...,n,

g | X indep. N(0, 02),

Multiplicative model for the original response

Y,-:exp(X,-T,B)n,-, i=1,...,n,
77,-|X indep. EN(O, 02)7

Moments of the log-normal distribution

2
M = E(n,-) = E(n,- | X) = exp(%) > 1 (with 02 > 0),

V :=var(n;) = var(n;| X) = {exp(c®) — 1} exp(c?).
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9.6.2 Log-normal model

Conditional expectation and variance of the response (given X = x, x € X))

E(Y|X: X) =M exp(XT,B),

IE(Y\A);:X)>2'

var(Y [ X = x) = V exp(2x8) = V - (

Features of the log-normal model
1. Response (conditional) distribution is skewed (log-normal).

2. Response (conditional) variance increases with the expectation.
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9.6.2 Log-normal model

Interpretation of regression coefficients

-
X=(Xo,...,Xj...,Xk_1) € X,
j T
XD = (xo, oo, X+ 1 Xeq) €A,

/8 = (ﬂOa cee ﬂk—1)T'

Ratio of the two expectations

E(Y[X=x00)  Mept'g)
E(Y|X=x) M exp(xT3)

= exp())-
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9.6.2 Log-normal model

Interpretation of regression coefficients

Example. Log-normal model used with one-way classification

E(log(Y)|Z=9)=ho+¢,B°,g=1,...,G

¢/, ..., c: rows of the (pseudo)contrast matrix

Ratio of the two group means

E(Y|Z=9) _ MeXp(ﬂo+cJ'@Z) _ T aT\gZ
E(Y|Z=h) - Mexp(ﬁo—i—c;,az) B exp{(cg ¢y)B }

- exp{E(Iog(Y)|Z:g) — E(log(Y)|Z = h)}, g+h
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10 Consequences of a Problematic Regression Space
Data

(Y, Z)', 2= (Zi1, ..., Zip) €ZCRPi=1,...,n

Response vector and the model matrix

Yy X{
Y= ) Xnxk = :(1n, X1,...,Xk71),
Y, X,
X,':t)((z,‘), i:1,...,n
Full-rank linear model with intercept assumed

Y|Z~ (X8, o®,), rank(X) = k < n,

Model matrix X sufficient to write E(Y | Z) = E(Y | X) = X3

for some 8 = (8o, ..., ,Bk_1)T € Rk
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10.1.1 Singular value decomposition of a model matrix

SVD of the model matrix X

k—1
X=UDV' = Zd,-u,- v/, D = diag(db, ..., dk_1)
j=0

® Unk = (U, ..., Uk_1):
the first k orthonormal eigenvectors of the n x n matrix XXT.
® Vi = (Vo, ..., Vk_q):

(all) orthonormal eigenvectors of the k x k (invertible) matrix X' X.

® d=./\, j=0,...,k—1,where \o >---> X1 >0are
e the first k eigenvalues of the matrix XXT;
o (all) eigenvalues of the matrix X' X, i.e.,
k—1
XTX=>"Nvv] =VAV',  A=diag(Xo, ..., A1)
j=0

k—1
=> v/ =vDPV'.
j=0
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10.1.2 Multicollinearity and its impact on precision of the LSE

LSE in a linear model Y |Z ~ (X8, 0®l,), rank(Xn.x) = k

~

Y=, ..., ¥) =HY H=XEXTX)"XT):

BLUEof pu=XB8=E(Y|Z)  with var(Y|Z)=0?H;

~

(i) B=(Bo. ... Bn) = (XTX)7'XTY:

BLUEof B8  with var(3|z) =0 (X'x) ",

Multicollinearity

e No impact on precision of LSE of u = E(Y | Z)
e Possibly serious inflation of the standard errors of LSE of 3
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10.1.2 Multicollinearity and its impact on precision of the LSE

Lemma 10.1 Bias in estimation of the squared norms.

Let Y|Z ~ (XB, 0®l,), rank(Xnxk) = k. The following then holds.

5|7 - %8¢ | 2) =

E(IBI° - I8 | ) = o w{ (x7x)"}.
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10.1.3 Variance inflation factor and tolerance

Notation, linear model Y | Z ~ (X8, 0®l,), rank(Xnxk) = k,

X= (1, X', X, X = (X, %), =1,

n

Response sample mean: Y =~ "V;;

S| =

Square root of the total sum of squares:

n
To= (= V)P = Y =
i=1

Fitted values: Y= ()71, o ?,,)T;

Coefficient of determination:

L YWE eV
1Y = Y1, Ty
. 1 <
Residual mean square: ~ MSo = ——[|Y — ¥|[*.

v
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10.1.3 Variance inflation factor and tolerance

Forj=1,...,k —1: Notation, linear model M;, where response = X,
model matrix = X(-) = (1,, X', ..., X1 X/t XA

n

. w1 .

Column sample mean: X = - Z Xij
i—1

Square root of the total sum of squares from model M;:

S (6~ %) = X - X1,

i=1

Fitted values from model M;: X' = (X1, ..., Xo,) ;

Coefficient of determination from model M;:
X - X

XX

R =1 - 11— = =
X X1 Ui

J

4
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10.1.3 Variance inflation factor and tolerance

If data (Y,, )(,"17 ey )(,"k,-])—r Ifl\q (Y, X-], ey Xk,1)T:

e R?: a squared value of a sample coefficient of multiple correlation between
Yand X := (X, ..., Xi_1) -

° R/?(j:1, o k—=1):
a squared value of a sample coefficient of multiple correlation between X;
T
and X(*l) = ()(17 ceey )(j—17 )(j+17 ey Xk_1) .

R? close to 1

® X' is close to being a linear combination of columns of X(~/) (remaining columns of
the model matrix)

- X7 is collinear with the remaining columns of the model matrix

/-?;-2:0

® X is orthogonal to all remaining non-intercept regressors

® the jth regressor represented by the random variable X; is multiply uncorrelated with
the remaining regressors represented by the random vector X_j).
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10.1.3 Variance inflation factor and tolerance

Theorem 10.2 Estimated variances of the LSE of the regression coef-
ficients.

For a given dataset for which a linear model Y | Z ~ (X3, o?l,), rank(X,xx) =
k, X = (15, X', ..., X*") is applied, diagonal elements of the matrix
var(B|Z) = MS, (X'X) ", can also be calculated, forj =1, ..., k—1, as

BN v\> 1-R2 1
var(5j|Z):<Tj> Tk TR
)
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10.1.3 Variance inflation factor and tolerance

Definition 10.1 Variance inflation factor and tolerance.

For given j = 1,..., k — 1, the variance inflation factor and the tolerance of
the jth regressor of the linear model Y |Z ~ (X3, ¢21,), rank(X,.x) = k are
values VIF; and Toler;, respectively, defined as

1
=R
J

1
Toler; =1 — RY = VIE,
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10.1.3 Variance inflation factor and tolerance

Interpretation and use of VIF

1 — «) 100% confidence interval for §;, j =1, ...,k — 1 (under normality)
J

B + t,,_k<1 - g) var (5| z),

B+ toi(1 \/ LB,

Variance inflation factor

Vol; \?
VIF; = <_VO|0,,> ,

Vol; = length (volume) of the confidence interval for j;;
Volp; = length (volume) of the confidence interval for 3; if it was Ffj2 =0.

4

11 10. Consequences of a Problematic Regression Space 1. Multicollinearity



10.1.4 Basic treatment of multicollinearity

Especially if interest in inference on ’s (evaluation of the covariate effects):

e Do not include mutually highly correlated regressors in one model.
e At first step, basic decision based on sample correlation coefficients.

e In some (especially econometric) literature, rules of thumb are applied
like “Regressors with a correlation (in absolute value) higher than 0.80
should not be included together in one model.”

e Such rules should never be applied in an automatic manner (why just
0.80 and not 0.79, ... ?)

e Deep analyzis of mutual relationships among regressors must precede
any regression modelling!
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10.1.4 Basic treatment of multicollinearity

Especially if interest in inference on ’s (evaluation of the covariate effects):

e Decisions of which regressors are collinear and should be removed
can also be based on (generalized) variance inflation factors and pos-
sibly values of standardized regression coefficients (see Proof of The-
orem 10.2) that are comparable among regressors (higher value of 3/
means higher practical importance of a particular regressor).

e Regularization methods (Ridge regression, LASSO, ..., not covered by this
course).

v
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10 (n = 111)

iq ~ gender + zn7 + zn8
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10 (n = 111)

iq ~ gender + zn7 + zn8

summary (ml <- Im(iq ~ gender + zn7 + zn8, data = IQ))

Residuals:
Min 1Q Median 3Q Max
-22.1677 -7.5243 -0.4338 7.1780 26.4095

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 138.222 3.119 44.314 < 2e-16 *xx*
gender 4.563 2.221 2.055 0.04232 *
zn7 -16.767 5.536 -3.029 0.00308 *x
zn8 -1.149 5.557 -0.207 0.83658

Signif. codes: O ‘%%’ 0.001 ‘%%’ 0.01 ‘x> 0.05 ¢.”> 0.1 ¢ > 1

Residual standard error: 10.81 on 107 degrees of freedom
Multiple R-squared: 0.4943, Adjusted R-squared: 0.4801
F-statistic: 34.87 on 3 and 107 DF, p-value: 8.472e-16

library("car")
vif(ml)

gender zn7 zn8
1.16923 11.26866 11.40240
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10 (n = 111)

iq ~ gender + zn7

(sm27 <- summary(m27 <- lm(iq ~ gender + zn7, data = IQ)))

Residuals:
Min 1Q Median 3Q Max
-21.9606 -7.4290 -0.1927 7.0047 26.5244

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 138.093 3.043 45.376 <2e-16 **¥x*
gender 4.513 2.198 2.054 0.0424 *
zn7 -17.852 1.765 -10.116  <2e-16 **x*

Signif. codes: O “x**’ 0.001 ‘**> 0.01 ‘%’ 0.05 ¢.”> 0.1 ¢ * 1

Residual standard error: 10.77 on 108 degrees of freedom
Multiple R-squared: 0.4941, Adjusted R-squared: 0.4848
F-statistic: 52.74 on 2 and 108 DF, p-value: < 2.2e-16

vif (m27)

gender zn7
1.15531 1.15531
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10 (n = 111)

iq ~ gender + zn8

(sm28 <- summary(m28 <- lm(iq ~ gender + zn8, data = IQ)))

Residuals:
Min 1Q Median 3Q Max
-25.5378 -7.9585 -0.0763 7.1273 31.0778

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 137.402 3.223 42.634 < 2e-16 *xx*
gender 4.474 2.303 1.943 0.0547 .
zn8 -17.095 1.846 -9.263 2.21e-15 **x

Signif. codes: O “x**’ 0.001 ‘**> 0.01 ‘%’ 0.05 ¢.”> 0.1 ¢ * 1

Residual standard error: 11.22 on 108 degrees of freedom
Multiple R-squared: 0.451, Adjusted R-squared: 0.4408
F-statistic: 44.36 on 2 and 108 DF, p-value: 8.673e-15

vif (m28)

gender zn8
1.169022 1.169022
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10 (n = 111)

iq ~ gender + znX
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Section 10.2
Misspecified regression space
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10.2.1 Omitted and irrelevant regressors

Data (Y, Z) ', i=1,....n

= Two sets of regressors:

X{

X = tx(zl) — Xpxk = = (Xov SRR Xk_1)
X,
vi

Vi = tv(z,') — Vpx = = <V1, ceey VI>
VT
n

Assumptions
rank(Xpxk) = k, rank(Voy ) =1,
for  Gpxrn = (X, V), rank(G) =k+/<n.
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10.2.1 Omitted and irrelevant regressors

Omitted important regressors

e Myy is correct (with v # 0)) but inference based on M.
e (3 estimated using Mx;
e o2 estimated using My;

e prediction based on fitted My.

Irrelevant regressors included in a model

® My is correct but inference based on Myy .
e 3 estimated using Myy;
e o2 estimated using Myy;

e prediction based on fitted Myy, .
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10.2.1 Omitted and irrelevant regressors

Quantities derived under model Mx: Y | Z ~ (X3, o°l,)

Bx _ (XTX)—1 XTY = (BX,O’ e B\X,k—1)—r»
Hxy = X(XTX)7'XT,
Mx = I,—Hx,
V= HY =By = (Var Vaa)
Uy = Y_?X:MXYZ(UX,1,-~-7UX7n)T7
SSex = [Ux|?
MSex = %-
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10.2.1 Omitted and irrelevant regressors

Quantities derived under model Mxy: Y |Z ~ (X8 + Vv, 0?l,), G = (X, V)

(B)T(v, ’A)’;Ev)T = (GTG)_1 GT Y,
Bxy = (va,o, e va,kq)T, Fxv = (v, -, va,/)i

Hy = G(GTG)'GT,

Myxy = Ip—Hxy,
< - ~ < o T
Yxv = HxY=XBxy+Vaxy = (Yxv,15--- Yxvin)
< T
Uw = Y—-Yxv=MxwY=(Usv1,...,Uxvn) ,
2
SSexv = ||Uxv|,
SSe xv
M = —
Se xv k]
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10.2.1 Omitted and irrelevant regressors

Consequence of Lemma 9.1: Relationship between the quantities de-
rived while assuming the two models.

Quantities derived while assuming models Mx and Mxy are mutually in the
following relationships:

Yxv — Vx = MxV(VTMxV) VT Uy,

= X(BXV - Bx) + VAxy,
Ixv = (VTMXV)AVTUM

Bxy —Bx = — (X'X) "X VA,

2

)

SSex —SSexv = ||[MxVAyy

Hyy = Hyx + MxV (VT MxV) ™ VT My.




10.2.1 Omitted and irrelevant regressors

Lemma 10.3 Variance of the LSE in the two models.

Irrespective of whether Mx or Mxy holds, the covariance matrices of the fitted
values and the LSE of the regression coefficients satisfy the following:

var(?XV|Z) - var(?x|Z)

Y

0,

Y

0.

var(Bxy | Z) — var(Bx | 2)
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10.2.2 Prediction quality of the fitted model

Data and Model

Data: (V1. Z]) . Zi=(Zu1,....Zp) €ZCRP,i=1,...n
= random sample from a distribution of (Y, ZT)T,

Z=(z,...,2)".

Model: E(Y|Z)=m(Z), var(Y|Z)=o0?

Unknowns: parameters in m, 02 > 0.
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10.2.2 Prediction quality of the fitted model

Replicated response

Replicated response

® zy,..., 2, valuesof Zy, ..., Z,in data.

o Newdata: (Y., Z.,) " (v, 2)',i=1,...,n,
independent of (old data) (Y, Z/)",i=1,...,n
with the response vector Y = (Y;, ..., ;)

e AIM: Predict Y,,;givenZ,.;=2z;,i=1,...,n

Yoew = (Yoit, -, Y,,H,)T = replicated response vector

if Y, generated by the conditional distribution Y ] Z=2z,.
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10.2.2 Prediction quality of the fitted model

Prediction of replicated response

Prediction of replicated response

Voew .= (Yart, ..o, Yarn) :  prediction of ¥, based on the assumed
model fitted using the original data Y with
Z1 =24, ...,Z,,:z,,

m- Yy .., is some statistic of Y (and Z).

v

Evaluation of quality of prediction by MSEP, differences as compared to
Sec. 7.3

® Value of a random vector rather than of a random variable predicted now
" MSEP = 3~ MSEP;

® Interest in knowing on how the prediction performs if new data contain the same
covariate values as the old data

" 31| statements will be calculated conditionally given Z
® Sample variability induced by estimation of parameters will be taken into account

v
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10.2.2 Prediction quality of the fitted model

Prediction of replicated response

Definition 10.2 Quantification of a prediction quality of the fitted re-
gression model.

Prediction quality of the fitted regression model will be evaluated by the mean
squared error of prediction (MSEP) defined as

n
v v 2
MSEP(Ynew) = Z IE{(Yn-H' - n+i) ‘Z},

i=1
where the expectation is with respect to the (n + n)-dimensional conditional
distribution of the vector (Y, Y;eW)T given

zy Zy,
L= 1= :
z; Z;n
TO BE CONTINUED.
29
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10.2.2 Prediction quality of the fitted model

Prediction of replicated response

Definition 10.2 Quantification of a prediction quality of the fitted re-
gression model, cont'd.

Additionally, we define the averaged mean squared error of prediction (AM-
SEP) as

AMSEP (Y ney) = %MSEP(V,,eW).
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10.2.2 Prediction quality of the fitted model

Prediction of replicated response in a linear model

Linear model
po= (1)
= ]E(Y’21 =24, ..., Zn:z,,)
= ]E(Ynew}zn-H =2Z1, ..., zn+n:Zn)
is
x{ ty(21)
p=XB=(xI8,...xI8), x=|:]|=] :
X, t;(—(zn)
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10.2.2 Prediction quality of the fitted model

Prediction of replicated response in a linear model

Best linear unbiased prediction

Just another variant of Gauss-Markov theorem:

MSEP(?new) is subject to
(i) linearity (Ypew = @+ AY for some a and A);
(ii) unbiasedness (E(Y new | Z) = 1)
minimized for N R
Yoew = X(X'X) XY = ¥ =@

b hest linear unbiased prediction (BLUP) of Y new
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10.2.2 Prediction quality of the fitted model

Prediction of replicated response in a linear model

Lemma 10.4 Mean squared error of the BLUP in a linear model.

In a linear model, the mean squared error of the best linear unbiased prediction
can be expressed as

n
MSEP(Ypen) = no® + > MSE(Y),

i=1

where R R )

MSE(Y) =E{(Y—m)?|Z}, i=1....n
is the mean squared error of \7, if this is viewed as estimator of pj, i=1,....n
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10.2.3 Omitted regressors

Correct model

Mxv: Y |Z~ (XB+ Vv, o%l,), with v # 0,

y

Properties of LSE derived under the correct model
Mxv: Y|Z~ (XB+Vy, o?l,)

E(va |z) = B,

E(Yxv|2)

XB+Vy = p,

n n
Z MSE(?XVJ) = Z var(YXVJ- ’ Z) = tr(var(?xv } Z)) = tr(02 HX\/)
i=1 i=1

= 2(k+1),

E(MSexv|Z) = o°

4
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10.2.3 Omitted regressors

Lemma 10.5 Properties of the LSE in a model with omitted regressors.

LetMxy: Y |Z ~ (XB + Vv, 0®l,) hold, i.e., p:=E(Y |Z) satisfies
u=XB+ Vv

for some B € Rk, v ¢ R/.

Then the least squares estimators derived while assuming model My : Y | 7 ~
(X8, o2l,) attain the following properties:

EBx|Z) = B+ (X'X) XV,
E(Yx|Z) = p — MxV~,

n

STMSE(Yxi) = ko? + ||[MxvA|,

i=1
o I

E(MSex|Z) = -

v
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10.2.3 Omitted regressors

Least squares estimators

Omitted regressors

Bx = Bxy + (XTX)_1XTV‘7XV

bias(Bx) = E(Bx —B|Z) = (XX) 'XVy

(i) XTV =04y

L ,@x = va?

e bias(3y) = Oy.
(i) XTV # 0y

e fix is a biased estimator of 3.
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10.2.3 Omitted regressors

Prediction

Omitted regressors

Compare Ynew,X = YX and Ynew,XV = YXV

MSEP(Ypewxv) = no? + ko? + lo?,

MSEP (Vewx) = no? + ko? + |[MxV~|°.
AMSEP (Yiewxv) = o2 + %az + %UZ,
AMSEP (Yjewx) = o2 + ka + f||MXV7H

e The term ||MxV~||* might be huge compared to /2.

) i o2 — 0 with n — oo (while increasing the number of predictions).

° —HMXV’yH does not necessarily tend to zero with n — co.
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10.2.3 Omitted regressors

Estimator of the residual variance

Omitted regressors

MV |

bias(MSe x) = = E(MSex —0?|Z) = P
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10.2.4 Irrelevant regressors

Correct model

My : Y|Z~ (X,B, le,,)
= Myy: Y‘ZN(X,B‘FV'Y; Uzln)a

with v = 0,
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10.2.4 Irrelevant regressors

Properties of LSE derived under the two models

E(Bx|2) = E(Bxv|2)

E(Yx|Z) =E(Yxv|Z)

n
> MSE(Yx,)

i=1

n
> MSE (Yxv.)

i=1

B,

XB = u,

zn: var(VX7;|Z) = tr(var(?x|Z))

tr(c?Hx) = o2k,

n
Z var(?xv,,-|Z) = tr(var(?XV|Z)>
p

tl’(o‘szv) = ¢? (k—l—/),

o2

v
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10.2.4 Irrelevant regressors

Least squares estimators

Irrelevant regressors

MSE (Bxv) — MSE(Bx)
= B{(Bx — 8) Bxv - 0) ' |2} - B{(Bx-8)(Bx-B) " |7}

var(Byy | Z) — var(Bx | 2)

= o2 {{XTX - XTV(VTV)qVTX}q - (XTX)_1] > 0

(i) XTV = 0k
® By = By and var(By | Z) = var(Byy | Z)
b jrrelevant regressors do not influence quality of the LSE of 3
(i) XTV # O

o va is worse @X in terms of its variability
e difference in quality might be huge (multicollinearity. . .)
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10.2.4 Irrelevant regressors
Prediction

Irrelevant regressors

Compare Ynew,X = YX and Ynew,XV = YXV

MSEP (Y new xv) no? + (k+1)o2,
MSEP(Ypenx) = no? + ko2
S k+1
AMSEP (Vrewxv) = o + o,
S k
AMSEP(Yrenx) = o + —o°.

e Both AMSEP (Y pew xv) — 02 and AMSEP (¥ pey x) — 02 as n — oo

e Use of Myy (which for finite n provides worse prediction than My) elim-
inates problem of omitted important covariates that leads to biased pre-

dictions with possibly even worse MSEP and AMSEP than that of model
Mxv
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10.2.5 Summary

Interest in estimation of the regression coefficients and inference on them

e Omitting important regressors which are (multiply) correlated with regres-
sors of main interest
¥ bias in estimation of 3.

e Inclusion of irrelevant regressors which are (multiply) correlated with re-
gressors of main interest

m possible multicollinearity and inflation of standard errors of 3

® Regressors which are (multiply) uncorrelated with regressors of main inter-

est influence neither bias nor variability of 3 irrespective of whether they
are omitted or irrelevantly included.
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10.2.5 Summary

Interest in prediction

e Omitting important regressors
b biased prediction

b the AMSEP not tending to the optimal value of o2 with n — oo

e Including irrelevant regressors
b the AMSEP tending to the optimal value of o2 with n — oo

" negligible difference of a quality of prediction compared to a model with
irrelevant regressors omitted from the model
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11 Unusual Observations

M: Y|X~ (X8, 0%y, rank(Xpx) =K,

te{1,....,n}

Standard notation

e 3= (XTX)_1XTY = (Bo, el Ek_1)T: LSE of the vector 3;
o H=X(X"X) X = (hit); ..., the hat matrix;

e M=1I,-H=(m; ,)” ....n- the residual projection matrix;

e Y-—HY=X3= (Y1, ..., \A/,,)T: the vector of fitted values;
eU=MY=Y_-Y= (Us, ..., U,,)T: the residuals;

e SS, = ||U|| : the residual sum of squares;

e MS, = ﬁ SS; is the residual mean square;

°

T . .
U = (U9, ..., U) : vector of standardized residuals,
std _ Ui j —
U; \/WI 1,...,n.

v

1 11. Unusual Observations 0. Misspecified regression space



Section 11.1
Leave-one-out and outlier model

11. Unusual Observations 1. Leave-one-out and outlier model



11.1 Leave-one-out and outlier model

Definition 11.1 Leave-one-out model.

The tth leave-one-out model is a linear model

Mn: Yol Xen~ (Ko o®lhs).

Definition 11.2 Outlier model.

The tth outlier model is a linear model

MU Y | X~ (XB + jof™, o®ln).
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11.1 Leave-one-out and outlier model

Lemma 11.1 Three equivalent statements.

While assuming rank(X,«x) = k, the following three statements are equivalent:

(i) rank(X) = rank(X(_p) = k, i.e, xr € M(X ),
(II) m > 0;

(iii) rank (X, j,) = k + 1.
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11.1 Leave-one-out and outlier model

Quantities related to M(_): B(_,), ?(_1), SSe,(—1), MSe (—p), - - -

~out < out out

Quantities related to MoU: By .Y, ,SSYMSYY, ...

Solutions to normal equations in model M¢“! (the LSE of (( "“t)T, 7;’“’)T):

~out

((B; ) Feur) !

5 11. Unusual Observations 1. Leave-one-out and outlier model



11.1 Leave-one-out and outlier model

Lemma 11.2 Equivalence of the outlier model and the leave-one-out
model.

1. The residual sums of squares in models M(_y and M¢"" are the same, i.e.,
SSe(_y = SS2Y.
2. Vector ,CA-)(,,) solves the normal equations of model M_;y if and only if

~out. T
a vector ((,Bfu ), ﬁ,"“’)T solves the normal equations of model M9,

where
~out ~

Bt - /8(_1)’
At = thXtTB(,,).
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11.1 Leave-one-out and outlier model

Notation: Leave-one-out least squares estimators of the response expecta-
tions

lfmg>0foralt=1,....m

/V[t] = X;r,@(_t), t:1,...,n,

< < o N\T
Vi = (Yapseoos Vial) -
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11.1 Leave-one-out and outlier model

Calculation of quantities of the outlier and the leave-one-out models

Application of Lemma 9.1

If mee >0

~out

Vi

~out
t

= out
t

out
et

SS;—-S

m;: the tth column (and row as well) of the residual project. matrix M.
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11.1 Leave-one-out and outlier model

Calculation of quantities of the outlier and the leave-one-out models

Lemma 11.3 Quantities of the outlier and leave-one-out model ex-
pressed using quantities of the original model.

Suppose that for given t € {1, ..., n}, my; > 0. The following quantities of the
outlier model M¢" and the leave-one-out model M(_;, are expressable using
the quantities of the original model M as follows.

~ - S U
Fout = Vi-x[By=Yi— Yy = mi:,’
~ ~out ~ U; Ty —1
= = - — (X'X
By Bt B m“( ) Xt
out  _ _ itz _ _ st 2
SSe( = SSgI = 88, — L = 88, —MS, (L),
MSe(n  MSY  n—k— (Us)?
MS, MS. n—k-1
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11.1 Leave-one-out and outlier model

Definition 11.3 Deleted residual.

If m;; > 0, then the quantity

S U
Jout _ vy Yy t
't t L] _mt,t

is called the tth deleted residual of the model M.
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Section 11.2
Outliers
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11.2 Outliers

mt > 0
T-statistic to test Hp : 7% = 0 in the tth outlier model M¢“! (if normality as-
sumed):
S : Y~ Vi
T = = some calculation = —————./m;;
var(5out) VMSe
U

some calculation

VMSe (—1) mt,t'

Under Hg: +9“' =0

Tt ~thok—1-

12
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11.2 Outliers

Definition 11.4 Studentized residual.

If m;; > 0, then the quantity

Y- Vy s — Uy
,/MSe( f) \/MS )m”

is called the tth studentized residual of the model M.

T =

Expression of the studentized residual using the standardized residual

. . MS. k([ /Std\2
Use of identity ~pe=t = ")

T — n—k-—1 ] use.
n—k— (Us)
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11.2 Outliers

Lemma 11.4 On studentized residuals.

Let Y |X ~ N,(XB, 02l,), where rank(Xnxx) = k < n. Let furthern > k + 1.
Let forgivent e {1,...,n} my; > 0. Then

1. The tth studentized residual T; follows the Student t-distribution with
n— k — 1 degrees of freedom.

2. If additionally n > k + 2 then E(T;) = 0.

3. If additionally n > k + 3 thenvar(T;) =
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11.2 Outliers

Test for outliers

M2 Y | X ~ N (XB + j2™, o21,)

HO: ,.Y;Jut = 0,
H1I 7?‘” 75 0

M: Y| X ~ N, (X8, 02l,)

Ho: tth observations is not outlier of model M,

H4: tth observations is outlier of model M,

e Under HoZ Tt ~th_k_q.
e Multiple testing problem!
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Observations with five highest absolute values of studentized residuals

20

305

348
g
g 4
o
=
S
g
£
=}
2
8§ S
E(Y|X=x) = -59.33 + 9.5048x
Y=107
97
n
T T T T T T T
6.8 7.0 7.2 7.4 7.6 7.8 8.0
Log(weight) [log(ka)]
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Standardized, studentized and deleted residuals

Standardized residuals U, . .., Us®

ml <- Im(consumption ~ lweight, data = CarsUsed)
rstandard (ml1)

1 2 3 4 5 6
0.600003668 0.683558025 -0.237013632 -0.437157041 -0.237013632 -0.491068598

Studentized residuals T4,..., T,
rstudent (m1)

1 2 3 4 5 6
0.599534780 0.683113271 -0.236740634 -0.436725391 -0.236740634 -0.490613671

~out

; ~out
Deleted residuals 77, ..., 5]
residuals(ml) / (1 - hatvalues(ml))

1 2 3 4 5 6
0.646454917 0.736641641 -0.254845546 -0.469869858 -0.254845546 -0.528142442
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Observations with five highest absolute values of studentized residuals

vname fhybrid consumption

Hummer . H2

Toyota.Prius.4dr. (gas/electric)
Land.Rover.Discovery.SE
Volkswagen.Jetta.GLS.TDI.4dr
Honda.Civic.Hybrid

.4dr.manual. (gas/electric)

vname
Hummer .H2

Toyota.Prius.4dr. (gas/electric)
Land.Rover.Discovery.SE
Volkswagen.Jetta.GLS.TDI.4dr
Honda.Civic.Hybrid

.4dr.manual. (gas/electric)

-4,

-3.

No
Yes
No
No
Yes

gamma

.223712

618542

.910233

623890

.531883

21.55 7.
4.30 7.
17.15 7.
5.65 7.
4.85 7.

Tt
4.953073
-4.396641
3.693509
-3.420244
-3.327145

973500
178545
638198
216709
122060

lweight weight

2903
1311
2076
1362
1239

PvalUnadj
0.000001
0.000014
0.000251
0.000689
0.000957

PvalBonf
0.000441
0.005782
0.103499
0.283692
0.394186
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Identified outliers

[Te}
o™

X) = —59.33 + 9.5048x

E(Y|X=

0c

ST 0T

[wx 00T/] uondwinsuod

8.0

7.8

7.6

7.4

7.2

7.0

6.8

Log(weight) [log(kg)]
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To know about outliers

@ Two or more outliers next to each other can hide each other.

e A notion of outlier is always relative to considered model (also in other
areas of statistics). Observation which is outlier with respect to one model
is not necessarily an outlier with respect to some other model.

e Especially in large datasets, few outliers are not a problem provided they
are not at the same time also influential for statistical inference.

e In our context (of a normal linear model), presence of outliers may indicate
that the error distribution is some distribution with heavier tails than the
normal distribution.

e Outlier can also suggest that a particular observation is a data-error.
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Treatment of outliers

NEVER, NEVER, NEVER exclude “outliers” from the analysis in an auto-
matic manner.

If some observation is indicated to be an outlier, it should always be ex-
plored:

e Is it a data-error? If yes, try to correct it, if this is impossible, no problem (under
certain assumptions) to exclude it from the data.

@ |s the assumed model correct and it is possible to find a physical/practical ex-
planation for occurrence of such unusual observation?

e If an explanation is found, are we interested in capturing such artefacts by our
model or not?

@ Do the outlier(s) show a serious deviation from the model that cannot be ignored
(for the purposes of a particular modelling)?
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Treatment of outliers

Often, identification of outliers with respect to some model is of primary
interest:

e Example: model for amount of credit card transactions over a certain period of
time depending on some factors (age, gender, income, ...).

Model found to be correct for a “standard” population (of clients).

Outlier with respect to such model = potentially a fraudulent use of the credit
card.

If the closer analysis of “outliers” suggest that the assumed model is not
satisfactory capturing the reality we want to capture (it is not useful), some
other model (maybe not linear, maybe not normal) must be looked for.
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Section 11.3
Leverage points
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11.3 Leverage points

Terminology Leverage

A diagonal element h;; (f =1, ..., n) of the hat matrix H is called the leverage
of the tth observation.
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11.3 Leverage points

Interpretation of the leverage

Model with intercept and the column means

1 X1,1 cee X9 k=1

1 Xn A s Xnk—1

n n
T yk—‘_lzx.k1
n,E AT p O Xik=

i=1 i=1

Non-intercept columns centered

kvl —k—1
X114 —X e X k=1 — X

X=(x"=x", ..., ¥ -%¥",)= : : : :
-1 —k—1
Xn1 — X cee Xnk—1 — X

M(X) = M(15, X),  1,X=04_;.
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11.3 Leverage points

Interpretation of the leverage

The hat matrix

B= (1 0[50 1,9} (1.5

1 T (TR 1$T
= ’—71,,1,, + X(X X) X
The leverage
1
hy = —+
tt n
— —k—1\ (ST 1 —1 —k—1y T
(X1 =X, ooy Xekot — X ) (XTX) T (X1 = X5 ooy Xpkot — X )
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11.3 Leverage points

High value of a leverage

Q: n x k matrix with the orthonormal basis of the regression space M (X)

Zh,_tr ) =tr(QQ") =tr(QTQ) =tr(lx) = k

Mean value of the leverage

“a-

:I—L

‘R function influence.measures rule-of-thumb

tth observation is a leverage point if

3k
h”>7
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11.3 Leverage points

Influence of leverage points

Var(Ut|X) Ivar(th ?[|X) = 0'2 my ¢ 202(1 — ht,l‘)a t= 1,...,”.

e Highleverage — low var(U; |X) =var(Y; — Y | X)

" the tth fitted value is forced to be close to the observed response value.
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Leverages and influence measures

Leverages hi1,..., han

ml <- Im(consumption ~ lweight, data = CarsUsed)
hatvalues (ml)

1 2 3 4 5 6
0.011453373 0.011892770 0.007436292 0.006688146 0.007436292 0.007916965

Influence measures

influence.measures (ml)

Influence measures of
Im(formula = consumption ~ lweight, data = CarsUsed)

dfb.1_ dfb.lwgh dffit cov.r cook.d hat inf
1 5.81e-02 -5.73e-02 0.064533 1.015 2.09e-03 0.01145  *
2 6.78¢-02 -6.69e-02 0.074943 1.015 2.81e-03 0.01189  *
3 -1.71e-02 1.68e-02 -0.020491 1.012 2.10e-04 0.00744
4  -2.92¢-02 2.86e-02 -0.035836 1.011 6.43e-04 0.00669
5 -1.71e-02 1.68e-02 -0.020491 1.012 2.10e-04 0.00744
6 -3.71e-02 3.65e-02 -0.043827 1.012 9.62e-04 0.00792
7  -4.59e-02 4.50e-02 -0.055070 1.010 1.52e-03 0.00732
8  7.70e-03 -7.56e-03 0.009196 1.012 4.24e-05 0.00749
9  -2.15e-02 2.11e-02 -0.025596 1.012 3.28e-04 0.00758
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Potentially influential observations

summary (influence.measures(mi))
Potentially influential observations of
Im(formula = consumption ~ lweight, data = CarsUsed)

dfb.1_ dfb.lwgh dffit cov.r cook.d hat
1 0.06 -0.06 0.06 1.01_% 0.00 0.01
2 0.07 -0.07 0.07 1.01_% 0.00 0.01
17 0.07 -0.07 0.07 1.01_% 0.00 0.01
39 -0.01 0.01 -0.01 1.02_%# 0.00 0.01
47  0.07 -0.07 0.07 1.02_% 0.00 0.02_x%
48 0.09 -0.09 0.10 1.02_% 0.00 0.02_*
49 0.06 -0.06 0.06 1.02_% 0.00 0.02_x%
69 -0.21 0.20 -0.26_* 0.96_x 0.03 0.01
70 -0.14 0.14 -0.14 1.03_% 0.01 0.03_%*
94 -0.21 0.20 -0.30_* 0.92_x 0.04 0.00
97 -0.13 0.13 -0.21_* 0.95_x 0.02 0.00
204 -0.05 0.06 0.14 0.98_% 0.01 0.00
270 0.20 -0.20 0.22_% 0.99 0.02 0.01
271 0.20 -0.20 0.22_% 0.99 0.02 0.01
278 0.05 -0.04 0.12 0.98_x 0.01 0.00
294 0.21 -0.21 0.23_x 1.00 0.03 0.02_%
295 -0.02 0.02 0.02 1.02_% 0.00 0.01
301 0.00 0.00 -0.01 1.02_%# 0.00 0.01
302 0.00 0.00 0.00 1.01_% 0.00 0.01
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Leverage points

8k = 0.0146
sum(hatvalues(ml) > 3 * k / n)
[1] 11

vname consumption weight lweight h
47 Toyota.Echo.2dr.manual 6.10 923 6.827629 0.01992471
48 Toyota.Echo.2dr.auto 6.55 946 6.852243 0.01836889
49 Toyota.Echo.4dr 6.10 932 6.837333 0.01930270
70 Honda.Insight.2dr.(gas/electric) 3.75 839 6.732211 0.02664081
294 Toyota.MR2.Spyder.convertible.2dr 8.20 996 6.903747 0.01534760
304 GMC.Yukon.XL.2500.SLT 15.95 2782 7.930925 0.02132481
305 Hummer . H2 21.556 2903 7.973500 0.02429502
307 Lincoln.Navigator.Luxury 15.60 2707 7.903596 0.01953240
323 Lexus.LX.470 15.95 2536 7.838343 0.01561382
405 Cadillac.Escalade.EXT 15.95 2667 7.888710 0.01859360
406 Chevrolet.Avalanche.1500 14.95 2575 7.853605 0.01648470
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)
Leverage points
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Section 11.4
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11.4 Influential diagnostics

e Both outliers and leverage points not necessarily a problem

e Problem if any of observations have “too high” influence on quantities
of primary interest

e Influential diagnostics = quantification of how the LSE related quan-
tities change if calculated using a dataset without a particular observa-
tion (leave-one-out diagnostics)
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11.4 Influential diagnostics

Full model

M: Y|X ~ (X8, 0%,),  rank(Xpux) = k

Leave-one-out model (t=1,...,n)

Miy: Yo [ Xy ~ (XoB, 0%la).

Assumption (for given ): m;; > 0
— rank(X(_y) = rank(X) = k.
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Influence measures

ml <- Im(consumption ~ lweight, data = CarsUsed)
influence.measures (ml)

Influence measures of
Im(formula = consumption ~ lweight, data = CarsUsed)

dfb.1_ dfb.lwgh dffit
5.81e-02 -5.73e-02 0.064533 1.015 2.09e-03 0.01145  *
.78e-02 -6.69e-02 0.074943 1.015 2.81e-03 0.01189 =

cov.r cook.d hat inf
1
1
-1.71e-02 1.68e-02 -0.020491 1.012 2.10e-04 0.00744
1
1

(=]

-2.92e-02 2.86e-02 -0.035836 1.011 6.43e-04 0.00669
-1.71e-02 1.68e-02 -0.020491 1.012 2.10e-04 0.00744

g WK -

summary (influence.measures(mi))

Potentially influential observations of
Im(formula = consumption ~ lweight, data = CarsUsed)

dfb.1_ dfb.lwgh dffit cov.r cook.d hat

1 0.06 -0.06 0.06 1.01_% 0.00 0.01
2 0.07 -0.07 0.07 1.01_% 0.00 0.01
17 0.07 -0.07 0.07 1.01_% 0.00 0.01
39 -0.01 0.01 -0.01 1.02_% 0.00 0.01
47  0.07 -0.07 0.07 1.02_% 0.00 0.02_x%
48 0.09 -0.09 0.10 1.02_% 0.00 0.02_=*
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11.4.1 DFBETAS

LSE’s of 3 (rank(X) = rank(X(_p) = k) in M.and M(_,

M: B = (Bo. Bus) = (X'x)7'XTY,

LA o - T -1 T
Myt By = Bno - Bni—) = Ko X)) Xeo Yoo

Influence of the tth observation on the LSE of 3 (Lemma 11.3)

SO U, _
B — By = m—:t(XTx) Ty,
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11.4.1 DFBETAS

DFBETAS (t=1,...,n,j=0,.... k1)

DFBETAS;; = U0/ - Vi x;

Vo - Vok—1

.
Vi 4 Vk—1,0 -+ Vk—1k—1

R function influence.measures rule-of-thumb

tth observation is influential with respect to the LSE of the jth regression coef-
ficient if
|DFBETAS; ;| > 1.

4
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

DFBETAS

DFBETAS
dfbetas(ml)

(Intercept) lweight
1 0.058079251 -0.057288572
2 0.067760218 -0.066859700
3 -0.017131716 0.016817978
4 -0.029182966 0.028603518
5 -0.017131716 0.016817978
6 -0.037145548 0.036495821
7 -0.045873896 0.045023905
8  0.007702297 -0.007562061
9 -0.021494294 0.021106330
10 0.009424138 -0.009254036

Maximal absolute values of DFBETAS for each regressor

apply (abs (dfbetas(ml)), 2, max)

(Intercept) lweight
0.7344821  0.7415123
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11.4.2 DFFITS

LSE’s of iy = x/ B =E(Y;| X; = x;) inMand M_,

M: Y, = x/ B, B=(X"x)"'xTy,

VAR g 3 _ T -1 T
Mo: Ya=X/ By By =Ky Xn) Xy Y.

Expression of BH) from Lemma 11.3

S ~ U —1 S U —1
Vio = x/{B - m—:t(XTX) xi} = Vi - —Lx{ (XX)

— Y, - Ut

Influence of the tth observation on the LSE of y;

Y hi ¢
Vi Vig = Ut
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11.4.2 DFFITS
DFFITS (t=1,...,n)

Yi — Vi

DFFITS; = ————t
: MSe. 1) Pee

hy U hy

he U Jhe U [
Met /MSq (_p) by Mt /MSe (_py Myt Mt

T

R function influence.measures rule-of-thumb

tth observation excessively influences the LSE of its expectation if

k
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

DFFITS
DFFITS

dffits(ml)

1 2 3 4 5
0.0645330957 0.0749431929 -0.0204914092 -0.0358359160 -0.0204914092

3,/-5 = 0.2095

sum(abs (dffits(m1)) > 3 * sqrt(k / (n-k)))
[1] 10

vname consumption weight Ilweight dffits
69 Honda.Civic.Hybrid.4dr 4.85 1239 7.122060 -0.2598440

manual. (gas/electric)

94 Toyota.Prius.4dr. (gas/electric) 4.30 1311 7.178545 -0.2984834
97 Volkswagen.Jetta.GLS.TDI.4dr 5.65 1362 7.216709 -0.2114462
270 Mazda.MX-5.Miata.convertible.2dr 9.30 1083 6.987490 0.2216790
271 Mazda.MX-5.Miata.LS.convertible.2dr 9.30 1083 6.987490 0.2216790
294 Toyota.MR2.Spyder.convertible.2dr 8.20 996 6.903747 0.2254823
305 Hummer . H2 21.55 2903 7.973500 0.7815812
321 Land.Rover.Range.Rover .HSE 17.15 2440 7.799753 0.2597672
326 Mercedes-Benz.G500 17.45 2460 7.807917 0.2892681
348 Land.Rover.Discovery.SE 17.15 2076 7.638198 0.3049335
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Large DFFITS values

305
’ —— Fit without obs. 305 with the highest DFFITS value *
o _|
N
I
g
g
o
=
S
=
£
>
2
8 S+ 270
294 N
* E(Y|X=x) = -59.33 + 9.5048x
Y=107
w A = 94
¢
<&
T T T T T T I
6.8 7.0 7.2 7.4 7.6 7.8 8.0
Log(weight) [log(kg)]
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11.4.3 Cook distance

LSE's of p = X8 =E(Y|X) in Mand M_y

M: Y = X3, B=(X"X)""xTy,

Y 3 3 T - T
Min: Yot =XBry, By = Ko Xn) X Yoo

Remind difference

X By Yin x{ B
Yty =XBpy = : ; Yg=1| ¢ | = : ;
X, By Yinl X, B(_n)

Yy =X_nB_y Iisasubvectorof length n — 1

of a vector V(,t.) of length n.
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11.4.3 Cook distance

Influence of the tth observation on the LSE of u

S S . h
|V — Y_1|fF = somecalculations = —3t U2,
my
Cook distance (t=1,...,n)

1 S < 2

Dy = kMSeHY - Y(—f')H

— 1ML — 1M(Ustd)2
k mit MSe my k my; !

[ ] 0<h[’t:1—mt’t<1,
h: :/m; + increases with h; ; and is high for leverage points.
e (Us)2 s high for outliers.
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11.4.3 Cook distance

Remember

B = (X'x)7'xTy,

3 T -1 T
By = KXo Xn) Xen Yo

Cook distance expressed differently (t =1,...,n)

By — B) X" X(By — B)

D, — directl _
¢ directly from definition KNS,

v

1 — a confidence region for 3 derived from model M while assuming normality

Cla) = {,6 (,@ — ,B)TXTX(ﬂ — ,@) < kMSg Fi n—k(1 —a)}.

v

46 11. Unusual Observations 4. Influential diagnostics



11.4.3 Cook distance

Link between the Cook distance and the confidence region for 8 derived from
model M

BipeCla) ifandonlyif Dy < Feni(1—a).

R function influence.measures rule-of-thumb

tth observation excessively influences the LSE of the full response expectation
wif
Dt > fk,n—k(0-5o)-
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Cook distance

Cook distance

cooks.distance (m1)

1 2 3 4 5
0.0020855185 0.0028118990 0.0002104334 0.0006433764 0.0002104334

Fin—k(0.50) = 0.6943

Maximal Cook distance

max (cooks.distance(ml))

[1] 0.288855
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

Qdiagnostic plot (plot (ml, which = 4))

Cook's distance
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Im(consumption ~ lweight)
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

R?diagnostic plot (plot (ml, which = 5))

Residuals vs Leverage
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

R diagnostic plot (plot (m1, which = 6))

Cook's distance

o
@
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N
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0.05 0.10 0.15 0.20

0.00

Cook's dist vs Leverage h;/(1-h;)

5

4

3050

0 0.005 0.01

0.015

Leverage h;
Im(consumption ~ Iweight)

The x-axis shows values of h; ;/(1 — h; ;) and not h; ;.
Contours are related to the values of Uf’d/\/F.
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11.4.4 COVRATIO

LSE’s of 3 (rank(X) = rank(X(_p) = k) in M.and M(_,

M: B = (XTX)7'XTy,

. > T —1 T
Mot By = Ko X)) Xy Yoo

Estimated covariance matrices of B and B(_,)

var(3|x) = MSe(X'x) ',

Var(By |X) = MSe( g (X[ yXy) -
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11.4.4 COVRATIO

Influence of the tth observation (t = 1,..., n) on the precision of the LSE of the
vector of regression coefficients

det{var(B_, | %)}

COVRATIO; = —
det{var(,@ | X)}

1 {n — k- (Us)° }k_

= some calculations = —
n—k-1

R function influence.measures rule-of-thumb

tth observation excessively influences the precision of the LSE of the regres-
sion coefficients if P

|1~ COVRATIO| > 38—

y
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

COVRATIO
COVRATIO
covratio(ml)
1 2 3 4 5 6
1.014754 1.014674 1.012147 1.010719 1.012147 1.011724
kK _

3k =0.0146
sum(abs(l - covratio(ml)) > 3 * (k / (n-k)))
[1] 31

vname consumption weight lweight covratio
1 Chevrolet.Aveo.4dr 7.65 1075 6.980076 1.0147544
2 Chevrolet.Aveo.LS.4dr.hatch 7.65 1065 6.970730 1.0146741
17 Hyundai.Accent.GT.2dr.hatch 7.60 1061 6.966967 1.0149481
39 Scion.xA.4dr.hatch 6.80 1061 6.966967 1.0171433
47 Toyota.Echo.2dr.manual 6.10 923 6.827629 1.0240384
48 Toyota.Echo.2dr.auto 6.55 946 6.852243 1.0211810
49 Toyota.Echo.4dr 6.10 932 6.837333 1.0237925
69 Honda.Civic.Hybrid 4.85 1239 7.122060 0.9584411

.4dr.manual. (gas/electric)

70 Honda.Insight.2dr.(gas/electric) 3.75 839 6.732211 1.0287100
305 Hummer . H2 21.55 2903 7.973500 0.9166531
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Cars2004 (SUbset, n= 412), consumption ~ log(weight)

COVRATIO value far from 1
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11.4.5 Final remarks

e All presented influence measures should be used sensibly.

e Depending on what is the purpose of the modelling, different types
of influence are differently harmful.

e There is certainly no need to panic if some observations are
marked as “influential”!
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Section 13.1
One-way classification

13. Analysis of Variance 1. One-way classification



13.1 One-way classification

One-way classified group means

m(g) =E(Y|Z =g) = mg, g=1,....G

Data sorted according to the value of Z

Z - ... = Z __—
Zn1+1 = = Zn1+n2 = 2
Zoroing i1 = = Zy - G

Double subscript

Z=1: Y=g, 0, Yin) =Y, Ya) '

Z=G: Yo=(Yar. ... Yans) = (Yorring is1n s Ya) -
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13.1 One-way classification

Linear model

Y mi 1y,
y=| :1, E(Y|z)= : = p, var(Y|Z)=o?l,

Ye mg1n,
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13.1.1 Parameters of interest

Differences between the group means

Differences between the group means

Og,n := Mg — Mp, g, h=1,...,G, g+#h,

Principal null hypothesis to be tested

Ho: mi == mg,

H0:9g7h=O, g,h=1,...,G,g#h.
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13.1.1 Parameters of interest
Factor effects

Definition 13.1 Factor effects in a one-way classification.

By factor effects in case of a one-way classification we understand the quanti-
ties n1, ..., ng defined as

ng = Mg — M, g=1,...,G,

G
— 1 .

where m = >~ my is the mean of the group means.

h=1
Principal null hypothesis to be tested

Ho: my =--- = meg,
Ho:ng=0, g=1,...,G,
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13.1.2 One-way ANOVA model

Regression space

m11n1
S my, ..., Mg €R

mG1nG

CR".
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13.1.2 One-way ANOVA model

Full-rank parameterization

mg = fotcygB’, g=1,....G

with k = G, B= (o, B% ),
~—
(B, ..., 5(;—1)T
of
where C= | : | isachosen G x (G — 1) (pseudo)contrast matrix.
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13.1.3 Least squares estimation

Lemma 13.1 Least squares estimation in one-way ANOVA linear
model.

The fitted values and the LSE of the group means in a one-way ANOVA linear model
are equal to the group sample means:

g
~ S 1 — )
mngg,/:n—gE Yg,/Z:Yg.7 g=1,...,G,]=1,...,ng4
1=1

That is,
m Yie Yieln,
ﬁ’IG VG. 7601nG
If additionally normality is assumed, ie., Y|Z ~ Na(w,o®l,), where p =
(m,,, ..., mG1,TG)T, then m|Z ~ Ng(m, 0*V), where
1
L0
V= :
Q 1
nG
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13.1.3 Least squares estimation

LSE of regression coefficients and their linear combinations

Full-rank parameterization my = o + ¢, 8%, B° = (B1, ..., ﬁG_1)T
m = folg +CB°
LSE of the differences between the group means
@\g,h:\_/g.—\_/h., g,h:1,...,G
LSE of the factor effects
_ 1 G
ﬁg:Ygo_aZYhn g:177G
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13.1.4 Within and between groups sums of squares. ..

Sums of squares

Overall sample mean

—_
0]

:l—-
Mm

Ng
Z Ygj= n Z NgY ge.
g=1

g=1j=1

Within groups sum of squares (= residual sum of squares)

112 G & < 2 G X ~ 2
SSe = ||Y_ YH = ZZ(YQJ_ Yg,f) = ZZ(YQJ - Yg-) )

g=1 j=1 g=1j=1

ve=n— G,

Between groups sum of squares (= regression sum of squares)

G Ng
SSg = HY—71nH2 = ZZ(YQJ _7)2 = Z Ng (Yge —7)2’

g=1 j=1 g=1

I/R:G—1.
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13.1.4 ... ANOVA F-test

One-way ANOVA F-test

Submodel Y |Z ~ Ny(1n80, 0%lp) = my=---=mg
Ss? =
F =
One-way ANOVA table
Degrees Effect Effect
Effect of sumof  mean
(Term) freedom squares square F-stat. P-value
Factor G-1 SSgr MSg F p
Residual n-G SSe MS,
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Two-way classification
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13.2 Two-way classification

Two-way classified group means

m(g, h)=E(Y|Z =g, W=h) = mgp,

g:17 ?G7h:17 '7H
Sample sizes
G H
n=>%.> N

g=1 h=1
Assumption:
ngn > 0 (almost surely) forallg=1,...,G,h=1,....H
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13.2 Two-way classification

Covariate matrix and overall response vector
Zi 1,4 Wi 11 1 1 Yi,1,1
Zi1.ny 4 Wit,n 4 1 1 Yi1,n
26,11 Wa,1,1 G 1 Y611
zZ W . Y
ZG,1 nG 1 WG.1,nG 1 G 1 YG,1 ng 1
= Y = =
: PANTR Wi k1 1 H YiH,1
Zn Wn X Yn B
Z H,ny W1,H oy 1 H Y1,H,n1,H
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13.2 Two-way classification

Response random variables with (Z, W)T = (g, h)T

Yg,h = (ngh;], ceey \/gyh’ng,h)T

Overall response vector

T T T T \T
Y:( 1,17""YG,17 ey Y1,H7""YG,H)
Vector of two-way classified group means
-
m:(mm,..., mga, ... ... ,m1,H,...,mG7H)
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13.2 Two-way classification

Sample sizes by values of Z and W

H G
Nge=> Ngn, g=1,..., G, Nep=3 Ngp, h=1,.... H
h=—1 g—1

Means of the group means

g=1 h=1
1 H
mg-—nzmgh, g:17 7Ga
h=1
1 G
moh—a‘;mghv h:17 7H

v
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13.2 Two-way classification

Response variables

w
Z 1 H
T T
1 Yii=Y11, ., Y1,1,n111) Yirn=YiHt, -0, Y1,H,n1,H)
T T
G Yoir=(Yei1, - Yorng,) Yor= (Yeri, -, Yatng,)
.
Group means Sample sizes
w w
V4 1 H ° Z 1 H °
1 my 4 my Mye 1 Ny Ny H Ne
G  mg; MeH  Mge G  ngq ngH  NGe
° mﬂ m.H m ° Ne1 NeH n

v
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13.2 Two-way classification

Linear model
Yi1 mig1n,,
Yé1 ma.1 1ng,
Y=\ : |, EY|Z W)= : =p, var(Y|Z, W) =o°l,
Y1’H m1,H1n1,H
YG,H mG,H 1”G,H
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13.2.1 Parameters of interest

The mean of the group means

1 H
M= G H 2 2 e

g=1 h=1

e Designed experiment: m = the mean outcome if the experiment is per-
formed with all combinations of the input factors Z and W, each combina-

tion equally replicated

e® Y = industrial production: m = the mean production as if all combinations
of inputs are equally often used in the production process
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13.2.1 Parameters of interest

The means of the means by the first or the second factor
Mie, ..., MG, and Met, ..., Moy }

e Designed experiment. my, = the mean outcome if we fix the factor Z
on its level g and perform the experiment while setting the factor W to all
possible levels (each equally replicated)

e Y = industrial production: my, = the mean production as if the Z input
is set to g but all possible values of the second input W are equally often
used in the production process
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13.2.1 Parameters of interest

Differences between the means of the means by the first or the second factor

Ogy,go0 := Mgje — Mg,a, g1, 92=1,...,G, g1 # Q.

Oahy,hp 1= Mep, — Map,, hi, ho=1,...,H, hy # hy

e Designed experiment: 0y, ... (g1 # g2) = the mean difference between
the outcome values if we fix the factor Z to its levels gy and g», repectively
and perform the experiment while setting the factor W to all possible levels
(each equally replicated)

® Y = industrial production: fg, ¢,. (91 # go) = difference between the mean
productions with Z set to g1 and g, respectively while using all possible
values of the second input W equally often in the production process
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13.2.1 Parameters of interest

Definition 13.2 Factor main effects in two-way classification.

Consider a two-way classification based on factors Z and W. By main effects
of the factor Z, we understand quantities 7, ..., nZ defined as

775 = Mge — M, g=1,...,G.

By main effects of the factor W, we understand quantities 7}V, ..., n}/ defined
as

22 13. Analysis of Variance 2. Two-way classification



13.2.2 Two-way ANOVA models

Interaction model

Interaction model Mz : ~Z+W +2Z:W

Mgn = fo + €gB8° +dy 8" + (dy ® cg)B?",
= oo + ozg + ah + gvf\,/’

g=1,...,H h=1,... H.

Rank=G- H if ng.n > 0 forall (g, h).

Regression coefficients

ﬁ07 IBZ = (5127 LRRE} ﬁé—1)T7 /BW = (/61W7 cey 6”71)T7

B = (87, . BE Y s BT, BEY )|
ap = fo,

agzc;,ﬁz, = .., G,

ay =dy Y, =1,...,H,

agh = (di e )™, g= G h=1_. H
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Howells (n = 289)

oca (occipital angle) ~ gender (G = 2) and population (H = 3)

o 2
N 3 Population
-
0 —2— BERG
S 1 —+— AUSTR
- —3— BURIAT
o
g -
6 —
O
5 w6
g 4
()
= o
n -
—
-
0 1
<
—
i
o
3 1
= 3
F M
Gender
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Howells (n = 289)

oca (occipital angle) ~ gender (G = 2) and population (H = 3)

o 2
N 1\ 1 Gender
-
0 4 F
3 —2- M
-
<
3 —
6 -
O
5 v
g 4
L7
= o
n -
—
-
[T} 1
<
—
i
<
3 2
A 2
AUSTR BERG BURIAT
Population
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13.2.2 Two-way ANOVA models

Additive model
Additive model Mz p: ~Z+ W

Mgph = ap + ag + a%v,
= fo+cyB°+d,B", g=1,....H h=1,....H

Rank=G + H — 1 if nge > 0 for all g and n, > 0 for all h.

Additive model implies

® For each gy # g2, Mg, n — My, » does not depend on h,

— i _ .z z _
Mg, h — Mg, h = Mge — Mgye = 1, —1)g, = 0Og,,goe = 0ig, —

® Foreach hy # ha, my n, — my p, does not depend on g,

— — woow w w
Mg.hy — Mg.h, = Mep, — Mep, = Np, —Np, = Oenyn, = Qp, — O,

= (dn — dhz)TIBW
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Howells (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)

o 1
9 Population
—+— AUSTR
—3— BURIAT
[T} —2— BERG
2
—
)
3
5 o 1 3
f=4 @ - 2
& o
Q
=
n
2
-
3
(=} 2
IS
—

Gender
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Howells (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)

o 2
3 Gender
—2- M
—+ F
n
2
—
)
8 2
5 ° 1 /
f=4 @ - 2
© —
[}
=
n
2
-
/l
o 1
IS
-
AUSTR BERG BURIAT
Population
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13.2.2 Two-way ANOVA models

Model of effect of Z only
Model of effect of Z only Mz: ~Z

Mg.n

ap + 045,
= Bo + ¢4 8%, g=1,....,H, h=1

Rank =G  ifng > Oforall g.

ooy H

Model of effect of Z only implies

@ Foreachg=1,....G myq=--=mgy= Mg,
® Myt =+ = Mgy
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13.2.2 Two-way ANOVA models

Model of effect of W only
Model of effect of W only My : ~ W

w
Mg p ag + ap,

= Bo +dy 8", g=1,....,H h=1

Rank = H if Ny, > 0 for all h.

oo H

Model of effect of W only implies

e Foreachh=1,.... H myp=---=mgp=Men
® M, :m:ﬁe.
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13.2.2 Two-way ANOVA models

Intercept only model

Intercept only model Mg: ~ 1

mg,h = Qp,

= fo, g=1,...,H h=1,...,H

Rank = 1 if n> 0.
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13.2.2 Two-way ANOVA models

Summary

Two-way ANOVA models

Requirement

Model Rank for Rank
Mzw: ~Z+W+2Z:W G-H ngn>0forallg=1,...,G,h=1,...
Mziw: ~Z+W G+H—-1 nge>0forallg=1,...,G,
Nen >0forallh=1,... . H
Mz: ~Z G nge >0forallg=1,...,G
My: ~W H Nen >0forallh=1,... . H
Mo: ~ 1 1 n>0
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13.2.3 Least squares estimation

Notation: Sample means in two-way classification

— g,
Yhe i= — o Z 9.hs g=1,....,G,h=1,... H,
o H nNg,n
Yo = ZZYQ,,,,:” an,hyghu g=1,....G,
Nge = 1 j=1 g® p
- 1 G Ng,n
Yen = ZZY%”J: an7hygh07 hZ‘I,...,H7
Nen g=1 j— nohg1
o 1 G H Ngn 1 H o
Y:EZZZ th:—an.Yg.:EZn.hY.h.
g=1h=1j h=1
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13.2.3 Least squares estimation

Lemma 13.2 Least squares estimation in two-way ANOVA linear mod-
els.

The fitted values and the LSE of the group means in two-way ANOVA lin-
ear models are given as follows (always forg = 1,...,G, h = 1,... /H,
j: 1,...,ng,h).

(i) Interaction modelMzy: ~Z+W +2Z:W

Mg.h = Yg.hj= Yghe-

(i) Additive modelMz,.y: ~Z+ W

Mgn=Ygnj=Yge+ Yer—Y,

but only in case of balanced data (ngn=J forallg=1,...,G,
h=1,...,H).
TO BE CONTINUED. )
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13.2.3 Least squares estimation

Lemma 13.2 Least squares estimation in two-way ANOVA linear mod-
els, cont'd.

(i) Model of effect of Z onlyMz: ~ Z

Mgh= Ygnj="Yge.

(iv) Model of effect of W only My,: ~ W

Mg.h= Yghnj= Yen

(v) Intercept only model My: ~ 1

Mgh= Yghnj=1Y.
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13.2.3 Least squares estimation

Consequence of Lemma 13.2: LSE of the means of the means in the
interaction and the additive model with balanced data.

With balanced data (ng, = J forallg =1,...,G, h=1,...,H), the LSE of
the means of the means by the first factor (parameters my,, ..., Mg,) Or by the
second factor (parameters ms1, ..., Mey) Satisfy in both the interaction and the
additive two-way ANOVA linear models the following:

ﬁg.:vg., g=1,...,G,
Men=Yen, h=1,...,H.
» . ~Z -~ ~ T ~W
If additionally normality is assumed thenm = (My,, ..., Mg,) andm =

(Mat, ..., May) ' satisty

w |Z, W ~ Ng(m?, 2 V%), m | Z, W~ Ny(m”, 62 VY),
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13.2.3 Least squares estimation

Consequence of Lemma 13.2: LSE of the means of the means in the
interaction and the additive model with balanced data, cont'd.

where
m 5 0
1e JH
L N F S aE
mGo 0 JLH
m s 0
ol JG
m’ W= :
moH 0 J1_G
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13.2.4 Sums of squares and ANOVA tables with balanced data

Sums of squares

With balanced data

G H
SSZ+W+ZWI[Z+W) =33 (Vgne — Yoo — Yan+ )2,
g=1 h=1

SS(Z+W|wW) = fjhfjJ(yg.+v.h—v_y.h)2 = f;hf;J(vg.—v)z,
SS(Z+W|2) = ggJ(Yg.+Y.h—Y—Yg.)2 = gihiJ(y.h_v)z,
ss(z|1) = g%ayg.—y){ o
sSWi1) = gihZiJ(Y.hY)z
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13.2.4 Sums of squares and ANOVA tables with balanced data

Sums of squares

Notation: Sums of squares in two-way classification

For balanced data

G H
$Sz:= 33 J(Vee — V),
g=1 h=1
G H
SSy = ZZJ(V.h - 7)27
g=1 h=1
G H - - -
SSZW = ZZJ(Yg,h. - Ygo - Yoh + Y)27
g=1 h=1
G H J -
$Sri=> 35" (Yan; — V),
g=1 h=1 j=1
G H J
882 =33 (Yons — Vo).
g=1 h=1 j=1
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13.2.4 Sums of squares and ANOVA tables with balanced data

Lemma 13.3 Breakdown of the total sum of squares in a balanced
two-way classification.

In case of a balanced two-way classification, the following identity holds

SSr =SSz +SSw + SSzw + SSZV.
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13.2.4 Sums of squares and ANOVA tables with balanced data

ANOVA tables
Type | as well as type Il ANOVA table for two-way classification with balanced
data
Degrees Effect Effect

Effect of sumof  mean

(Term) freedom squares square F-stat. P-value

Z G-1 SS~ * * *

W H-1 SSy * * *

Z:W GH-G-H+1 SSzy * * *

Residual n— GH ss2¥ &«
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Section 13.3
Higher-way classification
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Simultaneous Inference in a Linear
Model



Section 14.1

Basic simultaneous inference

14. Simultaneous Inference in a Linear Model 1. Basic simultaneous inference



14.1 Basic simultaneous inference

Matrix Lywx: m < k;
its rows —vectors 14, ..., 1, € R linear. independent

Confidence region for 6 with a coverage of 1 — o, 8 = L3 = LSE of 6

{oerm: (o_a)T{MseL(xTx)—‘M}’1 (6-8) < mFnnk(1-a)}

Testof Hy: 6 = 6°

1 ~ T 1 -1~
Q=—(0-6) {MS.L(x"x)"'LT} (8¢

C(a) = [‘Fm7n7k(1 - Ol)7 OO)
P-value if Qy = go: p=1— CDF £ m, n—k(q0)

.
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Section 14.2
Multiple comparison procedures
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14.2.1 Multiple testing

Definition 14.1 Multiple testing problem, elementary null hypotheses,
global null hypothesis.

A testing problem with the null hypothesis
Ho: 64=6% & ... & 0,=06%,

is called the multiple testing problem with the m elementary hypotheses
Hi: 0;=6%9 ..., Hp: 0 =6%.

Hypothesis Hy is called in this context also as a global null hypothesis.

Notation

m
HoEH1&...&Hm OI’HoEH1,...,Hm orHO:ﬂH,-
j=1
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14.2.1 Multiple testing

Example. Multiple testing problem for one-way classified group means

One-way classified group means,
.
Y|X ~ No(X8, 0%1). 8= (B, B )"

e One categorical covariate Z € Z = {1, ..., G}.

® X = n x G model matrix derived from a (pseudo)contrast parameterization
C (G x (G — 1) matrix) of Z.

o my:=E(Y|Z=9g)= B +¢;3°, g=1,...,G

¢ Hy:my=---=mg
Hizg:m —mx =0, ..., Hg_16:Mg1—mg=0
Hi2:012=0, ..., Hg_-1,6:06-16=0
Tz
Ogn = mg—my = (€g—cn) B%,

g=1,....,.G-1, h=g+1,...,G

514, Simultaneous Inference in a Linear Model 2. Multiple comparison procedures



14.2.2 Simultaneous confidence intervals

Suppose that a distribution of the random vector D depends on a (vector)
parameter 8 = (61, ..., Gm)T €EOI X - xOp=0CR™

Definition 14.2 Simultaneous confidence intervals.

(Random) intervals (67, 6/), j = 1,...,m, where 67 = 6r(D) and ¢/ = 6/(D),
j=1,...,m, are called simultaneous confidence intervals for parameter 6 with
a coverage of 1 — «a if for any 8° = (69, ..., 99n)T €0,

P((65,67) x - x (65, 05) 2 6% 6=6°) > 1—a.

6 14. Simultaneous Inference in a Linear Model 2. Multiple comparison procedures




14.2.2 Simultaneous confidence intervals

Example. Bonferroni simultaneous confidence intervals

e Foreachj=1,....m, (6} 6Y):
a classical confidence interval for 6; with a coverage of 1 — =

Vi=t...mvefee;: P((0F0F)36%6=07) = 1-

ovj=1,...mvelee;: P((oh0F)F0% 0=07) <

32

e Forany 8° c ©

P(3j=1,..m: (6}, 0F) 368 6 =)

m m
Z ((0F.0f) 70 0=06°) < 3= =

J=1

7 14. Simultaneous Inference in a Linear Model 2. Multiple comparison procedures



14.2.3 Multiple comparison procedure, P-values adjusted for
multiple comparison

Let for each 0 < a < 1 a procedure be given to construct the simultaneous confidence intervals
(9/4(04), Glu(a)),j =1,...,m, for parameter 6 with a coverage of 1 — . Letforeachj =1,..., m,
the procedure creates intervals satisfying a monotonicity condition

T—ar<l—a = (0f (1), 67 (a1)) C (6f(a2), 6] (az2)).

Definition 14.3 Multiple comparison procedure.

Multiple comparison procedure (MCP) for a multiple testing problem with the
elementary null hypotheses H;: 6; = 0}), j=1,...,m, based on given proce-
dure for construction of simultaneous confidence intervals for parameter 6 is
the testing procedure that for given 0 < o < 1

(i) rejects the global null hypothesis Hy: 6 = 6° if and only if
(67(e), 67()) x -+ x (B(a), Op()) # 6°;

(ii) forj=1,...,m, rejects the jth elementary hypothesis H; : 0; = 919 if and
only if (0f(a), 0/ (@) # 60

v
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14.2.3 Multiple comparison procedure, P-values adjusted for
multiple comparison

Definition 14.4 P-values adjusted for multiple comparison.

P-values adjusted for multiple comparison for a multiple testing problem with

the elementary null hypotheses H;: §; = Hl‘?,j = 1,...,m, based on given
procedure for construction of simultaneous confidence intervals for parameter
6 are values p?”, ..., pa¥ defined as

pfdf':inf{a: (605(a), 67()) ;59/‘?}, j=1,....m.

For given o, 0 < v < 1

e MCP rejects H;: 6, =09 (j=1,..., m) if and only if p’¥ < a.

e MCP rejects Hy: 6 = 6°
= at least one elementary hypothesis rejected

= min{pfdj, e ﬁ,dj < «
— P-value of the test of Hy: p?@ := min{p3¥, ..., pa”}

4
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14.2.3 Multiple comparison procedure, P-values adjusted for
multiple comparison

Example. Bonferroni MCP, Bonferroni adjusted P-values

For given o, 0 < v < 1

® Foreachj=1,....m, (6f(a), 87(a)):
a classical confidence interval for 6; with a coverage of 1 — =

Vi=1,...,m vedco;: P(((;,L(a), 0(a)) > 6°; 9,-:9}’) > 1—%.

= Bonferroni simultaneous confidence intervals for 0
with a coverage of 1 — «

e Forj=1,....m, p;’”": a P-value related to the (single) test of the (jth el-
ementary) hypothesis H; : ¢, = 0/9 being dual to the confidence interval

(07 (@), 67 (a))

p;Jni _ inf{[o;7 : (ajL(a)v ng(a)) % 010}

10 14. Simultaneous Inference ina Linear Model ____2_Multiple comparison procedures




14.2.4 Bonferroni simultaneous inference in a normal linear model

Y|X ~No(XB, 0%,),  rank(Xnxk) =k <n

Linear comb. of regr. param.: 6 =18 = (I B, ..., 178) = (61, ..., Om) '
LSE: 0=18=UB,....158) =01, ...,0m) "
Residual mean square: MS.
Bonferroni simultaneous confidence intervals (coverage 1 — «)
~ —1 (0%
o) = B — YMSol] (X7l to i (1- 50 ),
~ -1 « .
0/(c) = LB+ Mol (X)L k(1) j=1,m |
Bonferroni adjusted P-values, H;: 6, =62, j=1,....m

,D/‘B:min{szDFt,nfk(*“;',OD, 1}7 j:17"'7m7
150
MS. 1] (XTX) ')

fio=
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Section 14.3
Tukey’s T-procedure

12
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14.3.1 Tukey’s pairwise comparisons theorem

Lemma 14.1 Studentized range.

LetTy,..., Tm be a random sample from N (i, 02), o® > 0. Let
R:'Tax T — min T;

be the range of the sample. Let S? be the estimator of o® such that S and
T=(Ty,..., Tm)T are independent and

2
@ ~x2 forsome v >0.
ag
Let R

The distribution of the random variable Q then depends on neither u, nor o.
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14.3.1 Tukey’s pairwise comparisons theorem

Definition 14.5 Studentized range.

The random variable Q = g from Lemma 14.1 will be called studentized

range of a sample of size m with v degrees of freedom and its distribution will
be denoted as g,

Notation.
® For 0 < p < 1, the p100% quantile of the random variable Q with
distribution g, will be denoted as qpm,..(p).

e The distribution function of the random variable Q with distribution ¢, ,, will
be denoted CDFg .. ().

14 14. Simultaneous Inference in a Linear Model 3. Tukey’s T-procedure



14.3.1 Tukey’s pairwise comparisons theorem

Studentized range: distribution functions

For m=3,10,20 and v = m — 1, “R: ptukey(q, m, nu)

P(Q =q)

<
“

0.8

0.6

0.4

0.2

0.0

3
w

33
oo
[
)

n
o
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14.3.1 Tukey’s pairwise comparisons theorem

Studentized range: selected quantiles

Form=3,10,20 and v = m — 1, “R: qtukey(p, m, nu)

p <- ¢(0.025, 0.05, 0.1, 0.25, 0.5, 0.75, 0.9, 0.95, 0.975)
quants <- data.frame(p = p,
93 = round(qtukey(p, 3, 2), 4),
ql0 = round(qtukey(p, 10, 9), 4),
q20 = round(qtukey(p, 20, 19), 4))
colnames(quants) <- c("p", paste("m = ", c(3, 10, 20), sep = ""))
print (quants)
P m=3 m=10 m=20
1 0.025 0.3050 1.5291 2.2698
2 0.050 0.4370 1.7270 2.4650
3 0.100 0.6351 1.9800 2.7087
4 0.250 1.1007 2.4726 3.1664
5 0.500 1.9082 3.1494 3.7626
6 0.750 3.3080 4.0107 4.4724
7 0.900 5.7326 5.0067 5.2315
8 0.950 8.3308 5.7384 5.7518
9 0.975 11.9365 6.4790 6.2498
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14.3.1 Tukey’s pairwise comparisons theorem

Theorem 14.2 Tukey’s pairwise comparisons theorem, balanced ver-
sion.

Let Ty,..., Tr be independent random variables and let T; ~ N(uj, v3o?),
j=1,....m, where v® > 0 is a known constant. Let S?> be the estimator of o2
such that S? and T = (T,..., Tny) | are independent and

- ~x% forsome v>0.

Then

Pforallj#1: |Tj= T = (= )| < dmu(1-a)VV2 &) = 1-a.

17 14. Simultaneous Inference in a Linear Model 3. Tukey’s T-procedure




14.3.1 Tukey’s pairwise comparisons theorem

Theorem 14.3 Tukey’s pairwise comparisons theorem, general ver-
sion.

Let Ty, ..., Tm be independent random variables and let T; ~ N (p;, v?o?),j=1,...,m,
where v/ > 0, j = 1,...,m are known constants. Let S* be the estimator of o* such
that S> and T = (Ti,..., Tm) ' are independent and
2
g ~x2 forsome v >0.
a

Then

_ vZ + vP
Plforallj#1 |Tj—Ti — (u—p)| < Amo(1 —a) |/ F5— &

> 1-a.

Proof. See Hayter, A. J. (1984). A proof of the conjecture that the Tukey-Kramer

multiple comparisons procedure is conservative. The Annals of Statistics, 12(1),
61-75.

18
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14.3.2 Tukey’s honest significance differences (HSD)

Assumptions

T=(Ti, ..., Tn) ~ Nu(ps, 62V)
o = (..
e V =diag(v2, ..., v3): known diagonal matrix.
S?: estimator of o2,

e S? and T independent;

e v S?%/0% ~ \2 for some v > 0.

.
, km) € R™, 2 > 0: unknown parameters;

Multiple comparison problem

O = pj —

0= (012 0613, ..., t‘)mfnm)—r
(3) elementary hypotheses
Hii: 60 =00, j=1,

for some 6° = (69 ,, 69 5,

m* =

T *
0 m) ER™.

j=1,....m=1,1=j+1,...

eom=1,1=j+1,...

19
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14.3.2 Tukey’s honest significance differences (HSD)

Theorem 14.4 Tukey’s honest significance differences.

Random intervals given by

2.2
07@) =T~ T —amu(1 —a) |/ T4 &2,

V242

0/l (@) =Ti—Ti+amu(1 —a)\/ 15— &2, j<I

are simultaneous confidence intervals for parameters 0;; = p; — p, j = 1,....m—1,1 = j+
1,..., m with a coverage of 1 — a.
In the balanced case of v12 = ... = V2, the coverage is exactly equal to 1 — «, i.e., for any
6° c R™

P(forallj 1 (elf}(a), 9[}1(01)) 569, 0=6") =1-a.
Related P-values for a multiple testing problem with elementary hypotheses H;, : 6;, = 92,,

92 | € R, j < I, adjusted for multiple comparison are given by

pli=1- COFqm.(|0)), <l

0
Ti=Ti=6;,
V2 2

+Vv
! S2

0 (09 ) —
where t7, is a value of T; (6} ) = :
J
2

attained with given data.

w
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14.3.3 Tukey’s HSD in a linear model

¥~ N8, ), rark(per) = <

® L.«: a matrix with non-zero rows l1T,

n:]Lﬁ: (l;rﬁv 71r—|7:118)T: (7717 S nm)T'

e Lsuchthat V:=L(X'X) LT = (1)
is diagonal with v? .= v;;, j=1,...,m.

Properties of LSE (conditionally given X)

T= ﬁ = (lrﬁa RS l;/@)—r = LB NNm(na UzV))
(n—k)MS, 2

o2 Xn—k>

n and MS, independent.




14.3.3 Tukey’s HSD in a linear model

One-way classification

\/ = (\/1,17 cocg YG,nG)T! n= Z(C;:1 ng

Yoi ~ N(mgv 02)’

Yy,jindependentforg=1,...,G, j =

1,...,ng,

4

LSE of group means and their properties (with random covariates conditionally

given the covariate values)

1
Y1 m " 0
. . . 2 . .
v 1
YG Mmg 0 e
ve MS . .
<=~ x5, Wwithve=n-G, MS, and T independent
o
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14.3.3 Tukey’s HSD in a linear model

Two-way classification, BALANCED data
Y= (Yii1, ., Yarns,) »Ngn=Jforalg hn=GHJ

Yoni ~ N(mgn, o),

Yg.njindependentforg=1,....G, h=1,... H, j=1,...J,

V.

LSE of the means of the group means and their properties (with random co-
variates conditionally)

Both interaction and additive model:

Yie M1, 5 ... 0

T = ~ Ng ,0’2 . ,
YGe MGe 0 ... 74
viMS}

gl X2;.  MS;and T independent
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Section 14.4
Hothorn-Bretz-Westfall procedure
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14.4.1 Max-abs-t distribution
Definition 14.6 Max-abs-t-distribution.

LetT=(Ty,..., Tm)T ~ mvty, (), where X is a positive semidefinite matrix.
The distribution of a random variable

H= max |Tj|
] m

>>>>>

will be called the max-abs-t-distribution of dimension m with v degrees of
freedom and a scale matrix X and will be denoted as h, ,(X).

Notation.
e For 0 < p < 1, the p100% quantile of the distribution h,, ,.(X) will be
denoted as hy, . (p; X). Thatis, hy,, (p; X) is the number satisfying

.....

e The distribution function of the random variable with distribution h, ., (X) will
be denoted CDFy, ;. (- X).
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14.4.2 General multiple comparison procedure for a linear model
Y| X ~ Np(XB, 0l,), rank(Xnxk) =k <n

® L.k amatrix with non-zero rows 1, ..., 1}
T T
0=L=1/8,....1,8) =0 ...,0m) .
e We allow for: m > k;
linearly dependent rows in IL;
matrix V := L(XTX)_1LT neither diagonal nor invertible.

(Standard) notation

B (xXTx)7'xTY
6=1LB=0B,....,158)" = (,...,0m) :LSEof 0O
° V- L(XTX)_1LT = (Vi)

o D = diag( — !
B g \/V1,17“.7\/Vm,m

® MS;: the residual mean square of the model with ve = n — k degrees of freedom

4
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14.4.2 General MCP for a linear model

Properties of LSE
Forj=1,..., m(both conditionally given X and unconditionally as well):
0 —0 0; — 0
Zj=—== ~ N(0,1), Ti=—F—1 ~ tok
j = (0, 1) j NS, v, n—k

Z=(Z,....Zn) = —=D(0-6) ~ Nn(Om DVD),
VO
1 N
T:(ﬂ,...,Tm)T:mD(g_e) ~ MVty nk (DVD).
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14.4.2 General MCP for a linear model

Theorem 14.5 Hothorn-Bretz-Westfall MCP for linear hypotheses in
a normal linear model.

Random intervals given by
0/'"(a) =0 — hm k(1 — a; DVD) /MSe v,
0(a) =0;+ hmnk(1 —a; DVD)/MSevj;, j=1,...,m.
are simultaneous confidence intervals for parameters 6; = 1/ 3, j = 1,..., m, with an

exact coverage of 1 — a, i.e., forany 6° = (69, ..., (99,7)T €R™

P(fora//j: 1,....m (9,HL(a), 9,HU(a)) 500 0= 9°> —1_a

Related P-values for a multiple testing problem with elementary hypotheses H;: 6; = 9}),
0,‘? eR,j=1,...,m, adjusted for multiple comparison are given by

pf' =1 — COFnmar(|f): DVD),  j=1...,m,

=~ 0
G/—Gj

MS

where t is a value of Tj(07) = attained with given data.
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Section 14.5

Confidence band for the regression
function
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14.5 Confidence band for the regression function

(v, zD)" " (v, 2" i=1,....n

Model matrix X based on a known transformation t : R — R¥ of the covariates Z.
Y’Z ~ Nn(Xﬂ7 02 In)7 rank(ank) - k,

Y| Zi ~ N(X/ B, 0?), X;=tZ),i=1,....n,

=Y - X8 " ~ N(0, 0?)

Regression function

E(Y|X=t2)=E(Y|Z=2)=m(z)=t"(2)8, zcRP

Confidence interval for the model based mean

For any z € RP, any 8° € RK, 03 > 0,
P( (2)B + to_ k( )\/MSetT )(XTX) H(z) 5 tT(2)8%
8=2° 02_00) 1—a.
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14.5 Confidence band for the regression function

Theorem 14.6 Confidence band for the regression function.

Let (Y, Z,-T)T, i =1,...,n, be iid. random vectors such that Y |Z ~
Nn(XB, 021,), where X is the n x k model matrix based on a known trans-
formation t : RP — RX of the covariates Zi, ..., Z,. Let rank(Xpxx) = k.
Finally, let for all z € RP t(z) # Ox. Then for any 8° € R¥, o2 > 0,

P (for allz € RP

U (2)B + VK Fin k(1 - a)MSot7(2)(XTX) 't(z) > 7(2)8"

ﬁ=ﬁ°,02:a§) - 1-a
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14.5 Confidence band for the regression function

Half width of the confidence band
Band FOR the regression function (overall coverage)

VEFeni(1 —a) MSe t™ (2)(XTX)1(2).

Band AROUND the regression function (pointwise coverage)

i (1-3) VMSe t7(2)(XTX)"1(2)

= Frnk(1 —a) MSe tT (2)(XTX)'1(2),

For k > 2, and any v > 0,
KFk,(1 —a) > Fi,(1 —a)
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Kojeni (n = 99)

bweight ~ blength

5000
|

— — Conf. band FOR
- - Conf. band AROUND

Birth weight [g]
3000 3500 4000 4500

2500

2000
|

T T T T T
46 48 50 52 54

Birth length [cm]
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15 General Linear Model

Definition 15.1 General linear model.

The data (Y, X) satisfy a general linear model if
E(Y|X)=X8, var(Y|X)=0"W,

where 8 € Rf and 0 < ¢ < oo are unknown parameters and W is a known
positive definite matrix.

Notation: Y | X ~ (X8, c?W~").
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15 General Linear Model

Example: Regression based on sample means

Data (we would like to have): (?1,1,..., )71,W1, X1),

(?n,h' ce \N/n,wna Xn)

Observable data:

(AN 1T &
Yy = — P . = — -
1 W Z Y1 NE ) Yn W, Z Yn,/
j=1 j=1
and the related covariates/regressors X1, ..., X,
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15 General Linear Model

Theorem 15.1 Generalized least squares.

Assume a general linear model Y | X ~ (X3, 0®W~"), where rank(Xn.x) =
k < n. The following then holds:

(i) A vector
Yo = X(XTWX) ' XTWY

is the best linear unbiased estimator (BLUE) of a vector parameter p :=
E(Y|X) =Xg, and

var(Yg | X) = o2 X(XTWX) X7,
If further Y | X ~ N (X8, 02W~") then

Yo X~ Ny(X8, 2 X(XTWX) 'XT).

TO BE CONTINUED.

3 15. General Linear Model 0. General Linear Model



15 General Linear Model

Theorem 15.1 Generalized least squares, contd.

(i) Letl € RX 1+ 0k and let
B = (XTWX) ' XTWY.
Then 676 = ITEG is the best linear unbiased estimator (BLUE) of 6 with

var(fg | X) = 0?1 (XTWX) 'L

If further Y | X ~ N(XB, 02W=") then

O | X ~ N(6, 0?1 (XTWX) 'I),
TO BE CONTINUED.
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15 General Linear Model

Theorem 15.1 Generalized least squares, contd.

(iii)y The vector
B = (X"WX)'X"WY
is the best linear unbiased estimator (BLUE) of 8 with

var(Bg | X) = o (XTWX) .

If additionally Y | X ~ N,,(XB, 0?W~") then

Ba|X ~ Ni(8, o2 (XTWX) ).

TO BE CONTINUED.

5 15. General Linear Model
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15 General Linear Model

Theorem 15.1 Generalized least squares, contd.

(iv) The statistic
SSe" G

n—k’

MS; g =
where
1 o2 -
SSeq = HWz (Y - YG)H — (Y= ¥g) W(Y- Vo),

is the unbiased estimator of the residual variance o2.
If additionally Y | X ~ N,,(X8, 0?W~") then

SSe g o
5 ™~ Xn—k>

g

and the statistics SS, g and Y; are conditionally, given X, independent.

v
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15 General Linear Model

Terminology.
o Yo=X(XWX) X WY:
the vector of the generalized fitted values.

~ 2 ~ T ~
® SS.c— HW% (Y - YG)H = (Y=Y W(Y-Yg):
the generalized residual sum of squares.

SS
® MS, ;= nj*/f:

the generalized mean square.

e The statistic 35 — (X' WX) ' X WY in a full-rank general linear model:
the generalized least squares (GLS) estimator of the regression
coefficients.
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Data Kojeni and wKojeni

Kojeni
e Data on n = 99 newborn children.
e Y: birth weight (bweight).

e X: birth length (blength)
® Only (nine) discrete values 46, 47, ..., 54 [cm] appear in data due to
rounding.

wKojeni
e n=29.

e Y: average birth weight of all children from data Kojeni with the same birth
length.
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Data Kojeni and wKojeni

Kojeni wKojeni
o o
o _| o _|
o o
< <
o o
= 2 - = 3 -
2 8 2 3
z =
2 E=
[ [
= 2
£ g £ 8
s 9 = 9
a 8 o 8
o o
o _| o _|
Yo} n
N N
o o
o _| o _|
o o
« T T T T T « T T T T T
46 48 50 52 54 46 48 50 52 54
Birth length [cm] Birth length [cm]
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Data Kojeni and wKojeni

Kojeni wKojeni
o o
o _| o _|
o o
< <
o o
= 2 - = 3 -
2 8 2 3
z =
2 E=
[ [
= 2
£ g £ 8
s 9 = 9
a 8 o 8
o o
o _| o _|
Yo} n
N N
o o
o _| o _|
o o
« T T T T T « T T T T T
46 48 50 52 54 46 48 50 52 54
Birth length [cm] Birth length [cm]
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Data Kojeni

bweight ~ blength

Ordinary least squares using complete data Kojeni

ml <- Im(bweight ~ blength, data = Kojeni)
summary (m1)
confint (m1)

### summary(ml) :
Call:
Im(formula = bweight ~ blength, data = Kojeni)

Residuals:
Min 1Q Median 3Q Max
-685.93 -152.83 -30.76 196.83 664.07

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) -7905.80 895.45 -8.829 4.52e-14 #xx*

blength 224.83 17.69 12.709 < 2e-16 *x*x

Residual standard error: 271.7 on 97 degrees of freedom
Multiple R-squared: 0.6248, Adjusted R-squared: 0.6209
F-statistic: 161.5 on 1 and 97 DF, p-value: < 2.2e-16

### confint(ml):
2.5 % 97.5 % 2.5 % 97.5 %
(Intercept) -9683.0226 -6128.5847 blength 189.7184  259.9372
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Data wKojeni

bweight ~ blength

Weighted least squares using averaged data wKojeni

wml <- lm(bweight ~ blength, weights = w, data = wKojeni)
summary (wml)
confint (wml)

### summary (wml) :
Call:
Im(formula = bweight ~ blength, data = wKojeni, weights = w)

Weighted Residuals:
Min 1Q Median 3Q Max
-396.28 -234.90 10.75 223.76 403.12

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) -7905.80 975.42 -8.105 8.39e-05 #xx*

blength 224.83 19.27 11.667 7.68e-06 *xx

Residual standard error: 295.9 on 7 degrees of freedom
Multiple R-squared: 0.9511, Adjusted R-squared: 0.9441
F-statistic: 136.1 on 1 and 7 DF, p-value: 7.676e-06

### confint (wml):
2.5 % 97.5 % 2.5 % 97.5 %
(Intercept) -10212.3079 -5599.2995 blength  179.2623  270.3934
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Data Kojeni and wKojeni

Q

£

c

S

[}

3| 7~

= 2]

gls3

Llog

= o

B2 e -
3| s

T c S

s1E8

S| g2

3| g%

gl g2

5| X0

=]

0 \\

8 \\

S| I

\\ L
\\
T T T T I
000% 00S€E 000€ 0052 0002
[6] wyBrom yrng

54

52

50

48

46

Birth length [cm]
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Data Kojeni and wKojeni

Q

£

c

S

[}

3| 7~

= 2]

gls3

Llog

= o

B2 e -
3| s

T c S

s1E8

S| g2

3| g%

gl g2

5| X0

=]

0 \\

8 \\

S| I

\\ L
\\
T T T T I
000% 00S€E 000€ 0052 0002
[6] wyBrom yrng

54

52

50

48
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Birth length [cm]
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Data wKojeni replicated

bweight ~ blength

Ordinary least squares for data replicated from wKojeni

mirepl <- 1lm(bweight ~ blength, data = replKojeni)
summary (mlrepl)
confint (mirepl)

replKojeni <- data.frame(bweight = rep(wKojenil[, "bweight"l, wKojeni[, "w"1),
blength = rep(wKojenil[, "blength"], wKojenil[, "w"]))

#i## summary (mirepl) :
Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -7905.804 262.033 -30.17 <2e-16 ***
blength 224.828 5.177  43.43 <2e-16 **x*

Signif. codes: O “x**> 0.001 ‘*%> 0.01 ‘%> 0.05 ¢.”> 0.1 ¢ *> 1
Residual standard error: 79.5 on 97 degrees of freedom
Multiple R-squared: 0.9511, Adjusted R-squared: 0.9506
F-statistic: 1886 on 1 and 97 DF, p-value: < 2.2e-16

### confint (mlrepl):

2.5 % 97.5 % 2.5 % 97.5 %
(Intercept) -8425.8658 -7385.7416 blength 214.5539  235.1018
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Data Kojeni and wKojeni

Birth weight [g]

2500 3000 3500 4000

2000

— Confidence band around the regression line

— — Averaged data (n =9, WLS)
— — Original data (n = 99, OLS)
— — Replicated data (n = 99, OLS)

46 48 50 52

Birth length [cm]

54
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Section 16.1
Assumptions and setup
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16.1 Assumptions and setup

Assumption (AQ)

(i) Let (Y1, XT)T, (Ya, XZT)T, ... be a sequence of (1 + k)-dimensional
independent and identically distributed (i.i.d.) random vectors being
distributed as a generic random vector (Y, XT)T,

(X = (Xo, X1, .-, Xe_1) |
Xi= (X0, Xit, s Xixt) L i=1,2, ..

(i) Let B = (Bo. ..., ﬁk,1)T be an unknown k-dimensional real parameter;

(iii) LetE(Y|X) = X'p.

Notation: error terms

Wedenote e =Y — X33,
=Y, —-X/B, i=12...
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16.1 Assumptions and setup
Assumption (A1)

Let the covariate random vector X = (Xo, ..., Xk_1)T satisfy
() B|JX; X| <00, J,1=0,..., k—1;
(i) E(XX") = W, where W is a positive definite matrix.

Notation: covariates second and first mixed moments

Let W = (VVjJ)j/:O x4~ We have,

Let

=U,...,
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16.1 Assumptions and setup

Notation: Data of size n

Forn>1:
T n
Yi X Wp=X, X = > XX/,
Yo=1| ], Xp=1 1 |, i—1
T
Yo Xn V= (X X,) 7 (if it exists).

v

Lemma 16.1 Consistent estimator of the second and first mixed mo-
ments of the covariates.

Let assumpions (A0) and (A1) hold. Then

1
n

W, 2% W  as n— oo,

nv, 2% v as n— oo.

l = 2 P ool SE A .




16.1 Assumptions and setup

Assumption (A2 homoscedastic)

Let the conditional variance of the response satisfy
o?(X) = var(Y| X) = o2,

where co > ¢2 > 0 is an unknown parameter.

Assumption (A2 heteroscedastic)

Let 02(X) := var(Y|X) satisfy E{oc?(X)} < oo and also for each j,/ =
0,....k—1,

E{o%(X)X X} < oc.

Notation

W* = E{c?(X) XX}
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16.2 Consistency of LSE

Will be shown

(i) Strong consistency of Bn, O, E,, (LSE’s regression coefficients or their
linear combinations).

e No need of normality;
@ No need of homoscedasticity.

(i) Strong consistency of MS, , (unbiased estinator of the residual variance).

e No need of normality.
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16.2 Consistency of LSE

Theorem 16.2 Strong consistency of LSE.

Let assumptions (A0), (A1) and (A2 heteroscedastic) hold.
Then

8,258 asn— oo,
1'8,= 6,2%6 =1"8 asn— oo,

L3,= ¢,2%¢ =Lg asn— .

16. Asymptotic Properties of the LSE 2. Consistency of LSE




16.2 Consistency of LSE

Theorem 16.3 Strong consistency of the mean squared error.

Let assumptions (AO0), (A1), (A2 homoscedastic) hold.
Then

MSe, 2% 02 asn— co.

16. Asymptotic Properties of the LSE
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Section 16.3

Asymptotic normality of LSE under
homoscedasticity
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16.3 Asymptotic normality of LSE under
homoscedasticity

Reminder

V= {]E(XXT)}_1

Theorem 16.4 Asymptotic normality of LSE in homoscedastic case.

Let assumptions (A0), (A1), (A2 homoscedastic) hold. Further, let E|e2 X; X)| <
oo foreachj, =0, ... k—1.

Then R
VnB, - B) 5 Ni(0k, o2 V) asn— oo,
Vi, —6) 5 Ni(0, 0?17V asn — oo,
Vn(E, — €) Ly Np(0m, 62LVLT)  asn— co.

v
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16.3.1 Asymptotic validity of the classical inference under
homoscedasticity but non-normality

For n > ng > k (IL is a matrix with m rows and k columns)

_ Op — 0
MSo T (x7%,) 1
~ _ -1 <
o G- 8 {LE%) LT} @ - )

m MSe, n

v

Consequence of Theorem 16.4: Asymptotic distribution of t- and F-
statistics.

Under assumptions of Theorem 16.4:
Th N1(0, 1) asn— oo,

D
-
D
mQ, — \3 as n — oo.
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16.3.1 Asymptotic validity of the classical inference under
homoscedasticity but non-normality

Confidence interval for # based on the N/(0, 1) distribution

1

7Y = (B — u(t ~ 0/2) VMSenl” (X7 %0) 71,

On + U1~ 0/2) \MSaal” (%7%,) 1)

Confidence interval for 8 based on the t,_x distribution

= (Bn — k1~ 0/2) VMSenl™ (X7 %) I,

O+t (1~ 0/2) \/MSe 017 (%] %) 1)
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16.3.1 Asymptotic validity of the classical inference under
homoscedasticity but non-normality

Asymptotic coverage (for any #° € R)

PZ) 26% 0=60°) —1—-a asn-— o,

P(Zt36% 6=6°) —1-a asn-— co.
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16.3.1 Asymptotic validity of the classical inference under
homoscedasticity but non-normality

Confidence ellipsoid for & based on the x2, distribution

K%::{geR’”:

(6-8) {MSenL (%) LT} (€-8) < G-}

Confidence ellipsoid for £ based on the Fp, ,—, distribution

Kf::{éeR’”:

(6-8) {MSenL (X7%:) LT} (6-8) < mFnpi(t - )
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16.3.1 Asymptotic validity of the classical inference under
homoscedasticity but non-normality

Asymptotic coverage (for any 50 e R™M

Pkx2¢% ¢=¢") —1-a asn— o,

PK;>¢% ¢=¢€") —1-a asn-— oo
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Section 16.4

Asymptotic normality of LSE under
heteroscedasticity
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16.4 Asymptotic normality of LSE under
heteroscedasticity

Reminder

V= {]E(XXT)}_1, W* = E{o?(X) XX }.

Theorem 16.5 Asymptotic normality of LSE in heteroscedastic case.

Let assumptions (A0), (A1), (A2 heteroscedastic) hold. Further, let
E|e2 X; X| < oo foreachj, | =0, ... .k —1.

Then
Vn(B, - B) Ly Ni(0k, VW*V) as n — oo,
Va(B, — 0) 5 N0, 1T VWHVI) asn— oo,
Vn(E, — &) 2 Ny(0n LYWXVLT)  asn— oo.




16.4 Asymptotic normality of LSE under
heteroscedasticity

Residuals and related quantities based on a model for data of size n

Mp: Y,,|X,~, ~ (Xnﬂ, o° |n)

+ Hat matrix: Hy = X (X7X,) 7 X[

» Residual projection matrix: M, =1, — Hp;

« Diagonal elements of matrix Hy: A1, ..., Anp;

» Diagonal elements of matrix M,:  mp1=1—Hhp1, ..., Mpp=1—hpp;
« Residuals: U =M,Y,= (Uns, ..., U,,,n)T.

19 16. Asymptotic Properties of the LSE 4. Asymptotic normality of LSE under heteroscedasticity



16.4 Asymptotic normality of LSE under
heteroscedasticity

Reminder

® Vo= (S0 XiXiT) ' = (57%,)

e Under assumptions (A0) and (A1): nV, 2% V as n — .

Theorem 16.6 Sandwich estimator of the covariance matrix.

Let assumptions (A0), (A1), (A2 heteroscedastic) hold. Let additionally, for
eachs, t,j,1=0,...,k—1

El2 X X|| <00,  EleXsXjXj| <00,  E|XsX; X;Xi| < cc.
Then
nV, WXV, &5 VWXV  asn— oo,
whereforn=1,2, ...,
n
Wr = U3 XX =X, Q.X,,
i=1

. 2 .
Q, = diag(wn,1, - - - wnn), wpi=Us;, i=1,....n
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16.4 Asymptotic normality of LSE under
heteroscedasticity

Heteroscedasticity consistent (sandwich) estimator of the covariance matrix

VaWE Vi = (X7%n) " XT R0 %o (X7 Xn)
— N——

bread meat bread

Alternative sorts of meat for sandwich

® vy, 1o, ... real sequence such that =» — 1 as n — occ.
T .
® 6,=(0n1,..-,0nn) ,n=1,2,...:suitable sequence of real numbers.
HC :
Q," :=diag(wn1, ..., wnn),
n Ur27,i
Wn,i = — R I:1a‘ , N
Vn mnn;/

vp: degrees of freedom of the sandwich.
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16.4 Asymptotic normality of LSE under
heteroscedasticity

Alternative sorts of meat for sandwich

HCO:  wp; = U2, White (1980),

HC1: wp, = nf”k U2, MacKinnon and White (1985),

HC2: w,,; = Uf MacKinnon and White (1985),

HC3: w,;= U—f' MacKinnon and White (1985),
n,i

HC4: w,;,= nlfn’ Cribari-Neto(2004),

n,i

Oni = min{4, %}

n

y
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16.4.1 Heteroscedasticity consistent asymptotic inference

For n > ny > k (IL is a matrix with m rows and k columns)

VHC = (X[ X)X QHCX, (X Xa) T

Q/C: sequence of the meat matrices that lead to the heteroscedasticity con-
sistent estimator of the covariance matrix of the LSE 3,,.

~

THC . b — 0
TVﬁcl,

i
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16.4.1 Heteroscedasticity consistent asymptotic inference

Consequence of Theorems 16.5 and 16.6: Heteroscedasticity consis-
tent asymptotic inference.

Under assumptions of Theorem 16.5 and 16.6:

THC 25 NG(0,1) asn— oo,
D
—

m QHC X2, asn— oc.
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16.4.1 Heteroscedasticity consistent asymptotic inference

Confidence interval for # based on the A/(0, 1) distribution

V= (§n —u(1 —a/2) 1T VECL 8, + u(1 —a/2)\/lTV,*,’Cl)

Confidence interval for 8 based on the t,_x distribution

Tt = (67,7 — tok(1 —a/2) 1T VHCL G, + toi(1 — a/2) /1T Vﬁcl)

Asymptotic coverage (for any 6° € R)

P(Z) 26% 0=6°) —1-a asn— oo,

P(Z26% 0=6°) —1—-a asn-— oo

v
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16.4.1 Heteroscedasticity consistent asymptotic inference

Confidence ellipsoid for & based on the x2, distribution

KX = {g ER™: (6-8) (LVHCLT) ™ (¢ -€) < x&(1 —a)}

Confidence ellipsoid for £ based on the F,;, ,—x distribution

k7= {€cr™: (€-8) (LVICLT) " (6-8) < mFnpi(l—a))

Asymptotic coverage (for any £€° € R™)

P(kX2¢% e=¢°) —1-a asn— oo,

Pk 2€% ¢=¢") —1-a asn— .
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