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Preface

Convection and diffusion are basic physical mechanisms which influence or even de-
termine many various processes in the nature, science and technology. A classical
example is the distribution of the temperature or the concentration of a substance,
e.g., a pollutant. Mathematical models describing processes envolving convective
and diffusive effects are usually too complicated to be solved analytically. There-
fore, it is necessary to approximate the respective unknown quantities by means of
numerical methods. However, in typical applications where convection dominates
diffusion, standard numerical techniques fail since the approximate solutions are
usually polluted by spurious oscillations. This is connected with the fact that the
solutions of convection-dominated problems typically contain so-called layers, which
are narrow regions where the solution changes abruptly.

To understand the origins of various undesirable effects that are encountered
when convection-dominated problems are solved numerically, it is reasonable to
study simplified model problems. The simplest possible model problem is the scalar
convection—diffusion equation which describes just the convection and diffusion. Of-
ten also a reaction term is added which may be needed in some applications and,
moreover, often simplifies mathematical considerations. Investigations of numeri-
cal techniques for this model problem are crucial for a successful development of
accurate, robust and efficient approaches for the numerical solution of more com-
plicated problems arising in applications. In addition, the convection—diffusion—
reaction equation itself is often used (alone or as a part of many mathematical
models) for computing distributions of various physical quantities. Therefore the
development of numerical methods for convection—diffusion-reaction equations is
important also at its own.

Numerical techniques for convection—diffusion problems have been intensively
developed and studied for more than four decades, but despite the huge amount
of the literature on this topic, one has to state that the numerical solution of a
convection-dominated scalar convection—diffusion equation is still a challenge in gen-
eral. Although a considerable progress has been made and successful techniques were
designed for particular problems, there is still no efficient and accurate numerical
method which would be successfully applicable at least to a sufficiently large set of
test problems.

This thesis represents a collection of my selected publications and reflects my
research on finite element techniques for convection—diffusion problems during the
past twelve years. It consists of six chapters. The first chapter contains an intro-
duction to the field of numerical methods for convection-dominated problems and
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comments on the publications collected in the remaining five chapters. The second
chapter is devoted to improvements of the Mizukami—Hughes method which is a non-
linear method of upwind type satisfying the discrete maximum principle. The third
chapter contains a review and analysis of spurious oscillations at layers diminishing
(SOLD) methods that are again mostly nonlinear. Although it may be surprising
that nonlinear techniques are applied to the solution of a linear convection—diffusion
equation, it seems that this is unavoidable for obtaininig accurate numerical results
on relatively coarse meshes. Since problems in applications are often nonlinear, the
nonlinearity of the considered techniques is of minor importance. The fourth chap-
ter contains a novel technique for choosing the stabilization parameter in the SUPG
method and proposes an adaptive approach for choosing stabilization parameters
in both linear and nonlinear discretizations. The fifth chapter is devoted to the
local projection stabilization that may be viewed as a simplification of the SUPG
method. In particular, it is shown that the Galerkin finite element method is more
stable than expected and the local projection stabilization then stabilizes just the
unstable part of the Galerkin solution. This chapter also introduces a new variant
of the local projection stabilization and analyzes nonlinear stabilizations defined us-
ing local projections. Whereas all the approaches mentioned so far are based on
variational formulations, the last chapter studies algebraic flux correction schemes
which are approaches modifying the discrete problem on the algebraic level. The
publications in this chapter contain the first rigorous analysis of these techniques.
Many of the results contained in this thesis would not have appeared with-
out the support of several grant agencies that enabled me a collaboration and ex-
change of ideas with my colleagues abroad. For this I would like to thank the
Czech Science Foundation (grants No. 201/07/J033, 201/08/0012, P201/11/1304,
P201/13/00522S, and 16-03230S), the Grant Agency of the Czech Academy of
Science (grants No. TAA100190505 and TAA100190804), the Grant Agency of the
Charles University (grant No. 344/2005/B-MAT/MFF) and the Ministry of Edu-
cation, Youth and Sports of the Czech Republic (project MSM 0021620839).

Prague, January 2017 Petr Knobloch
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Chapter 1

Comments on the collection of
publications

In this chapter, first a brief introduction to the field of numerical methods for
convection-dominated problems is presented and then comments on the publica-
tions collected in this work are given. Each of the following chapters is covered by
a separate section. The chapter is finished by concluding remarks and references.

1.1 Introduction

The distribution of physical quantities in various physical, technical, biological and
other processes is driven by basic physical mechanisms which are diffusion, con-
vection, and reaction. Often, the diffusion is very small in comparison with the
convection or reaction. This causes that the distribution of the respective quantity
comprises so-called layers, which are narrow regions where the quantity changes
abruptly. It is well known that standard discretizations then provide approximate
solutions polluted by spurious oscillations unless the underlying mesh resolves the
layers, see, e.g., the monograph [66]. Consequently, special discretization techniques
(so-called stabilized methods) have to be applied which always introduce a certain
amount of artificial diffusion that should suppress the spurious oscillations but also
typically increases the smearing of the layers. Therefore, it is usually still a challenge
to obtain an accurate approximate solution, despite the huge amount of research on
appropriate discretizations during the last four decades.

The simplest model for the above-mentioned class of problems is a scalar steady-
state convection—diffusion-reaction equation

(1) —Au+b-Vu+cu=f inQ,

where Q C R?, d € {1,2,3}, is a bounded domain, ¢ > 0 is a constant diffusion
parameter, b is a convection field, ¢ is a reaction coefficient, and f is a term describing
sources and sinks. The unknown function w represents, e.g., the temperature in
modeling the energy balance, or the concentration or mass fraction in modeling mass
balances. To obtain a well-posed problem, (1) has to be equipped with appropriate
boundary conditions.
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To solve the equation (1) numerically, various methods can be applied: the fi-
nite difference method, finite volume method, finite element method, discontinuous
Galerkin method, or spectral method, to name the most common ones. For each
of these methods, many contributions on its application to the numerical solution
of (1) can be found in the literature. This work is devoted exclusively to the ap-
plication of the finite element method which we prefer because of its flexibility in
treating complex geometries, easy incorporation of natural boundary conditions and
suitability for theoretical investigations due to its functional analytical setting based
usually on Hilbert spaces.

It should be emphasized that the model (1) as a stand-alone equation is consid-
ered because, on the one hand, it comprises the effects of diffusion, convection, and
reaction and, on the other hand, it simplifies the analysis of numerical techniques
for its solution. Nevertheless, also for this simplest available model, there are many
discretizations the analysis of which still remains an open problem. In applications,
equations of type (1) are often a part of complex systems of equations. For example,
they may be coupled with the Navier-Stokes equations describing the convection b
which is, in turn, influenced by the temperature or concentrations determined by
equations of type (1).

This work is mainly devoted to studies of numerical techniques for the equa-
tion (1) in the convection-dominated regime characterized by the conditions
e & ||b]|; and ||¢|| e S ||b|| =, which is the case usually encountered in appli-
cations. As already mentioned, the main feature of solutions in this regime is the
appearance of layers, i.e., narrow regions with large gradients of the solution. Then
the standard Galerkin finite element method applied to (1), which corresponds to
central finite differencing for constant data and suitable meshes, leads to heavily os-
cillating solutions unless the layers are resolved by the respective mesh. Therefore,
much research has been devoted to the development of numerical methods using
anisotropic layer-adapted meshes. Such meshes can be defined either a priori (see,
e.g., [59, 66]) or a posteriori by means of adaptive techniques (see, e.g., [1, 67]).
Nevertheless, since the layer width is proportional to /¢ or even ¢ (depending on
the type of layer), the geometric resolution of the layers is often not feasible due
to high memory and computational time requirements. Therefore, it is important
to develop numerical methods providing sufficiently accurate results also on meshes
which are coarse in comparison with the width of the layers. This is the main aim
of this work.

To suppress the oscillations present in Galerkin solutions obtained on coarse
meshes, various stabilized methods have been developed, see, e.g., [66, 65, 39] for
reviews. The stabilizing effect of these approaches can be characterized by the arti-
ficial diffusion they add to the underlying Galerkin discretization. To diminish the
spurious oscillations to a sufficient extent, the artificial diffusion has to be sufficiently
large. However, to avoid an excessive smearing of the layers, the artificial diffusion
is not allowed to be too large. Consequently, the design of a proper stabilization is
very difficult. Despite more than four decades of research, there is so far no efficient
discretization for (1) available which would produce accurate numerical solutions (in
particular, with sharp layers at correct positions) without unphysical features (e.g.,
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negative concentrations). This statement is supported by theoretical and numerical
studies in, e.g., [3, 32, 34, 37, 38].

One of the most successful linear stabilizations is the streamline upwind Petrov—
Galerkin (SUPG) finite element method [28, 16] which consistently introduces ar-
tificial diffusion along streamlines. It combines good stability properties with a
high accuracy away from layers. Because this method will be frequently discussed
throughout this work, it will be now formulated for the equation (1) in detail.

At this point, one has to specify the boundary conditions for u on the boundary
0N of Q. To simplify the presentation in this chapter, we shall consider

(2) u=0 on 0N.

More general boundary conditions can be found in the publications contained in the
following chapters. The Galerkin finite element discretization of the problem (1), (2)
defines an approximate solution wu; from a finite element space V}, approximating
the Sobolev space H}(f2) as the solution of the variational problem

(3) a(up,vp) = (f,vn) Yo, €V,
where
a(up,vp) = € (Vup, Vop) + (b - Vuy, v,) + (cup, vp)
and (-,-) denotes the inner product in L*(Q) or L*(Q)¢. The SUPG method adds

a weighted residual of (1) to the Galerkin method and defines the approximate
solution u, € Vj, by

(4) alup,vp) + Z (—e Aup+b-Vup+cup,— f,7b0-Vuop)r = (f,on) Yo, €V,
TES,

where .7}, is a triangulation of €2 used for defining the finite element space V},, 7 is a
nonnegative stabilization parameter (typically constant on each T' € .7,) and (-, )7
denotes the inner product in L?*(T) or L*(T)?. The additional term is written as
a sum of local contributions since the operator A usually cannot be applied to uy,
globally. The parameter 7 determines the amount of the artificial diffusion added
by the SUPG method to the Galerkin discretization. For linear or bilinear finite
elements, it is often defined, on any element T € .7},, by the formula

(5) Tlp = % (coth Per — PLeT) with  Pep = |b2| ?T :

which originates from the one-dimensional case. The notation Per is used for
the Péclet number, which determines whether the problem is locally convection-
dominated or diffusion-dominated, and hs is the element diameter in the direc-
tion of the convection vector b. Throughout this chapter, we shall assume that
o :=c— %divb > 0. Then, if 7 satisfies suitable assumptions, one can prove the
stability and an error estimate for (4) with respect to the norm

Y

1/2
(6) [vllsvpe = (lvlia + 102 0l5q + 17720 Vo[Fq)

where | - || o is the usual seminorm in Hj(Q2) and || - ||, is the norm in L*(£2).
The SUPG method represents a significant improvement in comparison with the
Galerkin method, nevertheless, since it is not a monotone method, it may compute
solutions suffering from spurious oscillations in layer regions.



4 1. Comments on the collection of publications

1.2 Mizukami—-Hughes method (comments on
Chapter 2)

The Mizukami—-Hughes method is an interesting approach proposed in [64] for a
two-dimensional convection—diffusion equation (i.e., (1) with ¢ = 0 and d = 2)
discretized using a finite element space V}, consisting of continuous piecewise linear
functions over a triangular mesh. To formulate the method, we denote by @1, ..., o
the standard piecewise linear basis functions of the space Vj,. Then the Galerkin
discretization (3) can be written in the form

5(Vuhav%)+(bVuha‘ﬂz):(fa%)a Z:L>M

The Mizukami-Hughes method replaces the test functions ¢; by functions ©; ob-
tained by adding suitable constants to ¢; on the triangles forming its support. Then
the approximate solution u; € V}, is defined by

€(VU}“V§02)+(bvuh7§5@):(f,§5z), 22177M

Thus, it is a Petrov—Galerkin method like the SUPG method. It is assumed that
b is constant on each element of the triangulation; in practice, b is replaced by a
piecewise constant approximation.

The idea of the Mizukami—Hughes method is to define the constants in the def-
inition of the test functions @; in such a way that the local finite element matrices
corresponding to the convective term are of nonnegative type, i.e., their row sums
are nonnegative and off-diagonal entries are nonpositive. Whether this is possible
depends on the orientation of b with respect to the given element of the triangula-
tion. However, Mizukami and Hughes made the important observation that w still
solves the equation (1) if one replaces b by any function b such that b— b is orthogo-
nal to Vu. This suggests to define the constants in the definition of the functions @;
in such a way that the local convection matrix is of nonnegative type for b replaced
by a suitable function E, which is always possible. Since Vu is not known a priori,
one obtains a nonlinear problem where the constants in the definition of ¢; depend
on the unknown approximate solution wy,.

The Mizukami-Hughes method is probably the first nonlinear method for (1)
satisfying the discrete maximum principle. Like for many other methods proposed
later, see, e.g., [18, 19, 4], this property is proved only for weakly acute meshes, i.e.,
the magnitude of all angles in the triangles of the mesh is less than or equal to /2.
Nevertheless, it is also possible to derive methods for which the discrete maximum
principle holds on arbitrary meshes, see Section 1.6. The discrete maximum principle
is an important property which ensures that no spurious oscillations will appear,
not even in the vicinity of sharp layers. In contrast to many methods satisfying
the discrete maximum principle, the Mizukami—Hughes method does not lead to a
pronounced smearing of layers and it often provides very accurate results.

However, we observed that, in some cases, the Mizukami—-Hughes method does
not lead to correct solutions. Moreover, sometimes it is very difficult to solve the
nonlinear problem with a prescribed accuracy. Therefore, in [40] (pp. 23-38 in this
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work), we proposed several improvements of the method which correct the mentioned
shortcomings and keep its quality in cases in which it works well. This was achieved
by a more careful definition of the constants in the test functions ;. In particular,
a continuous dependence of these constants on the orientation of b and Vu, was
introduced. Moreover, the method was extended to convection—diffusion—reaction
equations and to the three-dimensional case. It was shown that the improved method
still satisfies the discrete maximum principle and its high accuracy was demonstrated
by many numerical results. The superiority of the improved Mizukami-Hughes
method to linear upwinding finite element methods satisfying the discrete maximum
principle was clearly demonstrated in [41].

Both the Mizukami-Hughes method in [64] and its improved variant in [40] were
designed for the strongly convection-dominated case ¢ < |b|. In [49] (pp. 39-55 in
this work), the method was extended to the whole range of the diffusion parameter
and it was proved that the extended method satisfies the discrete maximum prin-
ciple. The favourable properties of the new method were illustrated by means of
numerical experiments.

A drawback of both the original and the improved versions of the Mizukami—
Hughes method is that no existence, uniqueness and convergence results are avail-
able. Moreover, it seems to be rather difficult to generalize the method to more
complicated problems or to other types of finite elements. So far, only a variant for
bilinear finite elements is available, see [42].

1.3 SOLD methods (comments on Chapter 3)

The SUPG method formulated at the end of Section 1.1 (like many other ap-
proaches adding a linear stabilization term to the Galerkin discretization, see, e.g.,
[17, 22, 27, 63]) significantly reduces the spurious oscillations present in Galerkin
solutions but does not preclude small over- and undershoots in the vicinity of lay-
ers. Although the remaining nonphysical oscillations are often small in magnitude,
they are not permissible in many applications. An example are chemically react-
ing flows where it is essential to guarantee that the concentrations of all species are
nonnegative. Another example are free-convection computations where temperature
oscillations create spurious sources and sinks of momentum that effect the compu-
tation of the flow field. The small spurious oscillations may also deteriorate the
solution of nonlinear problems, e.g., in two-equations turbulence models or in nu-
merical simulations of compressible flow problems, where the solution may develop
discontinuities (shocks) whose poor resolution may effect the global stability of the
numerical calculations.

The above-mentioned spurious oscillations in SUPG solutions indicate that using
the streamlines as upwind direction is not always sufficient. Therefore, as a remedy,
various nonlinear terms introducing artificial crosswind diffusion in the neighborhood
of layers have been proposed to be added to the SUPG formulation in order to obtain
a method which is monotone, at least in some model cases, or which at least reduces
the local oscillations. This procedure is often referred to as discontinuity capturing or
shock capturing, nevertheless, we prefer to call these methods spurious oscillations
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at layers diminishing (SOLD) methods, which we regard as more apposite.

It may be surprising that nonlinear methods are applied to the numerical solution
of the linear equation (1). However, for the limit ¢ = 0, the famous Godunov
theorem [25] states that a linear monotone discretization is at most of first order
convergence so that applying linear methods limits the accuracy if one insists on the
monotonicity. We are not aware of an analogous mathematical theorem for ¢ > 0,
but numerical experience suggests that the situation is similar for the case of small ¢.

A typical SOLD term added to the left-hand side of (4) is of the form

(7) ((un) Vup, Vo) or (e(un) D Vup, Vo),

where £(uy) is a nonnegative solution-dependent artificial diffusion parameter and
D is the projection onto the line or plane orthogonal to b. Thus, the first term in (7)
introduces an isotropic artificial diffusion whereas the second one adds a crosswind
artificial diffusion. An example of £(uy,) is a modification of the artificial diffusion
parameter by Codina [21] proposed in [32], which is given by

diam(T) | Ry, (up)|
2 ]Vuh\ B E}

(8) g(up)|p = max {0,17

on any element 7" of the triangulation. Here, diam(7T’) is the diameter of 7', > 0 is
a user-chosen parameter (e.g., n = 0.7 for linear finite elements) and

Ry(up) = —e Aup +b-Vup + cup, — f

is the residual.

The literature on SOLD methods is rather extended but the various numerical
tests published in the literature do not allow to draw a clear conclusion concerning
their advantages and drawbacks. Therefore, in [32] (pp. 59-77 in this work), we
presented a review of the most published SOLD methods, discussed the motivations
of their derivation, proposed some alternative choices of parameters and classified
them. The review was followed by a numerical comparison of the considered SOLD
methods at two test problems whose solutions possess characteristic features of solu-
tions of (1). The numerical results gave a first systematic insight into the behaviour
of the SOLD methods and showed that the Mizukami-Hughes method was always
the best method if the nonlinear iterations converged. Among the other SOLD
methods, no one could be preferred in all cases but several methods were identified
that should not be applied.

The studies in [32] were followed by a second part published in [34] (pp. 79-96
in this work) where the most promising SOLD methods from the first part were
investigated in more detail for linear and bilinear finite elements. Analytical and
numerical studies showed that SOLD methods without user-chosen parameters are
in general not able to remove the spurious oscillations of the solution obtained with
the SUPG discretization. For methods with a free parameter, like the one in (7), (8),
values of the parameter could be derived in two examples such that the spurious
oscillations were almost removed. It turned out that a spatially constant choice of
the parameters was not sufficient in general and that the optimal parameters de-
pended on the data of the problem and on the mesh. In addition, an example was
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presented for which none of the investigated methods provided a qualitatively cor-
rect approximate solution. The iterative solution of the nonlinear discrete problems
was also studied. It was shown that the number of iterations or the convergence of
the iterative process depend again on the problem, the mesh and the parameters
of the SOLD methods. It could be observed that the convergence is often strongly
influenced by the choice of an appropriate damping factor and a strategy was pro-
posed for an automatic and dynamic computation of this factor. The studies in this
paper revealed that it is in general completely open how to obtain oscillation-free
solutions using the considered classes of methods.

The papers [32, 34] were supplemented by numerical studies for a convection—
diffusion problem with a nonconstant convection field whose solution possesses in-
terior layers in [33] (pp. 97-110 in this work). This setting is closer to problems
one encounters in applications than the test problems considered in the two previ-
ous publications. The conclusions were similar as in [34]. Further comparisons of
various SOLD methods can be found in [30, 31].

1.4 Choice of stabilization parameters (comments
on Chapter 4)

The studies summarized in Section 1.3 showed that it is in general not clear how
to design SOLD methods which would suppress the spurious oscillations present in
SUPG solutions to a sufficient extent (without smearing the layers considerably).
One possibility how to circumvent this problem is to try to improve the definition of
the SUPG stabilization parameter. The formula (5) leads to nodally exact solutions
in the one-dimensional case under simplifying assumptions, but in two and three
dimensions it is not optimal in general. The choice of the stabilization parameter at
characteristic layers has only a limited influence on the spurious oscillations appear-
ing in these regions (cf., e.g., [61]), but there is a hope of improvement at outflow
boundary layers.

One possibility how to define the SUPG stabilization parameter at outflow
boundary layers was proposed in [46] (pp. 113-133 in this work) for linear trian-
gular finite elements. To present this definition, let us first denote by Gj C  the
set consisting of triangles intersecting the outflow boundary of Q (i.e., the part of
0%2 where the product of b and the outward normal vector to 0f2 is positive). Then,
by analogy to (5), the parameter 7 is defined, on any triangle 7' C Gy, by

1 | lby| by
T|T:7—O|T (COthPGT—P—eT) with PGT: 2—67
where 1 is a piecewise constant function satisfying
(9) / 0i+10b-Vodx=0, i=1,...,M,
G,

br is the mean value of b on 7', and ¢; are the same basis functions of V}, as in
Section 1.2. On triangles T' ¢ G}, the parameter 7 is defined by (5) with b replaced
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by br. It was shown in [46] that a piecewise constant function 7, satisfying (9)
exists and an algorithm how to construct it was given. Numerical results in [46]
demonstrate a significant reduction of spurious oscillations in approximate solutions
in comparison to the standard choice of T given by (5) while accuracy away from
layers is preserved. For simple model problems, even nodally exact solutions are
obtained. Whereas all definitions of stabilization parameters published in the liter-
ature so far were based on local information on a given element of the triangulation,
the results of [46] show that this local information is not sufficient for obtaining
oscillation—free SUPG solutions in general.

The choice of the SUPG stabilization parameter 7 introduced in [46] was further
discussed in [43] (pp. 134-147 in this work). It was demonstrated that a combination
of this choice of 7 and the variant of the SOLD method (7), (8) adding crosswind
artificial diffusion provides fairly satisfactory approximations of solutions to (1).
The results of [43] also show that it is essential to define both the parameter 7 and
the mesh in such a way that the spurious oscillations in the SUPG solution are
as small as possible. Otherwise the addition of a SOLD term cannot be expected
to lead to an oscillation-free solution. Numerical tests in [43] illustrate how small
modifications of the mesh may significantly improve the quality of SUPG solutions.

The above discussion revealed that a basic problem of most of the stabilized
methods is the design of appropriate stabilization parameters which would lead to
sufficiently small nonphysical oscillations without compromising accuracy. As it fol-
lows from the publications discussed in the preceding section, ‘optimal’ parameters
depend on the data of the problem and the used mesh in a complicated way so that,
in general, one cannot expect to be able to define them a priori. Therefore, in [36]
(pp. 148-161 in this work), we proposed to compute the stabilization parameters
a posteriori by minimizing a target functional characterizing the quality of the ap-
proximate solution. This is a nonlinear constraint optimization problem that has to
be solved iteratively. A key component of this approach consists in the efficient com-
putation of the Fréchet derivative of the functional with respect to the stabilization
parameter. This was achieved by utilizing an adjoint problem with an appropriate
right-hand side, which led to a new general framework for the optimization of pa-
rameters in stabilized methods for convection—diffusion equations. Benefits of this
approach were demonstrated on its application to the optimization of a piecewise
constant parameter 7 in the SUPG method.

In [35] (pp. 163-171 in this work), the methodology proposed in [36] was applied
to the optimization of the parameters in a SOLD method. Since one of the most
promising approaches among the SOLD methods seems to be the modified method
of Codina (7), (8), we considered the SUPG method enriched by the crosswind
artificial diffusion term from (7) with

~ diam(7T u

E(un)lr =n é|)v|£}|1( )l VT e,
Both the parameters 7 and 1 were optimized as piecewise constant functions. In
this way very accurate numerical results with steep layers and negligible spurious
oscillations could be obtained. The only drawback of this approach is the increased
computational cost connected with the solution of the optimization problem.




1.5. Local projection stabilization (comments on Chapter 5) 9

1.5 Local projection stabilization (comments on
Chapter 5)

The enhanced stability of the SUPG method (4) in comparison with the Galerkin
method (3) originates from the term (b- Vup, 7 b - Vuy,). For several reasons, which
will be mentioned below, it would be convenient to consider only this term instead of
the whole weighted residual stabilization term in (4). Then, however, the resulting
method would not be consistent and the accuracy of the method would considerably
deteriorate. A possible remedy is to consider only a small-scale part of b - Vuy,
defined using local projections into large-scale spaces. If the local projection spaces
are chosen appropriately, the stability of the SUPG method is preserved without
compromising the accuracy.

The local projection stabilization (LPS) was originally proposed in [10] as a tech-
nique for stabilizing discretizations of the Stokes problem in which both the pressure
and the velocity components are approximated using the same finite element space.
Later, the local projection method was extended to stabilization of convection dom-
inated problems [11] and applied to various types of incompressible flow problems
(see the review article [15]) and to convection—diffusion-reaction problems, see, e.g.,
[23, 45, 63]. To define a local projection stabilization of the Galerkin discretization
(3), one introduces a second division .#}, of {2 which typically consists of macroele-
ments, i.e., unions of elements of .7,. For each M € .4, one introduces a finite
dimensional space Dy C L*(M) and defines an orthogonal L? projection 7y of
L?*(M) onto Dy;. Tt is assumed that there is a positive constant 3 independent of h
such that

(10) sup (v, @)

> Bllallo,n Vg€ Dy, Me M,
vevir [Vlloar

where Vyy = {v € Vj,; v =01in Q\ M}. This inf-sup condition is crucial for proving
both optimal error estimates and improved stability results, cf. [62, 45, 47, 52].
Finally, it is convenient to introduce a constant approximation by; of b on each set
M. Then, denoting by ky := id — mp; the so-called fluctuation operator (where
id is the identity operator on L?(M)), the local projection discretization of (1), (2)
defines an approximate solution u, € V}, satisfying

a(un,vn) + sp(un,vp) = (f,vn) Vo, €Vy
with

(11) Sn(un, vn) = Z T (Kar(bar - Vug), 6 (bar - Vop)) ar

Me. iy,

where 7, is a nonnegative stabilization parameter. It is also possible to use the full
gradient instead of by, - V in the stabilization term, i.e.,

(12) sh(uh, 'Uh) = Z T™M (/inuh, /'QMVU}L)M y
Me iy,
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where k), is applied to the vector-valued functions componentwise. The parameter
7ar in (11) can be defined analogously as in the SUPG method (cf. (5)); the param-
eter in (12) should be additionally multiplied by |/b]|%. (- Let us mention that a
standard choice is to use b instead of by, in (11). However, we demonstrated in [45]
that then it is generally not possible to obtain optimal convergence results if 7,
scales with respect to the data like in (5).

The advantage of the LPS method compared to the SUPG method is that it
does not require the costly computation of second order derivatives and can be
easily applied to non-steady problems. Moreover, when applied to systems of partial
differential equations, it is possible to avoid undesirable couplings between various
components of the solution. A further advantage of these techniques is that they are
symmetric. Therefore, if they are applied to optimization problems, the operations
‘discretization’ and ‘optimization’ commute [12; 14].

The action of the operator 7, onto a function can be interpreted as extracting
its large-scale part. Then the fluctuation operator x,; provides the small-scale part
(fluctuations around the large-scale part). The LPS method can be also interpreted
as a variational multiscale method where the influence of the unresolved scales is
modeled by the stabilization term determined by the small scales.

A natural norm for the LPS method is given by

_ 2 1/2 12 1/2
(13) WllLps = (elvlio+ e vlgq + sa(v,v)) ",
which is clearly weaker than the SUPG norm defined in (6). For a long time, it
was not clear whether the LPS method is less stable than the SUPG method. The
first contribution to clarifying this question was made in [52] (pp. 175-192 in this
work), where it was shown that the LPS method is stable in the sense of an inf-sup
condition with respect to the norm

1/2
(14) |||v|||=<6lv!ia+||o”2v||3,9+sh<v,v>+ > 5M”“M<b'v”)”3“> ’
Me

where II); is the orthogonal L? projection of L?(M) onto Vi, and &y is defined
analogously as the SUPG parameter in (5). It was proved that, under certain
simplifying assumptions, this norm can be bounded from below by a norm analogous
to the SUPG norm, which implies, roughly speaking, that the LPS method is as
stable as the SUPG method. For the stabilization term (11), the norm ||| - ||| could
be bounded by an analogue of the SUPG norm also from above. The stability of
the LPS method with respect to the norm (14) holds true also for 7p; = 0, i.e., the
results of [52] show that the Galerkin finite element method (3) is more stable than
usually believed. It was demonstrated in [52] that this result implies that certain
types of oscillating solutions are not allowed by the Galerkin method; basically, only
a small-scale part of the Galerkin solution has to be stabilized — and this is exactly
what the LPS method does.

Originally, the LPS method was designed as a two-level approach where the mesh
5, was obtained by a refinement of a triangulation .}, of 2. A crucial property of
these refinements is that they always create an additional vertex in the interior of any



1.5. Local projection stabilization (comments on Chapter 5) 11

refined element of .#},. Later, in [62], the one-level approach was introduced where
My, = T, and the validity of the inf-sup condition (10) was assured by defining V},
as a finite element space enriched using higher-order polynomial bubble functions.
In [51] (pp. 193-209 in this work), a critical comparison of the two approaches, both
computational and analytical, was given, which showed that there are no convincing
arguments for preferring one of these approaches.

A drawback of both variants of the LPS method is that they require more degrees
of freedom than the SUPG method since the finite element space is either defined
on a refined mesh or enriched by additional functions. Therefore, in [48] and [47]
(pp. 211-232 in this work), we introduced a generalization of the LPS method which
avoids these drawbacks by allowing to use overlapping macroelements. The error
analysis for this generalized LPS method with respect to the norm (13) was presented
in [48] for both stabilization terms (11) and (12). In [47], the results of [52] were
improved in the sense that the stability of the LPS method defined using (11) with
respect to the SUPG norm was shown without any simplifying assumptions. Another
stability result with respect to the SUPG norm was established in [44] by defining
the local projection operators using a weighted L? inner product.

Like the SUPG method, the LPS does not remove the spurious oscillations
present in Galerkin solutions completely and some of them still remain in the vicin-
ity of layers. Therefore, in [5] (pp. 233-264 in this work), we combined the LPS
method defined using (11) with the SOLD term

Z (gM<UJh) mM(DMVuh), KM(DMVU}L))M y

Me ity
where
(15) Em(un) = nhas [bar| [k (D V)|
or
/2 D
(16) Far(un) = 7 hag by | "2 m2Drr V)]

|Uh|1,M

has is the diameter of M, n > 0 is a user-chosen parameter, and D, : R — R? is
the projection onto the line or plane orthogonal to the vector by, (cf. (7), (8)). In
this paper, also the transient convection—diffusion-reaction equation

u—eAu+b-Vu+cu=f in (0,7] x Q

equipped with initial and boundary conditions was considered. The data b, ¢, and f
were assumed to vary on the time interval [0, T]. A one-step #-scheme was applied as
temporal discretization whereas the discretization with respect to the space variables
was performed as in the steady-state case. For both the steady-state and transient
cases, the solvability, uniqueness (for the variant (15) or a sufficiently small time
step) and error estimates were proved. In the transient case, both the fully nonlinear
scheme and a linearized variant were considered. Promising numerical results were
also obtained for ), (uy) defined by replacing the fraction in (16) by its square. The
corresponding analysis for the steady-state and transient cases was performed in [6]
and [50], respectively.



12 1. Comments on the collection of publications

1.6 Algebraic flux correction (comments on Chap-
ter 6)

As we have discussed in the previous sections, most of the methods developed for the
numerical solution of convection-dominated problems either do not suppress spurious
oscillations in layer regions sufficiently, or introduce too much artificial diffusion and
lead to a pronounced smearing of layers. However, there is one class of methods that
seems not to suffer from these two deficiencies: the algebraic flux correction (AFC)
schemes. These schemes are designed to satisfy the discrete maximum principle
by construction (so that spurious oscillations cannot appear) and provide sharp
approximations of layers, cf. the numerical results in, e.g., [3, 26, 38, 55]. Like many
of the schemes discussed above, the AFC schemes are nonlinear. A drawback of
these schemes is that they have been applied successfully only for lowest order finite
elements, which limits the accuracy of the computed solutions.

The basic philosophy of flux correction schemes was formulated already in the
1970s in [13, 68]. Later, the idea was applied in the finite element context, e.g.,
in [2, 60]. In the last fifteen years, these methods have been further intensively
developed by Dmitri Kuzmin and his coworkers, see, e.g., [53, 54, 55, 56, 58]. Despite
the attractiveness of AFC schemes, there was no rigorous numerical analysis for this
class of methods for a long time. To the best of our knowledge, our results in [7, 8, 9]
represent the first contributions in this direction.

In contrast to the methods discussed in the preceding sections, which are all based
on variational formulations, the idea of the AFC schemes is to modify the algebraic
system corresponding to a discrete problem. As this underlying discrete problem,
we use the Galerkin discretization (3) with a finite element space Vj, consisting of
continuous piecewise linear functions with respect to a simplicial triangulation of 2
and assume that divb = 0 and ¢ > 0. We shall formulate the AFC scheme in a form
which can be used also with nonhomogeneous Dirichlet boundary conditions for u.
To this end, we denote by x1, ..., x, the interior vertices of .7, and by xp;11,..., 2N
the vertices of .7}, lying on 9f2. Then, a continuous piecewise linear approximate
solution wuy, can be represented by the vector U = (uy,...,uy) of its values at the
vertices x1,...,xy, and the Galerkin discretization (3) can be equivalently written
as a linear system

N

(17) Zaijuj:fi, izl,...,M,

=1

where the values w41, ..., uyn are determined by the Dirichlet boundary condition
on J9; in our case, they all vanish. Now, the matrix of (17) is extended to a matrix
(aij)%-:l (typically, one uses the finite element matrix corresponding to the equation
(1) with homogeneous Neumann boundary conditions) and one defines a symmetric
artificial diffusion matrix (d;;));_; with the entries

dij = dji = —max{a;;,0,a;}  Vi#j, dij=—Y dy.
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Using this artificial diffusion matrix, the linear system (17) is rewritten in a form
with a M-matrix on the left-hand side and a sum of antidiffusive fluxes on the right-
hand side. Those of these fluxes that are responsible for a violation of the discrete
maximum principle are limited using solution-dependent correction factors. In this
way, the linear system (17) is replaced by the nonlinear problem

N N
(18) Zal]“j"’Z(l_aZ](U))de(u]_uz):fz> 22177M>
1 j=1

j=

with «;;(U) € [0,1], ¢,j = 1,..., N. The limiter functions «;; are to be chosen in
such a way that the AFC scheme (18) satisfies the discrete maximum principle.

In [7] (pp. 267-294 in this work), the AFC scheme (18) was investigated in
the one-dimensional case for a limiter defined in [54]. In contrast to the common
application of AFC schemes, it was not assumed that «;; = «j;, which may cause
a lack of conservation. It was proved that the scheme satisfies a discrete maximum
principle if a solution exists. However, examples were constructed which show that
this scheme does not necessarily have a solution. A modification of the scheme was
proposed for which the existence of a solution and a weak variant of the discrete
maximum principle were proved.

In [8] (pp. 295-319 in this work), the AFC scheme (18) with limiters satisfying
the symmetry condition «;; = «;; was analyzed for general linear boundary value
problems in any space dimension. Under a continuity assumption on the limiters,
the existence of a solution was proved. As a consequence, the unique solvability of
the linearized problem (18) (i.e., with «;; independent of U) was obtained, which is
useful for computing the solution of (18) numerically using a fixed-point iteration.
Furthermore, the AFC scheme was formulated in a variational form and an abstract
error estimate was derived. As usual for stabilized methods, the norm for which the
error estimate is given contains a contribution from the flux correction term in (18).
Then the abstract theory was applied to a discretization of the convection—diffusion—
reaction equation (1) and an error estimate was derived. Numerical results in [§]
show that, under the minimal assumptions on the limiters used in the analysis, the
derived error estimate is sharp. Finally, for the limiter of [54], the AFC scheme (18)
was proved to satisfy the discrete maximum principle on Delaunay meshes.

The limiter of [54] investigated in [7, 8] can be regarded as a standard limiter
for steady-state problems. However, apart from the fact that is does not guarantee
the discrete maximum principle on general meshes, its further drawback is that it
is not linearity preserving in general. This property demands that the AFC term
vanishes if the solution is a polynomial of degree 1 (at least locally). This restriction,
which can be interpreted as a weak consistency requirement, is believed to lead to
improved accuracy in regions where the solution is smooth. In fact, in previous
works, linearity preservation was linked to good convergence properties for diffusion
problems (see, e.g., [29, 57]). In addition, it has been observed in different works
(see, e.g., [20] and, especially, the introduction in [24] for a discussion) that linearity
preservation improves the quality of the approximate solution on distorted meshes.

The above considerations were a motivation for our recent publication [9]
(pp. 321-344 in this work). Here we specified rather weak assumptions on the lim-
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iters that are sufficient for proving the discrete maximum principle. Then a limiter
was designed that fulfills these assumptions by modifying the algorithm proposed in
[55]. The linearity preservation was assured by introducing an explicit geometric in-
formation about the mesh into the definition of the limiter. Numerical studies in [9]
support the analytical results and indicate that the linearity preservation is impor-
tant for an optimal convergence of the AFC scheme. To the best of our knowledge,
the method presented in [9] is the first AFC scheme for a convection—diffusion—
reaction equation that satisfies both the discrete maximum principle and linearity
preservation on general simplicial meshes.

1.7 Concluding remarks

This work presents several contributions to the numerical solution of convection—
diffusion problems made by the author during the past twelve years. The most
important ones include:

an improved version of the Mizukami-Hughes method (Chapter 2);

a systematic comparison of SOLD methods (Chapter 3);

a new definition of the SUPG stabilization parameter at outflow boundaries
(Chapter 4);

an adaptive choice of parameters in stabilized methods (Chapter 4);

improved results on the stability of finite element discretizations (Chapter 5);

a generalization of the local projection stabilization (Chapter 5);

the first analysis of algebraic flux correction schemes (Chapter 6).

These results contributed to a better understanding of numerical techniques for the
solution of convection-dominated problems and some of them were also applied to
numerical simulations in the engineering literature.

The present work shows that there are still many open questions and a wide
potential for improvement in the field of discretization techniques for convection—
diffusion problems. In particular, the algebraic flux correction seems to be a promis-
ing approach which deserves deeper investigations and we plan to continue our re-
search in this area in the near future. For example, it would be interesting to analyze
the time-dependent case or to extend the analysis to anisotropic meshes, to derive
a posteriori error estimates and to develop adaptive techniques, or to improve the
efficiency of the solution of the nonlinear algebraic systems.
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Abstract

We consider the Mizukami-Hughes method for the numerical solution of scalar two-dimensional steady convection—diffusion
equations using conforming triangular piecewise linear finite elements. We propose several modifications of this method to eliminate
its shortcomings. The improved method still satisfies the discrete maximum principle and gives very accurate discrete solutions in con-
vection-dominated regime, which is illustrated by several numerical experiments. In addition, we show how the Mizukami-Hughes
method can be applied to convection—diffusion—reaction equations and to three-dimensional problems.
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1. Introduction

In this paper we propose several improvements of the
Mizukami-Hughes method introduced in [14] for solving
the convection—diffusion equation

—eAu+b-Vu=f in Q. (1)

Here Q is a bounded two-dimensional domain with a
polygonal boundary 0Q, f is a given outer source of the
unknown scalar quantity u, ¢> 0 is the diffusivity, which
is assumed to be constant, and b is the flow velocity. Eq.
(1) is equipped with boundary conditions
u
on
where I'° and I'™ are disjoint and relatively open subsets of
0Q satisfying meas,(I'°) >0 and I°UTI'N =0Q, n is the
outward unit normal vector to 0Q and up, g are given
functions.

Despite the apparent simplicity of problem (1) and (2),
its numerical solution is by no means an easy task since

u=u, onlIP, ¢ g onIN, )

E-mail address: knobloch@karlin.mff.cuni.cz

0045-7825/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.cma.2006.06.004

convection often dominates diffusion and hence the solu-
tion of (1) and (2) typically contains narrow inner and
boundary layers. It is well known that the application of
the classical Galerkin finite element method is inappropri-
ate in this case since the discrete solution is usually globally
polluted by spurious oscillations.

To enhance the stability and accuracy of the Galerkin
discretization of (1) and (2) in convection-dominated
regime, various stabilization strategies have been developed
during the last three decades. One of the most efficient pro-
cedures for solving convection-dominated equations is the
streamline upwind/Petrov—Galerkin (SUPG) method [2]
which consistently introduces numerical diffusion along
streamlines. Although this method produces to a great
extent accurate and oscillation-free solutions, it does not
preclude small nonphysical oscillations localized in narrow
regions along sharp layers. Since these oscillations are not
permissible in many applications, various terms introduc-
ing artificial crosswind diffusion in the neighborhood of
layers have been proposed to be added to the SUPG for-
mulation in order to obtain a method which is monotone
or which at least reduces the local oscillations (cf. e.g.
[1,3-6,8,9,13,15] and the references there). This procedure
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is usually referred to as discontinuity capturing (or shock
capturing). A basic problem of most of these methods is
the design of appropriate stabilization parameters which
lead to sufficiently small nonphysical oscillations without
compromising accuracy.

An interesting monotone method for solving (1) and (2)
was introduced by Mizukami and Hughes [14] for linear
triangular finite elements. Although it is not clear how to
generalize this method to other types of finite elements, it
deserves some attention since it seems to give very accurate
solutions and possesses many nice properties. First of all,
in contrast to the most discontinuity-capturing methods,
the solutions always satisfy the discrete maximum princi-
ple, which ensures that no spurious oscillations will appear,
not even in the vicinity of sharp layers. Further, as a
method of upwind type, it does not contain any stabiliza-
tion parameters, which also is a great advantage in compar-
ison with the most other stabilized methods. Moreover,
it is conservative and since it is a Petrov—Galerkin method,
it is consistent. Last but not least, the Mizukami—-Hughes
method is based on a clear and simple idea whereas many
discontinuity-capturing methods are derived using heuristic
ad hoc arguments. Like many discontinuity-capturing
methods for solving (1) and (2), the Mizukami-Hughes
method depends on the unknown discrete solution and
hence it is nonlinear.

Although the Mizukami-Hughes discrete solutions are
often very accurate, we observed that, in some cases, they
are not correct. Moreover, sometimes it was very difficult
to solve the nonlinear problem with a prescribed accuracy.
Therefore, in this paper, we propose some improvements of
the method which correct the mentioned shortcomings and
keep its quality in cases in which it works well. We will be
interested in the strongly convection-dominated case char-
acterized by the condition ¢ < |b|, where || is the Euclid-
ean norm of b.

A drawback of both the original and the improved ver-
sions of the Mizukami-Hughes method is that no exis-
tence, uniqueness and convergence results are available.
Moreover, it seems to be rather difficult to generalize the
method to more complicated problems. Nevertheless, we
shall show that the method can be extended to convec-
tion—diffusion-reaction equations and to the three-dimen-
sional case.

The plan of the paper is as follows. First, in the next
section, we describe and comment the original Mizu-
kami-Hughes method published in [14]. Then, in Sections
3-5, we discuss shortcomings of this method and propose
some modifications to eliminate them. Since this will take
several pages, we briefly summarize the improved method
in Section 6. Section 7 contains our numerical results
which illustrate the high accuracy of the improved
method. In Section 8, we deal with a generalization of
the Mizukami-Hughes method to convection—diffusion—
reaction equations and, finally, in Section 9, we discuss
the application of the Mizukami-Hughes method to the
three-dimensional case.

2. The Mizukami-Hughes method

Let 7, be a triangulation of Q consisting of a finite
number of open triangular elements K. The discretization
parameter / in the notation J, is a positive real number
satisfying diam(K) < & for any K € 7,. We assume that
Q = Uy, K and that the closures of any two different ele-

ments K, K € 7, are either disjoint or possess either a
common vertex or a common edge. Further, we assume
that any edge of an element K € 7, which lies on 0Q is
contained either in I'° or in I'N. Finally, we assume that
the triangulation .7, is of weakly acute type, i.e., the mag-
nitude of all angles of elements K € 7, is less than or equal
to n/2. This property will be used for proving the discrete
maximum principle.

The solution u of (1) and (2) will be approximated by a
continuous piecewise linear function u;, from the space

Vi={veC(Q);vly € PI(K) VK € T}

Letay,...,ay, be the vertices of 7, lyingin QU I’ Nand let
@y, -, ay, be the vertices of 77, lying on I'°. For any
ie{l,....,N,}, let @;€V, be the function satisfying
¢day) = o5 forj=1,..., Ny, where 9, is the Kronecker sym-
bol. Then ¥, =span{e,}",. The Mizukami-Hughes
method is a Petrov—Galerkin method with weighting
functions

Qi =@+ Z CfXK7 i=1,..., M

KeT,

a;eK
where C¥ are constants to be determined later and y is the
characteristic function of K (i.e., yx = 1 in Kand yx = 0 else-
where). The discrete solution u, of (1) and (2) is defined by

u;,th,

S(VM;,, V(Pi) + (b - Vi, (rb!) = (fv (rb!) + (g7 q)i)r‘\':
i=1,...,.M,
up(a;) = up(a;), i=My+1,... Ny,
where (-,-) denotes the inner product in L) and (-, ) N
is the inner product in LXI'™). Moreover, here and in the
following, the flow velocity b is considered to be piecewise
constant (equal to the original function b at barycentres of
elements of 7).
It remains to define the constants CX, which is the key
point of the method. Mizukami and Hughes require for
any K € 7, that

i

Ni
Cf > —tvie{l,... N}, €K, D CF=0 (3)
i=1
a;eK
and that the local convection matrix A% with entries
al{;:(b'v(/)ﬁibi)[(? i:17-<-7Mh7j:1,...7N;”
a,a, €K
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is of nonnegative type (i.c., off-diagonal entries of A are
nonpositive and the sum of the entries in each row of 4X
is nonnegative, cf. [7]). As usual, (-,")x denotes the inner
product in L*(K). The latter condition in (3) implies that
uy, satisfies a discrete mass conservation law if the data in
(1) and (2) satisfy I'N = 0Q, ¢ =0 and b = const., cf. [11].

The matrix 4% has three columns and at most three rows
and it will be of nonnegative type as soon as al’.j. <0 for
i # j. Note that

aj = (b- V‘P;)‘K/Kﬁ’,-dx = (b Vo,)|gmeas,(K) (3 + Cf).

Let K be any element of the triangulation 7, and let the
vertices of K be a;, a, and a;. For each vertex g
i=1,2,3, we define a vertex zone VZ; and an edge zone
EZ; whose boundaries consist of lines intersecting the bary-
centre of K which are parallel to the two edges of K pos-
sessing the vertex «;, see Fig. 1. The common part of the
boundaries of two adjacent zones is included in the respec-
tive vertex zone. To avoid misunderstandings, we shall
later also use the notation EZ,K instead of EZ,;.

Without loss of generality, we may assume that the ver-
tices of K are numbered in such a way that b points into the
vertex zone or the edge zone of a; as depicted in Fig. 1.
Then

beVZ < b Vo, >0,
beEZ < b-Vo, <0,

b-Vo, <0,
b-Vo,>0,

bv¢3<0'
b-Vo;>0,

where we write Vo, instead of V¢,|x for simplicity.

If b € VZ,, then (3) holds and AX is of nonnegative type
for
cf=i ==

3
If AX has three rows, this is the only possibility how to
choose these constants. On the other hand, if b € EZ;, then
it is generally not possible to choose the constants
C¥,CX, C¥ in such a way that (3) holds and A¥ is of non-

Fig. 1. Definition of edge zones and vertex zones.

negative type. However, Mizukami and Hughes made the
important observation that u still solves Eq. (1) if we re-
place b by any function b such that b — b is orthogonal
to Vu. This suggests to define the constants C¥ in such a
way that the matrix A% is of nonnegative type for b re-
placed by a function b pointing into a vertex zone. Since
Vu is not known a priori, we obtain a nonlinear problem
where the constants C¥ depend on the discrete solution
u;, which we want to compute.

Let us assume that b - Vi g # 0 and let w # 0 be a vec-
tor orthogonal to Vu,|k. Then there exists « € R such that
b+ awe VZ, or b+ aw e VZ;. The dashed and dotted
arcs in Fig. 2 indicate to which part of the plane the vector
w should point from the barycentre of K if the first or the
second possibility should arrive. To simplify the presenta-

tion, let us introduce the sets
Vi={oeRib+awe VZ,}, k=23

Mizukami and Hughes show that, depending on V, and
V3, the following values of the constants Cf should be
used:

Vo#0 and Vi;=190

= Cf=3% Cf=cf=-] (4)
Vo=0 and V3;#0
> cf=} == 5)
V, 7& @ and V3 7& Q)
= Cf=-, G+C=4
sy >-L =L (6)

If, for some k€ {2,3}, the set Vj is nonempty,
we choose oy € V) and define the matrix 45* with entries

Kk

= (b+ow) Vo,p), i,j=123 (g €QuM),

where ¢; are defined using CX’s from (4) if k = 2 and using
Cf’s from (5) if k = 3. As we have seen above, the matrix

b+ow in VZy

b+ ow in VZ3

Fig. 2. Orientations of w for which b + oaw € VZ, or b+ oaw € VZ;.
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AX* is of nonnegative type. Let us assume that ¥, or V3
is empty and let V) be the nonempty set. Since u,|x =
u1p1 + urs + u33, the vector U = (uy,us,u3) satisfies for
i=1,2,3 (with q;e QU IY)

(AKU)[ = (b Vup, ;) = ((b+ouw) - Vi, ;) = (ZK'kU)r

In case (6), we have
AR = (CF + A"+ (C5 +pA™,

where 4%? and A% are matrices defined like AX but using
Cf( ’s from (4) and (5), respectively. Consequently, for
i=1,2,3 (withaq; € QU FN), we obtain

(*U), = (C5 +H(A?0), + (C5 + D (4*U),.
Thus, in all three cases (4)—(6), the discrete solution satisfies
4*U), = (45U, i=1,2,3 (g e QuUI™), 7)

where AX is a matrix of nonnegative type. In case (6),

Mizukami and Hughes suggest to set

ck = M7 i=
t3b-Ve

This choice is also considered if be EZ; satisfies

b Vuy|x=0. If b=0, Mizukami and Hughes set Cf =0

fori=1,2,3.

The above choice of the constants C,K assures that the
discrete solution always satisfies (7) with a matrix 4% of
nonnegative type. Denoting by D the matrix having the
entries d; = (Vo Vo)), i=1,...,M;, j=1,...,N;, and by
A the M), x N;, matrix made up of the local matrices 4%,
we see that the vector of coefficients of the discrete solution
uy, with respect to the basis {@,}}" of the space ¥}, is the
solution of a linear system with the matrix C =e&D + 4.
Since the triangulation 7, is of weakly acute type, it is eas-

1,2,3. (8)

ily seen that the matrix {(Vo;, Vo,) K}i j—1 1s of nonnegative
type. Consequently, the matrices D and C also are of non-
negative type. Moreover, since the matrix {dij}xh: | is non-
singular, the matrix {c; /}‘,‘j”: , also is nonsingular. This
implies that uy, satisfies the discrete maximum principle
(see e.g. [8]). Thus, for any G C Q being a union of closures
of elements of .7, we have

(f,@) <0 Va ecint G= maxu, = maxu, 9)
(f,@) >0 Va eint G= mGinu;, = rr}i(nuh, (10)

which shows that the discrete solution does not contain any
spurious oscillations.

3. Improvement of the Mizukami—-Hughes method in
boundary layer regions

The Mizukami-Hughes method often provides accurate
and oscillation-free discrete solutions, see the examples in
[14,9]. However, in some cases, we observed that the dis-
crete solution was not correct. We shall demonstrate this
on a simple example which was also considered in [14].

a b

Fig. 3. Considered types of triangulations.

Let Q = (0,1)* and, like in [14], let us consider uniform
triangulations 7, of Q of the type depicted in Fig. 3(a),
which consist of 2(N x N) equal right-angled isosceles tri-
angles (N =5 in Fig. 3(a)). Let N =10 and let us consider
the problem (1) and (2) with
=107, f=1 T1°=0Q,

b=(1,0), uy = 0.

(11)
The discrete solution obtained using the Mizukami-
Hughes method is indistinguishable from the discrete solu-

tion corresponding to ¢ — 0. For ¢ — 0, we easily find that
the discrete solution is nodally exact, i.e.,

up(x,y) =x for (x,y) € [0,0.9] x [0.1,0.9]. (12)

Changing b to b= (1,a) with |¢| < 1, we expect that the
discrete solution basically remains the same. However,
Fig. 4(a) corresponding to oo = —0.0001 shows that the dis-
crete solution changes dramatically. The reason is that the
small change of b causes a significant change of the con-
stants C¥ for elements K € 77, having an edge at the upper
part of the boundary of Q, see Fig. 5(a) and (b). Note that
we can set w = (1,0) for these elements K since u;, =0 on
0Q. Let us mention that Fig. 4(a) does not show a violation
of the discrete maximum principle since (f, ;) > 0 for all
ie{l,...,M,;} and the right-hand side of (10) is satisfied
for any admissible set G.

It is obvious that a small change of b should only lead to
a small change of the constants CX and hence a first idea to
improve the behaviour of the method might be to use the
vertex-zone definition of C¥’s also for 4 which is not con-
tained in a vertex zone but is very near to it. However, the
problems also appear for vectors b which cannot be consid-
ered to lie near a vertex zone, e.g. for o € [—0.5,—0.1]. For
such o, a nodally exact solution (again for ¢ — 0) should
satisfy

up(x,y) =x for (x,y) €[0,0.9] x [0.1,0.2]. (13)

Let us assume that

(A1) the constants Cf( are defined as described in Section 2
if b lies in a vertex zone;
(A2) C¥ = —1if b € EZ} for some index .

Then, for ¢ =0, it is easy to show that the necessary
condition for the validity of (13) is that, for any element
K having the vertices (x,0), (x,0.1), (x — 0.1,0.1) with x €
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Fig. 4. Mizukami-Hughes discrete solution for data (11) with b replaced by the indicated vectors: (a) b = (1,—0.0001), (b) b = (1,-0.1), (c) b= (1,—-0.4)

and (d) b =(1,0), 7, from Fig. 3(b).

13

(o] y=0.1

y=0
X

Fig. 5. Values of the constants CX: (a) b= (1,0), (b) b= (1,2), « € (—1,0) and (c) optimal values.

{0.1,0.2,...,0.9}, the constants C,'.( are equal to the values
depicted in Fig. 5(c). Since u(x,0) =0, we have Vu, =
(1,10x) and we can set w=(1,—0.1/x). Hence the Mizu-
kami-Hughes method gives the optimal values of C¥’s only
if x > 0.1/|a|. Thus, for « = —0.1, the discrete solution u, is
wrong along the whole lower part of the boundary of Q
(cf. Fig. 4(b)) whereas, for o = —0.4, the values of Cf’s
are correct for elements with x > 0.25 and hence u, is better
although still wrong (cf. Fig. 4(c)).

The problems observed above also appear for the data
(11) if we consider a triangulation of @ of the type depicted
in Fig. 3(b) which consists of 4(N x N) equal right-angled
isosceles triangles (N = 5 in Fig. 3(b)). For N = 10, the dis-
crete solution corresponding to the Mizukami-Hughes
method is shown in Fig. 4(d) and, as wee see, it is wrong
(the solution is visualized using its values at the same points
as in Fig. 4(a)—(c)). For ¢ =0 and under the assumptions
(A1) and (A2), the discrete solution satisfies (12) only if, on

elements K with vertices (x,0), (x,0.1), (x — 0.05,0.05) or
(x,0.9), (x,1), (x —0.05,0.95) where x € {0.1,0.2,...,0.9},
we set Cf = f% for i corresponding to (x,0.1) or (x,0.9).
Whereas, for the examples mentioned above, we could
think of redefining CX’s employing the relation between
and w in some more sophisticated way, now this is not pos-
sible since w = b. Moreover, the direction of Vi, on K also
cannot be employed since it changes if /= —1 is used instead
of f= 1 whereas the values of C¥’s have to remain the same.

In view of the above discussed and many other numeri-
cal experiments, we conclude that the definition of CX’s for
b lying in an edge zone is not appropriate if K lies in the
numerical boundary layer. The only remedy we have found
is to set Cf = —% for all i corresponding to inner vertices.
This leads us to the following requirement:

(A3) CF =1 for all i=1,23 if KNI #0 and if
b € EZY for some j € {1,2,3}.
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Note that the constants C¥ corresponding to vertices
a; € I' do not influence the discrete solution so that we
could also define them in such a way that (3) is formally
satisfied.

The requirement (A3) is not sufficient to avoid wrong
discrete solutions on a triangulation of the type from
Fig. 3(b) if b= (1,a) with a # 0. In this case we require
that

(A3") Cf.< =— % forall i = 1,2,3 if all vertices of K are con-
nected by edges to vertices on I'” and if b € EZ for
some j € {1,2,3}.

For b =(1,0), this stronger requirement is not needed
on a triangulation of the type from Fig. 3(b): for N = 10,
there exists a unique u;, € V}, satisfying (12) and such that
b Vu;, =f on any element of .7, with vertices of the type
(x,9), (x,y+0.1), (x +0.05,y + 0.05) and on any element
having an edge on the boundary of (0,0.9)x(0.1,0.9).
Assuming (A3), it is easy to verify that this u;, solves the
discrete problem with &¢=0. However, generally, (A3")
is a necessary condition for obtaining a nodally exact
solution.

4. Continuous dependence of C:‘ ’s on the orientation
of the convection b

Let us consider the situation depicted in Fig. 5(a). Since
b lies in a vertex zone, the values of the constants Cf( are
independent of the discrete solution u;,. Now, like in the
preceding section, let us change b to b= (1,2) with o <0,
|o] < 1. Then b lies in an edge zone which we denote EZ,
and the constants C,’.< are determined according to (4)—(6).
Assuming that both 7, and V3 are nonempty, the formula
(8) replaces the value 2 in Fig. 5(a) by 4% and the value —1
at the vertex with y = 0.9 by —%. Thus, the definition of the
constants CX is discontinuous with respect to the orienta-
tion of b. This does not seem to be reasonable and our
numerical experiments show that it may deteriorate the
quality of the discrete solution. Therefore, in this section,
we propose another way how to compute the constants
C¥ in case (6).

Let us again consider an element K with vertices a;, a,
and as. If b € VZy, then C5 =2, Cf = —1and, if b€ VZ;,
then C§ = —1, C¥ =2 Thus, if b € EZ,, it is sensible to set

ey of K =F(—2
2 o +o3)’ 3 o +o3)’

where o, and o3 are the angles depicted in Fig. 6 and
F :[0,1] — [-1,] is a continuous monotone function sat-

isfying F(0) = —% and F(1) =2 It is convenient to replace
F by the function

G(x) :zp(x; 1) _%.

Fig. 6. Definition of angles «, and «3 and of vectors v,, v3 and s.

Then
1 1 O3 — 0y 1 1 Oy — 03
C¥=-+-G , C¥=-+-¢G
2 =512 <m2+a3>’ 1612 <ac2+oc3
and G is a continuous monotone function satisfying

G:[-1,1]—=[-1,1], G(-1)=-1, G(1)=1. (14)

Moreover, (6) implies that G is odd.
To make the computation of the constants Cf< cheaper,
we use the approximation

a3 — oy _sin B(oq — az)} oS0y —Cos g
oy +o3  sin [3 (o2 + 03)] "1 —cos(oy +03)’

which is certainly acceptable for a, + a3 < 3. Note that,
denoting by v, and v; unit vectors pointing from a; to a,
and az, respectively, and by s the unit vector in the direc-
tion of b (cf. Fig. 6), we have

COS oty — COS 043
1 — cos(oa + o3)

:(vz—w)-s
171’2'1’3 ’

Thus, we arrive at the formulas

1 1 _[(va—r)-s 1
K _ Z — . A— K:—— K
c 76+2G< o) =y (15)

where G is a continuous monotone odd function satisfying
(14). We performed a lot of numerical experiments which
revealed that a good choice for the function G is to simply
set

G(x) = x.

5. Continuous dependence of Cf ’s on the orientation
of Vll],

Let us consider the situation depicted in Fig. 2, ie.,
b € EZ,. If the vector w points from the barycentre of K
into the part of EZ; marked by the dashed arc, then the

constants CX are determined by (4) and hence C5 = 2 and
C§ = —1. However, as soon as w comes into the interior

of VZ;, the values of these constants change to values given
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by (15). Consequently, the constants CX depend on the ori-
entation of w (and hence of Vu,,) in a discontinuous way.
Our numerical experiences show that, in some cases, this
prevents the nonlinear iterative process from converging.
Therefore, in the following, we describe a modification of
the formula (15) taking into account the orientation of w.
We assume that b - Vuy|x # 0.

We shall need some additional notation which is intro-
duced in Fig. 7. Here, the straight dashed lines are axes
of the angles between the two lines which cross at the bary-
centre of K and are parallel to the edges of K containing the
vertex a;. One of these angles is the same as the angle w; of
K at a; and we introduce a unit vector v in the direction
of the axis of this angle pointing as in Fig. 7. Without
loss of generality, we may assume that |w|=1 and
that w-v > 0. Therefore, the dashed and dotted arcs in
Fig. 7, which have the same meaning as in Fig. 2, are
restricted to the corresponding half plane. We denote by
o the angle between w and the part of the boundary of
EZ, which is ‘nearer’ to w (cf. Fig. 7). Like in Fig. 6, we
introduce the angles o, and o3 and the unit vectors vy, v3
and s.

If w € EZ,, the constants Cf( are uniquely determined by
(4) and (5). Thus, let us consider the case (6) and let
J.k€{2,3}, j # k, be such that we VZ;UEZ; (j=3 in
Fig. 7). It suffices to discuss the choice of CX since
C¥=-1and Cf=1- Cf. Obviously, & € (0,;) and

3 3
o)1

0 € (0,x] with x =% — %L We shall require the following

values of Cf in the limit cases:

0=K= Cf is determined by (15),

o, — 0, 60 = C¥ is determined by (15) (= C§¥ —3),
1

0—0, ;0= Cf — =3

If o; — 0, 0 — 0, then b - Vu,|x ~ 0 and hence the choice_of
C¥’s is not important since A¥U = 0 in (7). Denoting by Cf
the value of Cf determined by (15), we set

Cj{ = C;((D(O(h é) - %[1 - ‘D(“j? 5)]

b+ow in VZg

Fig. 7. Definition of angles w; and 6 and of the vector ».

where @:([0,w]%[0,x])\(0,0) —[0,1] is a continuous
function. The above requirements imply that
Do, k) = 9(0,0) =1, &(a;,0) =0 Va; € (0, 4],
6€(0,x].
Since the direction of w may strongly vary during the non-
linear iterative process, the constant Cf should be mainly

determined by (15) and the orientation of w should influence
Cf only if 6/k is smaller than a;/w;. Therefore, we set

. 2sin
P(0;,0) :mm{l’rjsinx}’ (16)
where
SLY i < 2,
) sin%t 2
Vj =
. W)
1 if o > 5

Of course, many other formulas for &(a;,J) can also be
used. Let us mention that the computation of (16) is inex-
pensive since, denoting by vjL a unit vector orthogonal to v;,
we have

. . o n
sink =v-v;, sin—=[v-v;],

5 sind = [w- vy,

sina; = |s- v
i =ls-v;

Remark 1. The dependence of the constants CX on w is
also discontinuous if the orientation of w passes the
direction of s (i.e., of b). However, this does not seem to be
important since, if w &~ s, we have b - Vu,|x ~ 0 and hence
AXU ~ 0 in (7).

6. Summary of the improved Mizukami—-Hughes method

In this section we summarize the definitions of the con-
stants CX introduced in the previous sections. Let us con-
sider any element K € .7, and let a;, a, and a; be its
vertices. If b # 0, we assume that b points into the vertex
zone or the edge zone of a; (cf. Fig. 1) and we denote

b ay — ay
§ = Lk}

|’

as — a v +v3

Vv = .
‘V2+V3|

v

“a arl’ 3:|ag arl’
laz — a -

Further, we introduce unit vectors w, v*, v} and vi such

that

w- Vil =0, v'-v=0,

L'1’320.

vy vy =0, v?-v,;:O,

w-y =0, v

Finally, we recall the spaces V, and V3 introduced in
Section 2. Then the constants CX, C5 and C% are deter-
mined according to the algorithm in Fig. 8. It is obvious
that the improved method preserves the general properties
of the original Mizukami-Hughes method, particularly, it
satisfies the discrete maximum principle discussed at the
end of Section 2.
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IF b=0 THEN
CK=CK=CK=0
ELSE IF b€ VZ; THEN
CK=2  CK=CK=-1

ELSEIF KNTP #( THEN

CK=Cf=CF=-1

Cf=Cck=ck=-1

ELSEIF J}, is not of the type from Fig. 3(a) and all vertices of K
are connected by edges to vertices on I'P

ELSE IF b-Vuu|x =0 THEN

1 1
cF=-}, of=of=}
ELSEIF V2 #0 & V3=0 THEN

2 1
k=1, cf=0f=-}
ELSEIF Vo=0 & V3#0 THEN

1
cr =1, cX—cf—-1
ELSE IF w-vt <0 THEN

i1, 5y s
oyl
@zmin{l,Lw v2|}’
TV - Vg
11 (va—v3)-s
CKk=—— -1+ =221~
3+2 |:+ ].—VZ'V3 ’
1
c.f:g—c;‘, Cf =—
ELSE
1
. AR 2
7‘3=m1n{1,||v_v§||+1—sgn(b.v3)},
oyl
@me{l,M},
T3V - V3
1 1 (V37V2)‘S
Ck=—t+ o1+ 2=
3 =737 {*1—v2-v3
1
Cg(:g—cg(, cK=-1

THEN

Fig. 8. Definition of the constants C¥ in the improved Mizukami-Hughes method.

7. Numerical results

In this section we demonstrate the properties of the
improved Mizukami-Hughes method by means of several
standard test problems formulated in Examples 1-7 below
and taken (in a slightly modified form) from [9,12,14]. In all
these examples we consider ¢ = 1077 and, except for Exam-
ple 6, @ = (0,1)%. Unless otherwise specified, we use a trian-
gulation of the type depicted in Fig. 3(a). The number of
elements will be determined by the parameter N introduced
at the beginning of Section 3. In Examples 1-3, the convec-
tion vector b is defined using an angle 6 which is assumed

to satisfy 0 € (0,7/2). To simplify the definitions of various
parts of 0Q, we introduce the sets

= ({0} < (0,1)) u ([0, 1) x {1}),
Iy = ({0} x (0.7, 1)) U ([0, 1) x {1}).

In the captions of figures we denote by MH the original
Mizukami-Hughes method [14] and by IMH the improved
Mizukami-Hughes method introduced in this paper. Let us
mention that the discrete solutions obtained using the
SUPG method [2] contain spurious oscillations for all the
examples except for Example 6.
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Fig. 9. Example 1, IMH, N = 10.

Example 1 (Convection skew to the mesh with boundary
layers)

b= (cosf,—sinf), f=0, I°=0Q,

ub:1 on I, Mb:() OI’IFD\FI.

Both the original and the improved Mizukami—Hughes
method give the same discrete solution which is nodally
exact (cf. Fig. 9). This easily follows from the definition
of the constants Cf . However, for 0 # n/4, it is rather
difficult to compute the discrete solution of the original
Mizukami-Hughes method due to the discontinuous
dependence of C’s on the orientation of Vu,. On the other
hand, the computation of the discrete solution of the
improved Mizukami-Hughes method needs only a few
nonlinear iterations.

Example 2 (Convection skew to the mesh with an inner
layer)

b= (cos0,—sin0), f=0, g=0,
uy,=0 on I'°\T,.

I’ =r,,

up, =1 on I,

For 0 = n/4, the vector b points into vertex zones in all
elements of the triangulation and it is easy to see that, for
both methods, the discrete solution is constant along the
diagonals in Fig. 3(a) if ¢ — 0. Consequently, both the ori-
ginal and the improved Mizukami—-Hughes method give the
same nodally exact discrete solution. If 0 # n/4, the dis-
crete solutions are not nodally exact but they are similar
for both methods. Fig. 10 shows the discrete solution for
0 =mn/3 and N =20 obtained using the improved Mizu-
kami-Hughes method. Fig. 11 compares the outflow pro-
files along the x-axis for the two methods and the exact
solution of the hyperbolic limit of (1). The solution of the
improved method seems to be slightly better. Like for the
previous example, the discrete solution is much more diffi-
cult to compute for the original Mizukami-Hughes
method.

Example 3 (Convection skew to the mesh with inner and
boundary layers)

06 08 0

1.2 T T T T
MH —O—
4L IMH ——
exact
08 B
06 4
04 4
02 [ 4
0 s il 1 1
0 0.2 0.4 0.6 0.8 1

Fig. 11. Example 2, 0 =%, N = 20, MH, IMH and exact solution on y = 0.

b= (cos0,—sin0), f=0, I°=0Q,

uy=1 onTy uy=0 onIlP°\TI,.

This test problem is more complicated than the previous
one since, in addition to the inner layer, it also involves one
or two boundary layers. The relation between the original
and the improved Mizukami-Hughes method is similar
as in the previous example. Fig. 12 shows the discrete solu-
tion obtained using the improved Mizukami-Hughes
method for 0 = /3 and N = 20.

Fig. 12. Example 3, 6 =%, IMH, N = 20.

3
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Example 4 (Convection with a constant source term)

b=(l,0), 2€(-0505), f=1 I°=0Q, u,=0.

This problem was already considered in Section 3 where
we have seen that the original Mizukami-Hughes method
gives wrong discrete solutions (cf. Fig. 4). As we see from
Fig. 13, the discrete solutions of the improved Mizu-
kami-Hughes method seem to be correct in all cases
considered in Section 3. Moreover, the improved Mizu-
kami-Hughes method gives the discrete solutions shown
in Fig. 13(a)—(c) also if we use a triangulation of the type
depicted in Fig. 3(b).

Example 5 (Convection with a nonconstant source term)
b=(1,0), o€ (-0.505), I'°=0Q, u,=0,
le in (07%)X(071)* fzfl in (%)I)X(O)l)

Like in the previous example, both methods coincide
and give a nodally exact solution for « =0 and a triangu-
lation of the type depicted in Fig. 3(a). This is no longer
true if we use o # 0 or a triangulation of the type depicted
in Fig. 3(b). Figs. 14 and 15 demonstrate that the original
Mizukami-Hughes method generally gives wrong discrete
solutions whereas the solutions of the improved Mizu-
kami-Hughes method seem to be correct.

[}

OOO0000000
O=WRUIDN®O

OOOO000000
O=VW BN NO—

Example 6 (Donut problem). We consider Q:(O,l)z\F
with I' = {1} x (0,1). The convection field b is defined
by

b(x,y)=(—y+4x-3)

so that it represents a vortex around the midpoint of the
unit square in the counter-clockwise direction. Therefore,
I represents an inflow boundary denoted by I'™ if we ap-
proach I' from the right but it also represents an outflow
boundary denoted by I'°"" if we approach it from the left.
We set

f=0, g=0, I°=r"ug(0,17, rN=r,
upy =0 on I°\I'™ (i y)=sin(n(1-2y)) forye (0,1).

For this problem, an almost nodally exact discrete solu-
tion can be obtained using the SUPG method and it is
interesting to see to what extent the discrete solution dete-
riorates if other stabilized methods are used. The solution
of the improved Mizukami-Hughes discretization is shown
in Fig. 16 and is similar to the solution obtained using the
original Mizukami-Hughes method. Fig. 17 shows a com-
parison of the discrete solutions of the two Mizukami—
Hughes methods and the exact solution of the hyperbolic
limit of (1) by means of cuts through graphs of the solu-
tions along the line x = 1/2. It seems that the improved

T

OOOO000000
O=WRNDHNO—

OOO0000000
O AUIDNDO—

Fig. 13. Example 4, IMH, N = 10: (a) o = —0.0001, (b) « = —0.1, (¢) « = —0.4 and (d) « =0, 7, from Fig. 3(b).
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56 ooooo00
N=O0=NRANON

[}

OO00000
O=WRIDN

i [ /77 b L
§:§ r //7’/” AR
S A

0.2 0

Fig. 16. Example 6, IMH, N = 32.

08 | f |
06 ] \ A
04 | 3 -

02 N X % |
7

L L L L
0 0.2 0.4 0.6 0.8 1
MH —O— IMH -->¢-- exact -~

Fig. 17. Example 6, N =32, MH, IMH and exact solution on x = 1/2.

O 900000
—o=Nhwruin

Mizukami-Hughes method gives a slightly better solution.
The two discrete solutions are comparable with best
discrete solutions obtained using discontinuity-capturing
methods mentioned in the introduction.

Example 7 (Problem with known exact solution)

b=(2,3), I°=0Q.

The functions f and uy, are chosen in such a way that

u(x,y) = xy* =y’ exp <@) — xexp (@)
+ exp (M)

&

is the exact solution of (1) and (2).

The function u contains two typical exponential bound-
ary layers and hence this example represents a suitable tool
for gauging the accuracy of numerical methods for the
solution of convection—diffusion problems. The discrete
solution obtained using the improved Mizukami-Hughes
method for N =20 can be seen in Fig. 18. Fig. 19 shows
the discrete solution computed using the SUPG method
[2] with the so-called optimal definition of the stabilization
parameter and element size defined as the element diameter
in the direction of the flow. We consider the SUPG method
here since it is known to approximate solutions with layers
on non-layer-adapted meshes at least outside the layers
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Fig. 18. Example 7, IMH, N = 20.
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Fig. 19. Example 7, SUPG, N = 20.

very precisely. Therefore, it is interesting to compare the
accuracy of the SUPG method with the accuracy of
the improved Mizukami-Hughes method. We measure
the errors of the discrete solutions by means of the norm
in L*(Q) denoted by || - ||o.c and using the discrete L™ norm
on Q denoted by || - [|0.co., and defined as the maximum of
the absolute values of errors at vertices of the triangulation.
In addition, we consider this type of norms on the domain
Q* =(0,0.8)*> which does not contain a neighborhood of
the layers. The respective norms are denoted by || - ||y,
and |- |g.,- Finally, we evaluate the H'(Q") seminorm
denoted by | - |} ,. Because of the boundary layers it makes
no sense to show the H'(Q) seminorm. Like in the previous
examples, the bilinear forms of the discrete problems were
computed exactly whereas the right-hand sides were evalu-
ated using quadrature formulas which are exact for piece-
wise cubic f. The evaluation of the L*> norms
(respectively, the H' seminorm) was exact for piecewise
quadratic (respectively, cubic) functions. The obtained
results are shown in Tables 1 and 2 and we see that, outside
the layers, both methods converge with optimal conver-
gence orders. On fine meshes, the SUPG method is more
precise in Q" than the modified Mizukami-Hughes method,
particularly, with respect to the discrete L norm. How-
ever, on the whole domain Q, the SUPG solution does
not converge in the discrete L° norm since the magnitude

Table 1

Example 7, errors of the improved Mizukami-Hughes method

N [l llo.c [1'* Hlo,c0. Il- Hr*).g |- n.sz B ‘8'x:h
20 591-2  7.02-3 3.68—4 205-2 215-3
40 420-2  393-3 1.13-4  1.02-2 671-4
80 298-2  207-3 3.14-5  506-3 1.87 -4
160 211-2  1.05-3 830-6 252-3 494-5
Order  0.50 0.98 1.92 1.01 1.92
Table 2

Example 7, errors of the SUPG method

N [lloe I lloccs 1I-llog [ [ 1000
20 491 -2 5.08—-1 333-4 249-2 937-3
40 3.51-2 570-1 395-5 100-2 232-4
80 2.50 -2 6.02—-1 980—-6 499-3 7.06-6
160 1.78 =2 6.18—1 245-6 249-3 1.74-6
Order  0.49 —0.04 2.00 1.00 2.02

of the spurious oscillations visible in Fig. 19 does not
decrease for decreasing /1 as long as / is significantly larger
than the width of the boundary layers. On the other hand,
the solution of the modified Mizukami-Hughes method
converges on the whole domain Q with first order of accu-
racy in the discrete L> norm and does not contain any spu-
rious oscillations as we can also see from Fig. 18.

8. Application of the Mizukami—-Hughes method to
convection—diffusion-reaction equations

In this section we extend the Mizukami—-Hughes method
described in the preceding sections to convection—diffu-
sion—reaction equations

—eAu+b-Vu+cu=f inQ, (17)

where ¢ is a given function. Our aim again is to derive a

numerical method satisfying the discrete maximum princi-

ple and hence we shall assume that ¢ > 0 since otherwise

no maximum principle generally holds for Eq. (17). Again,

we consider the singularly perturbed case, i.e., ¢ < |b| + c.
The discrete solution u,, of (17), (2) is defined by

u, €Vy,
&(Vuy, Vo;) + (b - Vuy, + cuy, @)
:(,fv(?)i)+(g7§0i)l‘”= i:1>~~~7Mha

up(a;)) = up(a;), i=M,+1,...,N,.

Like for b, we assume that c is piecewise constant.
For any K € 7, the local reaction matrix RX has
entries

r,]'; = (C(Pj’ Pi)x = %C‘KmeaSZ(K) (% + C:K + iéfj)

(withi=1,...,M,,j=1,...,N,, a;,a; € K), where 6%is the
Kronecker symbol. We define the matrix SX= 4%+ RX
(with entries s{j), where AX is the local convection matrix
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introduced in Section 2. Like before, we want to define the
constants C¥ in such a way that the matrix S¥ is of nonneg-
ative type or at least satisfies an analogue of (7), i.e.,

KU = SKU (18)

where SX is a matrix of nonnegative type. Note that

Ni

Zs”—z - = c|ymeas;(K) (L + CF)
1
a,EK ajjeK
vie{l,...,M;}, a; €K,

and hence the first condition in (3) is necessary for SX to be
of nonnegative type.

On the other hand, the second condition in (3) cannot be
fulfilled in general. To see this, let us denote the vertices of
Kby ay, ay, a; and let us assume that b € VZ, (from now on
we shall write b, ¢, Vo, instead of b|k, ¢|x, Vil respec-
tively). Then s5 and s& may be nonpositive only if C5 <
—1and C§ < —L A necessary condition for s& and sf; to
be nonpositive is

Ze(3+CY) <

If Cf (2 , 3] which is necessary for the validity of (3), this
inequality will not be satisfied for ¢ > 2b - V¢;. Hence the
validity of the second condition in (3) cannot be generally
required.

Fortunately, the second condition in (3) is not needed to
assure that (7) holds with a matrix 4X of nonnegative type.
It is easy to check that (7) still holds if those constants in
the definition of A%, for which larger values than —% are
prescribed, are replaced by any values from the interval
[—— 00). Thus, our idea is first to compute the constants
C according to the algorithm in Fig. 8 and then possibly
to decrease some of the constants in such a way that (18)
holds with a matrix S¥ of nonnegative type. Since, for
¢>0, the matrix RX is of nonnegative type if and only if

b- V(/)l( +C).

all the constants CX are from the interval [—1, —1], a con-

stant Cl. provided by the algorithm in Fig. 8 will not be
decreased if CF < —1 If Cf > —1 it is never necessary to
decrease this constant below the value —1.
Now let us describe the new definition of the constants
Cf.( in detail. We again denote the vertices of K by ay, a,
a3 and assume that b € VZ,;. Then, according to Fig. §,
Cy = CY = —1 and hence we only have to assure that sf,
and s¥, are nonpositive, which is the case if and only if

36(b- Vo, + )i+ CF) <e, j=2,3. (19)

Of course, the constant C¥ = 2 provided by the algorithm
in Fig. 8 generally does not satisfy this inequality. There-

fore, denoting
¢=36max{0,b- Vo, +1c, b-Vo;+ic},

we set

2 1 ¢
Cf _mm{§ —§+§}

(if c=¢=0, we define ¢/¢=o00). Since b-Vep; <0 for

j=2,3, we really have Cf > —1.

Now let us assume that b € EZ, and that K does not
have the properties formulated in (A3) and (A3") at the
end of Section 3. If b Vuy,|x =0, then AXU =0 and we
set Cf = —1 and C§ = C§{ = —1, which guarantees that
the matrix R* is of nonnegative type. Let b- Vuy|g # 0
and let the vector w be defined like in Section 6. It is con-

venient to denote for € R and j,k € {1,2,3}, # k,
Ei(a) =36(b-Vo,+aw-Ve,+1ic),
i) = max{0, (o), &)}

Let us first assume that V> # () and V3=0. Then
CK CK f% and, like in Section 2, we deduce that (18)

holds with §¥ = (1 + C%)4%* 4+ RX. The matrix 45? was
defined in Section 2 using an arbitrarily chosen o, € V>
and its first and third row consist of zeros. Therefore, we
only have to assure that the entries 5% and 5%, of the matrix
SX are nonpositive for some o € V5. Like in (19), we get
the condition that, for some o € V>,

GG+ <e, =13
The set V, is a closed interval and hence it is easy to
compute

¢=min i3(a).

Thus, it suffices to set

C¥ .= min {%,7%+%}.
12¢ for any o € V>, we again have C5 > —
The case V>, =0, V3 # ( is treated analogously.

If both 7, and V3 are nonempty, then C’f = —% but the
constants C5 and Cf provided by the algorithm in Fig. 8
may be so large that (18) does not hold for any matrix
SX of nonnegative type. Therefore, like above, we set

1 ¢ ) 1 ¢
_§+E}7 Cf::mm{Cf,—g-i-?}

Since &;3(a) < L

K . .. K
C; :=min {C27
where

= 1113}} ¢a(e), &= 112}}31 (o).

Up to now, we have not mentioned the case when b=0
and hence 4X=0. We set CK CK CK 3 which
leads to a matrix S with positive d1agona1 entries and zero
off-diagonal entries.

The above modifications of the constants CX assure that
the discrete solution of (17), (2) always satisfies (18) with a
matrix SX of nonnegative type. Therefore (see the end of
Section 2), the discrete solution satisfies the discrete maxi-
mum principle and hence it does not contain any spurious
oscillations.

Let us illustrate the properties of the improved Mizu-
kami-Hughes method with the above described definition
of the constants CIK by means of two simple test problems
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taken from [10,16]. Like in Section 7, we consider ¢ = 1077,
Q=(0,1)> and triangulations of the type depicted in
Fig. 3(a).

Example 8 (Reaction without convection)
b=0, c=1, f=1, I°=0Q, u,=0.

Fig. 20 shows a discrete solution computed using the
Galerkin discretization (corresponding to the Mizukami—
Hughes method with all C¥’s equal to zero) and we observe
significant spurious oscillations along the whole boundary
of Q. On the other hand, the improved Mizukami-Hughes
method gives a nodally exact discrete solution, see Fig. 21.

Example 9 (Reaction with convection)
b(x,y)=(1-5"0), ¢=25 [=0, I”={0}x(0,1),
g=0, u,=1

The Galerkin solution (cf. Fig. 22) again exhibits spuri-
ous oscillations which become even larger if the SUPG
method described in the previous section is applied. The
discrete solution obtained using the improved Mizukami—
Hughes method with CX’s defined by the algorithm in
Fig. 8 is comparable with the SUPG solution. However,
using the constants CX introduced in this section, we obtain

Fig. 23. Example 9, IMH, N = 20.

the discrete solution depicted in Fig. 23 where no spurious
oscillations are present.

Remark 2. If the assumption that &< |b|+ ¢ is not
satisfied and the reaction term dominates the convection
term (in particular, if » = 0), the invalidity of the second
condition in (3) may lead to a large error of the discrete
solution. Therefore, in this case, instead of requiring that
SX or SX be of nonnegative type, one should require this
property of the matrix DX + SX or DX + SX, respectively,
where DX is the local diffusion matrix with entries
dfj =¢(Vo;, Vo;)g. Assuming that D¥ has three rows
(since otherwise the second condition in (3) can always be
fulfilled), there is at least one row of DX whose all entries
are different from zero. Therefore, adding DX to SX or ¥
always enables to increase at least one of the constants C¥.
In this way, the second condition in (3) can often be
(nearly) satisfied since dl’.j ~ ¢ whereas ’5 ~ ¢ meas(K).

9. The Mizukami-Hughes method in three dimensions

In this section, we briefly show how the ideas presented
in Section 2 can be applied to the three-dimensional case.
We assume that ©Q is a bounded three-dimensional
domain with a polyhedral boundary 0Q and that we are
Fig. 21. Example 8, IMH, N = 10. given a triangulation 7, of Q consisting of a finite number
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of open tetrahedral elements K. The notation, assumptions
and concepts introduced in Section 1 and at the beginning
of Section 2 (by the end of the definition of the discrete
solution) can be extended in a natural way to the three-
dimensional case and hence we shall not mention them
again.

Analogously as in Section 2, the local convection matri-
ces AX have entries

ay; = (b-V;.0:)y = (b Vo) gmeas; (K) (5 + CF),

i=1,...,M;,, j=1,...,N,, a;,a; € K. Therefore, we shall
require that the constants C¥ satisfy

Ny,
Cf>-lvie{l,... Ny}, s €K, > Cf=0. (20)
aek

Let K be any element of the triangulation 7, and let the
vertices of K be ay, a,, a; and ay. We divide the space R3
into 14 sets whose boundaries are formed by the four
planes containing the barycentre a. of K which are parallel
to the faces of K. We denote these sets as vertex zones VZ,;,
face zones FZ; and edge zones EZ, i,j € I, i <j, where we
used the index set 7= {1,2,3,4} for brevity. Precisely, the
sets are defined in the following way:

VZ, ={xcR%(x—a) Vo, >0,(x—a) Vo, <0
Vk eI\ {i}},
FZ, ={xeR(x—a) Vo, <0,(x—a,) -V, =0
Vk eI\ {i},
A el\{i}: (x—a.) Vo, >0Vk eI\ {il}},
EZ;={x € R (x —a.) Vo, >0, (x—a) Vo, >0,
(x—a.) Vo, <0VkeI\{ij}}.

Again, we write V¢, instead of V¢, |x for simplicity. Note
that

(U vz,-) U (U FZ,-) U ( U EZ,-,-) =R\ {a}
iel iel ijeli<j
and that all the 14 sets are mutually disjoint.
To get a better impression of the form of these sets,
we introduce the points
3a; + a; ai+ Zkel\{/’}ak
Uij = 4 Uij = 4 )

iLjel, i#j.

Obviously, a point u; lies on the edge of K with end points
a;, a;and a point vy lies on the face of K opposite the vertex
a;. It is easy to verify that the closure of K N VZ; is a par-
allelepiped whose eight vertices are a, a;, Uy, Vi, k € I\{i},
the closure of KN FZ; is a tetrahedron whose four vertices
are a., v, k € I\{i}, and the closure of KN EZ; is a poly-
hedron with seven vertices a., uy, s, Vi, U, kK € I\{i,j}.
Examples of an edge zone, a face zone and a vertex zone
can be seen in Fig. 24. Note that, for any k € [, all the nine
points uy and v, with i,j € I\{k}, i # j, are contained in the

Fig. 24. Definition of edge zones, face zones and vertex zones.

plane containing a. and being parallel to the face of K
opposite ay.
Now let us discuss the definition of the constants

Cf, .. .,Cff. If b points into a vertex zone, say VZ;, j€ I,
then (20) holds and A% is of nonnegative type for
CF=f CF=) Wkel\{h

If A has four rows, this is the only possibility how to
choose these constants.

Now let us assume that b does not point into any of the
vertex zones. Then the constants CX cannot be generally
defined in such a way that (20) holds and the matrix 4%
is of nonnegative type. Therefore, like in Section 2, we shall
try to find such constants Cf, that the coefficient vector
U € R* of uy|x with respect to the basis { ¢/} s satisfies

A¥U = 4¥U, (21)

where 4X is a matrix of nonnegative type. This is trivially
satisfied if b - Vuy,|x =0 and hence we shall assume that
b Vuyx # 0 in the following. Similarly as in Section 2,
we introduce the sets

Vi={beR:(b—b) Vul, =0, a. +becVZ}, kel
If b points into the face zone FZ; jec I, there exists
k € I\{j} such that ¥} # 0 and we may consider any con-
stants Cf( satisfying (20) and the following requirements:

Vi#0 Vkel\{j} = Cf=- (22)
Fkel\{j}:Vi=0 and V,£0 Viel\{jk}

= CF=Ccf=-, (23)
FecI\{j}:Vi#0 and V,=0 Viel\{jk}

= Cf=-1 vierl\{k}. (24)

If b points into the edge zone EZy, jk €I, j<k, then
V;U ¥V, # 0 and we consider any constants CX satisfying
(20) and the following requirements:

V;#0 and Vi#£0 = Cf=-1 Vviel\{jk}, (25)
V;#0 and V=0 = Cf=-1 viel\{j}, (26)
V=0 and V,#0 = Cf=-1 viel\{k}. (27)
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Let us assume that the constants C,’.( are defined according
to (20) and (22)—(27) and let us introduce vectors by, ..., by
such that, for any i € I,

bi=b ifCf=-1 bev ifcf>-L

We define a matrix 4% with entries

a = (b - Vo,)|gmeas;(K) 4+ CF), ijel, a;€eQuUI™.
Then AX is of nonnegative type and (21) holds.

There are many possibilities how to satisfy the require-
ments (20) and (22)—(27) and, since (21) always holds with

a matrix 4% of nonnegative type, the discrete solution uj,
always satisfies the discrete maximum principle. However,
not every choice of the constants C satisfying (20) and
(22)—(27) is appropriate and we may encounter similar
difficulties like those ones discussed in Sections 3-5. The
derivation of suitable formulas for the constants CX will
be a subject of our further research.

10. Conclusions

In this paper we introduced several improvements of the
Mizukami-Hughes method for the numerical solution of
two-dimensional steady convection—diffusion equations.
We have shown that the improved method satisfies the dis-
crete maximum principle and we demonstrated by means
of various numerical results that it gives very accurate dis-
crete solutions with no spurious oscillations. Moreover,
our extensive numerical tests (which will be published in
a separate paper) revealed that none of the discontinuity-
capturing methods mentioned in the introduction can be
regarded as superior to the improved Mizukami-Hughes
method. Therefore, the improved Mizukami—-Hughes
method seems to be one of the best choices for solving
the problem (1) and (2) using conforming piecewise linear
triangular finite elements if convection strongly dominates
diffusion. We have also shown that the Mizukami-Hughes
method can be extended to convection—diffusion-reaction
equations and to the three-dimensional case but here
further research is necessary.
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Abstract This paper is devoted to the numerical solution of convection—diffusion equa-
tions using the Mizukami—Hughes method which is a nonlinear method of upwind type
using conforming piecewise linear triangular finite elements. We extend this method to the
whole range of the diffusion parameter whereas the original method was introduced for the
convection-dominated regime only. We prove that the extended method satisfies the discrete
maximum principle and illustrate its properties by means of numerical results.

Keywords Finite element method - Convection—diffusion equations - Upwinding -
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1 Introduction

This paper is devoted to the numerical solution of the scalar convection—diffusion problem
: D du N
—eAu+b-Vu=f inQ, u=u, onl?, ga—:g onI'". €8
n

Here 2 is a bounded two-dimensional domain with a polygonal boundary 3 and I'?, 'V
are disjoint and relatively open subsets of 92 satisfying meas; (I'?) > 0and ’? UTN =9 Q.
Further, n is the outward unit normal vector to 9€2, ¢ > 0 is a constant diffusivity, b is the
flow velocity, f is a given outer source of the unknown scalar quantity u, and u,, g are given
functions.

It is well known that the numerical solution of (1) is a challenging task since convection
often dominates diffusion and hence the solution of (1) typically contains narrow inner and
boundary layers. Discrete solutions of (1) are then often polluted by spurious oscillations.
Therefore, many various stabilized methods have been developed during the past decades
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and, in the context of finite element methods, these approaches can be usually interpreted
as the addition of artificial diffusion to the standard Galerkin discretization, which loses its
stability in the convection-dominated regime. The basic difficulty is that the amount of the
artificial diffusion should be not too small to remove spurious oscillations but also not too
large to avoid excessive smearing of the discrete solution.

Among stabilized finite element methods for the numerical solution of (1), upwind-
ing techniques are attractive since they often satisfy the discrete maximum principle. The
first upwind finite element method for which the discrete maximum principle and conver-
gence were proved was developed in [18]. A drawback of upwind finite element methods is
that they usually introduce too much artificial diffusion. An exception is the Mizukami—
Hughes method [16] which uses conforming triangular piecewise linear finite elements
and provides very accurate discrete solutions in the convection-dominated case. Numeri-
cal computations indicate that it is more accurate than many other stabilization approaches,
see, e.g., [10, 11, 14]. The price we pay for the high accuracy of the Mizukami—Hughes
method is that the method is nonlinear.

The original approach by Mizukami and Hughes was further improved in [13] where also
extensions to convection—diffusion-reaction equations and to three space dimensions were
presented. An extension of the Mizukami—Hughes method to bilinear finite elements was
proposed in [15].

All variants of the Mizukami—Hughes method were designed for the strongly convection-
dominated regime. Consequently, if the convection is not so dominant, the method usually
introduces too much artificial diffusion. The aim of the present paper is to correct this short-
coming, which leads to a method that can be viewed as a partial upwind scheme, see [7].
Moreover, we give a rigorous proof of the discrete maximum principle, which is not avail-
able in the preceding papers on the Mizukami—Hughes method.

First, in the next section, we introduce some notation, formulate the SUPG method
(which will be compared with the Mizukami—Hughes method in Sect. 5) and discuss the
numerical solution of problem (1) by means of stabilized finite element methods. In par-
ticular, this section shows the insufficiency of many common approaches for the numerical
solution of (1). Then, in Sect. 3, the original method by Mizukami and Hughes is formulated
and, in Sect. 4, the improvements introduced in [13] are summarized. In Sect. 5, we discuss
the upwinding properties of the Mizukami—Hughes method and introduce a modification
of the method which does not change its properties in the strongly convection-dominated
regime but improves the accuracy if the ratio between convection and diffusion effects is
moderate. In addition, we prove in Sect. 5 that the discrete maximum principle still holds.
Section 6 contains numerical results comparing both versions of the improved Mizukami—
Hughes method and, finally, in Sect. 7, we present our conclusions.

2 SUPG Method and SOLD Methods

Let 7, be a triangulation of 2 consisting of a finite number of open triangular elements K.
We assume that Q = |, T K and that the closures of any two different elements of 7;, are
either disjoint or possess either a common vertex or a common edge. Further, we assume
that any edge of 7, which lies on 9€2 is contained either in P orin V.

We shall discretize the problem (1) using the finite element space

Vi={veC(Q); vix € P,(K)VK €T}
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consisting of continuous piecewise linear functions. Let ay, ..., ay, be the vertices of 7,
lying in Q UTY and let ay, 41, ..., an, be the vertices of 7, lying in I'P. For any i €
{1,..., Ni}, let ¢; € V,, be the function satisfying ¢;(a;) = §;; for j =1, ..., N, where §;;
is the Kronecker symbol. Then V}, = span{¢p; }lN:hl.

Itis well known that the standard Galerkin finite element discretization of the convection—
diffusion problem (1) is inappropriate if convection dominates diffusion since then the dis-
crete solution is usually globally polluted by spurious oscillations. An improvement can
be achieved by adding a stabilization term to the Galerkin discretization. One of the most
efficient procedures of this type is the streamline upwind/Petrov—Galerkin (SUPG) method
developed by Brooks and Hughes [1] which is frequently used because of its stability prop-
erties and higher-order accuracy, see, e.g., [17]. Let us mention that, when using the above
space V,, many other stabilization approaches like the Galerkin/least-squares method [6]
or the subgrid scale method [5] are equivalent to the SUPG method if the data of the prob-
lem (1) are constant.

The SUPG method is a Petrov—Galerkin method with weighting functions

@,-Z(p[-i-‘rb-v(/’i, izl,...,Mh,

where T € L>°(2) is a nonnegative stabilization parameter. The SUPG solution u;, of (1) is
defined by

u € Vh, (2)
e(Vuyp, Vo) + (b - Vuy, 0) = (f,9;) + (g, ¢)rn, i=1,..., M, 3
up(ai) =up(a;)), i=M,+1,...,Np, (€]

where (-, -) denotes the inner product in L?(£2) and (-, -)p is the inner product in L?(I'V).
The choice of the stabilization parameter T may dramatically influence the accuracy of the
discrete solution and therefore it has been a subject of an extensive research over the last
three decades, see, e.g., the review in [10]. Unfortunately, a general optimal definition of ©
is still not known. Often, the parameter 7 is defined, on any element K € 7, by the formula

y 1 blh
= TZIEO(PEK) with & (a) = cotha — —, Pegx = |b] K )
o

7|k

where hg is the element diameter in the direction of the convection vector b and Pey is
the local Péclet number which determines whether the problem is locally (i.e., within a
particular element) convection dominated or diffusion dominated. Note that, generally, the
parameters hg, Pekx and 7|k are functions of the points x € K. Sometimes, the so-called
upwind function & is approximated by a simpler expression, e.g., one can use

hx

t|K:M

él(PeK) with %'1(0() = maX{O, 1-— l} (6)

o

It is interesting that, in [4], this formula was also obtained from an analysis of the structure
of eigenvalues of the SUPG stiffness matrix.

Formula (5) originates from the one-dimensional case of (1) with constant data and
Dirichlet boundary conditions, where it leads to a nodally exact SUPG solution if contin-
uous piecewise linear finite elements on a uniform division of €2 are used, cf. [2]. In two
dimensions, this property is generally lost and since the SUPG method is not monotone, a
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discrete solution satisfying (2)—(4) usually contains spurious oscillations localized in nar-
row regions along sharp layers. A possible remedy is to add a suitable artificial diffusion
term to the SUPG method, see the review in [10], where such approaches are called spuri-
ous oscillations at layers diminishing (SOLD) methods. Other names which can be found
in the literature are discontinuity-capturing or shock-capturing methods. The artificial diffu-
sion added by the SOLD methods typically depends on the unknown discrete solution and
hence the SOLD methods are usually nonlinear. Recently, these methods were tested in a
number of papers, see [8—12], and it was observed that many of the SOLD methods often
substantially reduce the oscillations appearing in the SUPG solutions without an excessive
smearing of the layers. However, it also turned out that the properties of the SOLD methods
strongly depend on various factors like the data of the problem, the computational mesh or
values of parameters and that, also for simple problems, any of the SOLD methods can give
a solution with nonnegligible spurious oscillations. In fact, oscillation-free discrete solu-
tions with sharp layers can be generally obtained only using SOLD methods containing free
parameters. However, it is generally not known how these parameters should be defined.

The above discussion shows that the only reliable way to obtain oscillation-free discrete
solutions of the problem (1) is to apply methods satisfying the discrete maximum principle
which do not involve any free parameters. A promising representative of such methods is
the Mizukami—Hughes method which will be discussed in the following sections.

3 Mizukami-Hughes Method

In addition to the assumptions made at the beginning of Sect. 2, we shall assume in the
following that the triangulation 7, is of weakly acute type, i.e., the magnitude of angles
in all elements of 7 is less than or equal to 7 /2. We shall use the notation introduced in
Sect. 2.

The method proposed by Mizukami and Hughes in [16] is a Petrov—Galerkin method
with weighting functions

=g+ Y. Chxx. i=1,....M,.
KeTj.a;eK

Here xx are characteristic functions of elements K (i.e., xx = 1 in K and xx = 0 elsewhere)
and CiK are constants which will be determined later. The discrete solution u; of (1) is
defined by

up € Vy, (7)
e(Vuy, Vi) + (by, - Vup, ) = (f, @) + (g, @)y, i=1,..., My, 3
up(a;)) =up(a;)), i=M,+1,..., Ny, &)

where by, is a piecewise constant approximation of b. We shall also use the notation bg =
b,|k for K € T,. In our computations, we set b;, equal to the values of b at barycentres of
elements of 7.

The constants CX in the definition of the weighting functions are required to satisfy, for
any K € T,

N
1 _
ck> -3 Vil N}, @€k, > cf=o. (10)

i=l,a;eK
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Moreover, the idea of Mizukami and Hughes was to choose the constants CX in such a way
that the local convection matrix AX with entries

alf = bk -V, o)k, i=1..., My j=1,...,N;, a;,a; €K,

is of nonnegative type (i.e., off-diagonal entries of AX are nonpositive and the sum of the
entries in each row of AX is nonnegative, cf. [3]). As usual, (-, -)x denotes the inner product
in L*(K).

To characterize the direction of the convection vector bg, we decompose any triangle
K into vertex zones and edge zones by drawing lines parallel to the edges of K which all
intersect at the barycentre of K, see Fig. 1. Denoting the vertices of K by a;, a, and a3,
the set containing the vertex a;, i = 1, 2, 3, will be called vertex zone VZ;. The remaining
three sets are called edge zones and the edge zone opposite the vertex a; will be denoted by
EZ;. The common part of the boundaries of two adjacent zones is included in the respective
vertex zone. The fact that the vector bg points from the barycentre of K into VZ; or EZ; will
be shortly expressed by bx € VZ; or bx € EZ;, respectively. Without loss of generality, we
may assume that the vertices of K are numbered in such a way that by € VZ, or b € EZ,
as depicted in Fig. 1.

If b € VZ,, then (10) holds and AX is of nonnegative type for

2 1
CIK:§, cf:cf:—g.

On the other hand, if bx € EZ,, then it is generally not possible to choose the constants
ck,cX,c¥X in such a way that (10) holds and AX is of nonnegative type. However,
these requirements can be satisfied if by is replaced by a vector by pointing into a ver-
tex zone and preserving the product by - Vuy|k. This is motivated by the fact that, in
the continuous case (1), the solution u does not change if b is replaced by b such that
b-Vu =b - Vu. Note that the local convection matrix AX will be still defined using bx and
the vector by is used only for defining the constants CiK . Since the constants CiK depend
through bk on the unknown discrete solution uy,, the resulting discrete problem is nonlinear,
like the SOLD methods mentioned in the preceding section.

Fig. 1 Definition of edge zones
and vertex zones
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Fig. 2 Notation for
demonstrating the upwind
character of the
Mizukami-Hughes method
(vectors indicate the directions
of by,)

Let us assume that bx € EZ; and bg - Vu,|x # 0 and let w # 0 be a vector orthogonal
to Vuy| k. We introduce the sets

Vk:{aeR;bK—i-aweVZk}, k:2,3

The vectors bg + aw play the role of bk mentioned above. It is easy to see that V, U V3 # (.
Mizukami and Hughes show that, depending on V, and Vi, the following values of the
constants C I.K should be used:

2 1
Vit & V=0 — c§:§, CIK:C3K=—§, an
K_ 2 K K 1
=0 & Vi#0 — C3:§, C; :sz—g, (12)
K 1 K k_ 1
V2¢@ & Vg;é@ 54 Cl :—5, C2 +C :g,
1 1
ck > -3 ck > -3 (13)
In case (13), Mizukami and Hughes suggest to set
bg -V
ck= b Vol iy,
31(bk - Verilx)l

This choice is also considered if by € EZ, satisfies bg - Vuy|x = 0. If bx = 0, Mizukami
and Hughes set CiK =0 for i = 1,2,3. Although the matrix AX is generally not of non-
negative type if by € EZ,, it can be proved that the solution of (7)—(9) satisfies the discrete
maximum principle.

Note that the above definitions of the constants CX give rise to an upwind effect. Indeed,
if we consider the configuration depicted in Fig. 2, we have C ZK '=C IK =C iK3 = —% and
hence

(by - Vup, @) = (by, - Vuy, ©;) k,UK5UKs -

4 Improved Mizukami-Hughes Method

We showed in [13] that the above definition of the constants CiK for bk pointing into an edge
zone is not appropriate if K lies in a numerical boundary layer. Moreover, the definition of
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the constants C iK is discontinuous with respect to the orientation of both bx and Vuy |k . The
latter discontinuity often prevents the nonlinear iterative process from converging. There-
fore, in [13], we proposed several improvements of the Mizukami—Hughes method which
correct the mentioned shortcomings. Here, we only give the resulting definitions of the con-
stants and refer to [13] for details.

Let us consider any element K € 7, and let a;, a; and a3 be its vertices. If bg # 0,
we assume that bg points into the vertex zone or the edge zone of a; (cf. Fig. 1) and we
denote

by a — ay as — a vy + 03

§=— V)= ——— V3= —— = —
|bk|’ lay —ai|’ laz —ai|’ [vy + v3]

Further, we introduce unit vectors w, v+, 1)2l and v3l such that

w-Vu,|g =0, v--v=0, vi-vzzo, vj-v3:O,

w-v >0, vltvy>0.

Finally, we recall the spaces V; and V; introduced in Sect. 2. Then the constants C K. CZK and
C3K in the improved Mizukami—Hughes method are determined according to the algorithm
in Fig. 5.

5 Suppression of the Upwind Character of the Mizukami-Hughes Method

Let us consider the problem (1) with = (0, 1)> and let b and f be constant. Moreover,
let b = (b, 0) and let the boundary conditions be such that the solution # does not change
in the vertical direction. If we consider a uniform triangulation of Q of the type depicted
in Fig. 3, then, for any element of the triangulation, b points into a vertex zone and hence
all constants CX are independent of uj,. Thus, in this special case, the Mizukami—Hughes
method is linear and the constants C have the same values for all elements having the same
orientation. Although it is easy to find the six values of these constants, because of further
considerations, it is advantageous to denote them by C1, ..., Cq, see Fig. 4. Let us assume

Fig. 3 A uniform triangulation

Fig. 4 Constants CiK for the two
orientations of the elements from
Fig. 3
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IF bg =0 THEN
ck=ck=ck=o0
ELSEIF bg eV21 THEN
Cl —3’ C§=C3K=_%
ELSEIF KNTP @ THEN
ck—cf —cf -}

ELSE IF 7}, is not of the type from Fig. 3 and all vertices of K
are connected by edges to vertices on '? THEN
K_rrK_pK_ _1

Cl _CZ _C3 -3

ELSEIF bg -Vuj|lg =0 THEN

K__1 K_ck_1

Cr=-3 G =CG=

ELSEIF V,#0 & V3={ THEN
K_2 K_ck__1

C2 -3 Cl _C3 - 3

ELSEIF Vo, =0 & V3#{ THEN

K_2 K_ck__1
C3 -3 Cl _C2 - 3
ELSEIF w-vt <0 THEN

. 1s vyl
rp =min{ 1, B ll—f—l—sgn(bK v))
v

. 2w - vy |
S =min{l, ———=— ¢,
v -v)

V) — v N
sz_%+%q)[ (v2 —v3)- ]

1 —vy-v3
K _ 1 K K__1
Gy=3-CG. C(=—3
ELSE
J_
mm{l, i—f—l—sgn(bK v3)}
3
2w - v3
d=min{l, ————
r3v - v3
1 (v3—vp) s
ck=_1l41¢ _
3 it [ I—wvy- v%]
K _ 1 K K__1
Gy =3-6G. C=-3

Fig. 5 Definition of the constants CI.K in the improved Mizukami—Hughes method
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that, like the solution u, the discrete solution u;, does not change in the vertical direction and
let u; be the value of u;, at nodes with the horizontal coordinate ik,i =0, ..., N, where h =
1/N is the constant mesh width in both the horizontal and the vertical directions. Denoting
8 = C, + C5 + Cy, the properties (10) imply that C; + Cs + C¢ = —8 and § € [—1, 1] and
(8) can be written in the form

e(—ui1 +2u; —uiy1) + %bh[(1 +8) i — i) + (1 =) i —u)l = fh*,  (14)

where i = 1,..., N — 1. Thus, the value of § determines how strong upwind effect is in-
troduced by the Mizukami—Hughes method. Since the second term on the left-hand side of
(14) can be written in the form

1 1
Ebh(ui+1 —ui1)+ §5bh(—ui71 +2u; —uiq),

we can also say that the value of § determines the amount of artificial diffusion in the
Mizukami-Hughes method (note that §b > 0).

Equations (14) are identical with the difference equations corresponding to the SUPG
method (3) in the one-dimensional case provided that § = 2b7/h. Since the formula (5) is
optimal in the one-dimensional case, we see that the optimal choice of § is

. |b|h

8§ =§&)(Pe)sgnb with Pe = T (15)
However, if we compute the value of § corresponding to the Mizukami—Hughes method
described in the preceding two sections, we obtain § =1 if » > 0 and § = —1 if » <O.
Thus, independently of the value of the Péclet number, the Mizukami—Hughes method cor-
responds to the discretization of the convective term by standard upwind differencing. This
is appropriate if the Péclet number is large (since then &,(Pe) ~ 1), however, for small Péclet
numbers, such a discretization leads to a low accuracy since two much artificial diffusion
is introduced. Therefore, in the following, we shall modify the constants C iK introduced in
the preceding sections in order to suppress the upwind character of the Mizukami—Hughes
method for small Péclet numbers.

Let us consider any K € 7;,. The definition of the constants CX in Sect. 3 was based on
the requirement that the local convection matrix AX be of nonnegative type. Since the local
diffusion matrix DX having the entries

df =e(Ve;, Vodk, i=1,....My, j=1,....Ny, a;,a;€K,

is of nonnegative type, a natural way to reduce the absolute values of the constants CX is
to require that the sum DX 4 AX be of nonnegative type but not necessarily AX. Since the
sum of the entries in each row of DX + AX vanishes, it suffices to assure that d{f + a{f <0
fori # j.

Let us again denote the vertices of K by a;, a, and a3 and let us assume that by € VZ,.
Then

by -V, >0, bx - Vg, <0, bg - Vg3 <0,

where we write Vg, instead of Vg;|g for simplicity. Since

1
dff +af; = measz(K)[ewj Vo + bk - Vo, (§ + C,.’()], (16)
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Fig. 6 A configuration for which
all entries of the i-th row of the
matrix D + A vanish (vectors
indicate the directions of by,)

the matrix DX 4+ AX is of nonnegative type if

1
by - V(p1<§ + CI.K> < —eVg,-Vg; fori=2,3.

This suggests to set

1 eVe - Vg,
Cf:minio,—g—gbwlivw}, i=23  cK=—cK-cKk. 7
K V@1

If we now return to the special setting considered at the beginning of this section and com-
pute the value of § corresponding to this new definition of the constants C/, we obtain

8=max{l, 1-— i}sgnb.

3 Pe

This is a good approximation of the optimal relation (15), similar to the approximation (6)
of (5).

Unfortunately, using the definition (17) of the constants CX, it can happen that the
M, x M) matrix corresponding to the Mizukami—Hughes method is singular. To see this,
let us consider a triangulation where the elements are arranged around a given vertex a; as
depicted in Fig. 6. For simplicity, we again assume that the mesh width in both the horizon-
tal and the vertical directions is constant and equal to /. The convection b, is oriented as
shown in Fig. 6. Let K be any of the eight elements depicted in Fig. 6 and let us assume that
€ < |bg|h/3. Then the constant CX corresponding to the vertex a; is given by

1 &
ck=—- .
CE T3 el

Since bx = —|bx|h V@i, it follows from (16) that &} 4-aff =0 for any j. Thus, denoting

by D and A the M), x N;, matrices obtained by assembling the local matrices DX and AX,

respectively, all entries of the i-th row of the matrix D + A vanish. Therefore, the relations

(17) have to be modified. We choose & € (0, ¢), preferably near to €, and define matrices DX

by replacing ¢ by # in the definition of DX . Then we require that the sum DX + AX be of

nonnegative type, which implies that now & will be used instead of ¢ in (17). Thus, we have
1 qu)l . V(p,

CiK=min{0,—§ W}, i=2,3, cf=-cf -cf. (18)
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The global matrix D + A is then a sum of the matrix D + A, which is of nonnegative type,
and the matrix D — 5, which is of nonnegative type and of full rank. The M) x M}, submatrix
of D + A, whose columns correspond to basis functions ¢y, ..., @y, , is then nonsingular as
it follows from the following theorem.

Theorem 5.1 Let B and C be real n x n matrices of nonnegative type and let the matrix B
be nonsingular. Then the matrix B + C is nonsingular as well.

Proof Let u € R" be such that (B + C)u =0. Let

s=max{u;; i=1,...,n}, J={ie{l,...,n}; u;=s}
and let J # {1, ..., n}. Since B and C are of nonnegative type, we have
D bij=0, Y ;=0 Viel (19)
jed jed
We shall prove that
Fkel: w=y (byy+cy)>0. (20)
jel

Let (20) do not hold. Then (19) implies that ) jed b;j =0 for any i € J and hence also
bjj =0 forany i € J and j ¢ J. Thus, the matrix (b;;); jes is singular and hence there
exist real numbers {v; };cs, not all equal to zero, such that Zie] bjjvi=0forj=1,...,n.
Consequently, the matrix B is singular which contradicts the assumptions of the theorem.
Therefore, (20) holds and hence

Sy = Z(bkj +cpjuj = Z(_bkj — CkjU

jeJ i¢J

<max{u;} Y (—byj — cx) < max{u ;).
Jj¢J Iy Jjgt

This implies that s < max;¢;{u;}, which is a contradiction with the definition of J. Hence

u;=s fori =1,...,n. If s > 0, then all components of the vectors Bu and Cu are non-
negative and hence Bu = Cu = 0. The same holds if s < 0. Thus, since the matrix B is
nonsingular, we conclude that s = 0 and hence u = 0. O

Up to now, we have only discussed the choice of the constants CX in the case when
bk € VZ, and we proposed to define these constants by (18). Now let us turn our attention
to the case when by € EZ,. If, for some & € {2, 3}, the set Vj is nonempty, we denote by o
the element of Vj satisfying

(bx +ouw) - Vo, = min[(by +aw) - V]
a€eVi
and, by analogy with (18), we set

K.k .
C;"" =min

1 Ve - Vo
{0,————8 o 9 } R
37 bk taw) Ve <
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Now, denoting by C X the constants CX defined by the algorithm in Fig. 5, we set
| I |
C,.K:<§+C§>CIK’2+<§+C3K>C,K'3, i=123, (21)

except the cases with CX = C¥ = CX = —1, where we simply replace the value —1 by the
largest nonpositive value such that the matrix DX + AK is of nonnegative type. Note that,
if V, # @ and V3 # @, the constants defined by the algorithm in Fig. 5 satisfy the relations
from (13). It is easy to verify that, in all the cases, we have CiK — C_’I.K for e/|bg| — 0 and
i =1,2,3. Thus, if convection strongly dominates diffusion, the modifications introduced
in (18) and (21) will not change the properties of the method.

Since the matrix DX + AX is generally not of nonnegative type, we shall now construct
amatrix AX such that DX + A¥ is of nonnegative type and

AKUK = AKUK, (22)

where UX is the coefficient vector of u,|x with respect to the basis functions @1, @;, @3.
First, for k € {2, 3} such that the set V; is nonempty, we introduce the matrix AX o having
the entries

~ 1
a;; " =measy(K) (b + ogw) - Voo, (5 + c,.”),
where i, j =1,2,3 (a; € QUT"). By the definition of the constants C/*, the matrix DX +
AKXk is of nonnegative type. Now, we set

- 1 k)~ 1 -\~
AK:<§+C2’<)AK’2+<§+C3K)AK=3.

Since CX + C¥ = 1, the matrix DX + A¥ also is of nonnegative type. Moreover,

| R 1 1 - 1 1
(e)(ioer)e(Goas)or)-foct rmvas

and since w - Vu,|x =0, we obtain (22).

The above considerations show that, in all cases treated by the algorithm in Fig. 5 and
for any K € Ty, the discrete solution of the Mizukami-Hughes method with constants CX
modified by (18) and (21) satisfies (22) with a matrix AX such that the matrix DX + AX is of
nonnegative type. Denoting by A the M), x N, matrix made up of the local matrices AK , we
see that the vector of coefficients of the discrete solution u;, with respect to the basis {¢; [gv:,,l
is the solution of a linear system with the matrix D + A= (D — 5) + (5 + ;f), where the
matrices D + A, D — D and D + A are of nonnegative type. In view of Theorem 5.1, the
M;, x M;, submatrix of D + A , whose columns correspond to basis functions ¢, ..., @y, is
nonsingular. Therefore, according to the following theorem, the discrete maximum principle
holds.

Theorem 5.2 Let A be a real m x n matrix of nonnegative type with m < n and let the
matrix (a;;);';_, be nonsingular. Let u € R" and f € R™ satisfy Au = [ and let f; <0
Vi=1,...,m.Then

max{u;; i=1,...,m} <max{u;; i=m+1,...,n}.
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Proof Let
s=max{u;; i =1,...,n}, J={ie{l,...,n}; u;=s}

andlet J C {1, ..., m}. We shall prove that then

Fkel: w=)Y ay>0. (23)
jeJ

Let (23) do not hold. Then we deduce like in the proof of Theorem 5.1 that ), ; a;; =0
forany i € J and a;; =0 for any i € J and j ¢ J. Consequently, like in the proof of The-
orem 5.1, it follows that the matrix (a; j);-'f = is singular, which contradicts the assumptions
of the theorem. Thus, (23) holds and hence, denoting

r=max{u;;i=1,...,n,i ¢ J},

we obtain

Spg = Zakj“j = fi — Zakjuj = fx +rZ(_akj) <7l
= JjEJ Jj¢J
Therefore, s < r, which is a contradiction with the definition of J. Hence there exists i €
{m—+1,...,n}suchthat u; =s. O

6 Numerical Results

In this section we present results of numerical computations for two simple problems with
known solutions. Since we are interested in the properties of the Mizukami—Hughes method
for small and moderate Péclet numbers, the solutions do not possess any layers. Numerical
results for problems with layers can be found in [13]. Apart from results of the Mizukami—
Hughes method, we shall also present results obtained using the Galerkin method which
usually leads to a high precision for small Péclet numbers. All results discussed in this
section were computed on the unstructured triangulation of (0, 1)? showed in Fig. 7 which
consists of 856 acute triangles. The parameter & introduced in the preceding section was
equal to 0.95¢.

Example 1 We consider the problem (1) in = (0, 1)?> with T? =9Q, ¢ > 0, b = (1,0),
up = 0 and a right-hand side f such that the solution of (1) is given by u(x,y) =
16x(1 —x)y(1 —y).

Fig. 7 Triangulation used for the
numerical experiments in Sect. 6
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Fig. 8 Solutions of Example 1 (left) and Example 2 (right)

Table 1 Example 1, errors

lu —upllo.o & Galerkin IMH New IMH
1-5 7.93-3 4.07-3 4.07-3
1—-4 3.78-3 4.03-3 4.02-3
1-3 1.96-3 3.98—3* 3.82-3
1-2 1.58-3 9.25-3* 5.94-3
1-1 2.13-3 2.28-2 222-3
1 2.39-3 2.18-2 2.39-3

Table 2 Example 1, errors -

l —upli.o & Galerkin IMH New IMH
1-5 5.60—1 1.99—-1 1.99—-1
1—-4 2.70—1 1.97—1 1.97—1
1-3 1.66—1 1.86—1%* 1.84—1
1-2 1.56—1 1.76—1* 1.64—1
1-1 1.55—1 2.08—1 1.55—1
1 1.55—1 2.15-1 1.55-1

Table 3 Example 1, errors :

Nl — wnllo.co.n & Galerkin IMH New IMH
1-5 4.42-2 2.51-2 2.51-2
1—-4 2.55-2 2.50-2 2.47-2
1-3 7.02-3 2.38—-2* 2272
1-2 335-3 1.52-2* 1.11-2
1-1 2.55-3 3.30-2 2.20-3
1 2.63-3 3.87-2 2.63-3

The solution of Example 1 is depicted in Fig. 8. Tables 1-3 show errors of the discrete
solutions computed using the Galerkin method, the improved Mizukami—Hughes method
(IMH) of [13] and the improved Mizukami—-Hughes method with the modifications intro-
duced in the present paper (new IMH) for various values of €. The errors are measured in
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Fig. 9 Example 1 with ¢ = 0.1: comparison of the exact solution with the IMH solution (/eff) and new IMH
solution (right) along the line y = 0.5

the L?(2) norm || - |lo.q, the H'(S2) seminorm | - |;.o and the discrete L norm || - [lo.c.s
defined as the maximum absolute value at vertices of the triangulation. The notation r—n
used in the tables means r - 107".

We observe that for large Péclet numbers (i.e., small ¢), the accuracy of the Galerkin
method deteriorates and is worse than for the IMH method. On the other hand, if the Péclet
numbers decrease (i.e., € increases), the Galerkin method outperforms the IMH method.
The new IMH method introduced in the present paper provides results with the same ac-
curacy as the IMH method if the Péclet numbers are large and with a better accuracy than
the IMH method if the Péclet numbers decrease. For ¢ ~ 1, the accuracy of the new IMH
method is similar as for the Galerkin method. The improvement of the accuracy for the new
IMH method can be also seen in Fig. 9 where the solutions of the IMH method and the new
IMH method are compared with the exact solution u along the line y = 0.5 for ¢ = 0.1. The
crosses represent the values of the discrete solutions at intersections of the line y = 0.5 with
edges of the triangulation. The mark * at some errors of the IMH method in Tables 1-3 indi-
cates that the fixed-point iterative process used for computing the solution of the nonlinear
discrete problem did not converge. The convergence for the new IMH method was fast in all
cases. Thus, the modifications introduced in the present paper improve not only the accuracy
of the discrete solution but also the convergence of the nonlinear iterative solver, which was
also observed in other numerical tests.

Example 2 We consider the problem (1)in @ = (0, 1)> with ' = 9Q, e > 0and b = (2, 1).
The Dirichlet boundary condition u; and the right-hand side f are such that the solution
of (1) is given by u(x, y) = x2y2.

The solution of Example 2 is depicted in Fig. 8. The main difference to Example 1 is
that now inhomogeneous Dirichlet boundary conditions are considered. Tables 4—6 show
errors of the discrete solutions computed using the same methods as for Example 1 and
the discussion to Example 1 also applies here. Figure 10 shows a comparison of the IMH
solution and the new IMH solution with the exact solution u along the line y = 0.5 for
e = 1. Again we observe that the IMH method adds too much artificial diffusion whereas
the solution of the new IMH method coincides very well with the exact solution.
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Table 4 Example 2, errors -

lu —upllo o & Galerkin IMH New IMH
1-5 8.71-3 7.34—4 7.34—4
1-4 1.41-3 7.28—4 7.27—4
1-3 4.87—4 6.71—4 6.64—4
1-2 2.94—4 4.77—4 4.38—4
1-1 3.13—4 2.22-3 3.81-4
1 4.12—4 5.07-3 4.12—4

Table 5 Example 2, errors -

lu—upl o & Galerkin IMH New IMH
1-5 6.08—1 4.31-2 4.31-2
1-4 1.03—1 4.29-2 4.29-2
1-3 4.71-2 4.16-2 4.15-2
1-2 3.57-2 3.61-2 3.59-2
1-1 345-2 4.00-2 3.46-2
1 345-2 4.71-2 3.45-2

Table 6 Example 2, errors -

It = upllo con & Galerkin IMH New IMH
1-5 4.90-2 5.81-3 5.81-3
1-4 9.37-3 5.75-3 5.75-3
1-3 4.88—3 5.20-3 5.18—3
1-2 3.06—-3 2.19-3 2.08—3
1-1 8.44—4 4.49-3 1.06—3
1 4.67—4 8.00-3 4.67—4

025 025 -

exact solution exact solution
IMH new IMH
02 02+
015 |- 015 |
01 | 01}
0.05 |- 005 |
0 b4 i ) 044+ . . . )
0 02 04 06 08 1 0 02 0.4 06 0.8 1

Fig. 10 Example 2 with ¢ = 1: comparison of the exact solution with the IMH solution (/eft) and new IMH
solution (right) along the line y = 0.5

7 Conclusions

In this paper we discussed the properties of the improved Mizukami—Hughes method ap-
plied to scalar steady convection—diffusion equations in small and moderate Péclet number
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regimes. We showed that, in this case, the method introduces two much artificial diffusion,
which may decrease the accuracy of the discrete solution. Therefore, we proposed modifi-
cations of the Mizukami—Hughes method which preserve its favourable properties for large
Péclet numbers and reduce its upwind character if the Péclet number is small. Numerical
results justify the proposed modifications.
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Abstract

An unwelcome feature of the popular streamline upwind/Petrov—Galerkin (SUPG) stabilization of convection-dominated convec-
tion—diffusion equations is the presence of spurious oscillations at layers. Since the mid of the 1980s, a number of methods have been
proposed to remove or, at least, to diminish these oscillations without leading to excessive smearing of the layers. The paper gives a
review and state of the art of these methods, discusses their derivation, proposes some alternative choices of parameters in the methods
and categorizes them. Some numerical studies which supplement this review provide a first insight into the advantages and drawbacks of

the methods.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

This paper is devoted to the numerical solution of the
scalar convection—diffusion equation

—eAu+b-Vu=f inQ, u=u, onoQ, (1)

where Q C R?, d = 2,3, is a bounded domain with a polyg-
onal (resp. polyhedral) boundary 0Q, ¢ > 0 is the constant
diffusivity, b € W'>(Q)" is a given convective field satisfy-
ing the incompressibility condition divh =0, f € L*(Q) is
an outer source of u, and u, € H'/>(0Q) represents the
Dirichlet boundary condition. In our numerical tests we
shall also consider less regular functions u,.

Problem (1) describes the stationary distribution of a
physical quantity u (e.g., temperature or concentration)
determined by two basic physical mechanisms, namely
the convection and diffusion. The broad interest in solving
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mff.cuni.cz (P. Knobloch).
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problem (1) is caused not only by its physical meaning just
explained but also (and perhaps mainly) by the fact that it
is a simple model problem for convection—diffusion effects
which appear in many more complicated problems arising
in applications (e.g. in various fluid flow problems).

Despite the apparent simplicity of problem (1), its
numerical solution is still a challenge when convection is
strongly dominant (i.e., when ¢ < |b|). The basic difficulty
is that, in this case, the solution of (1) typically possesses
interior and boundary layers, which are small subregions
where the derivatives of the solution are very large. The
widths of these layers are usually significantly smaller than
the mesh size and hence the layers cannot be resolved prop-
erly. This leads to unwanted spurious (nonphysical) oscilla-
tions in the numerical solution, the attenuation of which
has been the subject of extensive research for more than
three decades.

In this paper, we concentrate on the solution of (1) using
the finite element method which proved to be a very effi-
cient tool for the numerical solution of various boundary
value problems in science and engineering. Unfortunately,
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the classical Galerkin formulation of (1) is inappropriate
since, in case of dominant convection, the discrete solution
is usually globally polluted by spurious oscillations causing
a severe loss of accuracy and stability. This is not surprising
since, in simple settings, the standard Galerkin finite ele-
ment method is equivalent to a central finite difference dis-
cretization and it is well known that central difference
approximations of the convective term give rise to spurious
oscillations in convection dominated regimes (cf. e.g. Roos
et al. [58]).

To enhance the stability and accuracy of the Galerkin
discretization of (1) in the convection dominated regime,
various stabilization strategies have been developed. Ini-
tially, these approaches imitated the upwind finite differ-
ence techniques. An important contribution to this
development was made by Christie et al. [17], who showed
that, in the one-dimensional case, a stabilization can be
achieved using asymmetric test functions in a weighted
residual finite element formulation. Choosing these test
functions in a suitable way, they recovered the usual one-
sided differences used for the approximation of the convec-
tive term in the finite difference method. Two-dimensional
upwind finite element discretizations were derived by Hein-
rich et al. in [32,33] and by Tabata [62]. Many other finite
element discretizations of upwind type have been proposed
later.

Like in the finite difference method, the upwind finite
element discretizations remove the unwanted oscillations
but the accuracy attained is often poor since too much
numerical diffusion is introduced. In addition, if the flow
field b is directed skew to the mesh, an excessive artificial
diffusion perpendicular to the flow (crosswind diffusion)
can be observed. A further important drawback is that
these methods are not consistent, i.e., the solution of (1)
is no longer a solution to the variational problem as it is
the case for a Galerkin formulation. Consequently, the
accuracy is limited to first order. Moreover, non-consistent
formulations are also known to produce inaccurate or
wrong solutions when f (or the time derivative in case of
transient problems) is significant. It can even happen that
the discrete solution is then less accurate than that one pro-
duced by the Galerkin method (cf. e.g. Brooks and Hughes
[9] for a discussion on shortcomings of upwind methods).

A significant improvement came with the streamline
upwind/Petrov—Galerkin (SUPG) method developed by
Brooks and Hughes [9] which substantially eliminates
almost all the difficulties mentioned above. In contrast with
upwind methods proposed earlier, the SUPG method
introduces numerical diffusion along streamlines only and
hence it possesses no spurious crosswind diffusion. More-
over, the streamline diffusion is added in a consistent
manner. Consequently, stability is obtained without com-
promising accuracy and convergence results may be
derived for a wide class of finite elements. In view of its sta-
bility properties and higher-order accuracy, the SUPG
method is regarded as one of the most efficient procedures
for solving convection-dominated equations.

An alternative to the SUPG method is the Galerkin/
least-squares method introduced by Hughes et al. [35]
who observed that stabilization terms can be obtained by
minimizing the square of the equation residual. A variant
to this method was proposed by Franca et al. [26] using
the idea of Douglas and Wang [23] to change the sign of
the Laplacian in the test function. Since the SUPG method
is the most popular approach, we shall restrict ourselves to
this method in the following.

The SUPG method produces accurate and oscillation-
free solutions in regions where no abrupt changes in the
solution of (1) occur but it does not preclude spurious oscil-
lations (overshooting and undershooting) localized in nar-
row regions along sharp layers. It was observed by Almeida
and Silva [3] that these oscillations can even be amplified if
high-order finite elements are used in these regions. This
indicates that using the streamlines as upwind direction is
not always sufficient. Although the remaining nonphysical
oscillations are usually small in magnitude, they are not
permissible in many applications. An example are chemi-
cally reacting flows where it is essential to guarantee that
the concentrations of all species are nonnegative. Another
example are free-convection computations where tempera-
ture oscillations create spurious sources and sinks of
momentum that effect the computation of the flow field.
The small spurious oscillations may also deteriorate the
solution of nonlinear problems, e.g., in two-equations tur-
bulence models or in numerical simulations of compressible
flow problems, where the solution may develop discontinu-
ities (shocks) whose poor resolution may effect the global
stability of the numerical calculations.

The oscillations along sharp layers are caused by the fact
that the SUPG method is neither monotone nor monoto-
nicity preserving. Therefore, various, often nonlinear,
terms introducing artificial crosswind diffusion in the
neighborhood of layers have been proposed to be added
to the SUPG formulation in order to obtain a method
which is monotone, at least in some model cases, or which
at least reduces the local oscillations. This procedure is
referred to as discontinuity capturing or shock capturing.
However, these names are not really appropriate in our
opinion for several reasons. First, the solution of (1) does
not possess shocks or discontinuities because of the pres-
ence of diffusion. Instead, steep but continuous layers are
formed. Second, the position of these layers is in general
already captured well by the SUPG formulation. And
third, a confusion might arise with shock capturing meth-
ods which are used in the numerical simulation of com-
pressible flows. For these reasons, we propose to call the
methods spurious oscillations at layers diminishing (SOLD)
methods and this name is used throughout the paper.

The literature on SOLD methods is rather extended but
the various numerical tests published in the literature do
not allow to draw a clear conclusion concerning their
advantages and drawbacks. Therefore, the main goal of
the present paper is to provide a review of the most pub-
lished SOLD methods, to discuss the motivations of their
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derivation, to present some alternative choices of parame-
ters and to classify them. This review is followed by a
numerical comparison of these methods at two test prob-
lems whose solutions possess characteristic features of solu-
tions of (1). The numerical results will only give a first
insight into the behavior of the SOLD methods and they
serve as a pre-selection to identify those SOLD methods
which deserve further numerical studies. Comprehensive
numerical studies will be presented in the second part of
the paper. In order to keep the paper in a reasonable
length, we do not consider a reaction term in Eq. (1) since
special techniques are necessary if this term is dominant.

A Dbasic problem of all SOLD methods is to find the
proper amount of artificial diffusion which leads to suffi-
ciently small nonphysical oscillations (requiring that the
artificial diffusion is not ‘too small’) and to a sufficiently
high accuracy (requiring that the artificial diffusion is not
‘too large’). Since the artificial diffusion is the sum of the
contributions coming from the SUPG term and the SOLD
term, the definition of both terms will be thoroughly pre-
sented and discussed in this paper.

Sometimes, it is claimed that the SUPG method applied
on adaptively refined meshes should be preferred to SOLD
methods. However, if convection strongly dominates diffu-
sion, the spurious oscillations of the SUPG method disap-
pear only if extremely fine meshes are used along inner and
boundary layers. This leads to a high computational cost
which further increases if systems of equations or transient
problems are considered. The numerical comparison of the
SUPG method on adaptively refined grids and several
SOLD methods will be a topic of the second part of the
paper. Let us also mention that a further reason for using
SOLD methods is that they try to preserve the inverse
monotonicity property of the continuous problem.

The plan of the paper is as follows. In the next section,
we describe the usual Galerkin discretization of (1) and, in
Section 3, we introduce the SUPG method. The accuracy
of the SUPG method is greatly influenced by the choice
of the stabilizing parameter, which is discussed in Section
4. Then, a detailed review of SOLD methods follows in
Section 5. Results of our numerical tests with the SOLD
methods at two typical examples are reported in Section
6. Finally, the paper is closed by Section 7 containing our
conclusions and an outlook.

Throughout the paper, we use the standard notations
L7(Q), W r(Q), H*(Q) = W*(Q), C(RQ), etc. for the usual
function spaces, see e.g. Ciarlet [18]. The norm and semi-
norm in the Sobolev space H*(Q) will be denoted by
| - ;o and |- o, respectively. The inner product in the
space L?(Q) or L*(Q)" will be denoted by (-, -). For a vector
a € R?, the symbol |a| stands for its Euclidean norm.

2. Galerkin’s finite element discretization
The starting point of defining any finite element discret-

ization is a weak (or variational) formulation of the respec-
tive problem. Denoting by i, € H'(Q) an extension of u, a

natural weak formulation of the convection—diffusion
equation (1) reads:
Find u € H'(Q) such that u — &, € H}(Q) and

a(u,v) = (f,v) Yve H)(Q), (2)
where
a(u,v) = &(Vu, Vv) + (b - Vu,v).

Since a(v,v) = &vf?, for any v € H)(Q), it easily follows
from the Lax—Milgram theorem that this weak formulation
has a unique solution (cf. e.g. Ciarlet [18]).

To define a finite element discretization of (1), we intro-
duce a triangulation 7, of the domain Q consisting of a
finite number of open polygonal resp. polyhedral elements
K. The discretization parameter % in the notation 7, is a
positive real number satisfying diam(K) </ for any
K € 7 ;. We assume that Q = Uker,K and that the clo-
sures of any two different elements K, K € 7, are either
disjoint or possess either a common vertex or a common
edge or, if d = 3, a common face. In what follows, we shall
confine ourselves to simplicial elements and to elements
which are images of a d-dimensional cube under a d-linear
mapping (these are general convex quadrilaterals for d =2
and suitable convex hexahedra for d = 3). In order to pre-
vent the elements from degenerating when 4 tends to zero,
the elements have to satisfy certain shape-regularity
assumptions.

The Galerkin finite element discretization of (1) is now
obtained by replacing the space H}() in (2) by a finite ele-
ment subspace V), (cf. e.g. Ciarlet [18]). In addition, we
approximate the function i, by a finite element interpolate
ity;. Thus, we may say that u, € H'(Q) is a discrete solution
Of(l) if u, — il/,}, e, and

a(uh,vh) = (/‘, l)h) Vvh evy.

Again, the discrete problem is uniquely solvable.
3. The SUPG method

Since the Galerkin method lacks stability if convection
dominates diffusion, we enrich it by a stabilization term
proposed by Brooks and Hughes [9] yielding the SUPG
method (also called streamline diffusion finite element
method, SDFEM). For doing this, we change the assump-
tions on the space V). First, to introduce the SUPG
method, the functions from V), have to be at least of class
H? inside each element K € 7. To simplify further consid-
erations, we shall assume that they are infinitely smooth
inside each element, which can be justified by the fact that
typical finite element functions are piecewise polynomial.
Second, we shall not require that the functions from V},
are continuous across element edges (resp. faces), in order
to include nonconforming finite element spaces into the
formulation below. Thus, from now on, we assume that
Vy, is a finite-dimensional space satisfying

Vi {veL}(Q);v], € C*(K) VK € T3}
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Defining the discrete operators V;, and A, by
(Viv)lg = V(ulg), (M)l = Alvlg) VK €T,
the bilinear form

ap(u,v) = e(Vyu, Vo) + (b - Vyu,v)

and the residual

Ry(u) = —eMu+b-Vyu—f

are well defined for u,v € V.

Then, the streamline upwind/Petrov—Galerkin (SUPG)
method of Brooks and Hughes [9] reads:

Find u;, € L*(Q) such that u, — i, € V), and

ay (up, v) + (Ry(up), th - Vyoy) = (f,vn) Vo, € Vy, (3)

where 7 € L*(Q) is a nonnegative stabilization parameter.

For the SUPG method, many theoretical results have
been derived, starting with the fundamental work by
Navert [52] and subsequently continued, e.g., by Johnson
et al. [43]. Since the analysis of the SUPG method is not
the subject of this paper, we shall not present any details
and only refer to the monograph by Roos et al. [58].

4. Choice of the SUPG stabilization parameter

An important drawback of many stabilized methods
(including the SUPG method) is that they contain stabiliza-
tion parameters for which a general ‘optimal’ choice is not
known. Since the SUPG method attracted a considerable
attention over the last two decades, much research has also
been devoted to the choice of the parameter t. Theoretical
investigations of the SUPG method provide certain bounds
for t for which the SUPG method is stable and leads to
(quasi-)optimal convergence of the discrete solution u,.
However, it has been reported many times that the choice
of 7 inside these bounds may dramatically influence the
accuracy of the discrete solution. Since most of the SOLD
methods considered in this paper are based on the SUPG
method, the choice of the stabilization parameter 7 plays
also a vital role for the results of the SOLD methods.
Therefore, possible choices of 7 will be discussed in some
detail in this section.

It follows from the results of Christie et al. [17] that, for
the one-dimensional case of (1) with constant data, the
SUPG solution with continuous piecewise linear finite ele-
ments on a uniform division of Q is nodally exact if
r:ﬁéo(Pe) with é(,(ot):cothoc—i, Pe:%. 4)
Here, / is the element length, &, is the so-called upwind
function and Pe is the local Péclet number which deter-
mines whether the problem is locally (i.e., within a partic-
ular element) convection dominated or diffusion
dominated. The parameter 7 is often called ‘intrinsic time
scale’ since h/(2|b|) is the time for a particle to travel the
distance /1/2 at a speed equal to |b|. Since & (x) — 1 for
o — oo and &y(a)/oa— 1/3 for o — 0+ (and the SUPG

stabilization is not necessary for o — 0+), the function &,
is often approximated by

. 1 p . o
g](ac)fmax{o,l—&} or gz(oc)fmln{l,g}.

Brooks and Hughes [9] call these functions ‘critical’ and
‘doubly asymptotic’ approximations of &, respectively. If
the right-hand side of (1) is not constant, the choice (4) gen-
erally does not lead to a nodally exact discrete solution.
Nevertheless, our numerical tests (not reported in this pa-
per) indicate that, in the most cases, the function &, leads
to better results than &; and &. However, it should be
stressed that, for large values of Pe, the results for these
three upwind functions are very close. This is particularly
true for & and &, for which |&(x) — & («)|/& () < 107
for o >4 and |&(a) — & (a)]/E(2) < 107" for & > 12 so
that the corresponding discrete solutions are virtually
indistinguishable for Pe > 10.

Many researchers have tried to find a suitable general-
ization of (4) to the multidimensional case and to more
general finite element spaces V. For linear and d-linear
finite elements, this generalization usually takes the form
5(PeK) with PeK = wbgi[;hK, (5)

Ty =% = i
I T P
where K is any element of the triangulation 7, /g is a
characteristic dimension of K (also called ‘local length
scale’ or ‘element length’), ||b||, is a suitable norm of b, £
is an upwind function (such that &(x)/o is bounded for
o — 0+) and Pey is the local Péclet number. This general-
ization seems to be reasonable since, for linear or d-linear
finite elements on certain uniform meshes aligned with a
constant velocity b, the discrete problem corresponds to
the one-dimensional case and hence the formula for t
should reduce to (4). For higher order finite elements, the
values of Peg and tx should decrease with increasing poly-
nomial degree on K, see, e.g., Codina et al. [20], Almeida
and Silva [3] and Galeao et al. [28]. However, since our
numerical tests in Section 6 are performed for linear ele-
ments only, we confine ourselves to a discussion of the
choice of 7 for first order finite elements.

The mentioned correspondence between the one-dimen-
sional and d-dimensional cases particularly implies that, if
K is a rectangle and b is constant on K and aligned with one
of its edges, one should choose ||b]|, = |(b|)| and Ag equal
to the length of the edge b is aligned with. The same holds if
K is a right triangle and the vector b is aligned with one of
its legs.

Another hint for choosing |||, and A follows from the
necessary conditions for uniform convergence of ||u — u||, o
of order greater than 1/2 introduced by Stynes and Tobiska
[61]. Let d =2, b = (b, b) with some constant b € R and let
7, be a uniform triangulation of Q = (0, 1) consisting of
equal squares or of equal right triangles with hypotenuses
in the direction (1,1). Then, for (bi)linear finite elements,
the necessary conditions are satisfied if and only if
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S diam(K) S (Pex/2)  with Pey — |b|diam(K) the general case, the choice of /g as element size in the
K= 0V k= 2¢ ’ direction of b is advocated.

where diam(K) = sup{|x —y|;X,y € K} is the diameter of
K (see Stynes and Tobiska [61] and Shih and Elman [60]
for details). The necessary conditions of Stynes and
Tobiska were designed for the convection domi-
nated case where &y(Pex/2) ~ &y(Pex). This suggests to
set ||b]|x = |b| and hx = diam(K).

In view of the above considerations, it seems to be rea-
sonable to define /g as the diameter of K in the direction of
the convection b. Generally, given a vector s € R?, s # 0,
the diameter of K in the direction of s is defined by

diam(K, s) = sup{|x —y|;x,y € K,x —y = as,o € R}.

This value may be sometimes difficult to compute and
therefore we consider a slightly different definition which
was used by Tezduyar and Park [64].

Let Ngx be the number of vertices of K and let
®1,---, ¢y, be the usual basis functions of P;(K) (if K is
a simplex) or of Q, ([0, 1]*) mapped onto K (if K is a quad-
rilateral or a hexahedron). We set

2Js|
s Vo, (Cr)l’
where Cy is the barycentre of K. Then diam"(K,s)=
diam(K,s) if K is a simplex or a parallelogram. If K is a
hexahedron, then generally diam"(K,s) # diam(K,s)
(even not for a cube), but the value of diam"(K,s) is still
reasonable. If s = 0, we set diam” (K, s) = diam(K). Using
this notation, we define

hx = diam™ (K, b). (6)

diam™(K,s) =

The norm |||, will be defined as the Euclidean norm of b,
ie.,

18]l = 18- ™

Note that, in view of (5)—(7), the parameters /ig, ||| and,
consequently, Pex and tx are generally functions of the
points x € K.

Usually, the criterion for choosing t is the accuracy of
the discrete solution measured in some suitable norm. Nev-
ertheless, it is also possible to look for 7 such that the stiff-
ness matrix corresponding to the discrete problem is well
conditioned and enables an efficient application of iterative
solvers. This idea was followed by Fischer et al. [27] and
Ramage [55,56]. In these papers, Q,-discretizations of
model problems in both two and three dimensions were
investigated and it was observed that there is a close rela-
tionship between ‘best’ solution approximation and fast
convergence of iterative methods. Particularly, for constant
b aligned with a uniform mesh consisting of squares with
side length £, an analysis of the structure of eigenvalues
of the stiffness matrix reveals that one should choose
v =h/(2|b]) for h/e — oo and provides the formula t =
h/(2]b|)¢, (Pe) with Pe = |b|h/(2¢) as a significant value
with respect to the changes in the eigenvalue structure. In

In [24], Elman and Ramage examined how the choice of
7 influences the oscillations in a bilinear discrete solution
and demonstrated that, generally, t cannot be chosen in
such a way that the discrete solution is simultaneously
oscillation-free and accurate. The analysis gives a theoreti-
cal justification to the formula for t given by (5)—(7) with
¢=¢.

In Harari et al. [31], a formula for r was found by
requiring that the bilinear discrete solution on a uniform
mesh is nodally exact for Eq. (1) with b = const., f=0
and Q = RY. It is interesting to note that, for b aligned with
the element diagonals and /¢ — oo, the formula of Harari
et al. gives only 2/5 of the value obtained from (5)—(7).
However, due to the absence of boundary conditions, the
investigations of Harari et al. do not seem to be relevant
for problems with boundary layers, which is the type of
problems the SUPG method was designed for.

The relations (5)—(7) with ¢ = &, represent the complete
definition of the stabilization parameter 7 used in our
numerical tests in Section 6. Let us stress that this defini-
tion mostly relies on heuristic arguments and the ‘best’
way of choosing t for general convection—diffusion prob-
lems is not known. Also, many other ways of computing
7 have been proposed in the literature. Let us briefly men-
tion a few of them.

Tezduyar and Osawa [63] proposed to compute stabil-
ization parameters using element-level matrices and vec-
tors. In this way, the local length scales, convection field
and Péclet number are automatically taken into account.
A similar idea was also used by Mizukami [50] for linear
finite elements. A comparison of various definitions of local
length scales and stabilization parameters can be found in
Akin et al. [2]. Let us also mention the work of Akin and
Tezduyar [1] where a comparative investigation of various
ways of calculating the advective limit of 7 is performed.

Roos et al. [58] propose to set

Tohg if Pex > 1,
Ty =
K7 Vakl/e if Pex <1,

where 1o and 1, are appropriate positive constants. This
definition of t leads to the best possible convergence rate
of the discrete solution with respect to the streamline diffu-
sion norm. However, an ‘optimal’ choice of the constants
1o and 1; is unsolved.

Another possibility of defining the parameter 7 is based
on the observation that adding bubbles to the finite element
space and eliminating them from the Galerkin discretiza-
tion by static condensation is equivalent to the addition
of a stabilizing term of streamline diffusion type. In this
way, the question how to define 7 is transformed into the
question how to define suitable bubbles (cf. e.g. Brezzi
and Russo [8]). This question was partially answered by
introducing the concept of residual-free bubbles, see e.g.
Brezzi et al. [6-8]. Using a similar approach in the
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framework of multiscale methods, an analytical formula
for 7 in terms of element Green’s function was derived by
Hughes [34]. Another method for stabilizing convection-
dominated problems was proposed by Onate [54], who
introduced higher order terms into the continuous problem
using the concept of flow balance over a finite domain.
Applying the Galerkin method, the SUPG method can be
recovered, which also provides a formula for computing
the stabilization parameter t.

5. A review of SOLD methods

In this section, we review most of the SOLD methods
introduced during the last two decades to diminish the
oscillations arising in the solution of the SUPG discretiza-
tion (3). Let us recall that these oscillations appear along
sharp layers of the solution to the continuous problem
(1) due to the fact that the SUPG method is neither mono-
tone nor monotonicity preserving. Therefore, many
researchers tried to design such SOLD terms that the
resulting discretization satisfies the discrete maximum prin-
ciple, at least in some model cases. Since linear monotone
methods can be at most first-order accurate, it is natural
to look for SOLD terms which depend on the discrete solu-
tion in a nonlinear way. However, linear SOLD terms
applicable to first-order finite elements have also been
developed. Let us mention that the discrete maximum prin-
ciple is an important property of a numerical scheme since
it ensures monotonicity and that no spurious oscillations
will appear, not even in the vicinity of sharp layers. More-
over, it enables to prove uniform convergence and point-
wise stability estimates.

The SOLD methods presented in this section will be
divided into five classes. These are upwinding techniques,
SOLD methods which add isotropic additional diffusion
to (3), SOLD methods which add the additional diffusion
to (3) only orthogonally to the streamlines, SOLD methods
which rely upon (3) and an edge stabilization, and, finally,
SOLD methods based on other ideas.

5.1. Upwinding techniques

One of the first successful monotone methods for solv-
ing (1) was introduced by Mizukami and Hughes [51] for
conforming linear triangular finite elements. This method
is based on the observation that the convection vector b
in (1) can be changed in a direction perpendicular to Vu
without affecting the solution u of (1). This suggests that
the streamline may not always be the appropriate upwind
direction, an idea which has also been used to derive other
SOLD methods later. Mizukami and Hughes used this idea
to introduce a Petrov—Galerkin method which, due to the
arbitrariness in b, can be viewed as a method satisfying
the discrete maximum principle. In contrast with other
upwinding methods for conforming linear triangular finite
elements satisfying the discrete maximum principle pub-
lished earlier (cf. Tabata [62], Kanayama [45], Baba and

Tabata [4], lkeda [37]), the Mizukami-Hughes method
adds much less numerical diffusion and provides rather
accurate discrete solutions in the most cases. Recently,
some improvements of the Mizukami—-Hughes method
were introduced by Knobloch [46]. Unfortunately, it is
not clear how to generalize the Mizukami-Hughes method
to other types of finite elements.

At the time as the Mizukami-Hughes scheme was pub-
lished, Rice and Schnipke [57] proposed another monotone
method which is based on a direct streamline upwind
approximation to the convective term, rather than modify-
ing the weighting function. This method was developed for
bilinear finite elements and again a generalization does not
seem to be easy.

5.2. SOLD terms adding isotropic artificial diffusion

Hughes et al. [36] came with the idea to change the
upwind direction in the SUPG term of (3) by adding a
multiple of the function

(b - Vuy,)Vuy,
bl‘, = [V |
0 if Vu, =0,

if Vuy, #0,

which corresponds to the direction in which oscillations in
SUPG solutions are observed. This leads to the additional
term

(Ri(uy), ob), - Vyvy) ®)

on the left-hand side of (3), where ¢ is a nonnegative stabil-
ization parameter. This additional term controls the deriv-
atives in the direction of the solution gradient, thus
increasing the robustness of the SUPG method in the pres-
ence of sharp layers. Since bﬂ depends on the unknown
discrete solution u,, the resulting method is nonlinear.

Of course, the key point here and in many other SOLD
methods is how to choose the parameter o. Unfortunately,
due to the large number of various SOLD methods and the
comparatively small amount of theoretical research on
them, the correct choice of the respective stabilization
parameters is even less clear than for the SUPG method.
Often, the definition of these parameters is related to the
choice of the parameter t in the SUPG stabilization. There-
fore, it is convenient to introduce the notation t(h*) repre-
senting t determined by (5)—(7) with b replaced by some
function »*. Note that »* influences the value of tx(h*)
not only through the norm ||5*||, but also through the def-
inition of /.

Now let us return to the choice of ¢ from (8). One could
think of using the value 7(b}) but this would lead to a
doubling of the SUPG stabilization if b} = b. Therefore,
Hughes et al. [36] proposed to set

o = max{0,7(;) — <(h)}. ©)

Although, for linear triangular finite elements, the method
does not attain the precision of the Mizukami-Hughes
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scheme mentioned above (see Hughes et al. [36]), it has the
important property that it is applicable to general finite
elements.

Tezduyar and Park [64] proposed to redefine r(b‘,l),
which leads to

hi (18]
- Ll 10
mﬂﬂlm a0

with
hy = diam*(K, b)), n(x) = 20(1 - a). (11)

This definition assures that the SUPG effect is not doubled
if bl = b and hence an ad hoc correction like (9) is not
needed. Tezduyar and Park also observed that the SOLD
term (8) with the above definitions of ¢ depends only on
the direction of Vu, but not on its magnitude. Since the
SOLD term is required only along steep gradients of the
solution, they suggested to use

he (141 ) [Vl
o= L1 A , 12
2bh"<lbl K (12

where 1 is a global scaling value for u,.

An approach related to the above-described method of
Hughes et al. [36] was used by de Sampaio and Coutinho
[59], who introduced the concept of the effective transport
velocity b defined on the continuum level analogously as
b‘,l (i.e., with u instead of u;,). Before performing a discre-
tization, the convective field » in (1) is replaced by
b=yb+ (1 —17)b with y € [0,1]. Then, an application of
a standard discretization technique like the Galerkin/
least-squares or, in our case, SUPG method yields a
‘Petrov—Galerkin method containing a SOLD term. The
method uses only one stabilization parameter (defined
using the discrete counterpart of i)) and hence an alignment
of b and Vu does not create the undesirable doubling effect
discussed above. However, it is not clear how to choose the
parameter y and, therefore, the value y = 0.5 is recom-
mended except for regions where Vu = 0.

Now, let us return to the SOLD term (8) which can be
written in the form

(EVhun, Vivp) (13)
with

[ Rl 'ZV”h if Vi, #0,

&= (V| (14)

Galeao and do Carmo [29] observed that, when f # 0 in
(1), this SOLD term does not prevent localized oscillations
in the discrete solution. The reason is that this term intro-
duces a negative artificial diffusion & if R (u;)b - Vu, < 0.
As a remedy, Galeao and do Carmo proposed to replace
the flow velocity b in the SUPG stabilization term by an
approximate upwind direction

bzp = O(lb + OCzbh,

where b, is an approximate streamline direction such that,
for any K € .7, the discrete solution u, satisfies

—&Auy, + b, - Vu,=f inK. (15)
Of course, such b, generally does not exist at those points
of K at which Vu, = 0. Therefore, we replace (15) by
(—eAuy, + by - Vu, — f)|Vu| =0 in K. (16)
A reasonable choice of b, is b, = b — z;, with

Rh(uh)Vuh

[Vau)”

0 if Vu, =0,

if Vi, #0,
n =

since it minimizes |b, — b| in any K € 7, among all func-
tions b, satisfying (16). Defining the SUPG stabilization
using the approximate upwind direction b}, we obtain
the discretization (3) with the additional term

(Rh(uh)mzh . V;,Uh) (17)
on the left-hand side. The parameter t = oy + o, is defined
as before and the choice of ¢ = —o, will be discussed in the

following. The SOLD term (17) can be written in the form

(13) with

5 R (”h)z\z
|Vuh|

0 if Vu, =0,

if Vi, # 0,

o
Il

(18)

and hence it again introduces an isotropic artificial
diffusion.

If f=0 and A,u;, = 0 (which holds for (bi,tri)linear finite
elements), we have z, = bl‘,. Hence, the terms (8) and (17)
are the same provided that the parameters ¢ are defined
appropriately. Galeao and do Carmo [29] used (17) with

o =max{0,1(z,) — 7(h)}, (19)

which is identical with (9) if z, = bl‘,. Do Carmo and Galeao
[16] proposed to simplify (19) to

a:r(b)max{o,z—— 1}7 (20)

which assures that the term (17) is added only if |b| > |z],
i.e., only if the above-introduced vector b, satisfies the
natural requirement b - b, > 0.

For problems with regular solutions, it was observed
that the SOLD term (17) adds an undesirable crosswind
diffusion and that the discrete solution is less accurate than
for the SUPG method. Therefore, do Carmo and Galeao
[16] introduced a feedback function which should minimize
the influence of the SOLD term (17) in regions where the
solution of (1) is smooth. Since the definition of the feed-
back function is rather involved, we only refer to [16].

The intricacy of the feedback approach of do Carmo
and Galedo [16] motivated do Carmo and Alvarez [14] to
introduce a simpler expression for the parameter o. For
this, the following parameters are used on any element
Ke T,
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&y = ox ()| Ok (w)]” VK € T, (24)

with some appropriate constants ox (1) > 0 (e.g., defined
by (19) or (20)) and
_ ([R5 () 0.5

) = ———,
O (un) Sct Tl

(25)

Sk being some constants (equal to 1 in numerical experi-
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2 . _2
“K:% B = min{1, hx}' %,
Yk = min{/}K,%(aK + )},
2 = max{ex, [Ri(au)| /%
K= ,‘111ux{l/2,1/4+1,<}
Tk
2o
1k o2y K
Ky = |2 — Ax|[x — 1 oy = KK
K I K‘ ) K TK(b)

Now, denoting by ¢ the value of ¢ defined by (19), do
Carmo and Alvarez [14] consider (17) with

o =03, (21)
where
ifag = 1orlg =1,

X A VK € T.
if o <1 and Jx < 1 h

i = { [lwm]“'
(22)

Like the above-mentioned feedback function, the parame-
ter ¢ should suppress the addition of the artificial diffusion
in regions where the solution of (1) is smooth.

In [15], do Carmo and Alvarez introduced a finer tuning
of the parameters t and ¢ by multiplying them by a factor
7o on those elements K € 7, whose boundary intersects the
outflow part of the boundary of Q. The value of 75 on an
element K depends on the geometry of K and the polyno-
mial degree of shape functions on K. Based on numerical
experiments, do Carmo and Alvarez set 1o = 1 for bilinear
shape functions on quadrilaterals, 7y = 0.5 for biquadratic
shape functions on quadrilaterals or linear shape functions
on triangles and 7o = 0.25 for quadratic shape functions on
triangles.

A remedy for the above-mentioned loss of accuracy which
appears when (17) with (19) or (20) is used was also proposed
by Almeida and Silva [3], who conjectured that this loss of
accuracy was mainly caused by the incapability of the for-
mulas (19) and (20) to avoid the doubling effect. They
observed that, setting v;, = u;,, the SUPG term in (3) becomes

(Rh(uh), th - thh) = (Rh(u;,), T’lthh . thh)

with
b . thh
Oy = .
"7 Ri(w)
Therefore, they proposed to replace (20) by
1] } . { thuh}
o =1(b)max< 0,— — with {, = max ¢ l,——— 3,
(b) { i Ch G Ro(uy)
(23)

which provides a reduction of the amount of artificial dif-
fusion along the gz, direction, which is the direction of the
approximate solution gradient.

In order to be able to prove some theoretical results on
SOLD methods of the above type, Knopp et al. [47]
suggested to replace the isotropic artificial diffusion in
(13) by

ments of [47]).
The SOLD term (13) was also used by Johnson [41], who
proposed to set

&, = max{0, a[diam(K)]'|Ry(us)| — e} VK €7,  (26)

with some constants o and v € (3/2,2). He suggested to
take v ~ 2. Johnson [42] replaced o by f/maxg|u,| and pro-
posed to set f =0.1. A similar approach was also used by
Johnson et al. [44]. A priori and a posteriori error estimates
for this type of SOLD discretizations can be found in the
papers by Johnson [41] and Eriksson and Johnson [25].
The mentioned papers [42,44] contain convergence results
for space-time elements.

5.3. SOLD terms adding crosswind artificial diffusion

An alternative approach to the above SOLD methods is
to modify the SUPG discretization (3) by adding artificial
diffusion in the crosswind direction only as considered by
Johnson et al. [43] for the two-dimensional case with
b= (1,0) and u, = 0. A straightforward generalization of
this approach leads to the additional term

(EDV yutn, Vo) (27)

on the left-hand side of (3), where

&, = max{0, |b|h* — &} VK € 7, (28)

and D is the projection onto the line or plane orthogonal to

b defined by

b

D= b

0 it b=0,

if b0,

I being the identity tensor. The value hi/ 2 was motivated by
a careful analysis of the numerical crosswind spread in the
discrete problem, i.e., of the maximal distance in which
the right-hand side f significantly influences the discrete
solution. The resulting method is linear but non-consistent
and hence it is restricted to finite elements of first order of
accuracy. For the two-dimensional case with b= (1,0),
up = 0 and a reaction term in (1), Johnson et al. [43] proved
pointwise error estimates of order O(F**) in regions of
smoothness and a global L'-estimate of order O(h'?).
Later, these results were improved by Niijima [53], Zhou and
Rannacher [66] and Zhou [65]. Note that, in the two-dimen-
sional case, the SOLD term (27) can be written in the form

(=ba,b1)

(l:bL . thh, bL B V},L‘h) with bL = T

(29)
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Shih and Elman [60] considered the SUPG discretization
(3) with the additional term (29) for Q = (0, 1)2 and a con-
stant vector b. They used bilinear finite elements on a uni-
form triangulation of Q and proposed two choices of the
parameters T and ¢ based on the requirement that the nec-
essary conditions for uniform convergence of ||u — u|, o of
order greater than 1/2 introduced by Stynes and Tobiska
[61] hold. However, both methods of Shih and Elman re-
duce to the SUPG discretization (3) whenever the flow vec-
tor b is aligned with the mesh, which indicates that the
methods generally cannot work properly. Therefore, we
do not consider them in our numerical tests.

Codina [19] proposed to set the amount of the artificial
crosswind diffusion ¢ in (27), for any K € 7, to

LACH]
\Vuh\

) = max {o, co__ % (30)

2 18] diam(K) }d’am(K)
(if Vuy, # 0), where C'is a suitable constant. Codina [19] re-
ports that two-dimensional numerical experiments suggest
to set C =~ 0.7 for (bi)linear finite elements and C =~ 0.35
for (bi)quadratic finite elements. The design of (30) is based
on investigations of the validity of the discrete maximum
principle for several simple model problems and on the
requirements that & should be small in regions where
|6 Vu,| is small (to avoid excessive overdamping) and
proportional to the element residual (to guarantee con-
sistency).

Knopp et al. [47] proposed to use (27) with ¢ defined,
for any K € 7, by

2¢

- 1
=y (0.0 g g

}diam(K)QK(uh),
(31)

where Oy (u;,) 18 given by (25). This was also motivated by a
posteriori error estimates which show that the action of the
SOLD stabilization should be restricted to regions where
the local residual is not small. Like in case of (24) with
(25), this definition of & satisfies assumptions enabling
Knopp et al. [47] to perform a priori and a posteriori error
analyses of a rather general class of nonlinear discretiza-
tions of (1) which include SOLD discretizations with
stabilizing terms defined by (27), (31), (25) or (13), (24),
(25).

Combining the above two definitions of & we further
propose to use (27) with & defined by (31) where

_ [ Ra(u)

QK(uh) - |Vuh‘

if Vuy, #0. (32)

This is equivalent to (30) if /=0 and A,u;, = 0. Another
possibility is to set

o) — )l

Juan] 1

For the computations considered in this paper (P, finite
element, constant data b and f'in (1)), this value is identical
with (32).

It was proposed by Codina and Soto [21] to add both
isotropic and crosswind artificial diffusion terms to the
left-hand side of (3). Denoting the parameters in (13) and
(27) by &% and &%, respectively, the parameter choice
from [21] is

giso _ max{O, édc _ ‘L'(b)|b|2}, geross Edc _ giso’

with % defined similarly to (31) and Qg (u;) given in (32).
We found in our numerical tests that the results are very
similar to those obtained with & defined by (27), (31) and
(32) (method denoted by KLR02 3 below). For this rea-
son, numerical results for the method from [21] will not
be presented.

Burman and Ern [11] derived formulas for & in (27) and
(13) that guarantee a discrete maximum principle for
strictly acute meshes and linear simplicial finite elements.
However, they observed that, from a numerical viewpoint,
the stronger one wishes to enforce a discrete maximum
principle, the more ill behaved the nonlinear discrete equa-
tions become. Therefore, they slightly changed the for-
mulas implied by the theoretical investigations and
recommended to use (27) with ¢ defined, on any K € 7,
by

B, = ©(b) bRy ()]
|BI|Vitan] + 1R (utn)|
% |b| \thh| + |Rh(uh)\ + tan (XK|b‘ ‘DV},M}Y'
\Rh(u/,)| + tan OCK|b||DV/,Mh‘

(33)

(¢ = 0 if one of the denominators vanishes). The parameter
ok is equal to m/2 — B where Sk is the largest angle of K if
K is a triangle and fig is the largest angle among the six
pairs of faces of K if K is a tetrahedron. If f = n/2 (and
hence the strictly acute condition is violated), it is recom-
mended to set oax = /6. Further, to improve the conver-
gence of the nonlinear iterations, it is recommended to
replace the absolute value |x| of a real number x by the reg-
ularized expression |x|., = xtanh(x/e.,). We apply this
regularization only to |R,(u)| and set gy = 2.

Our numerical experiments in Section 6 indicate that the
above artificial diffusion & is too large and therefore we also
consider (27) with ¢ defined by

HQILREACA]

= ) Flun)l
|81V hun] + Ry ()|

(34)
In this case, we do not apply any regularization of the
absolute values.

An apparently similar simplification of (33) given, on
any K € 7, by
~ () [B) Ry ()|
8|K: 2( ‘ ‘ ‘ h 2’1)2 - (35)

VIR (wn)F + (tam )7 5P DV 0
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was also proposed by Burman and Ern [11]. Like in (33),
we regularize |Rj(uy)| to improve the convergence of the
nonlinear iterations. We shall see that (34) and (35) lead
to qualitatively different results.

5.4. Edge stabilization methods

Another SOLD strategy for linear simplicial finite ele-
ments was introduced by Burman and Hansbo [13]. The
SOLD term to be added to the left-hand side of (3) is
defined by

> / i (un)sign(tox - V(unly))tox - V(i )do, (36)
Ke7, JOK

where tq¢ is a tangent vector to the boundary 0K of K,
Y (uy) = diam(K)(Cye + Cdiam(K)) max [[lng - V],
(37)

ng are normal vectors to edges E of K, [|v||; denotes the
jump of a function v across the edge E and C;, C, are
appropriate constants (note that C, has to be proportional
to |]). Burman and Hansbo proved that, using an edge sta-
bilization instead of the SUPG term, the discrete maximum
principle is satisfied provided that C; > 1/2 and G, is suf-
ficiently large. In their numerical tests with |b| = 1, they
used C, = 10. To improve the convergence of the nonlinear
iterative process, they further regularize the sign operator
in (36) by replacing it by the hyperbolic tangent.

Burman and Ern [12] proposed to use the SOLD term
(36) with ¥ (u,) defined by

Wi ()l = Clb|[diam(K)’[[[Vunlle] ~ VECOK,  (38)

where C is a suitable constant. For linear simplicial finite
elements on weakly acute triangulations satisfying a local
quasi-uniformity property, they proved the validity of the
discrete maximum principle. Another definition of ¥x (us)
proposed in [12] is

i (un) = C|Ry(up)]- (39)

Let us mention that establishing a discrete maximum prin-
ciple for higher order stabilized Galerkin methods still re-
mains an open problem.

5.5. Further SOLD methods

At the end of this review of SOLD methods, we will
mention some further approaches for reducing spurious
oscillations in SUPG solutions. Lube [49] presented an
asymptotically fitted variant of the SUPG method which
suppresses oscillations along boundary layers. This
method consists in replacing the Dirichlet boundary condi-
tions on the downstream (if ¢ < Ch) and characteristic
(if &< h*?) parts of the boundary by homogeneous
Neumann’s conditions. Existence, stability and conver-
gence results are proved for (1) containing a suitable reac-
tion term. Burman [10] and Hughes and Bazilevs [5]

demonstrated numerically that using weakly imposed
Dirichlet boundary conditions reduces spurious oscilla-
tions at outflow boundaries considerably. The conse-
quence of this approach is, however, that the Dirichlet
values of the discrete solution will in general not coincide
with the given boundary condition.

If /=0 in (1), the maximum principle yields a lower
bound u,;, and an upper bound u,,,, for the solution u.
Layton and Polman [48] proposed to add the nonlinear
term

ch™| min {u(x,y) — thmin, 0} + max {u;(x,y) — tmay,0}

grid points grid points

to the left-hand side of the SUPG Eq. (3), e.g., with ¢ =1,
o= 1. This term penalizes the violation of the discrete max-
imum principle. However, if f # 0 or if other types of
boundary conditions are used, it is hard to obtain the
bounds and this method is not generally applicable. Even
for the examples presented in Section 6, it was never among
the best methods (results not explicitly reported in this
paper).

Guermond [30] studied stabilized schemes based on the
minimization of the residual in L'(Q) for first order partial
differential equations. Since the second order derivatives
are small in a convection-dominated convection—diffusion
equation, its solution has similar features as the solution
of a first order transport equation, for instance steep layers
on the one hand and shocks on the other hand. In Exam-
ple 4.5 in [30] it is demonstrated that the L'(Q) minimiza-
tion approach can be used also for convection—diffusion
equations.

6. Numerical studies

This section presents results of two numerical examples
which are defined in a two-dimensional domain and which
are discretized by conforming piecewise linear finite ele-
ments. The only criterion for the evaluation of the SOLD
methods will be the quality of the computed solution. This
evaluation is twofold: the suppressing of spurious oscilla-
tions and the smearing of layers will be rated. Since spuri-
ous oscillations are far more undesirable than moderately
smeared layers, the results concerning spurious oscillations
will be weighted higher. We would like to note that the
evaluation of the many computational results is rather
complicated. The difficulty is that not errors to a known
solution are of interest but the size of oscillations and the
extent of smearing of layers. Measuring the size of oscilla-
tions is only easy if the solution should be constant on both
sides of the layer. Often, pictures of the computed solutions
give a good impression of their quality. However, due to
the considerable potential length of the paper, it is not pos-
sible to support each computation with one or even more
pictures. Several measures for evaluating the results were
tested in our numerical studies. We found out that the mea-
sures used below are appropriate ones.
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The numerical results presented in this paper give only a
first impression of the capabilities of the SOLD methods.
They will serve as a pre-selection of those methods which
are worth to be studied in detail, also with respect to other
properties like the convergence of the solution in various
norms or the speed of convergence of the nonlinear itera-
tion process. Comprehensive numerical studies of these
methods will be postponed to the second part of this paper.
For some additional numerical studies, we refer to [38,39].

We shall test most of the SOLD methods considered in
Section 5. A summary of these methods, introducing also
their abbreviations which will be used in the evaluation of
the numerical examples, is presented in Table 1. The under-
lying SUPG method (3) was applied with t defined by (5)-
(7) using the upwind function &, from (4). The nonlinear
problems were solved accurately, up to a norm of the resid-
ual lower than 107!°. Methods which worked best in our
opinion are printed boldly in the tables. Italic is used for
methods which also produced acceptable results but which
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Table 1
Summary of SOLD methods considered in the numerical tests
Name Citation  Add. diffusion Method param. User param.
MHS85 [46] upwind - -
HMMS86 [36] iso. (13) (14, (9) -
TP86_1 [64] iso. (13) (14), (10), (11) -
TP86_2 [64] iso. (13) (14), (11), (12)  wuy
GdC88 [29] iso. (13) (18), (19) -
dCGI1 [16] iso. (13) (18), (200 -
dCA03 [14] iso. (13) (18), (21), (22) -
AS97 [3] iso. (13) (18), (23) -
KLRO02_1 [47] iso. (13) (24), (19), (25) Sk
J90 [41] iso. (13) (26)  a,v
JSW87 [43] orth. (27) (28 -
€93 [19] orth. (27) (30) C
KLRO02 2 [47] orth. (27) (31), (25) C, Sk
KLRO02 3 [47], here orth. (27) (31), (32) C
BE02 1 [11] orth. (27) (33) ax
BE02 2 [11], here orth. (27) (34 -
BE02_3 [11] orth. (27) (35)  ax
BHO04 [13] edge (36) 37)  C1,C
BEO5_1 [12] edge (36) (38) C
BE05_2 [12]  edge (36) (39) C

were clearly worse than the best methods. All numerical
results have been double-checked by computing them with
two different codes, one of them was MooNMD, [40].

Example 1 (Solution with parabolic and exponential bound-
ary layers). We consider the convection—diffusion equation
(1) in @ =(0,1)* with ¢=10"%, b= (1,0)T, f=1 and
up =0. The solution u(x,y) of this problem, see Fig. 1,
possesses an exponential boundary layer at x=1 and

parabolic boundary layers at y=0 and y=1. In the
interior grid points, the solution u(x,y) is very close to x.

The numerical tests were performed on a regular and on
an unstructured triangular grid, see Fig. 2 for the initial

...:...

LR T FAPFTTFT 72
e
s i

08 Tl

06

04 = 1

1 08
.~.:-.:-'.-:-:-. 0.6

o= "' 0.4

i
l l
l,,'l.,

l. l., I o

7 ,l,'l"l.,
0 'l.'l.'
n":""ii"i."’:
l, oty
'l il
'u'"n":
n,'n,'n.'
'n"n,"n,'
n"n.'n.
l.,'l,,l.,
it
,'l ,'l.

n
f il

|

S ——
RO

ey
e

v aae
T
SESEEIR]

]
2
s
s
oK

X

%
X5
s

T
IR

XX
5
S
ROk
2
55

S,
TR
20
55
DOREEEE
£
L)
R

v

%

RA%
X

Kk

,m
s
XXX
S
o

50

XIRK
K7
X S

R
RRRXIY

R
SORRD
%,

=
5

ARBDOARRS
KZ

LEE
REDO0R

0

OO

o

AT
a

WA
AZSRERE
RS
o
RN
S
RREKS
S
s
R
raravavas

0

oy
vas
KRN

&2
Vv
KR
K
&
o5
IE7ava)
KX

s

KK
v
50
REX

&
PORERS
B3

XX
REROSK]
R
S
KX
Rk

pazes

Fig. 2. The grids used in the computations: Grid 1, Grid 2 and Grid 3 (left to right). The structured grids are refined till the length of the legs of the

triangles is 1/64.
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regular grid (Grid 1) and the final unstructured grid (Grid
3). The latter was obtained using the anisotropic mesh
adaptation technique of [22].

First, we present computations on Grid 1 where
the length of the legs of the triangles was 1/64. Thus,
from (6) follows hx = 1/64 and the Péclet number is
Pex=10%/128 = 781,250. The number of degrees of
freedom is 4225 (including Dirichlet nodes).

For this special example, the stabilization parameter t
used in this paper is optimal along lines y = const outside
the parabolic layers. Applying the SUPG method on Grid
1, one finds that there are no oscillations at the exponential
layer. However, there are still strong oscillations at the par-
abolic layers and for this reason we will concentrate on
these layers in the evaluation of the SOLD methods on
Grid 1. Particularly, we consider the cut line x = 0.5 and
the values

osc:= max {u,(0.5,y) —u;(0.5,0.5)}, (40)
ve{&é--8}
smear ;= max {u,(0.5,0.5) — u,(0.5,)}. (41)

12 3
ye{&& a}

The first value measures the oscillations in the parabolic
layers. In the case that the oscillations are suppressed to
the most part, the second value measures the smearing of
these layers. The computational results are given in Table
2 and Fig. 3. To simplify their evaluation and the ranking
of the methods, we scored each result. The scores are as
follows:

osce Score smear € Score
[0,1e—3) 4 [0,1e—5) 2
[le—3,1e-2) 2 [le—5,1e—3) 1
[le=2,1e—1) 0 [le=3,1e—1) 0
[le—1,1) —4 [le—1,1) -2

Values which are close to the interval with the next
higher score will get an intermediate score.

Clearly the best method is MHS85. Good results were
computed also with dCG91, AS97, KLRO02_3 and
BE02_2. All other methods, save JSW87, still exhibit
non-negligible spurious oscillations at the parabolic layers.
These layers are smeared considerably in the solution com-
puted with JSW87. In addition, we want to note that the
solutions obtained with J90, BH04 and BE05_2 show, in
contrast to all other methods, a smearing of the exponen-
tial boundary layer.

Table 4 and Figs. 5 and 6 present results obtained on the
unstructured Grid 3 from Fig. 2. This grid possesses 3312
triangles and 1721 vertices (degrees of freedom). Introduc-
ing the sets

.Ql = .Qz U.Q_';, Qz = (0‘09) X (0701],
Q; = (0,0.9) x [0.9,1), @, =1[0.9,1) x (0.1,0.9),

see Fig. 4, the spurious oscillations are measured by

OSCpara(1) ‘= (?’Vl)'iél (uh (x,y) - x)7 (42)

Table 2
Example 1, Grid 1, osc and smear defined in (40) and (41)
Name osce Score smear €  Score Total
SUPG 1.340e—1 —4 - - —4
MHS5 0 4 5280e—6 2 6
HMMS86 8.737e-2 0 1.14le-2 0 0
TP86_1 1.150e—-1 —4 - - —4
TP86_2; up =1 1.312e—-1 —4 - - —4
GdC88 2.179e-3 2 4.860e—2 0 2
dCGI1 5.992e—-4 4 4.515e-2 0 4
dCA03 1.316e—2 1 4387e-2 0 1
AS97 4.742e—4 4 44%4e-2 0 4
KLRO02 1; Sx=1 1.24le—-1 —4 - - —4
J90; x =0.5,v=2 4.273e-3 2 1.540e—3 0 2
JSW87 1.47%9¢—-6 4 2.743e—-1 -2 2
C93; C=0.6 7.816e—2 0 8.076e—4 1 1
KLRO02_2; 9.654e—2 0 23832 0 0
C=06,S¢k =1
KLR02 3; C=0.6 2469¢—-4 4 3.680e-2 0 4
BE02_1; ax =1/6 1.528e—2 1 9.184e—2 0 1
BE02 2 6.942¢e—4 4 4.729%-2 0 4
BE02 3; ox = 1/6 6.406e—3 2 2.49%e—-2 0 2
BHO04; 2.477e-3 2 2.168e—1 -2 0
C; =0.5,C,=0.01
BEO05_1; C=0.05 6.765e—3 2 7212e-2 0 2
BE05_2; C=5e-5 2.826e—3 2 1.48%e—-1 -2 0
0.7 T T T T T T T
0.6 4
7“\ 2
0.4 q
o
0.3 4
0.2 q
SUPG —+—
MH85 ------
01 sy 5T
C93 --x*
. BEO5_1 --o
od

L L L L L L L
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Fig. 3. Example 1, Grid 1, the parabolic boundary layer computed with
different schemes.

Outp (x, Outy, (x,
OSCpara(Z)::max{ max (—4’7( A7y5)>7(xl?3lé(924h( HyS)}v

(Xs.75)€EQ ay ay
(43)
N auh (x:,yx)
0SCexp 1= (x,\l}lv\.?exm a0 (44)

where (x,y) are the nodes in Q; and (x,,y,) are the coordi-
nates of the barycentres of the triangles. The optimal value
of 05Cpara(2) is zero and of oscexp, is one. The larger these val-
ues are, the stronger are the oscillations in the parabolic
and exponential layer, respectively. For evaluating the ex-
tent of the global smearing, the value
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Qy Q,

Fig. 4. The subdomains Q,,...,Q, from Example 1 (left) and Q;, Q, from
Example 2 (right).

12
smear := ( Z (min{0, uy (x,y) — x})2> (45)
interior nodes (x,y)

is computed. The rating of the results is given in Table 3.

Again, intermediate scores will be given if values are
close to the interval with the next higher score. Since there
are two criteria for the oscillations in the parabolic layers,
the score of each is half of the score of osceyp.

For MH85 and HMMS86, we were not able to solve the
nonlinear problems. It is remarkable that only the edge sta-
bilization schemes BHO04, BE0O5 1 and BE05 2 and the

2209

method J90 were able to compute solutions almost without
spurious oscillations at the exponential layer, see Table 4
and Fig. 5. The results at the exponential layer obtained
with the most other methods are similar to the result of
KLRO02_3 in the middle of Fig. 5. However, the edge stabil-
ization schemes lead to a larger smearing of layers, see
Fig. 6 for the parabolic layer at y = 0. The method J90 pro-
duces much larger spurious oscillations in the parabolic
layers than BHO04, BEOS5_1 and BEOS5 2. Altogether,
BHO04, BEO5_1 and BEO5_2 worked best on the unstruc-
tured Grid 3 since these methods suppressed the spurious
oscillations at the exponential layer well and they worked
also relatively well in the parabolic layers. A second group
of methods, GdC88, dCGY1, KLR02_3 and BE02_2, com-
puted good results outside the exponential layer.

Example 2 (Solution with interior layer and exponential
boundary layer). The convection—diffusion equation (1) is
considered in Q= (0,1)> with the data &=10"%,
b = (cos(—n/3),sin(—n/3))", f=0 and

0 forx=1o0ry<0.7,
1 else.

tx) = {

The solution, see Fig. 1, possesses an interior layer in the
direction of the convection starting at (0,0.7). On the

Table 3

Definition of scores for the results in Table 4

0SCpara(1) € Score 08Cpara(2) € Score 05Cexp € Score smear € Score
[0,1e—3) 2 [0,1e—1) 2 [1,1.25) 4 [0,1.25) 2
[le=3, le=2) 1 [le—1,3e—1) 1 [1.25,2) 2 [1.25,2) 1
[le=2, le—1) 0 [3e—1,1) 0 [2,3) 0 [2,3) 0
[le—1,1) -2 [1,10) -2 [3,5) —4 [3,5) -2
Table 4

Example 1, Grid 3, the measures for evaluating the oscillations and the smearing are defined in (42)-(45), the parameters in the SOLD methods are the

same as in Table 2

Name 0SCpara(1) Score 0SCpara(2) Score 05Cexp Score smear Score Total
SUPG 1.545¢—1 -2 7.883e+0 -2 4.972 -4 8.550e—1 2 -6
MHS85 No conv. - - -

HMM&86 No conv. - - -

TP86_1 9.225¢—-2 0 3.612¢+0 -2 2.771 0 9.164e—1 2 0
TP86_2 1.291e—1 -2 6.369¢+0 -2 2.968 0 9.125¢—1 2 -2
GdC88 7.103e—3 1 2.679%—1 1 2.702 0 1.711e+0 1 3
dCG91 7.048¢—3 1 2.746e—1 1 2.675 0 1.846e+0 1 3
dCA03 1.191e-2 0.5 5.550e—1 0 2.695 0 1.720e+0 1 1.5
AS97 8.961e—3 1 4.336e—1 0 2.876 0 1.849¢+0 1 2
KLRO02 1 1.313e—1 -2 6.786e+0 -2 4.563 —4 9.508e—1 2 —6
J90 3.245¢—2 0 1.205¢+0 -1 1.156 4 2.833¢+0 0 3
JSW87 6.167¢—4 2 2.002e—2 2 2.250 0 4.247e+0 -2 2
C93 2.416e—2 0 8.591e—1 0 2.823 0 1.131e+0 2 2
KLRO02 2 9.862e—2 0 4.741e+0 -2 2.420 0 1.047¢+0 2 0
KLR02 3 2.829¢—3 1.5 1.112e—1 1.5 2.823 0 1.549¢+0 1 4
BE02_1 5.336e—3 1 2.18%—1 1 3.224 -2 2.177e+0 0 0
BE02_2 2.604e—3 1.5 1.030e—1 1.5 2.320 0 1.826e+0 1 4
BE02_3 7.142¢-3 1 3.074e—1 0.5 3.285 -2 1.858e+0 1 0.5
BH04 8.941e—3 1 3.54%—1 0.5 1.086 4 2.309¢+0 0 5.5
BEO5_1 5.43le-3 1 1.998e—1 1 1.075 4 2.211e+0 0 6
BE05 2 8.367e—3 1 3.417e—1 0.5 1.080 4 2.013e+0 0.5 6
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0.9 1 0.9

1 0.9 1

Fig. 5. Example 1, the exponential boundary layer computed with SUPG, KLR02_3 and BH04 (left to right) on Grid 3, (x,y) € [0.9,1] x [0.1,0.9].

08

0.8

o1 1 1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

0 1 1
0 0.02 0.04 0.06 O

1 0 1 1 1
.08 0.1 0.12 0.14 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

Fig. 6. Example 1, the parabolic boundary layer at y = 0 computed with SUPG, KLR02_3 and BHO04 (left to right) on Grid 3, cuts of the solution at

x€{0.1,0.15,02,...,09}.

boundary x =1 and on the right part of the boundary
y =0, exponential layers are developed. This example has
been used, e.g., in [36].

The computations were performed on Grid 1, Grid 2
and Grid 3, see Fig. 2. For the regular triangular Grid 1
and Grid 2, the convection is skew to the grid lines. The
grid size in the computations was chosen to be 1/64 (length
of the legs of the triangles) such that the Péclet number is
Peyx = 781,250 and the number of degrees of freedom 4225.
The features of Grid 3 have been mentioned already in
Example 1. Since the right-hand side of (1) vanishes, the
following methods are the identical ones: HMM86 and
GdC88; dCGI1 and AS97; C93 and KLRO02_3. The choice
of the SUPG parameter 7 can be regarded as optimal on
Grid 1 since the SUPG solution is nodally exact outside the
inner layer and the boundary layer at x = 1. Denoting

Q= {(xy) € 2x <05,y > 0.1},
Q={(xy) € Qx> 0.7},

see Fig. 4, the following quantities are considered for
assessing the computational results:

12
08Cipy i = ( Z (min{0,u;(x,»)})> + (max{0,u; (x,y) — 1})2> ,
(

x)EQ)

(46)

172
0SCexp = ( Z (max{0, u;(x,y) — 1})2> , (47)

(xy)€2

smeariy = X, — Xxi, (48)

12
Smearey, = < Z (min{O0, up(x,y) — 1})2> , (49)
(

x,y)EQ>

where x is the x-coordinate of the first point on the cut line
(x,0.25) with u(x1,0.25) = 0.1 and x; is the x-coordinate
of the first point with u,(x,,0.25) > 0.9. Thus, (48) gives
a measure for the thickness of the interior layer. The eval-
uation of x; and x, used a grid with mesh width 107 on the
cut line. The summations are performed over the nodes
(x,y) of the meshes.
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Results of the computations on Grid 1 are presented in
Table 7. The scoring of the results is given in Table 5.
Again, intermediate scores are used.

The method MH85 gives an almost perfect result. Only
the interior layer is smeared somewhat. Quite good results
are obtained also with dCG91, AS97 and BE02 2. We
observed for all SOLD methods that there are no spurious
oscillations in the exponential layer at y = 0 on Grid 1, see
also Fig. 7.

Comparing the results on Grid 1 on the one hand and
Grid 2 and Grid 3 on the other hand, one finds that the
results on Grid 2 and Grid 3 are considerably worse, see
Tables 7-9. Because of this, the conditions for rating the
results on Grid 2 and Grid 3 are relaxed somewhat, see
Table 6. To obtain a better classification of the methods,
intermediate values are used as in the other tests.

The results for Grid 2 are presented in Table 8. The only
method which worked still very good was MHS85. Only the
smearing of the interior layer became somewhat larger in
comparison to Grid 1. None of the other SOLD schemes
produced a satisfactory solution with respect to all criteria
of evaluation. It is remarkable that methods which worked
well on Grid 1 completely failed on Grid 2, see Fig. 7 for
dCG91 and AS97. Two other results are presented in
Fig. 8. It can be seen that the solution computed with
HMMS86, GAC88 has a big oscillation at the starting point
of the interior layer and another one in a vicinity of the
corner (1,0) of Q. The smearing of the layers which led to
bad scores for BE05_2 is clearly visible in the right picture
of Fig. 8.

A reason for the bad results obtained with the SOLD
methods on Grid 2 can be found, in our opinion, already in
the underlying SUPG stabilization. Since the SUPG
method gives on Grid 2 considerably worse results than
on Grid 1, there is not sufficient diffusion introduced in the
streamline direction. However, the SOLD methods intro-
duce additional diffusion above all orthogonally to the
streamlines and rely upon the assumption that the SUPG
method has done a good job in the streamline direction. If
this is not the case, the SOLD methods give rather poor
results as this example shows.

The results on the unstructured Grid 3, Table 9, show a
similar tendency like the results on Grid 2. Again, only
MHB&85 produced a satisfactory solution. All other SOLD
schemes are on the one hand clearly worse than MH85 but
on the other hand, most of them improved the SUPG
solution considerably. We think that the reason for the
SUPG-based SOLD methods being far away from a perfect
solution is the same as given for Grid 2.

6.1. Summary of the numerical studies

The numerical tests were performed in a two-dimensional
domain using the conforming P finite element. Under these
conditions, the upwind method MHS85 was always the best
method if the nonlinear iterations converged. Among the
other SOLD methods, no one could be preferred in all cases.
The methods dCG91 and BE02_2 were often among the best
ones. However, even the best other SOLD methods gave
sometimes rather unsatisfactory results. There are also some

Table 5

Definition of scores for the results in Table 7

0SCint € Score 05Cexp € Score SMeariy, € Score SMeAr exp € Score
[0,1e—4) 4 [0,1e—5) 4 [0,4e—2) 2 [0,1e—4) 2
[le—4, le-2) 2 [le—5, le=3) 2 [4e—2, 6e—2) 1 [le—4, le-2) 1
[le=2, le—1) 0 [le=3, le—1) 0 [6e—2, 8e—2) 0 [le=2, 5e—1) 0
[le—1,1) —4 [le—1, 10) —4 [8e—2, 1) -2 [5e—1, 10) -2

Fig. 7. Example 2, solutions obtained with dCG91 (AS97); left: on Grid 1, right: on Grid 2.

Table 6

Definition of scores for the results in Tables 8 and 9

08Cin € Score 0SCexp € Score Smeari, € Score SMeAr ey, € Score
[0,1e—3) 4 [0,1e—3) 4 [0,5e—2) 2 [0,1e—4) 2
[le—3, le—2) 2 [le—3, 2.5e—1) 2 [Se—2, 8e—2) 1 [le—4, le—2) 1
[le=2, le—1) 0 [2.5e—1, 1) 0 [8e—2, I.1e—1) 0 [le—2, 5e—1) 0
[le—1,1) —4 (1, 10) —4 [l.le—1, 1) -2 [5e—1, 10) -2
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Example 2, Grid 1 from Fig. 2, the measures for evaluating the oscillations and the smearing are defined in (46)—(49), the parameters in the SOLD methods
are the same as in Table 2

Name 0SCing Score 0SCexp Score SMeariy, Score SMeAr ey, Score Total
SUPG 5.891e—1 —4 2.124e+0 -4 3.747e-2 2 5.666e—1 -1 -7
MHS85 6.081e—13 4 0 4 5.792e—2 1 1.083e—5 2 11
HMMS86, GdC88 1.185¢—1 -2 3.010e—2 0 5.927e-2 1 2.921e-3 1 0
TP86_1 2.038e—1 —4 2.581e—6 4 4.020e—2 1.5 5.445e—1 —1 0.5
TP86_2 4.700e—1 -4 5.972¢-2 0 3.852e—2 2 4.768e—1 0 -2
dCG91, AS97 1.248e—5 4 1.482e—10 4 7.090e—2 0 6.479%¢—1 -1 7
dCAO03 1.299e—1 -2 3.019¢—2 0 6.074e—2 0.5 3.220e—3 1 -0.5
KLRO02_1 5.256e—1 —4 1.589¢+0 —4 3.852e—2 2 4.118e—1 0 -6
J90 8.798¢—2 0 4.157e-2 0 5.714e—2 1 3.058¢+0 -2 -1
JSW87 5.440e—11 4 1.007e—4 2 1.473e—1 -2 2.656e—1 0 4
C93, KLR02 3 4.278e—3 2 1.959¢—5 3 6.677e—2 0 9.042e—1 -2 3
KLRO02 2 2.990e—1 —4 6.240e—1 —4 4.247e-2 1 2.292e—1 0 -7
BE02_1 1.083e—2 1 9.488¢—4 2 7.527e—2 0 2.274e+0 -2 1
BEO2 2 2.470e—8 4 2.546e—5 3 7.132e—2 0 6.723e—1 —1 6
BE02 3 1.558e—-2 1 1.239¢-3 1 6.795¢—2 0 2.444¢+0 -2 0
BHO04 1.754e-2 1 5.063¢—1 -4 7.106e—2 0 3.793e—1 0 -3
BEO05_1 4.906e—3 2 1.904e+0 —4 9.685e—2 -2 4.520e—1 0 —4
BEO5_2 4.580e—3 2 1.648¢—4 2 7.930e—2 0 3.867¢+0 -2 2
Table 8

Example 2, Grid 2 from Fig. 2, the measures for evaluating the oscillations and the smearing are defined in (46)—(49), the parameters in the SOLD methods
are the same as in Table 2

Name 0SCing Score 05Cexp Score Smedrin, Score SMear ey, Score Total
SUPG 6.925e—1 —4 3.847e+0 —4 6.206e—2 1 1.698e+0 -2 -9
MH85 0 4 0 4 1.024e—1 0 1.161e—5 2 10
HMM386, GdC88 2.176e—1 -3 1.279¢—1 2 1.037e—1 0 2.480e—3 1 0
TP86_1 2.719¢—1 -3 6.713e—1 0 7.424e—-2 1 4.586e—2 0 -2
TP86_2 5.509e—1 —4 5.48%e—1 0 6.498¢—2 1 1.952e—1 0 -3
dCG9I1, AS97 2.971e—1 -3 1.406e+0 —4 8.544e—-2 0 2.114e—1 0 -7
dCA03 2.204e—1 -3 1.279e—1 2 1.060e—1 0 2.527e—3 1 0
KLRO02 1 6.629¢—1 —4 2.681et+0 -4 6.309¢—2 1 1.080e+0 -2 -9
J90 2.939%—1 -3 5.950e—2 2 7.978e—2 1 2.681e+0 -2 -2
JSW87 2.444e—1 -3 2.133e+0 —4 1.117e—1 -1 5.005e—1 0 -8
C93, KLR02_3 1.386e—1 -2 3.606e—1 0 9.750e—2 0 3.126e—2 0 -2
KLRO02 2 5.125¢e—1 —4 1.773e+0 -4 6.671e—2 1 5.94le—1 -1 -8
BE02_1 1.496e—1 -2 4.306e—1 0 1.034e—1 0 3.65le—1 0 -2
BE02 2 2.214e—1 -3 1.396e+0 —4 8.634e—2 0 2.102e—1 0 -7
BE02_3 1.453e—1 -2 3.83%—1 0 9.682¢—2 0 5.16%e—1 —0.5 -2.5
BHO04 9.224e—-2 0 1.548e+0 —4 9.966e—2 0 1.408e—1 0 —4
BEO05_1 6.153e—3 2 3.514e+0 —4 1.528e—1 -2 1.402e+0 -2 -6
BE05_2 6.470e—3 2 2.163e-3 3 1.435¢—1 -2 3.411e+0 -2 1

methods which never produced good results, e.g., TP86_1
and TP86_2 introduce in general not enough artificial diffu-
sion to damp the oscillations sufficiently or JSW87 and J90

N
=\

e
==

Fig. 8. Example 2, solutions obtained on Grid 2 with HMM86, GdC88 (left) and BE05_2 (right).

are very diffusive and smear the layers considerably. Alto-
gether, there are still many open questions to be answered
which will be started in the second part of this paper.
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Table 9

2213

Example 2, Grid 3 from Fig. 2, the measures for evaluating the oscillations and the smearing are defined in (46)—(49), the parameters in the SOLD methods

are the same as in Table 2

Name 0SCing Score 0SCexp Score Smeariy, Score SMeArexp Score Total
SUPG 5.933e—1 -4 1.526e+0 —4 5.520e—2 1.5 4.070e—1 0 —6.5
MHS85 4.940e—15 4 1.785e—14 4 9.717e—2 0 5.302¢—2 0.5 8.5
HMMBS86, GdC88 1.127e—1 -2 1.961e—1 2 9.535¢—2 0 1.944¢—1 0 0
TP86_1 2.066e—1 -3 1.421e—1 2 6.364e—2 1 4.597e—1 0 0
TP86_2 4.295e—1 -4 1.830e—1 2 5.890e—2 1.5 4.118e—1 0 -0.5
dCG91, AS97 8.229¢—2 0 1.282e—1 2 9.701e—2 0 5.998¢—1 -1 1
dCA03 1.243e—1 -2 1.993e—1 2 9.553e—2 0 1.955e—1 0 0
KLRO02_1 5.199¢e—1 —4 1.103e+0 -1 5.752e—2 1.5 2.851e—1 0 -3.5
J90 1.412¢e—1 -2 5.814e—2 2 8.310e—2 0.5 2.390e+0 -2 —1.5
JSW87 3.188e—3 2 1.035e—1 2 1.865e—1 -2 5.364e—1 -1 1
C93, KLR02_3 7.758e—2 0 5.422¢-2 3 9.081e—2 0 7.956e—1 -2 1
KLRO02 2 3.759%—1 —4 4.975e—1 0 6.190e—2 1 2.167e—1 0 -3
BE02_1 1.857e—-2 1 1.877e-2 3 1.086e—1 0 1.703e+0 -2 2
BE02 2 6.342e—2 0 8.718e—2 3 9.803¢—2 0 5.964e—1 —1 2
BE02 3 2.276e—2 1 1.166e—2 3 9.902e—2 0 1.818e+0 -2 2
BHO04 3.565¢—2 0 5.917e—1 0 9.226e—2 0 2.238e—1 0 0
BEO05_1 9.236e—3 2 8.335e—1 0 1.264e—1 -2 2.333e—1 0 0
BE05_2 6.425¢—2 0 2.212e-2 3 9.056e—2 0 1.036e+0 -2 1

7. Conclusions and outlook

A characteristic feature of numerical solutions of scalar
convection-dominated  convection—diffusion equations
computed with the popular SUPG stabilization is the pres-
ence of quite large spurious oscillations at layers. The main
goal of SOLD methods consists in suppressing these oscil-
lations without an excessive smearing of the layers. The
present paper gave a review of the state of the art of SOLD
methods. Most of these methods can be classified into
methods adding isotropic diffusion, methods adding diffu-
sion orthogonally to the streamlines and into edge stabil-
ization methods. Some numerical studies gave a first
impression of the behavior of the SOLD methods.

Comprehensive numerical studies which will explore the
limits of the capabilities of the available SOLD methods
will be the subject of the second part of the paper.
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Abstract

An unwelcome feature of the popular streamline upwind/Petrov-Galerkin (SUPG) stabilization of convection-dominated convec-
tion—diffusion equations is the presence of spurious oscillations at layers. A review and a comparison of the most methods which have
been proposed to remove or, at least, to diminish these oscillations without leading to excessive smearing of the layers are given in Part I,
[V. John, P. Knobloch, On spurious oscillations at layers diminishing (SOLD) methods for convection—diffusion equations: Part I — A
review, Comput. Methods Appl. Mech. Engrg. 196 (2007) 2197-2215]. In the present paper, the most promising of these SOLD methods
are investigated in more detail for P; and Q, finite elements. In particular, the dependence of the results on the mesh, the data of the
problems and parameters of the methods are studied analytically and numerically. Furthermore, the numerical solution of the nonlinear
discrete problems is discussed and the capability of adaptively refined grids for reducing spurious oscillations is examined. Our conclu-
sion is that, also for simple problems, any of the SOLD methods generally provides solutions with non-negligible spurious oscillations.
© 2008 Elsevier B.V. All rights reserved.

Keywords: Convection—diffusion equations; Streamline upwind/Petrov—Galerkin (SUPG) method; Spurious oscillations at layers diminishing (SOLD)
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1. Introduction outer source of u, and u, € H'/*(dQ) represents the Dirich-

let boundary condition. In our numerical tests we shall also

This paper is a continuation of [26], in the following
cited as Part I, which was devoted to a review and a com-
parison of finite element techniques developed to diminish
spurious oscillations in discrete solutions of convection-
dominated problems. Like in Part I, we consider the steady
scalar convection—diffusion equation

—eAu+b-Vu=f in Q, u=u, onoQ. (1)
We assume that Q is a bounded domain in R* with a polyg-
onal boundary 0Q, &> 0 is the constant diffusivity,

be W (@) is a given convective field, f € L*(Q) is an
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consider less regular functions wuy.

A popular finite element discretization technique for (1)
is the streamline upwind/Petrov—Galerkin (SUPG) method
which is frequently used because of its stability properties
and higher-order accuracy. Since, in the convection-domi-
nated regime, the SUPG solutions typically contain oscilla-
tions in layer regions, various stabilizing terms have been
proposed to be added to the SUPG discretization in order
to obtain discrete solutions in which the local oscillations
are suppressed. In Part I, we called such techniques spuri-
ous oscillations at layers diminishing (SOLD) methods.

Part I presented a review of most SOLD methods
published in the literature, discussed their derivation, pro-
posed some alternative choices of parameters in the meth-
ods and categorized them. Some numerical studies gave a
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first impression of the behavior of the SOLD methods.
These numerical tests were performed in a two-dimensional
domain using the conforming P, finite element and it was
observed that there are large differences between the SOLD
methods. In some cases, the SOLD methods were able to
significantly improve the SUPG solution and to provide a
discrete solution with negligible spurious oscillations and
without an excessive smearing of layers. However, it was
not possible to identify a method which could be preferred
in all the test cases. There are some methods which never
produced good results since they either do not suppress
the oscillations sufficiently or they are very diffusive and
smear the layers considerably.

The aim of the present paper is to perform deeper inves-
tigations of those SOLD methods which gave acceptable
results in Part I. We shall formulate the SOLD methods
in the two-dimensional case and for conforming linear
and bilinear finite elements. Formulations valid also in
the three-dimensional case and for more general finite ele-
ment spaces can be found in Part I. We do not consider the
Mizukami-Hughes method [35,33] investigated in Part I
since its applicability is rather limited. We shall investigate
how strongly the methods depend on the computational
mesh and the data of the problem. For methods containing
parameters, we shall seek their optimal values and study
the dependence of the results on the parameters. Since most
of the SOLD methods are nonlinear, we shall also address
algorithms for computing the discrete solution. Finally, the
question will be studied whether adaptively refined grids
help to suppress the spurious oscillations in SUPG
solutions.

Our investigations will be performed on academic test
examples whose solutions possess characteristic features
of solutions of convection—diffusion equations. These aca-
demic problems allow to study the SOLD methods analyt-
ically, at least in the limit ¢ — 0+. The analysis enables us
to identify clearly those methods which can be expected to
suppress the spurious oscillations and to study the depen-
dence of the results on parameters in some of the methods.

The analysis presented in this paper will include the con-
sideration of moderately anisotropic grids. Using such
grids might not be reasonable for the considered examples
since these grids are not adapted to the layers of the solu-
tion. Our motivation for looking at moderately anisotropic
grids comes from applications. First, the meshing of com-
plicated domains leads easily to anisotropic elements with
moderate aspect ratio. Second, convection—diffusion equa-
tions are often just a part of a coupled system of equations,
like in the k — ¢ turbulence model [36] or in the simulation
of precipitation processes [29]. For such problems, an
adaptation of the grid is performed rather with respect to
other equations in the system, for instance with respect to
the Navier-Stokes equations in the mentioned examples.
Thus, one has to face the situation that the grids might
be not particularly well adapted with respect to the convec-
tion—diffusion equation but the SOLD methods still should
provide satisfactory results.

The paper is organized in the following way. In the next
section, we formulate the usual Galerkin discretization of
(1) and introduce the SUPG method. In Section 3, the
SOLD methods investigated in this paper are briefly
reviewed. Then, in Section 4, we shall investigate the
properties of the SOLD methods for three model problems.
Section 5 is devoted to the computation of the discrete
solution and, in Section 6, the usefulness of adaptively
refined grids for the suppression of spurious oscillations
is studied. Finally, Section 7 presents our conclusions.

Throughout the paper, we use the standard notations
Py, 0y, L*(2), H'(Q) = W"(Q), etc. for the usual function
spaces, see, e.g., Ciarlet [9]. The inner product in the space
LX(Q) or L*(Q)* will be denoted by (-,-). For a vector
a € R?, the symbol |a| stands for its Euclidean norm.

2. The Galerkin method and the SUPG method

To define a finite element discretization of (1), we intro-
duce a triangulation 7, of the domain Q consisting of a
finite number of open elements K. We shall assume that
all elements of 7, are either triangles or convex quadrilat-
erals. The discretization parameter /2 in the notation .7, is a
positive real number satisfying diam(K) </ for any
K € 7. We assume that Q = J,_, K and that the clo-
sures of any two different elements of .7, are either disjoint
or possess either a common vertex or a common edge.

We introduce the finite element space

Vi={veH)(Q);vly €RK) VK€ T,},

where R(K) = P;(K) if K is a triangle and R(K) = O,(K) if
Kis a rectangle. If K is a general convex quadrilateral, then
R(K) is defined by transforming the space Q,((0,1)*) onto
K by means of a bilinear one-to-one mapping, see, €.g.,
Ciarlet [9]. Finally, let uy, € H'(Q) be a function whose
trace approximates the boundary condition u,. Then the
usual Galerkin finite element discretization of the convec-
tion—diffusion equation (1) reads:
Find u;, € H'(Q) such that u, — uy, € V', and

a(uhavh) = (fﬂih)
where

a(u,v) = &(Vu, Vv) + (b - Vu,v).

Yo, € Vi,

It is well known that this discretization is inappropriate
if convection dominates diffusion since then the discrete
solution is usually globally polluted by spurious oscilla-
tions. An improvement can be achieved by adding a stabil-
ization term to the Galerkin discretization. One of the most
efficient procedures of this type is the streamline upwind/
Petrov-Galerkin (SUPG) method developed by Brooks
and Hughes [3]. To formulate this method, we define the
residual

Ry(u) = —eAu+b-Vu—f,
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where A, is the Laplace operator defined elementwise, i.e.,
(Apv)|x = A(v|g) for any K € 7, and any piecewise smooth
function v. Then the SUPG method reads:

Find u;, € H'(Q) such that u, — uy, € V), and

a(uh, U},) + (Rh(uh),‘rb . Vvh) = (fbh) Vvh S Vh7 (2)

where 7 € L*(Q) is a nonnegative stabilization parameter.
The choice of T may dramatically influence the accuracy
of the discrete solution and therefore it has been a subject
of an extensive research over the last three decades, see,
e.g., the review in Part I. Unfortunately, a general optimal
definition of 7 is still not known. In our computations, we
define 7, on any element K € 7, by the formula
LIS

hx 1 .
Tl = 21| <cothPeK - E) with Pex = % (3)

where hg is the element diameter in the direction of the
convection vector b. We refer to Part I for various justifica-
tions of this formula and for a precise definition of Ag. If
convection strongly dominates diffusion in Q and hence
the local Péclet numbers Pey are very large, the parameter
7 is basically given by

hx

=-— VKeT, 4
e =gy VKET )

Note that, generally, the parameters /g, Pex and 1| are
functions of the points x € K.

An alternative to the SUPG method is the Galerkin/
least-squares method introduced by Hughes et al. [21] or
its modification proposed by Franca et al. [16]. A similar
stabilization can also be obtained using the subgrid scale
method of Hughes [20]. In addition, for transient problems,
stabilization terms of the discussed type also result by
applying the characteristic Galerkin method of Douglas
and Russell [15] or the Taylor—Galerkin method of Donéa
[14]. See also Codina [11] for a comparison of these meth-
ods. However, all these methods are identical to the SUPG
method (up to the choice of the stabilization parameter) if
problem (1) has constant coefficients and is discretized
using linear triangular or bilinear rectangular finite ele-
ments. Since this will be the case in all the model problems
discussed in this paper, we confine ourselves to the SUPG
method in the following.

3. Spurious oscillations at layers diminishing methods

Because the SUPG method is not monotone, a discrete
solution satisfying (2) usually still contains spurious oscilla-
tions. Although these oscillations are localized in narrow
regions along sharp layers, they are often not negligible
and they are not permissible in many applications. A pos-
sible remedy is to add a suitable artificial diffusion term to
the SUPG method. In Part I, methods of this type are
called spurious oscillations at layers diminishing (SOLD)
methods. Here, we describe these methods only very briefly
and refer to the review in Part I for details. To make sim-
ilarities and differences between the methods better visible,

we shall formulate the methods in a slightly different way
than in Part I.

There are three basic classes of SOLD methods: meth-
ods adding isotropic artificial diffusion, methods adding
crosswind artificial diffusion, and methods where the addi-
tional artificial diffusion stems from an edge stabilization.
The amount of the artificial diffusion in these methods typ-
ically depends on the unknown discrete solution u;,. Thus,
the resulting methods are nonlinear (although the original
problem (1) is linear).

The methods of the first class add the isotropic artificial
diffusion term

(EVu;,, Vl)h) (5)

to the left-hand side of the SUPG discretization (2). The
parameter & is nonnegative and usually depends on u;,.
For the first time, a SOLD term which can be written in
the form (5) was introduced by Hughes et al. [22]. Further
approaches were proposed by Tezduyar and Park [38] and
Galeao and do Carmo [17]. According to the criteria and
tests in Part I (and according to further numerical experi-
ments we have performed in [24,25]), one of the best
choices of ¢ in (5) is to set

2
& = max {0, T|B[|Ry(un)| . |Rh(uh)z\ 7 ©6)
Ivuh‘ |Vuh\

as proposed by do Carmo and Galeao [8], abbreviated with
dCGOI1 in Part I. Here and in the following, we always as-
sume that ¢ = 0 if the denominator of a formula defining &
vanishes. Almeida and Silva [1] suggested to multiply the
negative term in (6) by

{ —max{l b-Vu;,}

h ) Rh (uh) )

which is method AS97 in Part I. However, in our tests, we
often observed no significant differences to the results ob-
tained with (6). Another & motivated by assumptions
needed for theoretical investigations, can be found in
Knopp et al. [34]. Further modifications of the above ap-
proaches were proposed by do Carmo and Galeao [8]
and do Carmo and Alvarez [7], who introduced rather
complicated definitions of & which should suppress the
addition of the artificial diffusion in regions where the solu-
tion of (1) is smooth. The SOLD term (5) was also used by
Johnson [30], who proposed to set

&l = max{0, C[diam(K)]*|R, ()| — ¢} VK € T, (7)

where C is a nonnegative parameter (method J90 in
Part I).

Johnson et al. [32] modified the SUPG discretization (2)
by adding artificial diffusion in the crosswind direction
only. This corresponds to the additional term
(=b2,b1)

with b =-—271 (8)

((:bL . Vl'l},,bL . VU},) |b‘
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on the left-hand side of (2). In [32], the parameter ¢ was de-
fined by

&, = max{0, |b|i* — &} VK € T, 9)

so that the resulting method (JSW87 in Part I) is linear but
non-consistent and hence it is restricted to finite elements
of first order of accuracy. Moreover, the numerical tests
from Part I show that this method is very diffusive.

Codina [10] proposed to define ¢ in (8), for any K € 7,
by

(10)

], — max {Ojcdiam(K)|Rh(uh)\ _  JRu(wy)| }1

Z‘Vu” ‘b N Vuh|

where C is a suitable constant, and he recommended to set
C =~ 0.7 for (bi)linear finite elements. This is method C93 in
Part 1. For f # 0, we observed that, in some cases, this
choice of ¢ does not lead to a reduction of the oscillations
(see the discussion to Example 1 in the next section). There-
fore, in Part I, we replaced (10) by

diam(K)|R; (uy)|
B T "

called method KLLR02_3 in Part I. Here, we shall also call
this method modified method of Codina. If f =0 and
Ayu, =0, it is equivalent to the original method (10).
A modification of (10), leading to properties convenient
for theoretical investigations, was proposed by Knopp
et al. [34].

For triangulations consisting of weakly acute triangles,
Burman and Ern [4] proposed to use (8) with & defined,
on any K € 7, by

I = TlBl|1Ry ()| 1B Vs
B NVl (BlIVus| + [Ry ()]
18]V s + R ()] + tan cce [B]|B* - V|
|Ry(uz)| + tan ox |b|[b" - V| ’

& = max {0, c

(12)

The parameter oy is equal to ©/2 — 3, where f3 is the larg-
est angle of K. If f = n/2, it is recommended in [4] to set
ox = /6. To improve the convergence of the nonlinear
iterations, we replaced in Part I [R;(us)| by |Ry(us)l,, With
|x],e = xtanh(x/2) as proposed already in [4]. The resulting
method was called BE02 1.

In Part I, we also introduced a simplification of (12),
called BE0O2_2, defined by

T[] |R ()| LA
[Vus| - [B][Vun| + [Ri(un) |’

which adds less artificial diffusion than (12). In (13), we do
not apply any regularization of the absolute values. We call
this method modified method of Burman and Ern. Based on
the evaluation of the numerical studies in Part I and
[24,25], in our opinion, this method and the modified meth-
od of Codina are the best methods among the methods
adding crosswind artificial diffusion.

It is also possible to add both isotropic and crosswind
artificial diffusion terms to the left-hand side of (2). Denot-

=

(13)

ing the parameters in (5) and (8) by ° and &%, respec-
tively, Codina and Soto [12] proposed to set

Fiso _ maX{O, gde _ T|b|2}, goross _ zde Z;iso,

where % is defined by a formula similar to (11). However,
in the numerical tests we have performed up to now, we
have not observed an advantage in using this approach in-
stead of (8) with ¢ given by (11).

There are some similarities between the definitions of &
in (6), (7) and (10)—(13). Particularly, the presence of a term
of the type h|R,(uy)|/|Vu,| seems to be important. Indeed,
if convection is strongly dominant (and hence (4) approxi-
mately holds), we have in (6), (12) and (13)

o|b|[Ry(un)| _ hx|Ra(us)]
‘VM;,‘ 2|VM/,| '

(14)

Remark 1. The recently published YZf scheme for scalar
convection—diffusion equations [2], originally proposed by
Tezduyar [37] for compressible flows, gives for =1
exactly the parameter (14) if, in contrast to [2], in the
definition of the local element length the convection is used
instead of the gradient of the solution. Using the latter
replaces hg by the element size orthogonal to the convec-
tion, see the discussion of this choice in Section 4.

The third class of SOLD methods is based on so-called
edge stabilizations, which add the term

. au;,) aUh
Yy (uy)sign —do 15
K;h /a1< clu)sig <ata1< Otox (15)

to the left-hand side of (2), #;x being a tangent vector to the
boundary 0K of K. Various choices of the nonnegative
function ¥y were proposed by Burman and Hansbo [6]
and Burman and Ern [5]. To make the convergence of
the nonlinear iterative process possible, the sign operator
is regularized by replacing it by the hyperbolic tangent as
recommended in [6]. Our numerical tests in Part I and in
[27] indicate that some SOLD methods based on edge sta-
bilizations work comparatively well on unstructured grids
with acute triangles, but still away from being perfect. In
general, these methods lead to a more pronounced
smearing of layers in comparison with the best methods
of the previous two classes. The best edge stabilization
method in the numerical studies of Part I is defined by
Wi (uy) = 7|(Ra(un)|g )|, where 7y is a nonnegative parameter.
This method was called BEO5_2 in Part I. We shall see in
the next section that the parameter y should be propor-
tional to the area |K| of the respective element K, i.e.,
7l¢ = C|K| with some C > 0. Then (15) can be written in
the form

R Ouy, Oy
> \K\/ ¢ Ritmli] "(f'h”"! T do, (16)
KeTy oK o tox Otok

which has a similar structure like many of the SOLD terms
discussed above.
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4. Properties of SOLD methods for model problems

In this section, we shall investigate the properties of the
SOLD methods described in the previous section by apply-
ing them to three model problems whose solutions possess
characteristic features of solutions of (1), in particular, par-
abolic and exponential boundary layers and interior layers.
The goal of these investigations consists in understanding
why the methods work well or not. All numerical results
have been double-checked by computing them with two
different codes, one of them was MooNMD, [28].

In all model problems, we shall consider (1) with

Q=(0,1)> and e¢=10"% (17)

Moreover, we shall confine ourselves to the two types of
triangulations depicted in Fig. 1. To characterize these tri-
angulations, we shall use the notion ‘N; x N, mesh’ where
N and N, are the numbers of vertices in the horizontal and
vertical directions, respectively. The corresponding mesh
widths will be denoted by 4, and hy, ie., iy =1/(N, — 1)
and hz = l/(Nz — l)

Example 1 (Solution with parabolic and exponential bound-
ary layers). We consider the convection—diffusion equation
(1) with (17) and

b:(170)T7 f:17

The solution u(x,y) of this problem, see Fig. 2a, possesses
an exponential boundary layer at x =1 and parabolic
(characteristic) boundary layers at y=0 and y=1.
Outside the layers, the solution u(x,y) is very close to x.

ub:0.

N, points

hy hy

hq hy
|
N points

Fig. 1. Triangulations used in Section 4.

This test problem was used, e.g., by Mizukami and Hughes
[35].

For this special example, the stabilization parameter ©
given in (3) is optimal along lines y = const. outside the
parabolic layers. Therefore, for both the P, and O, finite
elements, the SUPG method gives a nodally exact solution
outside the parabolic layers. However, there are strong
oscillations at the parabolic layers, see Fig. 2b, which
shows a SUPG solution for the Q, finite element. For the
P; finite element, the solution is similar. To measure the
quality of a discrete solution u;, at the parabolic layers,
we define the values

osc == m[zg.)lﬁ] {ur(0.5,y) — u,(0.5,0.5)}, (18)
yelo,
smear :== max {u,(0.5,0.5) —u,(0.5,»)}, (19)
Yelhy,1-hy]

see also Part I. The first value measures the oscillations at
the parabolic layers. In the case that the oscillations are
suppressed to the most part, the second value measures
the smearing of these layers.

To investigate the optimality of the definitions of & pre-
sented in the previous section, we introduce a parameter y
such that, for any K € 7,

oy am(K) R
S T\

This ansatz is based on the similarities between the SOLD
methods discussed at the end of Section 3. The relation (20)
can be satisfied provided that & = 0 if R,(u;) = 0, which is
true in all the cases except for (9). Of course, n generally de-
pends on u;,, 7, and the data of (1). Nevertheless, we can
also consider ¢ defined by (20) with a constant value of 7,
which resembles the first term of (10) and (11). Fig. 3 shows
how the value of # influences the oscillations and smearing
along the line x = 0.5 in a discrete solution of Example 1
defined using the crosswind artificial diffusion term (8).
We observe that there is a clear optimal value of 1 which,
however, depends on the used triangulation. We also see
that the optimal values of 5 are nearly the same for
both the P; and Q, finite elements. Using (20) together with
the isotropic artificial diffusion term (5), the curves and the
optimal values of 5 are very similar to those in Fig. 3.

if Vi, # 0. (20)

Fig. 2. Example 1: (a) solution u and (b) discrete solution u;, obtained using the SUPG method with the O, finite element on a 21 x 21 mesh.
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a b c

0.15 T T T T T 0.15 T T T 0.15
0.12 2 0.12 ra 0.12
0.09 - 0.09 0.09
0.06 = 0.06 0.06
0.03 - 0.03 T 0.03

YA

0 0
0 02 04 06 08 1 12 0

0
02 04 06 08 1 0

02 04 06

Fig. 3. Example 1, discretization with a crosswind SOLD term given by (8) and (20), dependence of the measures for oscillations (B P, A Q,) and
smearing (CJ Py, A Q,) defined by (18) and (19), respectively, on the parameter #: (a) 65 x 33 mesh; (b) 65 x 65 mesh; (c) 33 x 65 mesh.

The optimal values of 5 from Fig. 3 correspond to dis-
crete solutions which are nodally exact along the line
x = 0.5. We would like to derive now an analytic expres-
sion for the optimal value of 5 by requiring that the discrete
solution be nodally exact outside the exponential boundary
layer. For simplicity, we shall consider the case ¢ — 0+ so
that the nodally exact discrete solution satisfies u;(x,y) = x
for (x,y) €[0,1 —hy] X [h2,1 — hy], where hy and h, are
defined in Fig. 1. By the definition of the SOLD methods,
we have, for any v, € V,,

(Ry(up), v +1b - V) + (EVuy, Vo) =0 (21)
or
(Ry(up),vn + b - V) + (EbL -V, bt -Vu,) =0. (22)

In what follows, we shall assume that suppuv, C
[0,1 —Ay] x [0, 1]. Then it is easy to verify that, for both
the P, and Q, finite elements, the nodally exact discrete
solution satisfies (R;(u;),th - Vv,) = 0 provided that 7 is
independent of x (for the P; finite element, this is true even
for any © € L*(Q) and it follows from the fact that, for any
K € T, either R, (uy)|, =0 or b- Vu,|, =0 — see below).
Therefore, the optimal value of 5 is independent of the
choice of 7. It also shows that the SUPG method alone is
not able to provide an oscillation-free solution.

Let us consider the P; finite element. Then for elements
K lying in [0,1 — /] X [hy, 1 — hy] or having exactly one
vertex at the boundary y=0 or y=1, we have
b-Vul, =1 and hence R;(uy)|; = 0. Thus, the only ele-
ments K in [0,1 — /] x [0, 1] which may lead to non-van-
ishing parameters £|, are elements with two vertices at
y=0ory=1.If Kis such an element, we may assume that
the vertex of K not lying on y = 0 or y = 1 has the coordi-
nates (ihy, hy) or (ihy, 1 — hy) with i € {1,...,N, — 3} since
the two elements which have all three vertices on the
boundary of [0,1 — /] x [0,1] do not have to be consid-
ered. Then Vu,|, = (0,+ih/h;) and, consequently, for
any 5, we get (EVuy, Vo) = (8b" - Vuy, b - Vy) so that
we do not have to distinguish between (21) and (22). If v,
equals 1 at the interior vertex of K and vanishes at all other
vertices of the triangulation, the conditions (21) and (22)
reduce to

(Rh(uh), Uh)K + (éVuh, VU;,)K = 07

where (-, ), denotes the inner product in Z*(K) or L*(K)’.
Since (Vuy, - Vou)|¢ = i/l and Ry(up)|x = —f = —1, we
deduce that the optimal value of £ is

- "

Eoptlx = T;”

and that the optimal value of 7 is

2
Hop =~ - (23)

m\’
34/1 —
- <h2>
This formula is in a very good agreement with the optimal
values of  observed in Fig. 3. Note also that #,, does not
depend on K and it depends on the used triangulation only

through the aspect ratio of the elements of the triangula-
tion defined by

— hl

The graphs in Fig. 3 indicate that a SOLD term of the
form (5) or (8) can be expected to lead to an oscillation-free
solution only if, on any element K C [0, 1 — &;] x [0, 1] with
two vertices at y = 0 or y = 1, the value of & corresponding
to the nodally exact discrete solution u;, is at least Zy.
Inserting u, into the formulas (6), (7) and (10)—(13) from
Section 3, we obtain the following relations between &
and &, (we drop the notation for restriction to K):

.3 1.
(6):¢ =3 <V*;)ﬁopn

(7): &= 3iv <Ch2(1 +v) — h%) Eopt
(9): % = 3iv? <\//T] - h%) Fopts

(10):€=0 since b-Vu, =0,
(11):5:<c§\/1+v27%)5oph
2
.'2 e
(12) 530 VBHn(LEVE),
2+m)  Vitw
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3

13) :6 = ———%opt-
(13) 1 8= 50 ) or

These relations have to be understood in the way that a
right-hand side is replaced by zero if it is negative. As
we see, ¢ of the original method by Codina defined by
(10) cannot be expected to lead to an oscillation-free
discrete solution since, for the nodally exact discrete solu-
tion, we have € =0 on any element in [0,1 — /] x [0,1].
On the other hand, using C = 1, in the modified method
of Codina with & given by (11), we have & = & (provided
that the e-dependent term can be neglected) and hence we
obtain nearly the nodally exact solution. The methods
with & defined by (7) and (9) do not seem to be practical
since the ratio /&, decreases when refining the mesh
while keeping the aspect ratio fixed. The remaining three
definitions of &, i.e., (6), (12) and (13), enable to satisfy
the condition & > &, for sufficiently large aspect ratios,
in particular, for v > 5/3, v > 0.9 and v > (1+/7)/3,
respectively.

In the quadrilateral case, it is not possible to derive sim-
ple formulas for ., and #,,, but the results in Fig. 3 sug-
gest that the optimal values of 5 do not differ much from
(23). Therefore, conditions for obtaining an oscillation-free
solution can be derived by requiring that the parameters &
in (5) and (8) satisfy
d1dm(K)\R;,(u;,)| _ hz |Rh(uh)\

=—= VK € T
2|V 3|V "

élk ? nopt (25 )
for any function u,. The resulting relations also apply to
the P, finite element but are less sharp than above. It is
obvious that, for the method of do Carmo and Galedao
and for the modified method of Burman and Ern, i.e., for
¢ given by (6) or (13), respectively, the inequality (25)
may hold only if

hy
b —=
bl >,

(26)
which is equivalent to v > 2/3. If v < 2/3, we have to ex-
pect spurious oscillations in the discrete solution as it is
demonstrated in Fig. 4. The inequality (26) suggests to de-
fine 7 in (6) and (13) using the element diameter 4 in the
direction orthogonal to the convection vector b instead of

a

2003

using hg. For instance, in the convection-dominated case,
we can use the formula

L

=2 yked,
Tk 21b] € I,

(27)

which in fact removes the spurious oscillations visible in
Fig. 4. For & given by (12), the necessary condition ob-
tained from (25) is weaker than (26) but, for a 41 x 21
mesh, we get a similar discrete solution as in Fig. 4 (slightly
better for the P, finite element and slightly worse for the O,
finite element). On the other hand, if we use ¢ given by (11),
spurious oscillations should not appear for C > 2/3 > 1.,
which is particularly satisfied by the value C ~ 0.7 recom-
mended in [10]. However, for certain triangulations, the
layers can be smeared as Fig. 3 indicates.

As we already showed, ¢ defined by (10) is not appropri-
ate in case of the P, finite element. The situation is different
for the Q, finite element for which similar results can be
obtained as with (11) provided that the term (8) is evalu-
ated using a quadrature formula with nodes which are
not ‘too near’ to the boundary of Q.

Finally, let us mention a further drawback of ¢ defined
by (7). If the functions f and u, in (1) are multiplied by a
constant o, then the solution u changes to au. For the
SOLD methods defined using the terms (5) and (8), this
property is valid if and only if the value of & does not
change after replacing uy, f by au,, of, respectively. This
is true for most of the definitions of £ mentioned in Section
3, however not for the formula (7). Let us assume that, for
a given mesh, the parameter C in (7) is defined in such a
way that the corresponding discrete solution is a good
approximation to the solution of Example 1. Now, replac-
ing f =1 by f = a, we typically obtain with (7) either an
oscillatory solution (if |¢| < 1) or a solution excessively
smearing the layers (if |«| > 1). This shows that the for-
mula (7) cannot be expected to lead to a qualitatively cor-
rect discrete solution unless C depends on u;, or the data of
problem (1). This was probably also recognized by John-
son [31] who proposed to set C = /maxpl|u,| in (7) where
f is a constant. However, a constant value of f allows to
remove spurious oscillations only at the price of a signifi-
cant smearing of the layers and hence the method does

b

1.2

0.8
0.6
0.4
0.2

y 0.25 0

Fig. 4. Example 1, discrete solutions on 41 x 21 meshes: (a) P; finite element, isotropic artificial diffusion given by (6) and (b) Q, finite element, crosswind

artificial diffusion given by (13).
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not attain the quality of the best SOLD methods (see also
Part I).

For the edge stabilization term (16) and both the P, and
Q, finite elements, it is easy to derive that the function
uy(x,y) = x satisfies the respective discrete problem for
¢ — 0+ and test functions v, €V, with suppv, C
0,1 —m] x[0,1] if C=1/6. However, in practice, the
discrete solution is slightly worse at the parabolic boundary
layers due to the regularization of the sign operator.
Moreover, in contrast to the modified method of Codina,
the discrete solution is significantly smeared along the
exponential boundary layer. A sharp approximation of this
layer requires to set C = 0 in this region.

To summarize the discussion to Example 1, among the
SOLD methods adding the isotropic diffusion term (5) or
the crosswind diffusion term (8), the only SOLD method
which gives satisfactory results seems to be the modified
method of Codina defined by (8) and (11), but only with
an appropriately chosen constant C. The edge stabilization
(16) enables to compute a satisfactory solution if the
parameter C is layer-adapted.

Example 2 (Solution with interior layer and exponential
boundary layers). We consider the convection—diffusion
equation (1) with (17) and

b= (cos(—n/3),sin(~x/3)", /=0,
0 forx=1o0ry<0.7,
ub(x7y) = {

1 else.
The solution, see Fig. Sa, possesses an interior (characteris-
tic) layer in the direction of the convection starting at
(0,0.7). On the boundary x =1 and on the right part of
the boundary y = 0, exponential layers are developed. This
example was used, e.g., by Hughes et al. [22].

The position of spurious oscillations in the solutions
obtained with the SUPG method depends on 4, and 4,.
If the mesh is constructed such that

h1b2 + hzb] < 0, (28)

then, for both the P, and O, finite elements, the SUPG
solution contains oscillations along the interior layer and
along the boundary layer at x = 1. However, there are no
oscillations along the boundary layer at y =0 and this

||
T
111 |

J,J/‘J’“ -

|
1l

layer is not smeared. This is illustrated in Fig. 5b which
shows a SUPG solution for the P; finite element. For the
0, finite element the discrete solution is very similar. If
hby + hyby > 0, then the SUPG solution contains oscilla-
tions along the interior layer and along the boundary layer
at y = 0 but no oscillations and no smearing occur along
the boundary layer at x = 1. For shortness of presentation,
we shall consider only the case (28) in the following.

For a nodally exact solution, the SUPG term will not
vanish in Example 2 (in contrast to Example 1). Thus,
for obtaining a nodally exact solution with a SOLD
method, the choice of the SUPG parameter 7 will be of
importance, too. The chosen parameter has to ensure that
there is no smearing of layers since smeared layers cannot
be corrected with SOLD methods. With the approach pre-
sented in Section 2, the SUPG parameter in Example 2 will
be the same on each element. We found that the choice (3)
is optimal in the class of globally constant parameters in
the sense that any larger value leads to a smearing of the
layer at y =0 and any smaller value results in spurious
oscillations at this layer and increases the oscillations at
x=1.

Let us first investigate the quality of the approximation
of the interior layer. For simplicity, we shall confine our-
selves to the P; finite element unless stated otherwise. To
measure the oscillations of a discrete solution u,, at the inte-
rior layer, we define the value

(xy)eG

(%)

0SCipy 1= Max { max u,(x,y) — 1, ?}iélc U, (x,y)’}, (29)
where (x,y) are the nodes in G := [0,0.5] x [0.25, 1]. Let us
again consider SOLD methods defined using the term (5)
or (8) with & given by (20). Numerical tests show that the
value of oscp, 1s a non-increasing function of 1 on a given
mesh. Given an integer m, we define

N, := min{y € Ry; 0scin(n) < 107"}

This value depends on the aspect ratio v defined in (24). In
view of (28), we have v > v/3/3. Fig. 6 presents the depen-
dence of #,, 173 and 7, on the aspect ratio for both the iso-
tropic and the crosswind artificial diffusion and for
hy = 1/64. Of course, h, and consequently the number of
degrees of freedom is different for different aspect ratios.

Fig. 5. Example 2: (a) solution u and (b) discrete solution u, obtained using the SUPG method with the P; finite element on a 31 x 31 mesh.
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Fig. 6. Example 2, dependence of #,, n; and #, on v (from bottom to top) for the P; finite element and meshes with A,

)

= 1/64: (a) isotropic artificial

diffusion (5) and (b) crosswind artificial diffusion (8).

We checked with several values for 4, that the results pre-
sented in Fig. 6 depend only on v. Thus, one would get the
same results for a fixed number of degrees of freedom with
varying h; and /,. Fig. 6 shows that the smallest value of 5
assuring that oscillations will not exceed a given tolerance
increases with increasing aspect ratio. Qualitatively, the re-
sults for the O, finite element are the same as for the P, fi-
nite element: increasing aspect ratios require increasing
parameters #n to suppress the oscillations below given
thresholds.

For small ¢, formula (20) for  is the main part of the
method of Codina given by (8) and (10). Particularly, the
results in Fig. 6 show that, in contrast to Example 1,
the recommended value C = 0.7 does not generally lead
to sufficiently small spurious oscillations.

Now let us turn our attention to the method of do Car-
mo and Galeao given by (5) and (6) and the modified
method of Burman and Ern given by (8) and (13). Compar-
ing the formulas (6) and (13) with (20), one finds, using (4),
that for obtaining comparable results as for & defined by
(20) with a given value of #, the condition

ok 2
TS Gam(K) ~ VAV/I 102

should be satisfied. The investigations of Example 1 sug-
gested to define 7 in (6) and (13) by (27). Since an interior
layer is a characteristic layer, it is natural to ask whether
this modification is reasonable also in the present example.
Then, instead of (30), we obtain the condition

(30)

< h,t _ 2v
TS diam(K) T (VF+ovIT e

Fig. 7 compares the curves 1, = 1,(v) for both the isotro-
pic and the crosswind artificial diffusion with the func-
tions on the right-hand sides of (30) and (31). Values
of the right-hand sides of (30) and (31) below the curves
of #,(v) indicate that the values of (6) and (13) are too
small to suppress the oscillations at the interior layer be-
low the value 1072, Thus, Fig. 7 shows that the method

(31)

T
isotropic —@—
crosswind —&—

h/diam(K) -~
hK_orth/diam(K) -

nu

Fig. 7. Example 2, dependence on v of 5, for the isotropic and the
crosswind artificial diffusion and of the functions from the right-hand sides
of (30) and (31).

of do Carmo and Galeao and the modified method of
Burman and Ern will generally lead to non-negligible
spurious oscillations at the interior layer of Example 2.
Replacing /g by hg in the definition of t used in (6)
and (13), oscillations of size at least 107> should appear
for any aspect ratio and they should be mostly even lar-
ger than for t defined using hg. Thus, in contrast to
Example 1, 7 in (6) and (13) should be defined rather
using A for small aspect ratios (v < 1.5) and using even
a measure larger than A, for instance diam(K), for lar-
ger aspect ratios.

Next, the usefulness of the curves presented in Fig. 7
will be demonstrated. Considering, e.g., v = 2, one expec-
tation is that the method of Codina given by (8) and (10)
with C = 0.7, whose parameter & corresponds to the solid
lines, leads to a solution with small spurious oscillations
at the interior layer (less than 107%). In contrast, the
methods of do Carmo and Galedo, (5) and (6), and of
Burman and Ern, (8) and (13), whose parameters corre-
spond to the dash-dot line, should produce solutions with
larger oscillations at the interior layer. Fig. 8 shows
numerical examples which confirm both expectations.
For the methods (5), (6) and (8), (13), the results obtained
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Fig. 8. Example 2, discrete solution u, obtained on 21 x 41 meshes using (a) the method of do Carmo and Galeao and the Q, finite element and (b) the

method of Codina with C = 0.7 and the P, finite element.

with both the P; and the Q, finite elements are similar. In
particular, these solutions possess non-negligible spurious
oscillations at the beginning of the interior layer. Consid-
ering the method of Codina and the Q, finite element, the
violation of the discrete maximum principle at the begin-
ning of the interior layer is larger and mainly in form of
undershoots. For the method of Burman and Ern given
by (8) and (12), the results are similar as for the method
of Codina but slightly worse with respect to the spurious
oscillations.

As pointed out above, the results of a SOLD method
depend not only on the definition of & but also on the def-
inition of 7 in the SUPG term. In addition, we explained
that the formula (3) is optimal with respect to the bound-
ary layer at y = 0. Neglecting for the moment the quality
of the solution at this boundary layer, one can ask
whether increasing 7 can help to reduce the spurious oscil-
lations at the characteristic layer. However, the expecta-
tions are rather low because, in case of a characteristic
layer, the influence of the choice of 7 is usually weak since
the SUPG method stabilizes in the streamline direction
which is nearly perpendicular to the direction in which
oscillations appear. Fig. 9 shows a comparison of #, for
both the isotropic and the crosswind artificial diffusion
and for two choices of 7. One choice of 7 is the same as
before and the other one is given by the formula (3) where
hi is replaced by diam(K). The use of the element diam-
eter in the definition of 7 is quite common in practice. It
can be seen that increasing the amount of the streamline
diffusion provided by the SUPG method requires to intro-
duce more crosswind diffusion by the SOLD term if larger
aspect ratios are used to reduce the oscillations at the
characteristic layer below 107*. In summary, generally,
the spurious oscillations at the interior layer present in
the solution of a SOLD method cannot be expected to
become smaller if higher values of the SUPG parameter
T are used.

Let us now consider the boundary layers. One can
observe in Fig. 8 that the boundary layer at y =0 is
slightly smeared and that oscillations appear along the
boundary layer at x = 1. The smearing is not surprising
since the SUPG solution approximates the boundary layer

1.1 T T T T
tau with diam(K), isotropic —@—
tau with diam(K), crosswind —a—
tau with hK, isotropic —ll—
tau with hK, crosswind —w—

eta4

05 L L s L

0.5 1 1.5 2 2.5 3
nu

Fig. 9. Example 2, dependence of 5, on v for the isotropic and the
crosswind artificial diffusion and for the SUPG parameter t defined either
by (3) or by (3) with &g replaced by diam(K).

at y =0 nodally exactly for ¢ — 0+4. Thus, along the
boundary layer at y =0, the optimal choice of & in a
SOLD term is &€ =0, i.e., 7, = 0 in (20). To investigate
the optimality of & for the boundary layer at x = 1 with
¥ € [, 1], let us again consider ¢ — 0+ and & given by
(20). The optimal solution has the values u;, =1 at the
nodes with x =1—Ah;. A straightforward computation
reveals that the value of  for obtaining this optimal solu-
tion is
hiby + hyby

Mort = Giam (Kb,
for the isotropic artificial diffusion (5) and

(hby + hab)) b
diam(K)b3

r’om -

for the crosswind artificial diffusion (8). These formulas
hold for both the P, and the Q, finite elements. One
can see that the optimal choice of # depends not only
on the aspect ratio of the elements of the triangulation
but also on the direction of the convection vector b.
The most important conclusion is that different values
of 5 should be used in different regions of the computa-
tional domain.
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To find a universal formula for the optimal value of 5 is b=(1, O)T7 u, =0,
very difficult or even impossible. This will be demonstrated )
by studying a limit case of Example 2 where the limit is flx,y) = 16(1 - 2x)  for (x,y) €[0.25,0.75]",
approached in two different ways. First, consider the limit 0 else.

case by — 0+ and b, — —1, |b| = 1. Then, for both SOLD
terms (5) and (8), we get

Nopt = dam(®) along the boundary x =1 if b= (0,—1).
On the other hand, consider b = (0,—1), the boundary
conditions of Example 2 and a constant right-hand side
f >0 of (1). The optimal solution on the mesh line at
x =1 — hy has the form u(x,y) = (1 —y) + 1 (away from
the lower boundary). Now, using the considerations lead-
ing to (23) gives
2h

3diam(K) along the boundary x = 1 if b = (0, —1)

r’opt =
(32)

independently of the choice of f. In particular, (32) holds
for f — 0+ and hence we obtained two different limit val-
ues of 7y

For the edge stabilization term (16) and both the P, and
Q, finite elements, one can show similarly as above that the
optimal value of the parameter C at x =1 is

h1by + haby
4h1b,

For b = (0,—1), the limit values of the optimal C at x = 1
are 1/6 for Example 1 and 1/4 for Example 2 and hence
they also differ by the factor 2/3. Choosing C = C,p in
Example 2 still leads to oscillations at the interior layer.
These can be suppressed by increasing the value of C in this
region. This shows once again that different values of the
parameter should be used in different regions of the compu-
tational domain to obtain a globally satisfactory solution.

The above discussion supports our conclusion to
Example 1 that the best SOLD methods are the modified
method of Codina and the edge stabilization (16), however,
only if the parameter C is chosen appropriately, i.e., layer-
adapted. Nevertheless, one generally cannot expect that the
discrete solutions will be without any spurious oscillations.

Copl =

Example 3 (Solution with two interior layers). We consider
the convection—diffusion equation (1) with (17) and

The solution, see Fig. 10a, possesses two interior (charac-
teristic) layers at (0.25,0.75) x {0.25} and
(0.25,0.75) x {0.75}. In (0.25,0.75)*, the solution u(x,y)
is very close to the quadratic function (4x — 1)(3 — 4x).
This example was first considered by John and Knobloch
[25].

This is an example of a problem for which all the SOLD
methods mentioned in Section 3 fail. Note that, in contrast
to Example 2, the data of Example 3 satisfy the require-
ments for defining the standard weak formulation of (1).
Moreover, the solution of Example 3 belongs to H*(Q),
cf. Grisvard [18].

As expected, the SUPG solution of Example 3 possesses
spurious oscillations along the interior layers, see Fig. 10b.
To visualize both undershoots and overshoots, we present
the SUPG solution at an angle for which the plane z =0
reduces to a line. Applying the modified method of Codina
with C = 0.7, the spurious oscillations present in the SUPG
solution are significantly suppressed, however, the solution
is wrong in the region (0.75,1) x (0, 1), see Fig. 11. Very
similar results are obtained for any of the SOLD methods
mentioned in Section 3 and for both the P, and O, finite
elements.

Note that, in view of the discontinuous right-hand side f,
the SOLD methods should be implemented using quadra-
ture formulas whose nodes do not lie on the edges of the
triangulations. However, such nodes cannot be avoided
when evaluating the edge stabilization term (16), which
complicates the implementation of this method.

To measure the spurious oscillations of a discrete solu-
tion u;, to Example 3, we define the values

min:= . min  u(x,y),

PP diff = maxn(.y) =~ min (%),

(33)

where y € [0, 1] and minu, and max u, are computed using
values of u, at the vertices of .7 ,. Tables 1 and 2 show the
values of min and diff, respectively, for the P; finite element,
most of the SOLD methods discussed above and several
meshes. The abbreviations denoting the methods can be

b
12
1k
08
06
04
02r
0
-0.2

Fig. 10. Example 3: (a) solution u and (b) discrete solution u;, obtained using the SUPG method with the P, finite element on a 33 x 33 mesh.
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Fig. 11. Example 3, discrete solution u, obtained on a 33 x 33 mesh using the modified method of Codina with C = 0.7 and the P, finite element: (a) view

as in Fig. 10a and (b) view as in Fig. 10b.

Table 1
Example 3, values of min defined in (33) obtained for the P; finite element
using the methods from Sections 2 and 3

Method Mesh

17 x 17 33 %33 65 x 65 129 x 129
SUPG 1.3le—1 1.33e—1 1.34e—1 1.34e—1
dCG9I1 2.37e-2 1.27e-2  242e-3 nc.
KLRO2 3, C=04714  1.93e-2 1.88¢e—2  1.22¢e-2  6.85¢—3
KLR02 3, C=0.7 8.52e-3 1.38¢-3  2.65¢e—4 n.c.
BE02 1 1.37e-2 9.33e-3 n.c. n.c.
BE02 2 1.85¢e—-2  7.74e-3 1.20e-3  n.c.
BE05 2, C=1/6 1.06e-2  6.77e-3  3.98¢—3  2.04e-3
BE05 2, C =04 2.79¢—-3 1.59¢e—3  8.24e—-4 n.c.
Table 2

Example 3, values of diff defined in (33) obtained for the P, finite element
using the methods from Sections 2 and 3

Method Mesh
17 x 17 33 %33 65 x 65 129 x 129

SUPG 3.30e—3 9.52e—-5 3.83e—5 1.53e—4
dCGI1 2.62e—1 2.95e—1 2.8le—1 n.c.
KLRO02 3, C=04714  2.88e—1 3.24e—1 3.37e—1 3.37e—1
KLRO02 3, C=0.7 2.82e—1 2.74e—1 2.42e—1 n.c.

BE02 1 3.77e—1 4.36e—1 n.c. n.c.
BE02_2 2.78e—1 2.94e—1 2.76e—1 n.c.
BE05 2, C=1/6 2.76e—1 3.05¢e—1 3.25¢—1 3.36e—1
BE05.2,C =04 2.53e—1 2.56e—1 2.43e—1 n.c.

found in Section 3 and are the same as in Part I. The abbre-
viation nc means that the nonlinear iterative process did not
converge, see the next section. This happens mainly for the
finest mesh. Generally, the convergence of the nonlinear
iterations deteriorates if the mesh becomes finer or the
parameter Cin (11) or (16) increases. We consider two val-
ues of C for each method. First, since interior layers are
characteristic layers, we use the optimal values of C found
in the investigations of Example 1. For (11), we further
use the value C = 0.7 recommended in [10]. For (16), the va-
lue C = 0.4 corresponds to the choice of Cin Part I. Table 1
shows that all the SOLD methods significantly reduce the
undershoots along the interior layers present in the SUPG
solution (the same holds for overshoots). For the consid-
ered meshes, the maximal undershoots of the SUPG meth-

od are not influenced by the size of the mesh width. In
contrast to this, for all the SOLD methods, the undershoots
become smaller if the mesh is refined. The undershoots also
decrease if the parameter C in (11) or (16) increases. How-
ever, for larger values of C, the smearing of the discrete
solution is more pronounced and, as we mentioned, the con-
vergence of the nonlinear iterative process deteriorates.

Table 2 shows that the wrong part of the discrete solu-
tion in (0.8,1) x (0,1) is of comparable magnitude for all
the SOLD methods and does not improve significantly if
the mesh is refined or C is increased (both in the range
where the nonlinear iterative schemes converge). There-
fore, we conclude that, using the SOLD methods
described in Section 3, it is not feasible to obtain a qual-
itatively correct approximation of the solution to Example
3. An open question is whether appropriately defined
non-constant parameters in the modified method of Codi-
na (11) or the edge stabilization (16) might lead to satis-
factory solutions.

5. The solution of the nonlinear discrete problems

The discrete SOLD problems can be written in the form

ay(wps wp, vp) = (f,00) Vo, € Vi,

where aj,(uy; -, -) is a bilinear form and the first argument of
a, enters the definition of a;, through the parameter € or the
respective term in (16). Thus, it is straightforward to com-
pute the discrete solution by means of the following itera-
tive scheme. Given an approximation uf of the solution
of the SOLD system, compute i#f ™' by solving
Vvh € Vh.

~kt ]

u, : ah(uﬁ; ﬁ2+] ] Uh) = <f, vh> (34)

The next iterate is defined as

U™ =k o (@ — )
with the damping factor w;,; > 0.

As initial iterate ug, we use the solution obtained with
the SUPG method. Thus, apart from the spurious oscilla-
tions, the initial iterate coincides already rather well with
the solution wished to be obtained with the SOLD
methods.

Our experiences are that an appropriate choice of the
damping factors {wy} is often essential for the convergence
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of the iterative process and the number of iterations.
Appropriate damping factors depend on the SOLD
scheme, the problem and its data, the grid and the choice
of parameters in parameter-dependent SOLD schemes
and these damping factors might be very different. Since
it is not practicable in applications that the user should find
every time an appropriate damping factor, it is necessary to
use a strategy for an automatic and dynamic choice of this
factor.

The dynamic choice of the damping factor which we
used in our computations is illustrated with the pseudo
code in Fig. 12. Our approach contains a number of
parameters, whose values for the results presented in this
section are given on lines 1-2. These values seemed reason-
able choices in our opinion and we did not try to optimize
them for the examples considered in this paper. Our strat-
egy for the dynamic choice of the damping factor is based
on the following principles:

e There is an upper bound wy,.x for the damping factor.
The upper bound is adjusted dynamically in the course
of the iterative process. Initially, we set wn.x = 1, i.e.,
no damping.

There is a lower bound @y, for the damping factor.
This bound is fixed. We used in the computations pre-
sented in this paper wm;, = 0.01. Note that very small
damping factors lead in general to a very large number
of iterations and thus to inefficient schemes.

The iterate uf™! is accepted if the norm |R,(uf™")| of its
residual

(Ru(uf™"), oa) = an(uf ™™ 0y) — (f o),

vn € Vi,

1. Whin :=0.01; wpax :=1
2. ¢;:=1.001; c3:=1.1; ¢3:=1.001; ¢4:=0.9
3. compute SUPG solution u) and residual r°
4, W:i=Whpax; k=0
5. while 7% > tolerance do
6. compute ufT! satisfying (34)
7.  first.damp:=1
8. uftti=uf +w(@ftt —uf)
9.  compute residual rft!
10. if " <7k or w < ¢jwmin then
11. if r**! <y and first_.damp =1 then
12. Winax = min{1, c3wmax }
13. w 1= min{Wmax, 2w}
14. endif
15. else
16. w 1= max{Wpin, w/2}
17. if first_damp =1 then
18. Winax = MAX{Wmin, C4Wmax }
19. first_damp :=0
20. endif
21. goto line 8
22. endif
23. k=k+1
24. endwhile

Fig. 12. Dynamic choice of the damping factor.

is smaller than |R,(u)| or if w is not allowed to decrease
any more, see the pseudo code presented in Fig. 12, lines
10-14. If [R, (uf™)| < |Ry(uf)| and if there was no rejec-
tion of an iterate uf ! for a larger value of  before, the
maximal damping factor will be increased, see line 12,
and then the damping factor will be increased, too, see
line 13.

If the proposal for the iterate uf™! is not accepted, w will
be decreased, see line 16. In addition, if in the step & + 1
an iterate is rejected the first time, w,,x will be decreased
too, see lines 17-20. Now, a new proposal for uf! is
computed with the new value of the damping factor.
The acceptance or rejection of this new proposal is
checked the same way as for the former damping factor.

The main features of this approach are as follows:

The damping factor decreases in general if the residual
increases.

The decrease of the damping factor stops at the thresh-
old wpi, so that also a non-monotone sequence with
respect to the norm of the residual can be computed.
The damping factor as well as the maximal damping
parameter increase if the residual decreases to improve
the efficiency of the nonlinear iteration scheme. Thus,
a strong damping, which might be necessary only at
the beginning of the iterative process, influences the
damping factor at the end of the process only slightly.

In the simulations presented in this paper, the linear sys-
tems were solved by a sparse direct solver (UMFPACK,
[13]). Since the costs for solving the linear systems are
always the same, this leads to a fair comparison of the costs
of the iterative process for all SOLD schemes by simply
giving the number of nonlinear iterations.

In practice, it suffices to solve the linear systems only
approximately by a few steps of an iterative method with-
out affecting the convergence of the nonlinear iterative
method much. This approach might be faster, depending
on the iterative linear system solver. However, different
numbers of iterations for solving the linear systems are in
general necessary for different SOLD schemes, which
makes it harder to perform a fair comparison.

Below, our experiences with respect to the solution of
the nonlinear discrete problems corresponding to the exam-
ples of Section 4 are reported. Tables with characteristic
results are presented, where besides the dynamic approach
for computing the damping factor also numbers of itera-
tions with fixed factors are given. The computations were
carried out for the P, and the Q, finite elements on
65 x 65, 33 x 65 and 65 x 33 meshes. The iterative pro-
cesses were stopped if the P-norm of the residual vector
was smaller than 10™* or after 100,000 iterations (n.c. = not
convergent in the tables). Again, the abbreviations of the
SOLD methods given in Section 3 are used.

The numbers of iterations generally depend on the
quadrature formula used and this dependence is stronger
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for the Q, finite element than for the P, finite element. All
results in this paper were computed using Gaussian quad-
rature formulas of order 5 (with 7 nodes in case of triangles
and 9 nodes in case of rectangles). Of course, for Examples
1 and 2 discretized using the P, finite element, the results
are independent of the used quadrature formula since all
integrands are constant or linear.

We would like to emphasize that analytical results con-
cerning the existence and uniqueness of solutions to the
nonlinear discrete problems are not available. Thus, it can-
not be excluded that a failure of all used damping strategies
has its reason in the non-existence of the solution of the
nonlinear discrete problem.

Example 1. The nonlinear discrete problems on the
65 x 65 and the 65 x 33 meshes could be usually solved
without damping, see Table 3. Apart from dCG91 and
BEO5_2 with C = 0.4, the iterative schemes converged in
only few iterations. Solving the problems on the 33 x 65
mesh required for some SOLD methods considerable
damping, see Table 4 for the O, finite element. For the
P finite element, the convergence was mostly even worse
than in Table 4 and dCG91 did not converge at all. Except
the latter case, the dynamic choice of the damping factor
was always successful, but often more iterations were
needed than with the best fixed damping factor, cf. also the
last row in Table 3. In these computations, the dynamic
approach proposes many damping factors close to wpy
because the norm of the residual is slightly oscillating,
before finally convergence is achieved. Note that the
numbers of iterations for the optimal constant in
KLRO02_3 are very small on both meshes.

Table 3
Example 1, number of iterations for solving the nonlinear SOLD
problems, 65 x 65 mesh, P, finite element

Method 0=025 ©=05 ©=075 w=1 Dynamic
dCG91 472 236 161 169 169
KLRO02 3, 71 32 18 9 9
C=04714

KLR02 3, C=0.7 108 50 32 22 22
BE02 1 76 36 24 28 28
BE02 2 92 44 27 19 19
BE05 2, C=1/6 164 78 50 29 29
BE05 2, C =04 1010 506 345 n.c. 10943
Table 4

Example 1, number of iterations for solving the nonlinear SOLD
problems, 33 x 65 mesh, Q, finite element

Example 2. The nonlinear discrete SOLD problems in this
example were harder to solve than for Example 1, in partic-
ular for the P, finite element. Even on the equidistant mesh,
strong damping was necessary, see Table 5. The dynamic
choice of the damping factor always led to the convergence
of the iterative process on this mesh. Using the P, finite ele-
ment on the 65 x 33 mesh, the nonlinear problems could be
solved only for KLR02 3 and BE05_2 with sufficiently
small parameters. The solution of the discrete problems
with the O, finite element was much easier on all grids,
see Table 6 for representative results.

Example 3. Using the equidistant 65 x 65 mesh with the P,
and Q, finite element, the discrete equations could be
solved without damping for most of the SOLD methods,
see Table 7. Only for BE02 1 and BE05_2 with C =04,
it was not possible to solve them at all, see also Tables 1
and 2. These tables show also that the solution of the non-
linear problems for the P; finite element on the next finer
equidistant grid became more difficult. We could obtain
convergence only for the parameter-dependent SOLD
schemes with sufficiently small parameters. For the P; finite
element on the 33 x 65 mesh, the iterative processes was

Table 5
Example 2, number of iterations for solving the nonlinear SOLD
problems, 65 x 65 mesh, P, finite element

Method 0=025 ©=05 ©=075 w=1 Dynamic
dCG9I1 160 n.c. n.c. n.c. 340
KLR02 3,C=0.7 194 n.c. n.c. n.c. 408
BE02 1 n.c. n.c. n.c. n.c. 389
BE02 2 210 n.c. n.c. n.c. 412
BE05 2, C =04 362 n.c. n.c. n.c. 536
Table 6

Example 2, number of iterations for solving the nonlinear SOLD
problems, 65 x 65 mesh, Q, finite element

Method 0=025 ©=05 ©=0.75 w=1 Dynamic
dCG9I1 67 36 29 33 33
KLR02 3, C=0.7 102 58 51 60 60
BEO02_1 213 275 n.c. n.c. 203
BE02 2 84 47 39 45 45
BE05 2, C=04 689 n.c. n.c. n.c. 7520
Table 7

Example 3, number of iterations for solving the nonlinear SOLD
problems, 65 x 65 mesh, P, finite element

Method 0=025 =05 w=075 w=1 Dynamic Method 0=025 =05 ©=075 o=1 Dynamic
dCGI1 394 n.c. n.c. n.c. 935 dCG9I1 158 86 59 49 49
KLR02_3, 73 33 20 13 13 KLRO02_3, 157 74 46 33 33
C =0.2981 C=04714
KLR02 3, C=0.7 119 64 63 157 66 KLR02 3, C=0.7 199 115 89 115 110
BE02_1 235 173 218 n.c. 339 BE02_1 n.c. n.c. n.c. n.c. n.c.
BE02_2 213 380 n.c. n.c. 353 BE02_2 178 93 65 62 62
BE05 2, C=1/6 78 36 23 72 72 BE05 2, C=1/6 173 83 53 37 37
BE05 2, C=04 n.c. n.c. n.c. n.c. n.c. BE05 2, C=04 n.c. n.c. n.c. n.c. n.c.
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Table 8
Example 3, number of iterations for solving the nonlinear SOLD
problems, 33 x 65 mesh, Q, finite element

Method w=025 =05 w=075 w=1 Dynamic
dCGI1 475 n.c. n.c. n.c. 599
KLRO02_3, 123 58 36 25 25
C =0.2981
KLR02 3, C=0.7 247 168 n.c. n.c. 345
BE02_1 332 974 n.c. n.c. 461
BE02_2 317 432 n.c. n.c. 381
BE05_2, C=1/6 150 72 46 33 33
BE05 2, C =04 565 271 184 146 1640

not convergent for dCG91, BE02 2 and KLRO02 3 with
C =0.7. The results for the Q, finite element and the
33 x 65 mesh are presented in Table 8. Again, the need
of damping can be observed as well as the successfulness
of the dynamic approach (however, on the expense of
somewhat more iterations than for the best fixed damping
factors). On 65 x 33 meshes, the only method which did
not converge at all was BEO5_2 with C = 0.4.

Remark 2. The numerical studies show that even for the
academic test problems considered in this paper, it was
sometimes difficult to solve the nonlinear SOLD problems.
Considering more challenging problems, like the one
defined by Hemker [19], the difficulties in the solution of
the nonlinear problems became even greater. For instance,
convergence for KLR02_3 on reasonably structured grids
could be achieved only for rather small constants C.

Remark 3. Another possibility for solving the nonlinear
discrete problems is to apply Newton’s method. However,
it is rather difficult to implement since one deals with non-
smooth operators. Therefore, usually it is convenient to use
some simplified version of Newton’s method. In any case, a
good initial approximation is typically needed. Hence a
general strategy is first to apply the iterative scheme given
above and then to switch to Newton’s method, possibly
by performing several special iterations assuring a smooth
transition between the two iterative processes. An appro-
priate switching point or transition strategy depend on
the solved problem, the SOLD scheme, the grid, etc. If
the norm of the residual increases after switching to New-
ton’s method, it is advisable to return to the original itera-
tive process without employing the results of the Newton
iterations and to try to switch to Newton’s method at a
later stage of the iterative process. Applying this alternative
strategy instead of the iterative scheme studied in this
paper, the numbers of iterations change of course but the
ranking of the methods basically remains the same. This
can be explained by our observation that the methods with
a large number of iterations in Tables 3-8 usually show a
slow rate of convergence from the beginning of the iterative
process. Thus, these methods also require a large number
of iterations for obtaining a good initial approximation
for Newton’s method.

Our experiences concerning the solution of the nonlinear
SOLD problems can be summarized as follows:

e Generally, it was easier to solve the problems for the O,
finite element than for the P; finite element.
e The larger the constant in the SOLD methods KLR02_3
and BEO5_2, the more iterations were needed. If the
constant became too large (size depended on the prob-
lem, the grid, etc.), the iterative process did not solve
the nonlinear problem any more.
It was often easier to solve the problems arising from the
SOLD method BE(O2 2 than those coming from
BEO02 1.
Solving the problems obtained with the edge stabiliza-
tion BEOS5_2 required in general somewhat more itera-
tions than solving the problems coming from
KLRO02 3, if in both SOLD methods reasonable con-
stants with respect to the reduction of the spurious oscil-
lations have been chosen. Moreover, the convergence of
BEO5 2 was much more sensitive to the choice of the
parameter C than it was for the method KLR02 3.
If the nonlinear discrete problems could be solved at all,
the dynamic choice of the damping factor was generally
among the successful approaches. If damping was neces-
sary, the dynamic approach needed often more itera-
tions than an appropriately chosen fixed damping
factor.

6. Numerical results obtained with adaptive methods

In several discussions with our colleagues about Part I,
the question arose whether the application of adaptive meth-
ods is useful for the reduction of spurious oscillations. In this
section, we shall study this question for the SUPG method
and adaptive grids obtained with two residual-based error
estimators, which are typically used in applications.

There are different ways of defining criteria for a fair
comparison of the results obtained with adaptive methods
and with SOLD schemes. One possible criterion is to
require that the number of degrees of freedom is roughly
the same. A different one might be that the computing
times are similar. Since the solution of the nonlinear dis-
crete problems of the SOLD methods often is rather
time-consuming (because of the large number of itera-
tions), it is possible to solve the linear problems on adap-
tive meshes with much more degrees of freedom in the
same time. Both criteria might be of interest and thus, we
will present results on adaptive meshes starting with a
few thousand degrees of freedom up to more than
100,000 degrees of freedom.

Computational studies for Example 2 will be presented.
As starting grid for the adaptive refinement, we used the
triangular grid from Fig. 1 with & =h, =1/16 (289
degrees of freedom). The control of the adaptive refinement
process was performed analogously to the way described in
Section 4 of [23]. The oscillations at the interior layer were
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Fig. 13. Example 2, oscillations on adaptively refined grids: (a) interior layer; (b) exponential layer.
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Fig. 14. Example 2, adaptive grids with more than 100,000 degrees of freedom: (a) L*-error estimator; (b) H'-seminorm error estimator.

measured with osc;,, defined in (29) and the oscillations at
the exponential boundary layer with

0scexp = max(max{0, u(x, y) = 1}).

We will present results for residual-based error estimators
in the H'-semi norm and the L?-norm, see [39]. For a de-
tailed description of these estimators and their implementa-
tion, we refer to [23]. The gradient indicator and a residual-
based error estimator in the energy norm considered in [23]
failed to refine the region of the interior layer. This coin-
cides with their behavior observed in Examples 6.4 and
6.5 of [23].

The computational results for osci, and osce, are pre-
sented in Fig. 13 and the final grids for both error estima-
tors in Fig. 14. The meshes match the expectations on the
error estimators since the regions of all layers are refined
and a deeper refinement occurs at the exponential bound-
ary layers. The graphs in Fig. 13 show that the adaptive
refinement of the layer regions neither reduces the spurious
oscillations at the interior layer nor at the boundary layers.
The adaptively refined meshes are still too coarse in these

regions to resolve the layers and to suppress the
oscillations.

This section showed exemplarily that a suppression of
spurious oscillations cannot be achieved with adaptively

refined grids whose elements do not resolve the layers.
7. Conclusions

This paper studied in detail SOLD methods which were
identified in Part I as the best ones. In particular, the lim-
its of the available methods were demonstrated. Analytical
and numerical studies showed that SOLD methods with-
out user-chosen parameters are in general not able to
remove the spurious oscillations of the solution obtained
with the SUPG discretization. For the two studied meth-
ods involving a parameter, the modified method of Codi-
na (8), (11) and the edge stabilization (16), values of the
parameter could be derived in two examples such that
the spurious oscillations were almost removed. It turned
out that a spatially constant choice of the parameters
was not sufficient in general and that the optimal param-
eters depended on the data of the problem and on the
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grid. In addition, an example was presented for which
none of the investigated methods provided a qualitatively
correct discrete solution.

The iterative solution of the nonlinear discrete problems
was also studied. The number of iterations or the conver-
gence of the iterative process depended again on the prob-
lem, the grid and the parameters of the SOLD methods. In
particular, the convergence of the nonlinear iterative pro-
cess for the edge stabilization (16) proved to be rather sen-
sitive to this parameter. It could be observed that the
convergence is often strongly influenced by the choice of
an appropriate damping factor and a strategy was pro-
posed for an automatic and dynamic computation of this
factor.

Finally, it was demonstrated that adaptive grid refine-
ment generally does not lead to a suppression of the spuri-
ous oscillations of the solutions computed with the SUPG
discretization.

Considering the reduction of the spurious oscillations,
the sharpness of the layers and the computational overhead
for solving the nonlinear discrete problem, the SOLD
methods involving parameters, i.e., the modified method
of Codina (8), (11) and the edge stabilization method
(16), seem to be the only reasonably promising approaches
among the studied SOLD methods. However, the appro-
priate definition of the generally non-constant parameters
in these methods will represent a great difficulty in more
complicated problems and in applications. Future research
should develop an a posteriori algorithm for an automatic
choice of these parameters.

The current situation can be summarized as follows: it is
in general completely open how to obtain oscillation-free
solutions using the considered classes of methods.
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1 Introduction

Scalar convection—diffusion equations

—€Au+b-Vu=f inQ,

u=g, ondQ,, )
ea—uzg,v on dQ,,
on

describe the stationary distribution of a quantity u, like concentration or temperature,
determined by the physical mechanisms of convection and diffusion. In equation (1),
QcRY de {2,3}, is a bounded domain with a polygonal or polyhedral boundary Q
with subsets 0Qp and 0Qy satisfying 0Q = 0Qp U 0Qy and 0Qp N 0Qy = 0. Further,
ge R, is a constant diffusion coefficient, b € W'*(Q)? is a given convection field
satisfying the incompressibility condition V - b =0, fe LQ) is an outer source of the
quantity u, n is the outward unit normal vector to 6Q, g, € H"*(6Q)) represents Dirichlet
boundary conditions and gy € H "*(6Qy) Neumann boundary conditions. The solution of
equation (1) is sought in H'(Q).

The interesting case from the practical as well as from the numerical point of view
@) In this case, the solution of
equation (1) typically possesses layers. These are regions where the solution still is
continuous but has very large gradients. The width of the layers is in general much
smaller than the available mesh width in numerical simulations. Consequently, the layers
cannot be resolved. It turns out that standard discretisation approaches, like the Galerkin
Finite Element Method (FEM), even lead to solutions that are globally polluted by
spurious (unphysical) oscillations.

A dramatical enhancement of the quality of numerical solutions is obtained with
stabilised discretisations. In the context of FEM, there are several approaches like upwind
techniques (Tabata, 1977), the Streamline—Upwind Petrov—Galerkin (SUPG) method
(Brooks and Hughes, 1982), also called Streamline-Diffusion Finite Element Method
(SDFEM), or the Galerkin/least-squares method (Hughes et al., 1989), see Roos et al.
(1996) for an overview. The most popular one is probably the SUPG method, which will
be also considered in this paper.

Applying the SUPG stabilisation, the numerical solutions capture the position of the
layers in general quite well and the layers are not smeared. However, spurious
oscillations of sometimes considerable magnitude usually appear at the layers. These
oscillations are intolerable from the physical point of view since they describe,

is the convection-dominated one, i.e., €<|b]||
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for instance, negative concentrations. From the numerical point of view, these oscillations
might lead to instabilities in the simulation of coupled systems which involve equations
of form (1), for instance if, due to negative spurious oscillations, reactive terms
of product form change locally their signs in coupled, non-linear reaction—convection—
diffusion equations. Thus, there is an urgent need to remove these spurious oscillations,
however, without smearing the layers extensively.

The development of numerical schemes for removing (or at least diminishing) the
spurious oscillations of SUPG solutions of equation (1) started around two decades ago.
Since then, a number of different approaches have been published, see, e.g., the recent
review by John and Knobloch (2007). These schemes were called often shock capturing
methods or discontinuity capturing methods; however, these names do not reflect their
real purpose. Therefore, the name spurious oscillations at layers diminishing (SOLD)
methods was introduced by John and Knobloch (2007) and this name will be used in this
paper, too.

In the review paper by John and Knobloch (2007), numerical tests with constant
convection fields and P; finite elements are presented to compare most of the published
SOLD methods and to obtain a pre-selection of methods that should be studied in detail.
The methods were evaluated by means of various criteria, which measure the amount
of spurious oscillations and the smearing of the layers in the discrete solution. Thus,
if we speak about ‘best methods’ in the present paper, we always mean with respect to
those criteria (if we refer to John and Knobloch (2007)) or with respect to the criteria
formulated below. We believe that this procedure is necessary before one should study
the error of the discrete solution measured in various norms since such a study makes
only sense for methods which substantially reduce the spurious oscillations without an
extensive smearing of layers (other methods are not useful in applications). However,
based on all our experiences, there is still no method fulfilling this requirement
(save (Mizukami and Hughes, 1985) in special cases, see below) and therefore a study of
approximation errors is not yet an issue. In our opinion, there are no relations between the
measures for evaluating the size of the oscillations and norms in which the approximation
error is bounded.

The aim of this paper is to present numerical studies for the best SOLD methods from
John and Knobloch (2007) for a problem without boundary layers but with an interior
layer created by a non-constant convection field. For such a problem, the localised
spurious oscillations of the SUPG solution cannot be significantly influenced by the
choice of the stabilisation parameter 7 (see below) since the SUPG method does not
contain any mechanism for stabilisation perpendicular to streamlines. Let us mention that
we do not use layer-adapted meshes (like Bakhvalov or Shishkin type meshes) since our
aim is to find methods that can be used in applications, which means in situations where
the features of the solution (and hence a layer-adapted mesh) are not known a priori.

The plan of the paper is as follows. In the next section, we formulate the SUPG
method and, in Section 3, we review SOLD methods, which were identified as the best
ones by John and Knobloch (2007). Then, in Section 4, we present results of our
numerical studies. In contrast to John and Knobloch (2007), the O, finite element is used
besides the P; finite element. The paper ends with our conclusions in Section 5.
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2 SUPG method

The SUPG method adds an additional term to the Galerkin FEM to control the
derivatives in streamline direction. Let the space H'(Q) in which the solution
of equation (1) is sought be approximated by a conforming finite element
subspace Vj, defined on an admissible triangulation 7, (Ciarlet, 1991) with elements
(mesh cells) K. We introduce a function gp, € V), such that g, , | ,, ~—approximates gp.
Further, we set V,, ={veV, :v|,, =0}. Then, the SUPG method reads as follows:
Find u;, € V), such that u, — gp, € Vo, and

(eVu,,Vv)+(b-Vu,,v,)+ Z (R, (), 7b- Vv, ),

e @
=(f.v)+ .[mN gy ds Vv, eV,

where (-, -)x denotes the inner product in LK) or L*(K)*, (-, ) = (-, o
R, (u, = =AMl )+ (b-Vu, —

and 7€ L7(Q) is a non-negative stabilisation parameter. There are several approaches
for choosing 7, see John and Knobloch (2007), which lead asymptotically to optimal
error estimates. However, they may lead to very different results for a concrete situation
and the optimal choice of 7is an open question. We will use in the simulations presented
in this paper the following definition:

hK,b (x)
2{b(x)|

¢(Pey (x)) 3

Tl (x)=

with the local Péclet number

| b(x) | hK,b (x)

Pe, (x) = 2e

the upwind function &(a) = coth(a) — ', |b(x)| the Euclidean norm of the convection
vector in x € K and /g ,(x) the diameter of the element K in the direction of b(x),
see John and Knobloch (2007) for a detailed discussion of these choices.

3 SOLD methods

The most SOLD methods considered in the review by John and Knobloch (2007) are
defined by adding an artificial diffusion term to the SUPG discretisation (2). The review
by John and Knobloch (2007) categorises the available SOLD methods into the following
classes:

e  SOLD methods adding isotropic artificial diffusion

e  SOLD methods adding crosswind artificial diffusion

e SOLD methods based on edge stabilisations

e  SOLD methods that are not based on the SUPG method.
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Note that the additional terms lead generally to non-linear discrete equations.
Below, we formulate the SOLD method(s) from each class, which are the best ones
according to the tests and criteria in John and Knobloch (2007) (and also according to
further numerical studies we have performed).

SOLD methods adding isotropic artificial diffusion add the term

2 (EVu,, V),

KeT,

to the left-hand side of equation (2). Among the schemes reviewed in John and Knobloch
(2007), the best method of this type seems to be that one proposed by do Carmo and
Galedo (1991) (dCG91) in which

|b||Rh(uh>|_|Rh(uh>|2}
|Vuh| ‘Vuh |2

E=T max{O,

(we set € =0 if Vi, = 0). Here, 7is the same as in equation (3).
SOLD methods adding crosswind diffusion introduce an extra term of the form

> (EDVu,,Vv,),

KeT,
with

JELLLENT N
D= [b|

0 else

into the SUPG formulation (2). The best results in this class of SOLD methods
in John and Knobloch (2007) were obtained with modifications proposed by John and
Knobloch (2007) of a parameter suggested by Codina (1993) (C93) and of a parameter
by Burman and Ern (2002) (BE02). The parameter of the method C93 is

R
|, = max O,C—hK| hwh)'—s
2|Vuh|

(€=0 if Vu, =0), where C is a user-chosen parameter and /iy is the diameter of the
element K. In the numerical studies in Section 4, the parameter C = 0.6 will be used,
which is the same value as in John and Knobloch (2007). If /=0 and A(us|x) = 0 for any
K e 7, (which will be the case in Section 4), the above definition of & is identical
with the original method of Codina (1993). The parameter of BE02 has the form

o TIbPIRG)]
b Vu, |+ R, ()|

Edge stabilisation methods for linear simplicial finite elements add to the left-hand side
of equation (2) the term

R ALY

KeT, ataK ataK
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where t; is a tangential vector on the boundary 0K of K. The best edge stabilisation
method in the numerical studies of John and Knobloch (2007) was proposed by Burman
and Ern (2005) (BEOS). It has the parameter function

LPK(uh) =C | R(“h )|1<|

The same parameter C =5 x 10~ as in John and Knobloch (2007) was chosen for the
numerical studies presented below.

From the approaches that do not rely on the SUPG method, we will consider an
upwind scheme, which was developed by Mizukami and Hughes (1985) (MHS85) and
recently improved by Knobloch (2006). This upwind scheme is defined only for linear
simplicial finite elements and is based on a rather involved geometrical construction,
see Knobloch (2006) for details.

For further properties of the SOLD methods, we refer to John and Knobloch (2007).

4 Numerical studies

We will study (1) with Q= (0, 1)%, aQy = {0} x (0, 1), /=0 and b(x,y) = (-, x)".
On the outflow boundary 0Qy, homogeneous conditions gy =0 are prescribed.
The Dirichlet data are discontinuous

1 if (x,y)e (1/3,2/3)x{0},

gp(%.y) = {O else on 0Q2,.

The discontinuous Dirichlet boundary condition on (0, 1) x {0} is transported
counter-clockwise to the outflow boundary, see Figure 1. The width of the layers, for
instance on the outflow boundary, depends on the size of e&. This example was
already studied by Knopp et al. (2002). The solution u of the continuous problem
does not belong to H'(Q) but, due to the positive diffusion, u is smooth in Q. Moreover,
it is easy to smooth g, to a function from H"*(dQp) (which leads to u e H'(Q))
in such a way that the numerical results presented in this paper do not change. We will
study the cases of a moderate local Péclet number and of a high local Péclet number.
Similarly as in John and Knobloch (2007), the SOLD methods will be evaluated only on
measures for the amount of spurious oscillations and layer smearing. The results
have been double checked with two different codes, one of them was MooNMD
(John and Matthies, 2004).

Figure 1  Solution u for £= 107, blue (dark) part is zero, red (light) part is one
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4.1 Moderate local mesh Péclet numbers

First, we will present computations for =10 For this diffusion parameter,
we computed a reference solution with the Galerkin FEM (P, FEM, 16 785 409 degrees

of freedom (dof), A, =2 /2048), see Figure 2, which will be used to evaluate the
SOLD methods.

Figure 2 Reference curve for ¢ = 10~ on the outflow boundary

0.2 03 04 0.5 0.6 0.7 0.8

The initial regular grids and the unstructured triangular grid are presented in Figure 3.
Refining the regular grids till the legs of the triangles or the edges of the squares have the
length 1/32 leads to 1089 dof (including Dirichlet nodes). The unstructured grid
(Grid 3) has 1244 nodes and was obtained using the anisotropic mesh adaptation
technique of Dolejsi (1998). The P, finite element was used on the simplicial grids
(Grid 1-Grid 3) and the Q,; finite element on the grid consisting of squares (Grid 4).
The integrals in the discrete problem were evaluated using quadrature rules which are
exact for polynomials of degree 8 (triangles) and 9 (squares).

Figure 3 The grids used in the computations: Grid 1, Grid 2, Grid 3 and Grid 4 (left to right,
top to bottom). The structured grids are refined till the length of the legs of the triangles
(edges of the squares) is 1/32 in the moderate local Péclet number case and 1/64 in the
high local Péclet number case
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Since the convection field is not constant, the local mesh Péclet numbers vary in Q.
The lowest Péclet number is on all grids zero (at the corner (0, 0)). The largest
Péclet number is around 150 on Grid 2, 240 on Grid 3 and about 300 on Grid 1 and
Grid 4. Note that the local mesh Péclet numbers in the regions with the layers are smaller.

Let us denote by N, the set of nodes of the triangulation 7;,. The measures for
evaluating the numerical results are:

min =

min u, (x
(el h( 9y)‘5

e max:= max u,(x,y)—1,
(x,)eN,

. min2::[ z (min{O,uh(X,J/)})zJ )

(x,0)EN,

. maxZ::[ Z (max{O,uh(x,y)—l})zJ ,

(x,0)EN),

e  mino =

min__ u,(x
(reN, N0, ( ’y)"

e maxo:=max{u,(0,7)~1,(0,2): y, Sy z< y,, 0r yy,, Sz y<

where, denoting by [¥,,,] the interval on the outflow boundary with u,(0, y) > 0.1,
the point y, is such that d,u;, >0 a.e. on [y,,y,] and Ou;(yo+) <0. Similarly,
Oy <0 ae. on [y,y] and Ouu(yi—) 2 0. Finally, (0, y1) is the nearest node to
(0, (¥o +¥1)/2). Note that u is non-decreasing on [y,,1/2] and non-increasing on
[1/2,5,] and hence maxo tries to find the largest violation of these monotonicities.

o smear = (d — dif)/dyes,

where d is the sum of the lengths of the two intervals on the outflow boundary with
u;(0,y) € [0.1, 0.9] and d,s = 0.114518 is the value of d for the interpolation of the
reference curve on an equidistant grid with mesh width 1/32 (cf. Figure 2),

. width : = (W - Wref)/wrefy

where w is the length of the interval on the outflow boundary with u,(0, y) >0.1
and wyr = 0.385697 is the value of w for the interpolation of the reference curve
on an equidistant grid with mesh width 1/32.

The measures min and max quantify the size of the largest undershoot or overshoot,
respectively. An average value for the undershoots and overshoots is obtained with min2
and max2. The oscillations on the outflow boundary are measured with mino and maxo.
The values for smear and width describe the smearing of the layers on the outflow
boundary.

The results for the moderate Péclet number case are given in Tables 1-4.
It can be seen that all SOLD methods considerably reduce the spurious oscillations
of the SUPG solution. However, they also increase the smearing of the layers.
Concerning the reduction of the oscillations, the best results are obtained with MH85 on
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the simplicial meshes and with dCG91 and BEO2 on the quadrilateral mesh. The second
best method on the simplicial grids was C93. The edge stabilisation method BEQS gives
quite poor results on the regular triangular grids. It becomes much better in comparison
with the other methods on the unstructured mesh. The good performance of edge
stabilisation methods on unstructured grids was observed already by John and Knobloch
(2007). It is noteworthy that the results on Grid 2 are worse than on Grid 1 although
the local Péclet numbers are smaller on Grid 2. This shows that the orientation of the
edges in Grid 1 is better suited to the direction of the convection in this example. Let us
mention that, in all computations, the difference of u,(0, 0.5) to 1 was less than 1%.

Even in the small local Péclet number case, there is no method that worked
satisfactorily in all respects.

Table 1 Results for the computations with moderate local mesh Péclet number, Grid 1

min max min2 max2 mino maxo smear width
SUPG 1.068 e-1 8374e-2 3.137e-1 2.544e-1 3.183e-2 3.933e-2 2225e-1 7.338e-2
MHS85 2.131e-12 0.000e+t0 5.189e-12 0.000e+0 0.000e+0 0.000e+0 6.242e-1 1.330e-1
dCG91 8.489e-3 5589e-3 9316e-3 8317e¢-3 4.150e-6 0.000e+0 8.565e-1 1.672e-1
C93 1.247e-4 3.136e4 1.266e—4 3.209¢e4 0.000e+0 0.000e+0 6.591e-1 1.398e-1
BE02 3.761e-3 2.663e-3 3915e-3 3.005e-3 0.000e+t0 0.000e+0 8.713e-1 1.693e-1
BEOS 2.544e-2 1.604e2 6243e2 4403e2 4367e¢-3 7453e-3 4.504e-1 1.084e-1
Table 2 Results for the computations with moderate local mesh Péclet number, Grid 2

min max min2 max2 mino maxo smear width
SUPG 1.242e-1 1.020e-1 4.808e-1 4.229e-1 4.833e2 5879e2 6.661e-1 1.390e-1
MH85 7.416e-13 0.000e+0 1.888e-12 0.000e+0 0.000e+0 0.000e+0 1.570e+0 2.769 e-1
dCG91 1972e2 1.833e-2 7519e2 8377e2 1.175e-2 0.000e+0 1.298e+0 2.334e-1
C93 5792e-3 2856e-3 1297e2 7815e3 1.651e3 0.000et0 1.464e+0 2.569e-1
BEO02 1.167e-2 1.333e2 3.930e2 4.528e¢2 6.099e¢-3 0.000e+0 1.309e+0 2.354¢-1
BEO5 4335e-2 3.003e2 1.047e-1 7.845e-2 7.449e¢-3 0.000e+0 1.263e+0 2.279e-1
Table 3 Results for the computations with moderate local mesh Péclet number, Grid 3

min max min2 max2 mino maxo smear width
SUPG 7204e-2 9425e2 3452e-1 3.639e-1 4.712e-2 4.682e-2 2.705e-1 8.894e-2
MH85 1.528e-12 0.000e+0 3.802e-12 0.000e+0 0.000e+0 0.000e+0 9.717e-1 1.877e-1
dCG91 5.408e2 3.589e2 9.850e2 7.845e2 4.952e-3 0.000e+0 9.097e-1 1.877e-1
C93 2.754e-2 3273e-2 5494e-2 5519e2 2.188e-3 0.000et0 6914e-1 1.553e-1
BE02 4.047e-2 2966e-2 6832e-2 5479e-2 1.688e-3 0.000e+t0 9.455e-1 1.924e-1
BEO0S 3.111e2 2905e2 7437e2 6.821e2 6.212e-3 6.071e-3 7.072e-1 1.569 e-1
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Table 4 Results for the computations with moderate local mesh Péclet number, Grid 4

min max min2 max2 mino maxo smear width
SUPG 1.316e-1 1.026e-1 4.205e-1 3311e-1 4.235e2 5.191e-2 3.544e-1 9.283e-2
dCG91 1.244e2 7.865e-3 238le2 1477e¢2 4.049e¢4 0.000et0 9.936e-1 1.906¢e-1
C93 3311e2 2908e2 5992e2 4414e-2 1.299e-5 0.000e+0 7.823e-1 1.535e-1

BE02 1.351e2 8321e-3 2267e2 1.180e-2 5280e-8 0.000et0 1.022e+0 1.958e-1

Remark 1: The results in Tables 14 also show that the quality of the solution on the
outflow boundary is often better than of the solution inside Q and hence the outflow
profile cannot be used as the only measure for an assessment of the considered numerical
methods. For the Galerkin discretisation with small €, it can even happen that the inflow
profile is almost exactly reproduced on the outflow boundary whereas the solution wildly
oscillates inside Q.

4.2  High local mesh Péclet numbers

We consider the same example as before, however, with the diffusion parameter ¢ = 10°%,
The regular Grids 1, 2 and 4 from Figure 3 are used with edges (legs of the triangles) of
length 1/64. The number of degrees of freedom for the Py, resp. O, discretisation is 4225
(including Dirichlet nodes). The unstructured grid, which was used in the high local mesh
Péclet number computations has 1721 nodes and is presented in Figure 4. The largest
local mesh Péclet numbers are around 7.7 x 10° for Grid 2, 1.5 x 10° for Grid 1 and
Grid 4 and 2.1 x 10° for Grid 5.

Concerning the oscillations, the same measures are used as in the moderate local
Péclet number case. The smearing of the layers will be evaluated by means of graphs of
the discrete solutions on the outflow boundary. Thus, the measures do not need a
reference solution.

Figure 4 Unstructured Grid 5 for the high local Péclet number case

The results concerning the spurious oscillations are collected in Tables 5-8. All SOLD
methods give again much better results than the SUPG method. Only on the regular
Grids 1 and 2, the fixed-point iterations for solving the non-linear problem of BEO5 did
not converge (100,000 iterations). On the triangular grids, MH85 was again the best
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method. Among the other methods, there is no really a best one. BEO2 is slightly better
than the other ones on Grid 1 and C93 on Grid 2. On the unstructured Grid 5, the edge
stabilisation method BEOQS5 is the second best after MH85. We think that the good
performance of MH85 on Grid 3 (with ¢=10") and Grid 5 might be caused by the
fact that these grids possess only acute triangles. On the quadrilateral Grid 4, all SOLD
methods give similar results. Note that the amount of the spurious oscillations is not
much different in comparison with the moderate local Péclet number case.

Table 5 Results for the computations with high local mesh Péclet number, Grid 1

min max min2 max2 mino maxo
SUPG 1.551 e-1 1.353 e-1 6.602 e—1 5.734 e-1 5.533e2 7.004 e-2
MHS5 1.176 e-12  6.160e-13  4.627e-12 1.406e-12 3.414e-13 0.000 e+0
dCG91 5.579 e-3 3979 e-3 8.559 -3 6.268 e-3 5.266 e—6 0.000 e+0
C93 5.004 e-3 1.681 e—4 7.299 e-3 1.723 e4 2.784 e—6 1.602 e—6
BE02 2.198 e-3 1.567 e-3 2.933 -3 2.119e-3 5.675e-8 0.000 e+0
BEO5 No convergence

Table 6 Results for the computations with high local mesh Péclet number, Grid 2

min max min2 max2 mino maxo
SUPG 1.655 e-1 1.467 e-1 8311 e-1 7.438 e-1 6.313 e-2 6.815 e-2
MHS85 1.086e-12 5.294e-13 3.868e-12 1.296e-12 2.500e-13  0.000 e+0
dCG91 1.405 e-2 1.174 e-2 7.014 e-2 6.853 e-2 7.660 e-3 3.375e-3
C93 3.948 e-3 1.567 e-3 9.394 ¢-3 3.714 e-3 4.840 e—4 6.758 e—4
BE02 7.501 e-3 8.482 e-3 3.405 e-2 3.152e-2 3.951e-3 9.976 e—4
BEO5 No convergence

Table 7 Results for the computations with high local mesh Péclet number, Grid 4

min max min2 max2 mino maxo
SUPG 1.868 e-1 1.642 e-1 8.126 e-1 6.755 e-1 6.618 e-2 6.740 e-2
dCG91 2.861 e-2 2.562 -2 5910e-2 4.747 e-2 1.330e4 1.832e-5
C93 3.898 e-2 3.464 e2 7.993 e-2 6.243 -2 7.491 e-6 2.859 e-5
BE02 2.961 e-2 2.740 e-2 59322 4.854 -2 5.965 e—6 1.424 e-5

Table 8 Results for the computations with high local mesh Péclet number, Grid 5

min max min2 max2 mino maxo
SUPG 1.156 e-1 9.801 e-2 5.591 e-1 4.947 e-1 7.953 e-2 7.639 e-2
MHS5 9.530e-13  0.000 e+0 2.839e-12 0.000e+t0  2.029e-13  0.000 e+0
dCGo1 6.264 e-2 7.172 e-2 9.784 e2 9.648e2  6.206e-3 0.000 e+0
C93 4.470 e-2 4.347 e-2 5771 e-2 6.197e-2 2936e4 0.000 e+0
BE02 4974 e-2 5.225e-2 6.785 e-2 6.691e-2  1.995e-3 0.000 e+0

BEO5 3.528 e-2 3.122e-2 5.767 e-2 5429e-2  4.108 e-3 2.622 e-3
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Parts of the outflow profiles for selected methods are presented in Figures 5-8.
The improvement in comparison with the SUPG solution concerning the spurious
oscillations is clearly visible. Likewise, the smearing of the layers in the solutions
computed with the SOLD methods can be seen. The smearing is more or less the same
for all SOLD methods. Often, the curves are on top of each other. All layers (including
the SUPG solution) are extremely smeared on Grid 2. This is a further hint that this grid
is less suited for the present example than the other ones. The reason for the stronger
smearing of the layers on Grid 5 in comparison with Grids 1 and 4 is the considerably
smaller number of degrees of freedom on Grid 5.

The method MHS85 practically removes the spurious oscillations in the high local
Péclet number computations. The spurious oscillations of the other methods are still not
negligible. In addition, all SOLD methods lead to a smearing of the layers.

Figure 5 Solution at the lower part of the outflow boundary for the high local Péclet number
case, Grid 1
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Figure 6 Solution at the lower part of the outflow boundary for the high local Péclet number
case, Grid 2
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Figure 7

Figure 8
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Solution at the lower part of the outflow boundary for the high local Péclet number
case, Grid 4
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Solution at the lower part of the outflow boundary for the high local Péclet number
case, Grid 5
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5 Conclusions

The present numerical studies support an observation by John and Knobloch (2007):
if the upwind method MHS85 can be used, then it is the best method. The edge
stabilisation method BEO5 worked only properly on the unstructured grids with acute
triangles. The differences among the other SOLD methods were small. On the one hand,
their results are clearly better than the results of the SUPG method, but on the other hand,
the remaining spurious oscillations are still not tolerable in many applications.
Combining the results of John and Knobloch (2007) and the present study, one
has to conclude that the SOLD methods are still far away from being able to solve
convection-dominated problems successfully.
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Abstract We consider the Streamline upwind/Petrov—Galerkin (SUPG) finite el-
ement method for two-dimensional steady scalar convection—diffusion equations
and propose a new definition of the SUPG stabilization parameter along outflow
Dirichlet boundaries. Numerical results demonstrate a significant improvement of
the accuracy and show that, in some cases, even nodally exact solutions are obtained.
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1 Introduction

This paper is devoted to the application of the finite element method to the numerical
solution of a steady scalar convection—diffusion equation

—&Au+b-Vu=f inQ. 1)

We assume that  is a bounded domain in R? with a polygonal boundary 9%, ¢ > 0
is the constant diffusivity, b is a given convective field, and f is an outer source of
u. The equation (1) has to be equipped with suitable boundary conditions on 92
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which will be specified later. In the convection—-dominated case ¢ <« |b|, the solution
u typically contains interior and boundary layers (which depend on the choice of the
boundary conditions). These layers can be divided into characteristic (interior and
boundary) layers and outflow boundary layers, see [10].

If the width of layers is smaller than the resolution of the used mesh, discrete
solutions of (1) often contain spurious oscillations. The attenuation of these oscilla-
tions has been the subject of extensive research for several decades during which a
huge number of so—called stabilized methods have been developed. In the context
of finite element methods, a very popular stabilization technique is the streamline
upwind/Petrov-Galerkin (SUPG) method introduced in [2]. The SUPG method
produces accurate and oscillation—free solutions in regions where no abrupt changes
in the solution of (1) occur but it does not preclude spurious oscillations localized
in narrow regions along sharp layers. The magnitude of these oscillations can be
influenced by the choice of the SUPG stabilization parameter and the aim of this
paper is to describe a new way in which this parameter can be defined.

We shall confine ourselves to outflow boundary layers where a careful choice of
the SUPG parameter can provide a fairly satisfactory approximation of the solution
u. The choice of the stabilization parameter at characteristic layers has only a limited
influence on the spurious oscillations appearing in these regions (cf., e.g., [8]) and
hence an oscillation—free SUPG approximation of a characteristic layer can be
generally obtained only by introducing an additional crosswind diffusion [6] or by
using a layer—adapted mesh, see, e.g., [9].

Sometimes the question arises whether outflow boundary layers occur in real
applications or only in academic problems. Such questions may originate from expe-
riences in computational fluid dynamics (CFD) where outflow boundaries are often
artificial boundaries at which no layers occur. However, also in CFD applications,
outflow boundary layers may occur when problems with moving boundaries are
considered. Moreover, there are many other applications leading to convection—
diffusion equations whose solutions possess outflow boundary layers in the sense
considered in this paper although the vector b often cannot be interpreted as convec-
tion. For example, magnetohydrodynamical pipe flow may lead to the convection—
diffusion equation (1) with b = (1, 0) and homogeneous Dirichlet boundary condi-
tions on the whole boundary, cf., e.g., [5]. In this case,  is the cross—section of the
pipe and the parameter ¢ is the reciprocal of the Hartmann number so that it can be
very small.

The paper is organized in the following way. Sections 2 and 3 are devoted to
the formulation of the SUPG method in one and two dimensions, respectively, and
to a brief discussion of the optimal choice of the stabilization parameter. Then, in
Section 4, the SUPG method is applied to a two—dimensional model problem and
the inadequacy of present approaches to the choice of the stabilization parameter
is demonstrated. Based on the observations from Section 4, a new definition of the
SUPG stabilization parameter at outflow boundary layers is derived in Section 5.
Numerical results in Section 6 show the advantages of the new approach and
the paper is closed by conclusions in Section 7. Throughout the paper, we use
the standard notations P;(2), O1(RQ), L*(Q), H' () = WL2(Q), etc. for the usual
function spaces, see, e.g., [4]. Given a vector a € R?, we denote by |a] its Euclidean
norm.
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2 The SUPG method in one dimension

Let us consider the equation (1) in the one-dimensional case with homogeneous
Dirichlet boundary conditions and 2 = (0, 1):

—eu’ +bu'=f in(0,1), w0 =u(l) =0. (2)

For simplicity, let b and f be constants, b # 0. Then, setting « = f/b and g = b/e,
we have

e BU-0 _ o—p

o xelo1l.

ux)=ax —a«a
Thus, if ¢ < |b|, the solution u contains a boundary layer. More precisely, if b > 0, we
see that u(x) ~ a x on most of [0, 1) and a boundary layer occurs at x = 1. Similarly,
if b < 0, we have u(x) ~ a (x — 1) on most of (0, 1] and a boundary layer occurs at

x=0.
Let N be a positive integer and let us set # = 1/N and define the nodes x; =i A,
i=0,1,..., N. We introduce the finite element space

Vi={veCq0,1)); vl ,x1 € Pi(lxic1, XD, i=1,..., N, v(0) =v(1) =0}

consisting of continuous piecewise linear functions. Then the SUPG method for
approximating the solution of (2) reads: Find u;, € V), such that

& Uy, vy) + (buy, vy, + T bvy) = (f. vy + T bv),) You,eVy, 3)

where (-, -) denotes the inner product in L?(0, 1) and 7 is a nonnegative stabilization
parameter. This problem has a unique solution which is determined by the values
u; = up(x;),i =0, ..., N.If r is constant in (0, 1), then (3) can be equivalently written
in the form

1 1
—(a—l—rbz—i—ibh) ui_1—|—2(8+l'b2)u,'—<8+‘L'b2—§bh> = fh*, (4

wherei=1,..., N —1.
It is well known that the parameter t can be chosen in such a way that the solution
of (3) is nodally exact [3]. Indeed, setting

1
T = L <coth Pe — —) with Pe = |I;—|h
£

5
21b| Pe ’ )

it is easy to verify that u; = u(x;), i =0, ..., N. The quantity Pe is the local Péclet
number which determines whether the problem is locally (i.e., within a particular
subinterval) convection dominated or diffusion dominated.

If b or fin (2) are not constant, then 7 defined by (5) does not in general lead to
a nodally exact discrete solution. Nevertheless, the discrete solution is significantly
better than the wildly oscillating solution of the standard Galerkin discretization
(defined by (3) with t = 0).
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3 The SUPG method in two dimensions

Let 7, be a triangulation of the domain Q consisting of a finite number of open
elements K. For simplicity, we shall assume that all elements of 7, are either triangles
or rectangles. Furthermore, we assume that Q = (i, K and that the closures of
any two different elements of 7, are either disjoint or possess either a common vertex
or a common edge.

We define the finite element space

Wi ={ve H(Q); vlg € RKK) ¥ KeTl,

where R(K) = P;(K) if K is a triangle and R(K) = Q,(K) if K is a rectangle.
Furthermore, we introduce a test function space V; C W), taking into account the
boundary conditions prescribed for the solution of (1). For example, denoting by
QP and 9QN disjoint subsets of dQ satisfying dQP U QN = 3, by n the outward
unit normal vector to 32 and by u;, a scalar function on 3227, the boundary conditions

d
u=up, ondQ>, M _0 onaV (6)
on

lead to the space
Vi=1{veW,; v=0 ondQ”}.

Of course, the triangulation 7, should be defined in such a way that any boundary
edge is a subset of IQP or IQN.

Denoting by up, € W, a function whose trace approximates the boundary condi-
tion u;,, the SUPG method for the convection—diffusion equation (1) equipped with
the boundary conditions (6) reads:

Find u;, € W), such that u;, — uy, € V), and

e (Vup, Vop) + (b - Vup, v+t b - Vo) = (ffun+1tb-Vu,) VYu,eVy, (7)

where (-, -) denotes the inner product in L*(2) or L*(2)> and 7 is a nonnegative
stabilization parameter.

The choice of t significantly influences the quality of the discrete solution and
therefore it has been the subject of extensive research over the last three decades,
see, e.g., the review in [6]. Nevertheless, the definitions of T mostly rely on heuristic
arguments and a general ‘optimal’ way of choosing 7 is still not known. Often, by
analogy with the one-dimensional formula (5), the parameter 7 is defined, on any
element K € 7y, by

|b| hi
2

hk 1 .
T|g = 2000 (coth Peg — P—ﬁ() with  Peg =

®)

where hg is the element diameter in the direction of the convection vector b. Various
justifications of this formula can be found in [6] (see also the next section). Note that,
generally, the parameters A, Peg and 7|, are functions of the points x € K.
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4 Application of the SUPG method to a model problem

Let Q = (0, 1)? and let us consider the equation (1) with constant data f and
b = (b, by) satisfying b; # 0 and with the following boundary conditions:

u©0,9) =u(l,y) =0  Vye1), )
u(x,0) =u(x, 1), a—u(x,O):a—u(x,l) Vxe(,1). (10)
ay ay

This problem has a unique solution. Moreover, the solution is independent of y and
satisfies (2) with b = b;.

First, we shall confine ourselves to the three types of triangulations depicted
in Fig. 1. The nodes are equidistant in both the x— and y-directions and the
corresponding mesh widths are denoted by /; and h,, respectively. The test function
finite element space is

Vi={ve W, v0,y)=v(d,y)=0V ye (1),
v(x,0) =v(x,1) Vxe(0,1)}

and the SUPG solution of the considered problem is a function u;, € V), satisfying
(7). Again, this discrete solution is uniquely determined and, if t is constant, it
does not depend on the y—coordinate. For both the triangular and the rectangular
triangulations, the discrete solution then satisfies the one—dimensional scheme (4)
with b = by and h = h;. Thus, in view of (5), an optimal choice of the stabilization
parameter t in (7) is

hy 1 . b1l hy
= th Pe — — th Pe = . 11
T 2 1bi] (co e Pe) wi e 54 (11)

In this case the SUPG solution is nodally exact.
In the triangular case, the optimal one—dimensional scheme can be recovered also
for piecewise constant t. It suffices when t has the same value on elements whose

hy

-

hy
a b c

Fig. 1 Types of triangulations considered in Section 4 (a—c)
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barycentres have the same x—coordinate and when, for any two elements K, K’
sharing a ‘diagonal’ edge, we have

1 h 1
7 (tlg +tlx) = — (coth Pe — ﬁ) with Pe

_ _ |by| By
21b]| ’

54 (12)

Then the SUPG solution is again nodally exact.

If the convection vector b points in the x—direction (i.e., b, = 0), then hg = h; and
|b| = |by| so that the formula (8) provides the optimal value of r determined by (11).
This may be viewed as a justification of using (8) and, in particular, of defining /g as
the diameter of K in the direction of b and not as the real diameter of K.

Now, we shall investigate the following setting of the problem discussed in this
section:

Example 1 We consider the equation (1) in = (0, 1)? with the boundary conditions
(9) and (10) and with ¢ = 107%, b = (1,0), and f = 1.

Let us solve Example 1 on a triangulation of the type depicted in Fig. 1a or 1b.
Then, as we know, the solution of the SUPG method with t defined by (8) is nodally
exact. Often, a triangulation of a domain with a simple geometry is constructed
by refining a coarse triangulation. If all triangles of the triangulations from Fig. 1a
or 1b are divided into four equal triangles by connecting midpoints of edges, we
obtain triangulations of the same type as in Fig. 1a or 1b, respectively, and hence
the corresponding SUPG solutions are again nodally exact. If however we divide
all triangles of the triangulations from Fig. 1a or 1b into four equal triangles by
applying twice bisection, we obtain the triangulation depicted in Fig. 2 and the
corresponding SUPG solution significantly differs from the nodally exact solution,
see Fig. 3. Note that the triangulation in Fig. 2 contains the same type of triangles as
the two triangulations in Fig. 1a and 1b and also that the orientation of the triangles
with respect to the convection vector b is the same as in Fig. 1a and 1b. This shows
that the information available on a particular element of the triangulation is not
sufficient to define the stabilization parameter t in an optimal way and that the
orientation of the neighbouring elements has to be taken into account.

Fig. 2 Triangulation obtained
by refining the triangulations
from Fig. la and 1b
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5 A new definition of the SUPG stabilization parameter

The favourable properties of the one—dimensional SUPG method (4) with 7 defined
by (5) are due to the fact that the upwind character of the method increases with
increasing Péclet number. Particularly, for Pe >> 1, we have t ~ h/(2|b|) and the
coefficient at the downwind node in (4) is

1
—(8+Tb2—§|b|h) ~ —¢.

Then the SUPG stabilization is basically equivalent to approximating the convective
term by classical upwind differencing and the influence of the Dirichlet boundary
condition at the outflow boundary node on the values of u; at interior nodes is
significantly suppressed.

In two dimensions, this property is generally lost, which leads to spurious os-
cillations like in Fig. 3. By analogy with the one—dimensional case, it is natural
to ask whether v can be defined in such a way that, for ¢ — 0, the difference
scheme corresponding to (7) does not employ the outflow boundary values of
up. Unfortunately, this is generally impossible. As an example, let us consider a
triangulation of € = (0, 1)? of the type in Fig. la with &; = h, = h and let ¢; € V),
be the standard basis function corresponding to a boundary node x; lying on the
right-hand side of Q. Let ¢; € V), be the standard basis function corresponding to the
interior node x; connected with x; by a horizontal edge. Then, for b = (2, 3),

h 2
(b-Voj,0i+1tb-Vo) =~

+ = Tdx (13
6 1 Jsuppyinsuppe, )

and hence, for any choice of t, the value of u;, at x; contributes to the approximation
of the convective term at x;.

Thus, let us at least investigate whether a suitable choice of r can remove the
oscillations shown in Fig. 3. We denote the outflow Dirichlet boundary by T, i.e.,
I' = {1} x [0, 1], and we set

G= |J K.

KeTy, KNTC#)

Fig. 3 Example 1, SUPG
solution for z defined by (8)
computed on the triangulation
from Fig. 2 with

hy =hy =1/20
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Furthermore, we denote by ¢y, ..., ¢y, all standard basis functions of V), that satisfy
suppg: N Gy, # 9, i=1,...,M,. (14)

The nodally exact solution of Example 1 on the triangulation of Fig. 2 with &, = h, =
1/20 satisfies uy(x, y) ~ x in [0, 1 — A;] x [0, 1] and hence, neglecting the diffusion
term, it satisfies (7) if and only if

/ v, +1th-Vy,dx=0 Yuv,eVy.
G

This can be written in the equivalent form

/ gi+1tbh-Vg;dx =0, i=1,..., M. (15)
Gy
There are many possible ways of satisfying these relations. Probably the simplest one
is to set

2h

Tl if K hasanedgeonT,

Tl = VKeTy KCGy. (16)
?1 otherwise

On the remaining elements K € 7, we define t by (8). Then the SUPG solution is a
very good approximation of the solution to Example 1 as Fig. 4 shows.

The relations (15) used to define r were obtained thanks to the fact that the
nodally exact solution of Example 1 satisfies

b-Vu,— f~0 in Q\ Gy, b-Vu, — f =const. in G. 17)

For other data or boundary conditions, this will usually not be satisfied but it can
be expected that the validity of (15) will diminish the spurious oscillations along an
outflow boundary layer.

Fig. 4 Example 1, SUPG

solution for r defined by (8)

and (16) computed on the
triangulation from Fig. 2 with 1
hy =hy=1/20 08

0.6
0.4
0.2
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Let us now investigate whether (15) can be satisfied for a general polygonal
domain © and a triangulation 7}, consisting of triangles. Using the notation 92"
for the part of 9Q2 where Dirichlet boundary conditions are prescribed, we again
introduce the outflow Dirichlet boundary

F={xecdRl; (b-n)(x) > 0}.

For simplicity, we assume that I' is connected and consists of whole boundary edges
of 7;,. Like above, we set

Gi=|J K where Gy={KeTy: KNI #0}.
KeGy

Furthermore, we set
G) = {K € Gi; K has only one vertexon '}, Gr=0n\Gy.
For any vertex z € I', we denote by
Gy(@ ={KeG,: zc K}

the set of all elements possessing the vertex z with no other vertex lying on I'. For
any K € Ty, we set

1
b :—f bdx.
STk J

If K e Q}l, we assume that at the vertex K N T, the vector bg points outwards from
K. If K e Qfl has exactly two vertices on I', we denote by ng the outward normal
vector to the edge E connecting these two vertices and assume that b - ng > 0.

We again denote by ¢y, ..., ¢u, all standard basis functions of V), satisfying (14).
Fori=1,..., My, let x; be the vertex associated with the basis function ¢;, i.e.,
¢i(x;) = 1 and ¢;(x) = 0 for any vertex x # x;. We set

Nio=1{x1,....Xn,},
P={xeN,; IKeG:xe K}, N} =N,\N;.
The example leading to (13) shows that it is in general impossible to satisfy (15)
elementwise. Nevertheless, we can use the fact that each vertexx;,i =1, ..., M}, can

be easily assigned to an element K € G, (in a one-to—one way) such that bg - V;| ,<O0.
This follows from the following results.

Lemma 1 For any K € G} satisfying card(K N Nj) = 2, there exists i € {1, ..., My}
such that x; is a vertex of K and by - Vg;| < 0.

Proof Let us assume that the lemma is false. Then there exist K € g,i and j k €
{1, ..., My} such that j # k and

X, Xc € K, bk - Vil =0, bx - Vorlg=0.

We denote by z the remaining vertex of K. The vectors Vg;|, and V|, are
orthogonal to the edges z, x; and z, x;, respectively, and point into K. Consequently,
by points from the vertex z into K. This is not possible since z € T. m]
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Lemma 2 Let Kegﬁ satisfy KNN,#0 and let ie(l,..., My} be such that
fﬂ/\[h = {x;}. Then b - Voilg < 0.

Proof Since the vector V| is orthogonal to the edge E of K opposite the vertex x;
and points into K, the lemma follows immediately from the assumptions on bg. O

Lemma 3 Letz € I be any vertex other than the end points of T and let card G (z) > 2.
Let the edges of elements of G} (z) opposite z form a connected curve, see Fig. 5. For
simplicity, let us assume that there exist k,l € {1, ..., My} such that k <1,

X, .., x;}={xeN,; 3K, K' €Gl(2): xe KNK'}

and card g,i (z) =1—k+2, see Fig. 5. Moreover, if k <1, we assume that, for i =
k,...,l — 1, the vertices x; and x;,| are connected by an edge of the triangulation Ty,.
Finally, we assume that b is constant on the union of elements of G} (z). We denote the
elements ofg,i(z) by Ky, ..., Ky in such a way that, fori =k, ..., the elements K;
and K;, share the vertex x;. Furthermore, we denote by X;_; and X, the remaining
vertices of the elements K; and Ky, respectively. Since these vertices may lie on
QP \ I, we denote the piecewise linear basis functions associated with these vertices
by ¢,_, and ¢, |, respectively. Then there exists j € {k, ..., + 1} such that

bVl <0, b-Vyilg. =0, i=k, ....j—2,

b-Voilg >0, b-Vyilg, <0, i=j+1,....1,
b-Vor_ilg, =0, b-Vojilg, <0 if j>k,
b-Voilg, <0, b-Volg,, =0 if j<I.

Proof For simplicity, we shall write ¢x_; and ¢, instead of g,_, and @, re-
spectively. The vector V| is orthogonal to the edge z, Xx—; and points into K.
Similarly, V| Kot is a vector orthogonal to the edge z, X;+; which points into K.

Since b does not point from z into UL",

i» we deduce that b - V|, or b - Vo, is

Fig. 5 Notation for Lemma 3
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negative. Without loss of generality we may assume that b - V|, < 0. Then there
exists j € {k,...,l+ 1} such that

b-V(piIK,<O, i=k ...,J,
and, if j </,
b-Voilg,, =0.
From the latter inequality, analogously to the beginning of the proof we see that
b-Voilg,, <0, i=j...1.

Finally, since the vectors Vg;_| K and Vg ] Koo have opposite directions for any
i €f{k,...,1},it follows from the above inequalities that

b-Voilg,, >0, i=k—-1,...,j-2,
b-V(p,-IKl,>O, i=j4+2,...,0+1. O
Lemmas 1-3 enable us to introduce an algorithm for defining the SUPG parameter
7 at outflow Dirichlet boundaries. Since the relations (15) correspond to ¢ — 0, we

denote t satisfying (15) by 7y. Thus, we shall construct a piecewise constant function
79 on Gy, satisfying

/ (/)i"l“Cob-V(/)idX:O, i:l,...,Mh. (18)
G,

Then, by analogy to (8), we define the parameter t, on any element K € G, by

1 byl h
T|K=TO|K<cothPeK—PTK> with  Peyg = | ’;'EK. (19)

On elements K € T \ G, we define t by (8) with b replaced by bx.

Let us note that the definition of 7 is not important on elements which have all
three vertices on the Dirichlet boundary since all functions from V), vanish on these
elements. Therefore, we shall not mention such elements in what follows.

It is advantageous to start defining 7o on elements of G}. First, for any vertex
z € I" we construct the set g,g (z). If this set consists of one element K, the value of
7o on K can be defined arbitrarily. If K NN}, = {x;} for some i € {1, ..., M;} and
by - Vil = 0, we set 1yl , = hi/(2|bk]) like in (8). If bg - Vil < 0, we can define
79 on K in such a way that

/ @i+1b-Ve;dx=0.
K

However, the value of 7y determined from this relation tends to infinity if the vector
bk approaches the direction of the edge of K opposite x;. Therefore, we introduce a
positive parameter a,,;, (€.g., &min = 0.1) and set

1
max{—3 bg - Vil i, cmin |bk|/ K}’

70| K= (20)
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If KNN, = {x;, x;} for some i, j € {1,..., My}, i # j, we set

1

- - . 21
3min{bk - Voilg, bk - Vojli} 1)

Tolg =

This value of 7 is positive by Lemma 1 and, if z is different from the end points of
', it is bounded by a constant depending on the minimal angle 0 in the elements
of T. More precisely, it can be shown that 7|, < hx/ (3 min {3, sin?6} |bg|). The
bound Ak /(3 sin? 0|bx|) corresponds to by aligned with I so that the values of 7 are
smaller in practice. It is easy to see that in all three cases discussed above we have

/ (p,’—i—Tob*V(pidXZO VX,'EEmNh. (22)
K

Now let card g,; (z) > 2 and let z be different from the end points of I'. If necessary,
we decompose G, (z) into several sets satisfying the assumptions of Lemma 3 or
consisting of one element and we treat these sets separately. The treatment of
single elements was discussed in the preceding paragraph and hence it suffices to
consider the case when Q,i (z) satisfies the assumptions of Lemma 3. This lemma was
formulated for a constant vector b but if b is non—constant, the assertion remains
true provided that the triangulation 7}, is fine enough with respect to variations of b.
An alternative is to modify the discrete problem (7) in such a way that b is replaced
on the elements of Q,i (z) by its mean value. Thus, let us consider the notation of
Lemma 3 and let j be the integer introduced in the assertion of this lemma. We
define 7y on K in the same way as in the case card g,g (z) = 1 discussed above. To fix
ideas, let us assume that j e {k+ 1, ...,/}. Then we compute 7y on K;_; and on K,
from the relations

/ (pj_1+T0b~V(pj_1dX=O, / (pj—i-fob'V(pjdX:O. (23)
Kj_1UK; KUK

Since 7|, is given by (21) with K = K and i = j— 1, the inequality in (22) holds
with K = K;and i = j— 1, j. Thus, it follows from Lemma 3 that the relations (23)
determine both 7o| ¢  and 7| uniquely and that both these values are positive.

To determine tp on the remaining elements of g}l (z), we require
/ i+tb-Vydx=0 fori=k,...,j—2 and i=j+1,...,1[.
KUKt

According to Lemma 3, the respective values of 7, can be easily computed and
are positive. The cases j =k and j=1/+ 1 can be viewed as particular cases of the

above procedure. Note also that, if X,_; = x;_; € N}, or X;31 = X141 € NV}, we have
respectively
/ Yk—1+T0b-Vg_1dx >0 or / Qi1+ 10b- Vo dx>0. (24)
Ky Kt
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Indeed, if by - Vor-ilg, < 0, we have j= k in view of Lemma 3. As we explained
above, the inequality in (22) is satisfied for K = K; and i = j— 1 and hence the
first inequality in (24) holds. The validity of the second inequality in (24) follows
analogously.

If card Q,l (z) > 2 and z is an end point of I', we can often proceed in the same
way as above. However, generally, it is not possible to guarantee the existence of 7
satisfying (18) for x; connected by an edge with this z. On elements K € G} (z) such
that bg - V|, > 0 for any x; € K NN, we set Tolx = hk/(2bk|) like in (8). If the
above procedure leads to a negative value of ) on some K € g,; (z), we set 1o, = 0.

The above definition of 7, on elements of G; ensures that (18) holds for any
ief{l,..., My} such that x; € NV;!, with the possible exception of some x; that are
connected by an edge to an end point of I'. Moreover, for x; € N7, setting

G'={KeG); xeKand YK €G}: x; e K = KNK =x},

we have (again with the possible exception of some x; that are connected to an end
point of I')

Z (pi—i-Tob'V(pidX:O VX,'Eth.
Keg,"

Therefore, to satisfy (18), we may define 7o on any K € G} with K N N}, = {x;} by

/ wi+tb-Ve;dx=0. (25)
K’ e Gl U{K}, '
meas; (KN K') #0

Note that, in (25), we integrate over a set consisting of K and elements of G, sharing
an edge with K. According to Lemma 2 and the inequalities (22) and (24), the value

Fig. 6 Element K not
satisfying the assumption
bx -ng >0 F

K/

r
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of 19| is determined uniquely by (25) and is positive. This completes the definition
of 7o on Gy,. For clarity, we summarize the whole algorithm in Fig. 7.

Remark 1 1f we apply the above definition of 7y to Example 1 on the meshes from
Figs. 1a, 1b and 2, we obtain for 7, the values given in (16). Thus, in view of (12), the

for K € 7, \ G, do
Tol g = hi/Q2lbk|)
enddo
for verticesz € I do
if G}(z) = (K} then
if KNN, = {x;} then
if bx - Vgilx = 0 then
Tolx = hx/Q2lbk])
else
use (20)
endif
else
use (21)
endif

else
decompose G (z) into subsets satisfying the assumptions

of Lemma 3 or consisting of one element
if subset = {K} then

define 7ol as for G} (z) = {K}
else
find j from Lemma 3 and define ‘L'0|K]_ as for g,i(z) = {K}
fori e {k, ..., 1} successively determine t, to satisfy
wi+10b-Veidx=0

KUK,
endif

endif
enddo
for K € g,f do
determine 1ol from (25)
enddo
for K € 7, do
compute t| from (19)
enddo
REMARKS :
if KeGyand bk - Voil, =0 VX € KN N, then
do not use the above procedure and set to|, := hi/(2|bk|)
after computing any new ty| . set
TO'K = min{max{ro\K, 0}, hic/ (minl bk 1)}

Fig. 7 New definition of the SUPG parameter
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definition of t given in (19) leads to a nodally exact SUPG solution of Example 1 on
meshes of the type depicted in Fig. 1a and 1b.

Remark 2 The proposed approach will not lead to satisfactory results if (b - n)/|b| —
0 on I'. This can be also deduced from the fact that, in this case, the value of 1
determined from (25) tends to infinity. The algorithm may also fail if the triangulation
contains an element K € G; of the type depicted in Fig. 6. Then the assumption
bk - ng > 0 is typically not satisfied. The simplest remedy is to bisect the elements
K, K’ sharing the edge E. Note also that the triangulation should be constructed in
such a way that the part of the boundary of the strip G}, lying in 2 copies the outflow
boundary I'. This helps to satisfy approximately the second relation in (17).

Remark 3 As we shall see in the next section, the above definition of 7y sometimes
removes completely the spurious oscillations present in the SUPG solution when t
is defined by (8). Nevertheless, this does not mean that the discrete problem (7) then
satisfies the discrete maximum principle. As an example, let us consider = (0, 1)2,
b = (1,0) and a triangulation of Q of the type depicted in Fig. 1a with h; = h; =
h. Then, for ¢ < h/6 and for any nonnegative t € L*(2), the entries of the stencil
corresponding to any row of the stiffness matrix of (7) have the following signs:

0 — +
-+ =+
-+ 0

Thus, independently of the choice of 7, the discrete maximum principle does not hold
in general.

Remark 4 For simple model problems, a piecewise constant function 7y such that
(18) holds can be defined also in the quadrilateral case, but in general the existence of
a nonnegative piecewise constant 7y satisfying (18) cannot be guaranteed. A remedy
could be to use a non—constant 7, on some elements but this is not very convenient
from a practical point of view. A further drawback of the quadrilateral case is that the
definition of 7, is nonlocal. Therefore, it is advantageous to divide the quadrilaterals
intersecting I into triangles and to use continuous piecewise linear functions in G,
together with ty defined by the algorithm in Fig. 7.

Remark 5 An alternative technique for reducing spurious oscillations at outflow
boundaries is a weak imposition of Dirichlet boundary conditions, see, e.g., [1].
For ¢ — 0, this technique leads to a problem without any boundary condition at
the outflow boundary, in contrast to our approach, which aims at suppressing the
influence of the outflow boundary condition on the discrete solution in the interior
of the computational domain.

6 Numerical results

In this section we present some of our numerical results illustrating the properties
of the approach proposed in the preceding section. We start with the following very
simple model problem.
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Example 2 We consider the equation (1) and the boundary conditions (6) with
Q=(0,120Q° =0Q,0QN =0,e = 1077, b = (cos(/3), —sin(rr/3)), f =0, and

up (x. y) = 0 ifx=1lory=0,
Y= 01 Gtherwise.

We use a triangulation of the type in Fig. 1a with h; = h, = 1/20. The SUPG
solution with t defined by (8), see Fig. 8a, contains large spurious oscillations along
both outflow boundary layers. On the other hand, if we define 7 by the algorithm in
Fig. 7, we obtain a nodally exact solution, see Fig. 8b.

On the triangulations considered above, the nodally exact solution u;, of Exam-
ple 2 is constant in Q \ G, if ¢ — 0. Moreover, b and f are constant and the set G,
can be decomposed into subsets on which uy, is linear and (18) holds. Thus, repeating
the considerations from the beginning of Section 5, we can easily deduce that the
nodally exact solution really solves (7) for ¢ — 0. In the subsequent examples, such
simple considerations will not be possible.

Example 3 We consider the equation (1) and the boundary conditions (6) with
Q=(0,120Q° =0Q,0Q" =0,e = 1077, b = (cos(r/3), —sin(r/3)), f = 0, and

0 ifx=1ory=0,
Up (6 )= g (ax—bry)m

otherwise.
b, — b

Note that now u;, is continuous. We shall consider the triangulation of Fig. 2 with
h; = h, = 1/20. Figure 9 shows that the SUPG solution obtained for t defined by
(8) contains large spurious oscillations whereas a good approximation of the exact
solution is obtained for r defined by the algorithm in Fig. 7.

(SISO RN SENC Y

0000 —ao
[SICENCYSEN SENGY.
0000 —mon

Fig.8 Example 2, SUPG solutions computed on the triangulation from Fig. 1a with & = hy = 1/20:
a 7 defined by (8) b r defined by Fig. 7
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Fig. 9 Example 3, SUPG solutions computed on the triangulation from Fig. 2 with 1 = hy = 1/20:
a 7 defined by (8) b t defined by Fig. 7

Example 4 We consider the equation (1) and the boundary conditions (6) with
Q=(0,17%0QP=0Q,dQ¥ =0, =10",u, =0, and

cos(x — y)

bx,y)=(—y’ +2y+1,2x>-3x+2), X, y) = )
(x,y)=(=y +2y ) fx.y) Txty

Using a triangulation of the type in Fig. 1b with h; = h, = 1/20, we obtain the
discrete solutions depicted in Fig. 10. The solution corresponding to t defined by
(8) again contains large spurious oscillations. These oscillations almost completely
disappear if 7 is defined by the algorithm in Fig. 7 although u, b and f are nonlinear
in x. To compute t from (8), we replaced b, by its value at the barycentre of K.
The terms from the discrete problem (7) were evaluated by means of quadrature
formulas which were exact for piecewise linear b and piecewise cubic f. A more
precise integration does not lead to any visible difference in the computed solution.

Example 5 We consider the equation (1) and the boundary conditions (6) with

Q={@»eELDxOD; X+y-D>> 4},
QN ={(-1,-HuG. )} x{1}, P =0a2\Q",

2 20

Fig. 10 Example 4, SUPG solutions computed on the triangulation from Fig. 1b with 1 = hy = 1/20:
a 7 defined by (8) b t defined by Fig. 7
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Fig. 11 Triangulation used

in Example 5

0, and

D, f=

(

e=10"",b

otherwise.

0

We use the triangulation depicted in Fig. 11. This example demonstrates that the

algorithm in Fig. 7 can be successfully applied also when the outflow boundary is

up (x, y )
free but the spurious oscillations are significantly smaller than for T defined by (8),

curved. The SUPG solution shown in Figs. 12b and 13b is not completely oscillation—
see Figs. 12a and 13a.

0, D%, QP =93, aQN

such a way that

Example 6 We consider the equation (1) and the boundary conditions (6) with

Q

@, e =10"7, b = (2,3), and the function f chosen in

)

3(y—D
&

)

2(x—1)

u(x, y) = )cy2 — y2 exp<

)

2x—-1D+30 -1
€

+ exp(

is the exact solution of (1), and with u,

Ulyg-

SUPG solutions computed on the triangulation from Fig. 11: a t defined by (8)

>

pringer

b t defined by Fig. 7

aNs

Fig. 12 Example 5
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Fig. 13 Example 5, another view of the solutions from Fig. 12 (a, b)

The function u contains two typical outflow boundary layers and hence this
example represents a suitable tool for gauging the accuracy of numerical methods
for the solution of convection—diffusion problems. In [7], we used this example for
investigating the SUPG method with t defined by (8) on a sequence of triangulations
of the type depicted in Fig. 1b with h; = h, = h. The accuracy of the discrete
solutions u;, was measured in various norms and it turned out that away from the
boundary layers the discrete solutions are rather accurate and converge to u with
the usual optimal convergence rates. However, along the outflow boundary layers,
the discrete solutions contain large spurious oscillations (see Fig. 14a for & = 1/20)
and the magnitude of these oscillations does not decrease for decreasing 4 as long
as h > e. This can be deduced from Table 1 where the second column contains
values of the discrete maximum norm |u — uy, lo.00.1 defined as the maximum of the
absolute values of the error u — uy, at the vertices of the triangulation. We observe
that |lu — u|l, ., , €ven increases slightly if the triangulations are refined.

Defining t By’the algorithm in Fig. 7, the discrete solutions have the same accuracy
away from layers as for t defined by (8), provided that the triangulations are
sufficiently fine so that no spurious oscillations occur in the region on which norms
of the errors of the discrete solutions are computed. However, in contrast to discrete

‘
S W WL W W v
e
ee———

Fig. 14 Example 6, SUPG solutions computed on the triangulation from Fig. 1b with & = hy = 1/20:
a 7 defined by (8) b t defined by Fig. 7
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Table 1 Example 6, errors of SUPG solutions u;, computed for v defined by (8) or by Fig. 7 on
triangulations from Fig. Ib with hy = hp = h

lle = wnllg o0.p Nl = unllg oo

T 8) Fig. 7 8) Fig. 7
h=5.000—2 5.08—1 5.48-2 9.37-3 2.45-3
h=2.500-2 5.70—1 2.90-2 2.32—4 6.28—5
h=1.250-2 6.02—1 1.49-2 7.06—6 6.97—6
h=6.250-3 6.18—1 7.54-3 1.74—6 1.74—6
h=3.125-3 6.27—1 3.80-3 4.35-7 4.35-7
Conv. order —-0.02 0.99 2.00 2.00

solutions obtained for v defined by (8), the discrete maximum norm |lu — uyll, o ,
now converges linearly to zero for decreasing 4 even when 4 > ¢, see the third
column of Table 1. The values of ||u — Unllo oo indicate that the large oscillations
visible in Fig. 14a are not present in the SUPG solution obtained for r defined by
Fig. 7, see also Fig. 14b.

In Table 1 we also show values of the discrete maximum norm |ju — ”h||3,oo.h
defined as the maximum of |u — u;| at those vertices of the triangulation contained
in the set [0, 0.8]%. This set does not include a neighbourhood of the layers. As
mentioned above, for both choices of 7, the values of |u — uh”aoo,h are the same
if A is sufficiently small and the convergence rate is the optimal second order. The
convergence orders in Table 1 are computed from the values for 4 = 6.25 - 1073 and
h=3.125-1073.

7 Conclusions

In this paper we discussed the properties of the SUPG finite element method applied
to the numerical solution of two-dimensional steady scalar convection—diffusion
equations. We concentrated on the choice of the SUPG stabilization parameter
7 along outflow Dirichlet boundaries where the exact solution typically contains
boundary layers. Our discussion concentrated on the case of conforming piecewise
linear triangular finite elements. We demonstrated that in general an oscillation—
free SUPG solution cannot be obtained if, on each triangle of the triangulation,
the definition of t uses only the information available on that triangle. Therefore,
we proposed a new approach for defining t on triangles intersecting an outflow
Dirichlet boundary. On any such triangle K, the value 7|, depends not only on K
and the convection vector b|; but also on the shape and orientation of triangles
K’ and convection vectors b|,, in a neighbourhood of K. Numerical results show
a significant reduction of spurious oscillations in discrete solutions in comparison
to standard choices of t, while accuracy away from layers is preserved. For simple
model problems, even nodally exact solutions are obtained.
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Abstract. We consider the SUPG finite element method for two—dimensional steady scalar convection—diffusion
equations and discuss a recently introduced definition of the SUPG stabilization parameter along outflow Dirichlet
boundaries for problems containing interior layers.
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1. Introduction. In many applications, transport processes are the main mechanism de-
termining distributions of the observed physical quantities. Often, the distributions of some
of the quantities are not smooth and contain narrow regions where the quantities change
abruptly. Depending on the application, one speaks about layers, shocks or discontinuities.
When approximating such quantities numerically, the width of the regions where shocks or
layers occur is often much smaller than the resolution of the used mesh. Consequently, the
shocks or layers cannot be resolved properly, which usually leads to unwanted spurious (non-
physical) oscillations in the numerical solution. The attenuation of these oscillations has been
the subject of extensive research for several decades during which a huge number of so—called
stabilized methods have been developed. The stabilizing effect can be often interpreted as the
addition of some artificial diffusion to a standard (unstable) numerical scheme. On the one
hand, this artificial diffusion should damp the oscillations but, on the other hand, it should not
smear the numerical solution. Therefore, the design of a proper stabilization is a very difficult
task.

In the context of finite element methods, a very popular stabilization technique is the
streamline upwind/Petrov—Galerkin (SUPG) method. This method was introduced by Brooks
and Hughes [1] for advection—diffusion equations and incompressible Navier—Stokes equa-
tions. Later this technique has been applied to various other problems, e.g., coupled mul-
tidimensional advective—diffusive systems [8], first-order linear hyperbolic systems [12] or
first—order hyperbolic systems of conservation laws [9]. Because of its structural simplicity,
generality and the quality of numerical solutions, the SUPG method has attracted consider-
able attention over the last two decades and many theoretical and computational results have
been published. It is not the aim of this paper to provide a review of these results and we only
refer to the monograph [16].

For simplicity, we shall confine ourselves to a steady scalar convection—diffusion equa-
tion

(1.1) —eAu+b-Vu=f inQ, u=up ond.
We assume that  is a bounded domain in R? with a polygonal boundary 89, € > 0 is the

constant diffusivity, b is a given convective field, f is an outer source of u, and u; represents
the Dirichlet boundary condition. In the convection—dominated case ¢ < |b], the solution u

*Received January 7, 2008. Accepted for publication June 23, 2008. Published online on January 20, 2009.
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it was partly supported by the Grant Agency of the Czech Republic under the grant No. 201/08/0012.
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typically contains interior and boundary layers. These layers can be divided into characteristic
(interior and boundary) layers and outflow boundary layers; see [16].

The SUPG method produces accurate and oscillation—free solutions in regions where no
abrupt changes in the solution of (1.1) occur but it does not preclude spurious oscillations
(overshooting and undershooting) localized in narrow regions along sharp layers. The mag-
nitude of these oscillations strongly depends on the SUPG stabilization parameter. Unfortu-
nately, a general ‘optimal’ choice of this parameter is not known. Theoretical investigations
of model problems only provide asymptotic behaviour of this parameter (with respect to the
mesh width) and certain bounds for which the SUPG method is stable and leads to (quasi—)
optimal convergence of the discrete solution. However, it has been reported many times that
the choice of the stabilization parameter inside these bounds may dramatically influence the
accuracy of the discrete solution.

Recently, a new definition of the SUPG stabilization parameter on elements intersecting
an outflow Dirichlet boundary was proposed in [13]. In contrast to other approaches, the
parameter on a given element depends on the shape and orientation of neighbouring elements
and the convection vector b on these elements. Numerical results in [13] show a significant
reduction of spurious oscillations in SUPG solutions in comparison to usual choices of the
stabilization parameter while accuracy away from layers is preserved. For simple model
problems, even nodally exact solutions are obtained.

The aim of this paper is to discuss the application of the new stabilization parameter to
problems involving both boundary and interior layers. Since the choice of the stabilization
parameter at interior layers has only a limited influence on the spurious oscillations appearing
in these regions (see, e.g., [14]), we shall also apply the discontinuity—capturing crosswind—
dissipation method [6] as an additional stabilization. We shall demonstrate that the combina-
tion of the new definition of the SUPG stabilization parameter and the discontinuity—capturing
crosswind—dissipation method provide fairly satisfactory approximations of solutions to (1.1).
Furthermore, we shall show how the quality of a SUPG solution can be improved by small
modifications of the mesh.

The plan of the paper is as follows. Section 2 formulates the SUPG method and Section 3
describes the discontinuity—capturing crosswind—dissipation method as an example of spuri-
ous oscillations at layers diminishing (SOLD) methods. In Section 4 the SUPG stabilization
parameter of [13] is briefly introduced. Section 5 compares this definition of the stabilization
parameter with an approach by Madden and Stynes. Finally, various numerical results for
problems involving interior layers are presented in Sections 6 and 7. The paper is closed by
conclusions in Section 8. Throughout the paper, we use the standard notations P (), L2(2),
HY(Q) = WH2(Q), etc., for the usual function spaces; see, e.g., [5]. For a vector a € R?,
we denote by |a| its Euclidean norm.

2. The SUPG method. Let 7} be a triangulation of the domain € consisting of a finite
number of open triangular elements K. Further, we assume that Q = |J KeT, K and that the
closures of any two different elements of 7}, are either disjoint or possess either a common
vertex or a common edge.

We define the finite element spaces

Wi ={ve H(Q); v|x € Pi(K) YK €T}, Vi =W, N H ().

Denoting by upp, € W}, a function whose trace approximates the boundary condition u, the
SUPG method for the convection—diffusion equation (1.1) reads:
Find up, € Wy, such that up, — upp, € Vp and

2.1) &(Vup,Vur) + (b-Vup,vp +7b-Vup) = (f,op +7b- Vup) Yo € Vg,
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where (-, -) denotes the inner product in L2(£2) or L2(2)? and 7 is a nonnegative stabilization
parameter.

The choice of 7 significantly influences the quality of the discrete solution and therefore
it has been a subject of an extensive research over the last three decades; see, e.g., the review
in the recent paper [10]. Nevertheless, the definitions of 7 mostly rely on heuristic arguments
and a general ‘optimal’ way of choosing 7 is still not known. Often, the parameter 7 is
defined, on any element K € T, by

2.2 = — th Pepgr — —— th Pegx = —

(2.2) Tk 270 (co ex PeK)’ wi ex 9z

where hx is the element diameter in the direction of the convection vector b. Various justi-
fications of this formula can be found in [10]. Note that, generally, the parameters hx, Pex
and 7| are functions of the points x € K.

3. SOLD methods. In the convection—dominated regime, the SUPG solutions typically
contain oscillations in layer regions. Therefore, various stabilizing terms have been proposed
to be added to the SUPG discretization in order to obtain discrete solutions in which the
local oscillations are suppressed. In [10, 11], such techniques are called spurious oscilla-
tions at layers diminishing (SOLD) methods. Other names are shock—capturing methods or
discontinuity—capturing methods.

A review of most SOLD methods published in the literature can be found in [10]. Ac-
cording to the numerical and analytical studies in [10, 11], one of the best SOLD methods
is a modification of the discontinuity—capturing crosswind—dissipation method by Codina [6]
proposed in [10]. This method adds the term

3.1 (b - Vup,b* - Vun),  with blzi(_lﬁ)’lbl)

to the left-hand side of the SUPG discretization (2.1) and hence introduces an additional
artificial diffusion in the crosswind direction (in the three—dimensional case, the operator
bl - V is replaced by the projection of V into the plane orthogonal to b). The parameter & is
defined, for any K € Tp, by

(3.2) 2, = max {0, o diam(K) |Ba(un)| E} ,

2|Vuh|

where Rp(u) = b - Vu — f is the residual and C is a suitable constant. Codina [6] rec-
ommended to set C' ~ 0.7 for linear finite elements and this value was also used in the
computations presented in Sections 6 and 7. If Vup = 01in (3.2), we set& = 0. For f = 0
(which will be the case in the examples presented in this paper), € is equal to the parameter
proposed by Codina [6]. Note that £ depends on the unknown discrete solution uj, and hence
the resulting method is nonlinear.

There are also SOLD terms for which the validity of the discrete maximum principle can
be proved; see, e.g., [2, 3]. Unfortunately, such methods do not attain the quality of the above
mentioned method by Codina since they usually lead to considerable smearing of layers; cf.,
e.g., [10]. Moreover, it is often very difficult to compute the solution of the nonlinear discrete
problem.

Numerical tests in [ 10] revealed that the SOLD methods significantly improve the quality
of a SUPG solution only if the SUPG method adds enough artificial diffusion in the streamline
direction. This showed the necessity to reconsider the definition of the SUPG stabilization
parameter.
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4. SUPG stabilization parameter defined using patches of elements. It was demon-
strated in [13] that the information available on a particular element of the triangulation is
not sufficient for defining the stabilization parameter 7 in an optimal way and that the orien-
tation of the neighbouring elements has to be taken into account. Therefore, a new definition
of T appropriate for elements lying at an outflow Dirichlet boundary was proposed in [13]
employing information on patches of elements.

Let us mention that an appropriate definition of 7 at outflow Dirichlet boundaries is im-
portant also in real-life applications although sometimes it is claimed that outflow boundary
layers are mainly encountered in academic problems. Of course, it is true that, in computa-
tional fluid dynamics (CFD), outflow boundaries are often artificial boundaries at which no
layers occur. However, also in CFD applications, outflow boundary layers may occur when
problems with moving boundaries are considered. Moreover, there are many other applica-
tions leading to convection—diffusion equations whose solutions possess outflow boundary
layers in the sense considered in this paper although the vector b often cannot be interpreted
as convection. For example, magnetohydrodynamical pipe flow may lead to the convection—
diffusion equation (1.1) with b = (1,0) and up = 0; cf., e.g., [7]. In this case, Q is the
cross—section of the pipe and the parameter € is the reciprocal of the Hartmann number so
that it can be very small.

Let us introduce the outflow Dirichlet boundary

r=Txean; G- >0,

where 7 is the unit outward normal vector to 9€2. For simplicity, we assume that I" is con-
nected and consists of whole boundary edges of Tp. We set

G}, = interior U K, where G, ={K € T,; KNT # 0},
Kegn

and denote by ¢4, ..., ¢, all standard basis functions of V}, satisfying
supp; NG # 0, i=1,..., M.

Fori =1,..., M}, let x; be the vertex associated with the basis function ¢, i.e., p;(x;) =1
and ¢;(x) = 0 for any vertex x # X;.
The idea of defining 7 is to require that

/ vp+7b-Vupdx=0 Vop €Vy,
Gn
which can be equivalently written in the form
/ ;i +7b-Vyp;dx =0, i=1,..., M.
Gh

This suppresses the influence of the Dirichlet boundary condition onto the values of the SUPG
solution at interior vertices near I'. In other words, it increases the upwind character of the
method near I". The efficiency of this approach also depends on the used triangulation, in
particular, on its alignment with the boundary.
To obtain a method which is applicable also for small values of the Péclet number, we
set, on any element K € Gy,
_ |bk|hk

1
4.1 = th Pepr — —— ith Peg =
4.1) Tlg = Tolr (co eK PeK) , Wi ex 5o
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where

1
sz—/ bdx
K| Jx

and 7y is a piecewise constant function on G, satisfying
“4.2) / (p,'—i-Tob'V(pz’dX:O, i1=1,..., M.
Gh

On elements K € Ty \ Gy, we define 7 by (2.2) with b replaced by b .

The relations (4.2) do not determine 79 uniquely. However, it was shown in [13] that
there always exists 7p, such that (4.2) holds at least for vertices x; which are not contained
in elements sharing with I" only the end points of I'. A detailed algorithm for computing ¢
applicable to general triangulations can be found in [13]. Here we mention only the basic
idea.

Since it is generally not possible to fulfil (4.2) elementwise, we first determine 7y on
elements having only one vertex on I'. Consider any vertex z € I and let G, be the union of
all elements sharing with I" only the vertex z. If z is not an end point of T', then it is possible
to define 79 on G, in such a way that

/ (,Di—{-Tob'V(pidX:O
Gy

at least for all x; which are not contained in elements sharing two vertices with I'. Now it is
easy to define 79 on elements sharing two vertices with I in such a way that (4.2) holds.

5. Comparison with the approach by Madden and Stynes. In some cases the param-
eter 7 defined in the preceding section coincides with the stabilization parameter introduced
by Madden and Stynes [14]. In this section, we compare these two choices for the following
very simple model problem.

EXAMPLE 5.1. We consider the problem (1.1) with

5.1 2=(0,1)3% e=1078, b = (cos(m/3), —sin(r/3)), f=0,

and

0 forx=1ory =0,
up(2,y) = { 1 else. i’

If we use a triangulation of the type from Figure 5.1(a) with the same mesh width h in
both the horizontal and the vertical directions, the SUPG solution with 7 defined by (2.2)
contains large spurious oscillations along both outflow boundary layers; see [13]. On the
other hand, if we define 7 as in the preceding section, we obtain a nodally exact solution.
This also can be verified by simple theoretical considerations.

Usually, there are many possibilities how to define a piecewise constant function 7
satisfying (4.2). Particularly, in the present example, we can use 79 which is constant for
¢ < 1—2hand fory > 2h. Then 7o = 1h/|bs] = h/V/3 in the former case and
To = %h/ by = h in the latter case. These values also can be obtained by the approach
of Madden and Stynes [14] who adjusted the SUPG parameter in boundary layer regions in
such a way that the artificial diffusion added by the SUPG method in the normal direction to
an outflow boundary equals to the optimal value known from the one—dimensional case. Con-
sequently, the approach of Madden and Stynes leads to a discrete solution which is nodally
exact except in a small neighbourhood of the corner (1, 0).
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(a) (b) ()

F1G. 5.1. Triangulations of the unit square.

If we use a triangulation which is irregular along the outflow boundary, simple ap-
proaches like the one of Madden and Stynes typically do not work properly. As an example,
let us consider the triangulation of Figure 5.1(c). Figure 5.2(a) shows that the approach of
Madden and Stynes does not give a satisfactory solution, which is due to the fact that the
irregular triangulation does not allow to locally reduce the problem to the one—dimensional
case. Nevertheless, the solution in Figure 5.2(a) is much better than for 7 defined by (2.2).
The discrete solution corresponding to 7 defined in Section 4 is still nodally exact; see Fig-
ure 5.2(b).

A tuning of the SUPG parameter on elements intersecting an outflow boundary was also
proposed by do Carmo and Alvarez [4]. However, on uniform triangulations like in Fig-
ure 5.1(a), the parameter 7 would have the same value on all elements intersecting the outflow
boundary, which does not enable the computation of both boundary layers of Example 5.1
sharply.

(a) (b)

Fi1G. 5.2. Example 5.1, SUPG solutions computed on the triangulation from Figure 5.1(c): (a) T defined
according to Madden and Stynes [14], (b) T defined by (4.1).

6. Example with an interior layer originating from a discontinuous boundary con-
dition. In this section, we investigate the problem of Example 5.1 with another discontinuous
boundary condition:

EXAMPLE 6.1. We consider the problem (1.1) with (5.1) and

0 forx =1ory <0.7,
up(2,y) = { 1 else. =
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FIG. 6.1. Example 6.1, 21 x 21 triangulation of the type from Figure 5.1(b): (a) SUPG method with T from
(2.2), (b) SOLD method with T from (2.2) and SOLD term (3.1), (3.2), (c) SUPG method with T defined by (4.1), (d)
SOLD method with T defined by (4.1) and SOLD term (3.1), (3.2) applied away from the boundary layers.

The solution u possesses an interior (characteristic) layer in the direction of the convection
starting at (0,0.7). On the boundary 2 = 1 and on the right-hand part of the boundary y = 0,
exponential layers are developed.

To discretize this example, we use a triangulation of €2 of the type shown in Figure 5.1(b)
containing 21 x 21 vertices. If we solve Example 6.1 using the SUPG method with the
stabilization parameter 7 defined by (2.2), we obtain a solution with spurious oscillations
along the interior layer and along the boundary layer at z = 1; see Figure 6.1(a). One
possibility to suppress these oscillations is to apply a SOLD method. If we add the SOLD
term (3.1) with & defined by (3.2) to the SUPG discretization just applied, we obtain the
solution depicted in Figure 6.1(b). This solution is oscillation—free, however, the boundary
layers are smeared. It is possible to adjust the constant C' in (3.2) in such a way that this
smearing is avoided; cf. [11]. But, in general, the appropriate value of C is not known.
On the other hand, if we apply the SUPG method with 7 defined in Section 4, the discrete
solution possesses sharp oscillation—free boundary layers; see Figure 6.1(c). Of course, along
the interior layer, the solution is the same as in Figure 6.1(a) since we use the same values
of 7 in this region. The oscillations along the interior layer can be suppressed by using the
additional SOLD term (3.1), (3.2). However, since we now know that the parameter 7 from
Section 4 suppresses oscillations along boundary layers, it suffices to add the SOLD term only
on elements which do not intersect the outflow boundary. Then we obtain the oscillation—free
solution depicted in Figure 6.1(d) with sharp boundary layers and an acceptable smearing of
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the interior layer.

For more general problems and triangulations, we can not guarantee that the SUPG
method with 7 from Section 4 completely removes oscillations at boundary layers. Nev-
ertheless, numerical results in [13] show that the oscillations are significantly suppressed.
Therefore, the SOLD term would be applied also in the boundary layer region but with a
much smaller parameter C' than in the interior of the computational domain.

Let us mention that it cannot be generally expected that the oscillations along interior
(or more generally characteristic) layers will be significantly suppressed by an appropriate
choice of the stabilization parameter 7. Indeed, characteristic layers follow the streamlines
and the SUPG method contains no mechanism for stabilization in the direction perpendic-
ular to streamlines where spurious oscillations occur. Therefore, an oscillation—free SUPG
approximation of a characteristic layer can be obtained only by introducing an additional
crosswind diffusion like above or by using a layer—adapted mesh; see, e.g., [15].

7. Examples with interior layers behind an obstacle. In this section, we shall consider
the computational domain

Q= {(z,y) € (-1,1)%; |z[+[y| > 3}.

Three structured triangulations of {2 which will be discussed in this section are depicted in
Figure 7.1. The square hole in Q2 can be viewed as an obstacle inside the computational
domain. We shall start with the following setting.

(a) (b) ()

FIG. 7.1. Structured triangulations of the domain § from Section 7.

EXAMPLE 7.1. We consider the problem (1.1) with the above domain {2 and e = 1078,
b=(1,2), f=0,and

1 for || + |y| = L
ub(x,y):{ 0 elsel. - ’

In view of the boundary conditions, the obstacle inside the flow field gives rise to two
interior layers. Moreover, there is a boundary layer at the front part of the obstacle (with
respect to the flow) and a boundary layer at a part of the boundary of (—1,1)2 behind the
obstacle.

We shall first consider the triangulation depicted in Figure 7.1(a). If we compute an ap-
proximation of the solution to Example 7.1 using the SUPG method with 7 defined by (2.2),
we obtain a solution with spurious oscillations at all four layers; see Figure 7.2(a). An ap-
plication of the SOLD method (3.1), (3.2) is now not able to suppress the oscillations aty = 1
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(a) (b)

©) (d)

F1G. 7.2. Example 7.1, triangulation from Figure 7.1(a): (a) SUPG method with T from (2.2), (b) SOLD
method with T from (2.2) and SOLD term (3.1), (3.2), (c) SUPG method with T defined by (4.1), (d) SOLD method
with T defined by (4.1) and SOLD term (3.1), (3.2).

sufficiently; see Figure 7.2(b). At the remaining three layers the oscillations are removed.
On the other hand, if we apply the SUPG method with 7 defined in Section 4, we obtain
sharp approximations of both boundary layers without any oscillations; see Figure 7.2(c). An
addition of the SOLD term (3.1), (3.2) removes to a large extent also the oscillations at the
interior layers; see Figure 7.2(d). We observe that both boundary layers are approximated
significantly better than in case of the solutions from Figures 7.2(a) and 7.2(b).

The results in Figure 7.2 demonstrate that it is essential to define the parameter 7 (and
also the mesh as we shall see in the following) in such a way that the spurious oscillations
in the SUPG solution are as small as possible. Otherwise the addition of a SOLD term
cannot be expected to lead to an oscillation—free solution (unless we use a very diffusive
method, which typically leads to an excessive smearing of the layers). This is true for all
the SOLD methods reviewed and investigated in [10, 11]. Note also that it is generally not
possible to remove spurious oscillations at outflow Dirichlet boundaries by simply increasing
the parameter 7 since the oscillations are influenced not only by the magnitude of 7 but
also by the relation between values of 7 on neighbouring elements. Moreover, such simple
approaches are usually not able to suppress spurious oscillations without smearing the layers.
Therefore, more complicated definitions of 7, such as the one described in Section 4, seem to
be unavoidable.
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Fi1G. 7.3. Example 7.2, triangulation from Figure 7.1(a): (a) SUPG method with T from (2.2), (b) SOLD
method with T from (2.2) and SOLD term (3.1), (3.2), (c) SUPG method with T defined by (4.1), (d) SOLD method
with T defined by (4.1) and SOLD term (3.1), (3.2).

Now we investigate the following simpler situation.

EXAMPLE 7.2. We consider the problem (1.1) with the same data as in Example 7.1
except for b which is defined by b = (0, 1).

In this case the convection and hence also the interior layers are aligned with the mesh
and we may expect better properties of discrete solutions. Indeed, the SUPG solution for
7 defined by (2.2) (see Figure 7.3(a)) approximates the boundary layers much better and
all oscillations can be removed by introducing the SOLD term considered above (see Fig-
ure 7.3(b)). The SUPG solution with 7 defined by (4.1) now differs from the SUPG solution
with 7 defined by (2.2) only by better approximations in the middle of boundary layers; see
Figure 7.3(c). However, after adding the SOLD term, the difference between the two choices
of 7 is much larger; cf. Figures 7.3(b) and 7.3(d). For 7 defined by (4.1), the approximation
of boundary layers is much better but, at the same time, the suppression of oscillations at
the beginning of the interior layers is worse. This is probably connected with the fact that
the definition of 7 from Section 4 tries to assure that the piecewise linear interpolate of u is
(at least locally) the solution of the SUPG discretization, which is not allowed by the used
triangulation.

Let us now look closer at the oscillations in the SUPG solutions along the interior layers.
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(2) (b)

FI1G. 7.4. Example 7.2, triangulation from Figure 7.1(b), SUPG method: (a) T defined by (2.2), (b) T defined
by (4.1).

We denote by x4 = (:I:%, 0) the two vertices of the obstacle where the interior layers begin
and by I'? the part of the boundary of the obstacle consisting of points with a nonpositive
vertical coordinate. Then I'? represents an outflow Dirichlet boundary and x4 are the end
points of I'°. Furthermore, we denote by G}, the set G, corresponding to I'?; see Section 4.
A careful inspection of elements near the vertices x.+ shows that the interpolant of © cannot
be the SUPG solution for any choice of 7. Moreover, the conditions (4.2) cannot be satisfied
for some vertices x; connected by an edge with x4 or x_. To improve the quality of the
SUPG solution in a neighbourhood of x (say), we proceed in the following way. First, we
denote by xﬂr the neighbouring vertex of x4 lying on I'? and by x§ the remaining vertex of
the element possessing the vertices x and xi. Then we go through the vertices on 0G \ I'®
in the order in which they are connected by edges, starting with the vertex connected with x
by an edge lying on 8G¢, and we find the first vertex X for which the open triangle with the
vertices X, xi, X lies in 2 and satisfies the required minimal angle condition. If X # x5,
we change the triangulation in such a way that we delete the edges connecting the vertex x
with the vertex x4 and the vertices on dG7j, between x§ and X and we introduce new edges
which connect the vertex x!, with the vertex X and the vertices on 0G7, between x¢ and X.
The elements containing any of the vertices lying on 0G', between x and X are removed
from the definition of the set Gf,. Analogously, we proceed for the vertex x_. Then, using the
algorithm from [13], we can compute a piecewise constant function 79 on G¢, such that the
requirement (4.2) is satisfied. In case of the triangulation from Figure 7.1(a), the described
changes of the triangulation concern two elements at each of the vertices x4 and x_; see the
modified triangulation in Figure 7.1(b). Note that such modifications of the triangulation can
be performed a priori in the framework of a computer code.

Further improvements of the SUPG solution can be achieved a posteriori at places where
the computer code detects that an interior layer meets a boundary layer. In the present case
this happens at the boundary y = 1. Here it is desirable to change the direction of the ‘diag-
onal’ edges. For simplicity, we made this change along the whole boundary y = 1 although
it would be sufficient only in a neighbourhood of the interior layer; see again Figure 7.1(b).

On the modified triangulation shown in Figure 7.1(b), the solution of the SUPG method
with 7 defined by (4.1) is almost nodally exact; see Figure 7.4(b). The only discrepancies
appear in the neighbourhood of points where the interior layers meet the boundary y = 1. In
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() (b) (©)

FI1G. 7.5. Unstructured triangulations of the domain § from Section 7.

fact, the definition of 7 could be modified in such a way that the discrete solution is nodally
exact also in these regions, however, such modifications cannot be easily performed in an
automatic way in the framework of a computer code. Let us also mention that the SUPG
solution for 7 defined by (2.2) is worse on the triangulation from Figure 7.1(b) than on the
triangulation from Figure 7.1(a); see Figure 7.4(a). Moreover, the SOLD method (3.1), (3.2)
is not able to remove the overshoot in the neighbourhood of the point (0, 1).

It should be emphasized that a SUPG solution like in Figure 7.4(b) can be obtained only
for special triangulations. As soon as the interior layers will cross elements of the triangu-
lation, like in case of the triangulation in Figure 7.1(c), spurious oscillations will appear and
the application of a SOLD method will be necessary.

Finally, let us discuss the application of the techniques treated in this paper on unstruc-
tured meshes. We shall consider the triangulation depicted in Figure 7.5(a) which contains
approximately the same number of elements as the structured triangulation in Figure 7.1(a).
Figures 7.6(a) and 7.6(b) show the SUPG solutions of Example 7.2 for 7 defined by (2.2)
and (4.1), respectively, computed on this unstructured triangulation and we observe that both
solutions contain unacceptable spurious oscillations. In case of 7 defined by (4.1), the oscil-
lations are partially caused by the fact that the unstructured triangulation does not satisfy the
assumptions used in [13] for deriving the conditions (4.2). More precisely, the triangulation
should be constructed in such a way that the part of the boundary of the set G, lying in 2
copies the outflow boundary I'. This requirement can be easily satisfied by shifting some
of the vertices of the triangulation shown in Figure 7.5(a). In addition, we modify the tri-
angulation in the neighbourhoods of the vertices x1 as described above, which leads to the
triangulation depicted in Figure 7.5(b). The corresponding SUPG solution with 7 defined
by (4.1) approximates very well the boundary layers but possesses still spurious oscillations
along the interior layers as we can observe in Figure 7.6(c). These oscillations can be re-
moved by aligning edges of the triangulation with the interior layers; see Figures 7.5(c) and
7.6(d). The quality of the triangulation in Figure 7.5(c) could be improved but our aim was
only to show that simple shifting of vertices of the triangulation leads to an almost perfect
SUPG solution. Let us mention that, for 7 defined by (2.2), the magnitude of spurious oscil-
lations in the SUPG solution even increases if the triangulation from Figure 7.5(a) is replaced
by the triangulations from Figures 7.5(b) or 7.5(c).

The above results show that the construction or adaptation of the triangulation is very
important for the quality of the discrete solution. Although small deviations from an optimal
mesh alignment do not lead to a dramatic deterioration of the discrete solution, it is difficult
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(a) (b)

(© (d

FI1G. 7.6. Example 7.2, SUPG method: (a) T defined by (2.2), triangulation from Figure 7.5(a), (b) T defined
by (4.1), triangulation from Figure 7.5(a), (c) T defined by (4.1), triangulation from Figure 7.5(b), (d) T defined by
(4.1), triangulation from Figure 7.5(c).

to quantify the sensitivity of the discrete solution to the mesh since spurious oscillations are
significantly influenced by mutual orientation of neighbouring elements of the triangulation.

Finally, let us mention that it is completely open to what extent the presented techniques
can be extended to the three—dimensional case.

8. Conclusions. In this paper, we discussed properties of the SUPG finite element
method applied to the numerical solution of two—dimensional steady scalar convection—diffu-
sion equations. We demonstrated that the choice of the SUPG stabilization parameter pro-
posed in [13] together with an application of the discontinuity—capturing crosswind—dissipa-
tion method [6] leads to satisfactory discrete solutions in the convection—dominated case.
Further numerical results show that the quality of the SUPG solution can be significantly
improved if an appropriate mesh is used.
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1. Introduction

The numerical solution of challenging problems in various engi-
neering applications is in general not possible with standard meth-
ods that are based, e.g., on central finite differences or the Galerkin
finite element method. More sophisticated schemes become neces-
sary that are designed to tackle the special difficulties of the under-
lying problem.

An example, that will be considered in this paper, are scalar
convection-dominated convection-diffusion equations. Solutions
of these equations exhibit very fine structures, so-called layers,
which cannot be resolved on meshes that are not extremely fine,
at least locally. Standard discretizations lead to solutions that are
globally polluted by large spurious oscillations. In practice, stabi-
lized methods are used. These methods introduce artificial diffu-
sion. The difficulty consists now in defining the correct amount
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of diffusion at the correct positions in the correct directions (aniso-
tropic diffusion) such that numerical solutions with sharp layers
and without spurious oscillations are obtained. A method that is
optimal with respect to all criteria does not exist yet. Many pro-
posed stabilized methods include so-called stabilization parame-
ters. Often, the asymptotic choice of these parameters is known,
e.g., that they should be proportional to the local mesh width.
However, in practice, the proportionality factor has to be chosen.
There is the experience that different choices of such factors might
lead to considerably different numerical solutions. Moreover, the
asymptotic choice of the stabilization parameters is based on glo-
bal stability and convergence analysis. Local features of solutions,
like layers, are not taken into account in this analysis.

We would like to mention a second example that demonstrates
the difficulties of choosing parameters in numerical simulations —
Large Eddy Simulation (LES) of turbulent flows. Turbulent flow
simulations require the use of some turbulence model. An often
used, so-called eddy viscosity model, is the Smagorinsky model
[40]. This model is based on some insight into the physics of turbu-
lent flows and it finally introduces a nonlinear viscosity into the
discrete equations. It is rather easy to implement and very well
understood from the point of view of mathematical analysis [32].
The derivation of the Smagorinsky model is based on some propor-
tionality relations such that at the end a proportionality factor oc-
curs. Experience shows that the use of a constant for this factor
does not lead to good results. Instead, this factor has to be adapted
to the local features of the turbulent flow field. An approach in this
direction is the dynamic Smagorinsky model [12,33]. Despite all
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drawbacks, e.g., see [24], the dynamic Smagorinsky model is one of
the most often used and most successful LES models. Nowadays,
there is another approach to control the influence of the Smagorin-
sky model - Variational Multiscale (VMS) methods. These methods
try to select appropriate scales to which this model is applied
[20,15,25,26]. Turbulent flow simulations are a typical example
where principal forms of models are known but the results ob-
tained with these models depend on the correct setting of param-
eters. There are many more numerical methods that require the
choice of parameters and for which an a posteriori choice would
greatly improve the ability to use them in applications. The a pos-
teriori choice of parameters seems to be a widely open and chal-
lenging task in scientific computing.

The idea of choosing parameters in numerical methods a poste-
riori is not new, the dynamic Smagorinsky model was already
mentioned. In essence, this method computes two (or more) dis-
crete solutions in different ways and the parameter choice is based
on comparing them. This idea was recently carried over to scalar
convection-diffusion equations in [1], based on the work from
[35]. In this approach, the different solutions are computed on
coarser mesh(es). On the coarser meshes, information on the
respective stabilization parameters are derived which are used to
update the stabilization parameters on the fine mesh. A severe
drawback of this approach is that the dimension of the parameter
space is not allowed to exceed the dimension of the respective test
function space. Therefore, the approach cannot be applied to the
optimization of stabilization parameters in discretizations with
first order finite elements as considered in this paper. Moreover,
the methodology seems to be only simple for a few globally con-
stant parameters, which is explicitly not the goal of our approach.
Another method which determines the stabilization parameter on
the basis of two solutions was presented in [36]. In this method,
the residuals and their derivatives are used to compute a charac-
teristic length scale which enters the formula for the stabilization
parameter. The computations of the stabilization parameters in
[36] are restricted to convection-diffusion equations in one dimen-
sion and a generalization to more dimensions is not obvious. A
method for hyperbolic conservation laws in one dimension can
be found in [10]. In this paper, the streamline-diffusion stabiliza-
tion parameter and an adaptively refined grid are computed a pos-
teriori. The adaptive algorithm uses the Dual Weighted Residual
(DWR) approach [2,3] with a backward-in-time dual problem. An
iterative procedure based on equilibrating components of the error
estimator is used to compute the stabilization parameters and the
grids. This method was extended to one-dimensional nonlinear
convection-diffusion-reaction equations in [18].

The present paper considers the Streamline-Upwind Petrov-
Galerkin (SUPG) finite element method for scalar convection-
dominated convection-diffusion equations introduced in [21,4].
Although a number of other stabilized finite element methods have
been developed in the past decades, the SUPG method is still the
standard approach. In essence, this method adds numerical diffu-
sion in streamline direction. The amount of diffusion depends on
local stabilization parameters. There are different formulae for
these parameters whose asymptotics are the same, see [27] for a
discussion of parameter choices. The properties of solutions ob-
tained with the SUPG method are well known: sharp layers at
the correct positions are computed, but non-negligible spurious
oscillations occur in a vicinity of layers. These oscillations make
the use of the SUPG method in applications difficult as they corre-
spond in general to unphysical situations, like negative concentra-
tions. There have been a large number of attempts to improve the
SUPG method in order to get rid of these oscillations while preserv-
ing its good properties. However, none of these so-called Spurious
Oscillations at Layers Diminishing (SOLD) methods turned out to
be entirely successful [27,28].

To improve the solutions obtained with the SUPG method, the
present paper pursues a different approach than the SOLD meth-
ods. It relies on the optimization of the stabilization parameter,
however, in contrast to [1,10,18,36,35], the parameter optimiza-
tion is formulated as minimization of some functional. This is a
nonlinear constrained optimization problem that has to be solved
iteratively. A key component of this approach consists in the effi-
cient computation of the Fréchet derivative of the functional with
respect to the stabilization parameter. This is achieved by utilizing
an adjoint problem with an appropriate right-hand side. The aim of
the present paper is to provide a new general framework for the
optimization of parameters in stabilized methods for convection-
diffusion equations and to demonstrate exemplarily the benefits
of this approach. A comprehensive discussion of the choice of
appropriate target functionals is postponed to the second part of
this paper.

The paper is organized as follows. Section 2 presents the equa-
tion and the SUPG method. A general approach for computing the
Fréchet derivative of a functional that depends on the numerical
solution with respect to parameters in the numerical method is
presented in Section 3. This approach is applied to the SUPG meth-
od in Section 4. Section 5 contains a proof of concept. It is demon-
strated that errors to known solutions can be reduced by using as
functional the error in some norm. For problems with unknown
solutions, Section 6 illustrates the application of the a posteriori
parameter choice based on the minimization of a residual-based
a posteriori error estimator, an error indicator, and a functional
that includes the crosswind derivative of the computed solution.
The most important conclusions, open problems, and an outlook
are presented in Section 7. Throughout the paper, standard nota-
tions are used for usual function spaces and norms, see, e.g., [6].
The notation (-,-)c with a set G c R?, d = 1,2, 3, is used for the in-
ner product in the space L%(G) or L%(G)%, with (-,-)=(-,-)e.

2. The convection-diffusion problem and its SUPG stabilization

Consider the scalar convection-diffusion problem

ou
u=u,onI® e—=gonl™

on
)]

Here, Q c RY, d=2,3, is a bounded domain with a polyhedral
Lipschitz-continuous boundary 9@ and I'°, I'V are disjoint and
relatively open subsets of 9Q satisfying measy_{(I'°)>0 and
I’ U™ = 2Q. Furthermore, n is the outward unit normal vector
to 0Q, ¢ > 0 is a constant diffusivity, b € W'>(Q)? is the flow veloc-
ity, c € L(€2) is the reaction coefficient, f e L*(Q) is a given outer
source of the unknown scalar quantity u, and u, € HY3(I?),
g e LI are given functions specifying the boundary conditions.
The usual assumption that

—&eAu+b-Vu+cu=finQ,

c—%divb >0 @)

with a constant ¢, is made. Moreover, it is assumed that
{x €3Q;(b-n)(x) <0} c I'°, €)

i.e., the inflow boundary is a part of the Dirichlet boundary I"°.

This paper studies finite element methods for the numerical
solution of (1). To this end, (1) is transformed into a variational for-
mulation. Let ii, € H'(Q) be an extension of u, (i.e., the trace of ii,
equals u, on I'°) and let

V={veH(Q); v=0onT")}.
Then, a weak formulation of (1) reads: Find u e H'(Q) such that
u—1u,€Vand

au,v)=(f,v)+ (g v)w YveV, (4)
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where
a(u,v) =&(Vu,Vo) + (b- Vu, v) + (cu, v).

In view of (2) and (3), the weak formulation (4) has a unique
solution.

Let {7}, be a family of triangulations of € parameterized by
positive parameters h whose only accumulation point is zero.
The triangulations 7, are assumed to consist of a finite number
of open (mapped) polyhedral subsets K of @ such that
Q = Ugcr, K and the closures of any two different sets in 7, are
either disjoint or possess either a common vertex or a common
edge or (if d=3) a common face. Further, it is assumed that any
edge (face) of 7, which lies on 92 is contained either in I'® orin
.

For each h, a finite element space W}, ¢ H'(2) defined on 7, and
approximating the space H'() in the usual sense is introduced,
see, e.g., [6]. Furthermore, for each h, let u1,, € W, be a function
whose trace on I'® approximates u,. Finally, we set V, =W, N V.
Then, the Galerkin discretization of (1) reads: Find u, € W), such
that u, — iy, € V, and

a(up, vy) = (f, vn) + (&, Un) v

Again, this problem is uniquely solvable. As discussed in the intro-
duction, the Galerkin discretization (5) is inappropriate if convec-
tion dominates diffusion since in this case the discrete solution is
usually globally polluted by spurious oscillations. An improvement
can be achieved by adding a stabilization term to the Galerkin dis-
cretization. One of the most efficient procedures of this type is the
SUPG method [21,4] that is frequently used because of its stability
properties, its higher-order accuracy in appropriate norms, and its
easy implementation, see, e.g., [37].

The SUPG stabilization depends on a stabilization parameter
that will be denoted by y;, in the following. It is assumed that all
admissible stabilization parameters are contained in a finite-
dimensional space Y, C L*(Q). For example, Y, can consist of
piecewise constant functions with respect to the triangulation 7.

The SUPG discretization of (1) reads: Find u, € Wj, such that
up — ﬂb,, (S V/I and

Yo, € Vp. (5)

a(uh. l/h) +s,,(y,1; Up, Z/h) = (f, Un) + (g, yh)rN + r;.(yh: Uh) Yon € Vy,
(6)

where

Sh(Yn; Un, Un) = (=&AL + b - VUy + cup, yb - Vop),

Th (s vn) = (f,y4b - Von).

The SUPG method requires that the functions from W are H? on
each mesh cell of 7, which is satisfied for common finite element
spaces. The notation A, denotes the cell-wise defined Laplace
operator.

A detailed discussion of ways that are used in practice for
choosing the stabilization parameter y; in the case of first order fi-
nite elements can be found in [27]. Modifications for higher order
finite elements are discussed, e.g., in [7,9,11]. A common choice is,
for any mesh cell K € 7,

1 _ |b|h1(

he i
yh\KfWC(PeK) with  ¢() = cotho -, Pe TR ™)

where hg is the cell diameter in the direction of the convection vec-
tor b, p is the polynomial degree of the local finite element space,
and Pey is the local Péclet number which determines whether the
problem is locally (i.e., within a particular mesh cell) convection
dominated or diffusion dominated. Note that, generally, the param-
eters hy, Pex and yp|x are functions of the points x € K. The evalua-
tion of the cell diameter in the direction of the convection is
discussed also in [27].

If (2) holds with co > 0, a sufficient condition for the ellipticity of
the bilinear form on the left-hand side of (6) in a standard SUPG
norm is

(diam(K))®> ¢ } @®

0<y, (x)<1min{
<Yn <5 5 y 3
2 &Cny llllo,0x

see [37], where diam(K) denotes the diameter of K, ¢,y is a constant
from the inverse inequality

[Avhllox < Cinv[diam(K)rl\Vh‘l.K Von € Vi,

and ||+||o,...x denotes the L>°(K) norm. The first term in the minimum
in (8) does not appear for P; finite elements and for Q; finite ele-
ments on rectangles since in these cases A,v, =0 for all v, € V).

An important class of convection-diffusion problems possesses
the properties divb =0, e.g., if b is the velocity field of an incom-
pressible fluid, and ¢ = 0. Hence, (2) holds only with cy = 0. For this
class of problems, one can prove the ellipticity of the SUPG bilinear
form (in a weaker SUPG norm than for ¢y > 0) if

(diam(K))?
ec?

inv

0 <yp(x) < , Xek. 9)
For the same reason as above, the bound on the right-hand side of
(9) is not needed if P; finite elements or Q; finite elements on rect-
angles are used.

In the special case of a constant convection field and a uniform
grid, the stabilization parameter given by (7) is the same in all
mesh cells, independently of local features of the solution, like lay-
ers. This does not seem to be an optimal choice. This paper will
present and study an approach for choosing the values of the sta-
bilization parameter locally, based on the minimization of a func-
tional that measures or estimates the accuracy of the computed
solution.

3. Optimization of parameters in numerical methods with
respect to the minimization of a functional

Let us assume that a numerical method for the solution of (1) is
given and let the method depend on a parameter y;, € Y;,. An exam-
ple is the SUPG method (6). Let D;, C Y, be an open set such that, for
any yj € Dy, the considered method has a unique solution u, € Wi,
To emphasize that u, depends on y,, we shall write up(y) instead
of uy, in the following. Let I, : W, — R be a functional such that

Pu(Yn) = In(Un(Yn))

represents a measure of the error of the discrete solution u,(yy) cor-
responding to a given parameter y;,. The aim is to compute a param-
eter y, € Dy for which @, attains a minimum on Dj, or is near to a
minimum (or the infimum) of &, on Dj. This nonlinear minimiza-
tion problem has to be solved iteratively. Reasonable iterative
schemes require at least information on how @, changes if the
parameter y;, is changed, i.e., on the Fréchet derivative of &y,. An effi-
cient way to compute this derivative is needed. Such a way will be
explained in this section.

For any yy, € Dy, it holds uy(y),) = Un(yy) + Upn With @t : Dy — V.
Thus, one does not need to consider the space W}, in the optimiza-
tion process but can work with the space Vj, which is more
convenient.

Denote T/I(Wh) = In(Wy + Upy) for any wy, € Vj,. Then 7/1 V=R
and

®u(yy) = Tn(@n (1)) € Die

Let us assume that the mappings T, = I,(w,) and i1, = i, (y,) are
Fréchet-differentiable. The Fréchet derivatives are denoted by
DI, : Vi — V}, and Dily : Dy — £(Yy, V). Then, the Fréchet derivative
Dy, : Dy — Y}, of &), exists and it is given by
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D4 (yy) = DIy (in(vy))Diin(vy) ¥y € Dy (10

The naive way of using this formula for computing D®.(y;) is very
inefficient as the computation of Duy(y,) requires the solution of
dim Y}, systems of dim V}, algebraic equations.

The problem of efficiently evaluating a derivative of form (10) is
well known, e.g., from optimal control of partial differential equa-
tions. There is a way for obtaining this derivative that is based on
an appropriate adjoint problem, e.g., see [42]. This way will be ap-
plied to the situation considered in this paper. The minimization of
@y, occurs under the condition that uy(yy) should fulfill the discret-
ized partial differential equation (6), i.e., for a residual operator
Ry : Vi x Yy — V}, holds

Ru(n(yn):yn) =0 Vyy € Dy. (11)
For the SUPG method (6), the operator R, is given by
(Ru(Wn, Y1), Un) = a(Wh + Upn, Dp) + Sp(Va; Wh =+ Upn, V)

= (f. vn) — (& vn) v — Tn(Vhs Un)
YUn, Wh € Vi, Yj € Y.

Differentiating (11) with respect to yj, leads to
OwRn(Un(Yn), Yn)DUn(Vy) + OyRu(tn(V4), ¥4) =0 Vy), € D, (12)

provided that the mapping R, = Rn(Wp, Y1) is Fréchet-differentiable.
Note that 9yR,:VyxY,— L(Vy, V) and  9yRy: Vi x Yy —
L(Yh, V}). Assume that there is a mapping ,: Dy — Vi, such that

(D®u(Yy), ¥n) = —((OyRn) (@n(Vp), Yu)Vhs Wn(Vn)) ¥V € Du, Jn € Y.
(13)

Then, according to (12), one obtains

(D@ (Y1), ¥n) = ((OwRn) (Un (Y1), Y ) DUt (V1 )V, 1, (V1))

= ((OwRn) (n (Y1), Y1 )¥rn (Vn), Dilh (y3)9n)
VY4 € Dh, Yu € Y,

where the adjoint operator is defined by

((OwRn)' (Wh, Y1) Un, Dn) = ((OwRn) (Wh, Y1) U, vn)
Y n, Un, Wh € Vi, Yp € Y.

On the other hand, from (10) follows that
(D (Y4), ) = (DIn(in (1)) Dl (V4), )
= (DIy(@n(¥y)), Ditn (y)71)

The two representations of D®y(y;,) suggest to define yr,(yy) as the
solution of the adjoint problem, cf., e.g., [13,38],

(OwRn) (n(V4), Y)W (Vn) = DIn(itn(yn)) V¥, € Dy. (14)

Then p(yy) satisfies (13) and hence the Fréchet derivative of @, is
given by

D®u(yy) = —(9yRn) (n(Yn). Yn)¥n(Va)  ¥¥n € Dy. (15)

The adjoint operator is defined by

Yy, € Dn, Yn € Yi.

((OyRn)' (Wn, Y1) Un, I1) = ((OyRn) (Wh, Y1) ¥h, Un)
VUp, Wi € Vi, Yy, Yn € Y.

To clarify the approach, we would like to give its algebraic version.
All operators and functionals are defined using finite-dimensional
spaces, such that their Fréchet derivatives can be represented
by matrices and vectors. Let y, < D, be given and denote by
D&, € R™MY and DI, € R™9™Vh the vectors representing the deri-
vatives D®(y,) and DT,,(&,, (yn)), respectively. Furthermore, let
Di, € RAMVaxdimy g B o dimVixdimVy 9 q OyRy € RAMVyxdim¥y  pa

the matrices representing the derivatives Dii,(yy,), OwRn(Un(V4), Y1),
and 9,R (U (V;),¥), respectively. Then, equation (10) holds true if
and only if

D®uy = DI,Diiyy Vy € RE™n, (16)
Relation (12) is equivalent to
VIR Dy = —v'9,Ryy Vv € R, (17)

The goal of the adjoint approach consists in reformulating the right-
hand side of (16). To this end, choose v in (17) such that
v'o,R, = DIy, ie.,

¥ :=v = (0,R) DI,

which is the algebraic version of (14). Inserting ¥ into (16) and
using (17) gives

D&y = Y’ O RyDityy = —y O,y ¥y € RAmh,
This is equivalent to
Dy = —y"0,Ry,

that is the algebraic version of (15).
4. Application to the SUPG method

For the SUPG method (6), there are

((OwRn) (W, Y1) On, i) = @(Dn, Un) + Su(Vp; Tn, Un),
((OyRn)(Wh, Y1)Vn: Vn) = Sh(Yn; Wh + Upn, On) — Tn(Vns; Un)

for any y,,yu € Yy and vy, U4, Wy, € V.. Thus, for any yj, € Dj, the aux-
iliary function y,(ys) € Vi, is the solution of

a(vn, Y () + ShWns U ¥ ) = (DIn(n(¥1)), o) You € Vi
(18)

and the Fréchet derivative of @, is given by

(DPu(Yy), ¥n) = —Su(Vn; Un(WVn)s YaWn)) + Th (s ¥ (Vi)

We define Y}, as the space of piecewise constant functions. After
having solved (18) for a given stabilization parameter yj, the Fré-
chet derivative of @ at y, with respect to the stabilization param-
eter is available.

The most popular [34] quasi-Newton method for solving a non-
linear minimization problem is the BFGS (Broyden, Fletcher, Gold-
farb, Shanno) method [5,8,14,39]. This method requires only the
gradient of the functional with respect to the stabilization param-
eter. By measuring the changes of the gradients, it constructs a
model for the functional that delivers information to obtain super-
linear convergence. The cost consists in the storage of the gradi-
ents, which are piecewise constant finite element functions. For
practical reasons, this can be done only for a limited number of
gradients. The resulting algorithm is called limited memory BFGS
or L-BFGS, see Algorithm 7.5 in [34]. This algorithm is used in the
simulations presented below. We could observe a dramatic improve-
ment of efficiency compared with the application of the steepest
descent method which was used in preliminary numerical studies.

The L-BFGS method proposes a search direction for updating the
stabilization parameter in the kth iteration, k > 0. In addition, a
step length o¥) is needed. In our implementation of the method,
the step length is determined such that the decrease of the func-
tional I, is locally maximized. To this end, the initial guess for each
step length o¥) is a value ay;. If the application of oy,; leads to a
reduction of the target functional, the step length will be doubled.
This step is repeated as long as the target functional decreases. If
the application of o;,; does not lead to a reduction of the value of
the target functional, o;,; will be divided by 2. The reduction of o;,;

Vj/h € Yh.
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Fig. 1. Types of triangulations used in the computations (left to right): Grid 1, Grid 2, and Grid 3 (level 1).

will be stopped if either a step length is found that leads to a de-
crease of I or if a minimal value oy, for the step length is ob-
tained. The iteration stops either after reaching a prescribed
maximal number of iterations kpax or if the decrease of the target
functional becomes too slow. The concrete test for the last stopping
criterion is

@ y(k*w) _® y(k)
W < dmina

If the computation of a search direction with L-BFGS is not success-
ful or if the proposed step length becomes smaller than oy;,, L-BFGS
is restarted.

Of course, before the solution with a proposed stabilization
parameter y\**") is computed, the stabilization parameter is always
restricted to admissible values according to (8) and (9). The values
from [17] are used for ¢, in (8) and (9).

In our numerical tests, the initial step length parameter was set
similarly to a proposal from [34]

ol =107,

ini

Db, (yk- DT Aytk-D)
o) :max{min{l,% J10°%Y, k=1,
D&y (y,”) Ay,

k > 10.

where Ay is the search direction proposed by the L-BFGS method
in the kth step. The minimal step length parameter was set to be
Omin = 10712, the maximal number of iterations was prescribed with
Kmax = 10000 (which was never reached), at most 100 gradients in
the L-BFGS method were stored, and the parameter in the stopping
criterion was set to be dii, = 1074, The stabilization parameter was
initialized with the standard choice (7). Most of the computations
were performed and double-checked with two codes, one of them
MooNMD [29].

5. Proof of concept: parameter optimization with respect to
errors

A common approach for supporting error estimates consists in
prescribing a solution of (1), that defines also the right-hand side
and the boundary conditions of (1), and measuring errors of the
numerical solution in certain norms. If errors can be measured, it
should be possible with the proposed methodology to compute a
SUPG stabilization parameter such that these errors are reduced
compared with the standard choice of the SUPG parameter (7). This
section studies this topic.

Numerical studies with respect to the error in the L?(€2) norm
and the H'(Q) semi norm were performed. For shortness, the de-
tailed presentation will be restricted to the error in the L?(©) norm

In(wn) = [|u — wi[[g 0.
Then, the right-hand side of the adjoint problem (18) becomes
(DIn(in(yy)) vh) = ~2(tt = tn(V), V1)- (19)

At the end of this section, some remarks will be given on the error in
the H'(£2) semi norm.

A difficulty consists in finding or defining examples that, on the
one hand, have a known solution and, on the other hand, possess
typical features of solutions of convection-dominated problems,
in particular layers. Below, results obtained with two examples de-
fined in [30] will be presented. The solutions of these examples de-
pend on the diffusion coefficient ¢, and so the right-hand sides do.
As already noticed in [31], high order quadrature rules are neces-
sary to keep the quadrature error for the right-hand side small in
the case of small &. For this reason, the diffusion coefficient was
chosen only three or four orders of magnitude smaller than the
convection in these examples.

Both examples are defined on the unit square. In the computa-
tions, triangular grids (Grid 1 in Fig. 1) with Py, P,, P; finite ele-
ments and square grids (Grid 3) with Q;, Q», Qs finite elements
were used. Level 0 of Grid 1 consists of two triangles and level 0
of Grid 3 of one square. The grids were regularly refined using
so-called red refinement. A quadrature rule that is exact for poly-
nomials of degree 19 was used on triangles and a Gaussian quad-
rature rule that is exact for polynomials of degree 17 on squares.

Example 5.1 (Example with interior layer). This example is given
by @=(0,1% I'’=0Q, ¢=10"* b=(2,3)", c=2. The right-hand
side f and the Dirichlet boundary condition u, are prescribed such
that

u(x,y) =16x(1 - x)y(1 - y)

. (1 . arctan[2¢-1/2(0.25% — (x — 0.5)2 — (y — 05)2)])

2 T

—e— Pl standard
— PI a posteriori
—n— Gg standard
10 B —»—@, a posteriori
—+—Q, standard

10°H —— @, a posteriori

3 4 5 8 7 8
level

Fig. 2. Example 5.1, [%(Q) errors for different finite elements, comparison of
standard parameter choice (7) and the a posteriori choice based on minimizing the
L*(Q) error.
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Fig. 3. Example 5.1, a posteriori defined stabilization parameters; top left: P;, standard parameter y, = 1.294391e — 3; top right: Q;, standard parameter yj, = 1.294391e — 3;
bottom left: P,, standard parameter yj, = 6.433494e — 4; bottom right: Q,, standard parameter y, = 6.433494e — 4; all level 7 (visualization by projection to P; or Q finite

element).

is the solution of (1). The solution has the form of a circular hump in
the center of the domain.

A comparison of the L%(Q) errors obtained with the standard
parameter choice (7) and the a posteriori choice based on the ad-
joint problem with right-hand side (19) is presented in Fig. 2. It
can be observed that the a posteriori parameter choice leads in fact
to solutions with smaller L*(Q) error. Naturally, on finer grids,
where the stabilization looses importance, the error reduction be-
comes smaller. Since the convection is constant, the standard
parameter (7) is constant on a uniform grid, too. Fig. 3 shows the
distribution of the stabilization parameter for different finite ele-
ments on certain grid levels. The corresponding standard parame-
ters are given in the caption. It can be seen that the a posteriori
methodology changes the parameter in the layer, which is not sur-
prising since the stabilization is needed in the layer. On many mesh
cells at the layer, the parameter is increased considerably. A large
stabilization parameter can be observed at the front and at the back
(with respect to the direction of the convection) of the hump. Note,
in few mesh cells at the layer, a reduction of the stabilization
parameter is proposed. This reduction is in general much smaller
than the increase of the parameter in other mesh cells and therefore
it is only visible in the picture for the Q; finite element. In summary,
the main mechanism to reduce the L*(Q) error was always a signif-
icant increase of the stabilization parameter within the layer.

Example 5.2 (Example with boundary layer). This example is
defined by Q=(0,1)%, I'’=0Q, ¢=103 b=(2,3)", and c=1. The
prescribed solution

u(x,y) = xy* — y* exp (@) — xexp <M>

+exp(2(x_1):3<y_l)) ’

defines the right-hand side f and the Dirichlet boundary condition
up. It possesses boundary layers at x=1 and y = 1, see Fig. 7.

Fig. 4 presents comparisons of the L?(Q) errors obtained with
the standard and the a posteriori parameter choices. Clearly, the
a posteriori parameter choice leads always to a reduction of the
L%(Q) errors. However, a higher order of convergence cannot be
observed. A posteriori computed parameters are presented in
Fig. 5. It can be noticed that the optimization of the L%(Q2) error re-
duces the stabilization parameters in the layers.

Concerning the a posteriori parameter choice based on the error
in the H'(Q2) semi norm, we could observe essentially the same
behavior as for the [2(©2) norm: the H'(2) semi norm error be-
comes always smaller than for the solution with the standard
parameter (7). However, sometimes the error reduction is very

10 ]
£ b
§ — G‘ standard
o —e— @, a posteriori
10} —+—P, standard
——P, a posteriori
—_—— Pa standard
—+—P, a posteriori :

4 5 8 7 8
level

Fig. 4. Example 5.2, L% Q) errors for different finite elements, comparison of
standard parameter choice (7) and the a posteriori choice based on minimizing the
1%(Q) error.
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Fig. 6. Left: Example 5.1, Q, finite element and L%(£2) error; right: Example 5.2, P; finite element and H'(£2) semi norm error; comparison of the different parameter choices.

small. Because of the unresolved layers, in particular in Example
5.2, the error in the H'(€) semi norm, computed with the above
mentioned quadrature rules, even grows on coarse grids, compare
Fig. 6.

Considering all three parameter choices (standard, a posteriori
based on L%(Q) error, a posteriori based on H'() semi norm er-
ror), one can observe that the optimization with respect to the er-
ror in one norm might reduce the error in the other norm, too,
compared with the standard parameter choice. But the other error
might also increase, see Fig. 6. Fig. 7 shows stabilization parame-
ters and corresponding solutions with respect to the optimization
of errors in different norms. Whereas the optimization of the
L?(Q) error reduces the parameter in the boundary layers, the
optimization with respect to the error in the H'(2) semi norm in-
creases the parameter in the layer at x = 1. The different effects on
the computed solutions are clearly visible. In the L*(2) error opti-
mized solution, considerable spurious oscillations can be observed
in the layers. They are even larger than in the solution computed
with the standard parameter (7). The solution with H'(€2) semi
norm error optimization looks much better. This comparison
demonstrates already the importance of using an appropriate
measure upon which the a posteriori selection of the parameter
is based.

Altogether, the results presented in this section demonstrate
that the proposed methodology is able to compute a stabilization
parameter in the SUPG method in an a posteriori way such that
solutions with reduced errors are obtained.

6. Parameter optimization with respect to functionals which
are candidates for describing the quality of computed solutions

Generally, the evaluation of errors is not possible as the solution
of (1) is not known. In this situation, other functionals are neces-
sary to measure or estimate the quality of computed solutions.

On the first glance, a posteriori error estimators might be an
appropriate choice. The construction of reliable error estimators
with respect to global norms for convection-dominated problems
is difficult. As demonstrated, e.g., in [23], the application of stan-
dard estimators for elliptic problems does not lead to reliable error
predictions. The numerical studies presented below will consider a
residual-based error estimator from [43]

In(wWh) = Y || — eAwy + b - Vwy + cwy — £

KeTy
+ 3 e | Re(wa)llop YW € Wy, (20)
EcoK
with
—[leng - Vwy ], if EZ0Q,
Re(wp) =< g—eng-Vwy,, ifEcTI™,
0, if Ec TP,
and

o = min {diam(l()e’”z,cg”z}, o = min {diam(E)z’”z. cg”z}
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Fig. 7. Example 5.2, a posteriori defined stabilization parameters and computed solutions with the P, finite element; top: optimization with respect to the L?() error;
bottom: optimization with respect to the H'(€2) semi norm error; both at level 7 (parameter: visualization by projection to P; finite element).

Here, diam(K) and diam(E) denote the diameters of the mesh cell K
and the face E, respectively, ng is a unit normal on E, and ¢ is de-
fined in (2). The jump of a function across the face E is denoted
by [|-|]e- This error estimator is robust in a norm that is a sum of
the standard energy norm and a dual norm of the convective deriv-
ative, see [43].

The right-hand side of the adjoint problem for the functional
(20) is given by

(DIy(in(yy), o) = Y 208 (—&Aun(yy) + b - Vity(yy)

KeTy

+cu(yy) —f, —eAvy + b - Vo + cop)
+ 3 26 o (Re(un(vy)), Re (o))

EcaK

where Eg(vh) is Rg(v,) with g=0.

Applying the estimator (20) as functional for the parameter
optimization, it turns out that the global errors are dominated by
the local contributions from the mesh cells in layers at the Dirichlet
boundary. This effect comes from the nature of the underlying
problem. For a local error estimate to be small, in particular the
strong residual on a mesh cell (first term in (20)) has to be small.
This cannot be achieved in mesh cells with boundary layers since
the layers are not resolved. Even a nodally exact numerical solution
leads to a large residual in those mesh cells. Thus, a significant
reduction of the residual in such mesh cells is not possible. As
the optimization algorithm concentrates on the reduction of the
dominating errors, consequently, the errors in mesh cells away
from the Dirichlet boundary are also not reduced notably. For this
reason, an error indicator that excludes the mesh cells at the

Dirichlet boundary will be considered, too. Furthermore, we could
observe that the influence of the residuals on the edges in (20) is
negligible. One obtains practically the same results with and with-
out using these terms. Thus, besides (20), the error indicator

In(wy) = Z

KeT, KnP=0

OC%H — eAwy +b - Vwy + cwy *fH?,K Ywy € Wy

21

will be considered. Note, the mesh cells at the Dirichlet boundary do
not contribute to the error indicator, but the stabilization parameter
in these cells is still included into the optimization process.

The most serious drawback of using the SUPG method are the
spurious oscillations that might appear in a vicinity of the layers.
An optimization of the stabilization parameter should try above
all to reduce them. These oscillations are connected to large deriv-
atives of the computed solutions in crosswind direction. For this
reason, a third functional that contains, besides the residual, also
a control of the crosswind derivative will be included into the
studies

Iwa) = >

(H — AW, +b - Vwy, + cwy, *f“rzm

KeT, KnP=0
+ (b - TWilloy ) VW € W, 22)
where
(by(%),~by (x)) i
b (x) bt s if b(x) # 0,
0, if b(x) =0,
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and

o) = {\&

0.5(5x* - 3x%), ifx<1.
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The special choice of ¢(x) ensures that this functional is Fréchet dif-
ferentiable. Its derivative can be computed in the usual way.

The numerical studies will consider a standard example,
defined on the unit square, that is often used for the evaluation

Fig. 8. Example 6.1: Py, level 5 (1089 d.o.f.), solution with standard parameter (7), minimization of (20), minimization of (21), and minimization of (22), left to right, top to

bottom.

param

.]BI?V R
1020

57
03

00

> -

Fig. 9. Example 6.1: Py, level 5 (1089 d.o.f.), stabilization parameter (standard parameter (7) y, = 0.018042), minimization of (20) (logarithmic scale), minimization of (21),
and minimization of (22), left to right (visualization by projection to P; finite element).

Fig. 10. Example 6.1: Qy, level 5 (1089 d.o.f.), solution with standard parameter (7), minimization of (21), and minimization of (22), left to right, top to bottom.
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of stabilized methods, and an example in a more complicated Example 6.1 (Example with interior and exponential boundary

domain that attracted some attention in the past years. Both exam- layers). This example was proposed in [22]. It is given by Q=
ples have the properties divb = 0, c = 0, such that the upper bound (0,1)?, I'° = €, with the data ¢ = 1078, b = (cos (—n/3),sin(—7/3))",
(9) for the stabilization parameter applies. c=0,f=0, and

Fig. 11. Example 6.1: P,, level 5 (4225 d.o.f.), solution with standard parameter (7), minimization of (21), and minimization of (22), left to right, top to bottom (visualization
by projection to P, finite element).

Fig. 12. Example 6.1: Ps, level 5 (9409 d.o.f.), solution with standard parameter (7), minimization of (21), and minimization of (22), left to right, top to bottom (visualization
by projection to P, finite element).

solution

II‘ODO

0.750

IO 500
IO‘ZSO

0.000

Fig. 13. Solution and initial grid for Example 6.2.
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wy(x,y) = 0, forx=10ry<0.7, reason is the prediction of a rather large stabilization parameter
b\X,Y) = 1, else. in this layer, see Fig. 9. Nearly perfect solutions are obtained with

The simulations were performed on Grid 2 and Grid 3 from
Fig. 1. For shortness of presentation, only results on a rather coarse
mesh are shown in Figs. 8-12. We could observe that the principal
behavior for P, and Q finite elements, with the same k, was always
similar.

As already mentioned above, the minimization of (20) does not
lead to useful results. This is demonstrated exemplarily for the P;
finite element in Fig. 8. It can be seen that the spurious oscillations
are removed but the layers are extremely smeared. The plot of the
stabilization parameter in Fig. 9 shows that this is caused by very
large values of this parameter (note the logarithmic scale in this
picture). Minimizing (21) instead of (20) leads to a considerable
improvement with respect to the extreme smearing. However, a
notable smearing of the interior layer can still be observed. The

solution

IW 095

0.628
10161

-0.305

I-0‘772

solution

. 1.062

0.782

o osm

0.221

ln.nfn

solution

l1055

0.770

| ozee

0.198

I—D. 087

the parameter choice based on minimizing (22). The spurious oscil-
lations are almost removed, only around 2% are left. A large stabil-
ization parameter is proposed in all layers, but its maximal value is
smaller than the maximal value of the parameter computed with
minimizing (21). Only the interior layer in the solution with the
P; finite element is somewhat smeared. We think, the reason is
the use of a piecewise constant stabilization parameter in this case.
This polynomial degree of the parameter might not be sufficiently
flexible for the changes of the finite element solution within a
mesh cell that occur for higher order finite elements.

Example 6.2 (The Hemker example). This example was defined
in [19]. The simulations were performed with Q={(-3,8) x
(=33 +y*< 1), €=10"°% b=(1,0)", and c=f=0. At

param

!D 094

007
0.048
0.026

0.003
param

lzﬂsa

| Rl

0.513

param

.T 406

B 0.703
0351

0.000

Fig. 14. Example 6.2: Q,, level 4 (47 664 d.o.f.), standard parameter (7), minimization of (21), and minimization of (22), top to bottom (stabilization parameter visualization

by projection to Q; finite element).

Fig. 15. Example 6.2: Q,, level 4 (47 664 d.o.f.), details of the stabilization parameter, minimization of (21), and minimization of (22), left to right (visualization by projection

to Q, finite element).
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solution param

I 1.089 .0.031

0.662 0.024

.0,235 .oma

-0.192 0.009

Iru.aw 0.001

solution param

. 1072 .4.vm

3069

0215

0.785
#omw

0071
solution

l 1.078

0.776

. 0.472

0.169

I-U.135

. 2,046

1.23

ID.UII

param

IO 143

0107

.0072

0.036

lDOUO

Fig. 16. Example 6.2: Qs, level 4 (425 616 d.o.f.), standard parameter (7), minimization of (21), and minimization of (22), top to bottom (visualization by projection to Q; finite

element).

the inlet x = —3, a homogeneous Dirichlet boundary condition is
prescribed, at the circle there is u = 1, and on all other parts of 99,
homogeneous Neumann boundary conditions are given.

This example attracted recently some interest [16,41] since it is
considered to be closer to situations arising in applications than
many usual test examples. It can be interpreted as a model of heat
transfer from a hot column in the direction of the convection.

Results of numerical simulations are presented for the Q;, Qy,
and Qs finite elements in Figs. 14-17. The initial grid (level 0) is
shown in Fig. 13. Isoparametric finite elements were used to
approximate the curved boundary. It can be seen that the most dif-
ficult regions for computing a correct solution are the starting
points of the interior layers on top and on bottom of the circle.
The SUPG method was applied with the standard parameter choice
(7). Considerable negative spurious oscillations at the starting
points of the interior layers can be observed for the solutions com-
puted with this choice. Note that the values of the standard param-
eter are rather small in the vicinity of the circle due to small
diameters of mesh cells in this region. Solutions obtained with
the minimization of the error estimator (20) are not shown. Simi-
larly as in the previous example, the layers are smeared very much,
in particular the layer in front of the circle. For the Q, finite ele-
ment, the minimization of the functional (21) reduces the negative
spurious oscillations considerably, compared with the solution ob-
tained with the standard parameter choice, see also Fig. 17. How-
ever, the solutions which are based on the minimization of this
functional possess the wrong feature that the interior layers start
somewhat before the top and bottom of the circle. This feature
was reduced or even removed by minimizing (22) for the determi-
nation of the stabilization parameter. It can be observed that both,
the minimization of (21) and the minimization of (22), lead to an
increase of the parameter in the region of the interior layers, in
particular at the starting points of the interior layers, cf. Fig. 15.

Since the large undershoots are a distinguished bad feature of
the standard SUPG approach, Fig. 17 shows the size of the under-
shoots obtained in the simulations. For the Q; finite element, the
parameter choices based on the minimization of (21) and (22) re-
duce these undershoots on all levels considerably. The situation is
different for the Q, and Qs finite element, where only the minimi-
zation of (22) leads to smaller undershoots on most levels. A reason
for not observing this on all levels might be the insufficient flexibil-
ity of using a piecewise constant stabilization parameter for a
higher order finite element, see the discussion at the end of
Example 6.1. The overshoots are much less pronounced than the
undershoots. They are similar for all simulations, between 0.05
and 0.15.

Altogether, the parameter choice based on the minimization of
(22) gave the best results among the considered approaches. How-
ever, these results are not yet optimal.

In the optimization process, always a fast decrease of the func-
tionals within the first steps could be observed. To fulfill the stop-
ping criterion formulated in Section 4, in general some dozens to a
few hundred L-BFGS steps were necessary. As could be seen in the
presented examples, the values of the stabilization parameter have
very little effect on the solution in smooth regions and hence vary-
ing them has also little influence on the target functional. This
observation offers a way for a possible improvement of the effi-
ciency of the algorithm by identifying in the first few steps the val-
ues of the stabilization parameter which are important for the
decrease of the functional and then restricting the optimization
process to those values.

7. Summary and outlook

This paper presented a general framework for optimizing param-
eters in stabilized finite element methods for convection-diffusion
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Fig. 17. Example 6.2: Undershoots of the computed solutions, Q; finite element, Q, finite element, and Qs finite element, left to right, top to bottom.

problems. The optimization is based on minimizing a target
functional that indicates the quality of the computed solution. The
L-BFGS method is used to solve the arising constrained optimization
problem. Key of the algorithm is the efficient evaluation of the
derivative of the target functional with respect to the stabilization
parameter that utilizes the solution of an appropriate adjoint prob-
lem. Benefits and difficulties of this basic approach were studied
exemplarily at the SUPG finite element method and three different
functionals. A main observation is that a straightforward choice, a
residual-based a posteriori error estimator, is not appropriate for
measuring the quality of computed solutions. A better functional
could be found, (22), but the results obtained with this functional
are not yet optimal.

Important next steps in the exploration and improvement of the
parameter optimization are as follows:

e A very important goal consists in identifying better functionals
than used in this manuscript. The chosen functional is the main
component of the algorithm that determines the quality of the
computed solutions.

e It is known that the introduction of diffusion in streamline
direction only, as in the SUPG method, is often not sufficient
to obtain satisfactory numerical solutions. Some diffusion
orthogonal to the streamlines (in crosswind direction) might

be necessary, as it is done by SOLD methods [27]. A new aspect
in the application of the general framework to SOLD methods
consists in the optimization of two stabilization parameters.

e Algorithmic improvements are possible. These include, e.g., the
restriction of the optimization to important values of the stabil-
ization parameter as discussed at the end of Section 6.

e The considerable decrease of the functionals within the first few
optimization steps suggest that the improvement of the solu-
tions occurs mainly also within these steps. This effect will be
studied in detail, leading hopefully to an efficient method for
just improving (but not optimizing) standard SUPG solutions.
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Adaptive Computation of Parameters
in Stabilized Methods for Convection-Diffusion
Problems

V. John and P. Knobloch

Abstract Stabilized finite element methods for convection-dominated problems
contain parameters whose optimal choice is usually not known. This paper presents
techniques for computing stabilization parameters in an adaptive way by minimizing
a target functional characterizing the quality of the approximate solution. This
leads to a constrained nonlinear optimization problem. Numerical results obtained
for various target functionals are presented. They demonstrate that a posteriori
optimization of parameters can significantly improve the quality of solutions
obtained using stabilized methods.

1 Introduction

This paper is devoted to the numerical solution of a steady scalar convection-
diffusion equation

—eAu+b-Vu+cu=f inf2, u=up, onoas2 €))]

by means of the finite element method. In (1), £2 C RY, d =2,3, is a bounded
domain with a polygonal (resp. polyhedral) Lipschitz-continuous boundary 952,
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£>0is constant, b € W'°(2)4, c € L®(R), f € L*(2),and u, € H'?(3R2).
The Dirichlet boundary ¢ondition is used for the sake of simplicity only. In
the numerical computations presented in this paper also more general boundary
conditions were used.

Problem (1) is a simple model problem for convection-diffusion effects appearing
in many more complicated applications. Therefore, it is important to be able to solve
this problem numerically in a satisfactory way. However, this is by no means easy if
convection dominates diffusion, i.e., ¢ < |b|, since then the solution of (1) contains
so-called layers, which are narrow regions where the solution changes abruptly. It is
well known that the standard Galerkin finite element method provides approximate
solutions that are globally polluted by spurious oscillations unless the computational
mesh is sufficiently fine, i.e., ¢ 2 |b| & where 4 is the mesh parameter.

To suppress the spurious oscillations, there are basically two options. Either one
can use a layer-adapted mesh (e.g., a piecewise uniform mesh or a mesh obtained
by an anisotropic adaptive refinement strategy) or one can consider a relatively
coarse mesh and employ a modification of the standard discretization. There are
various modifications that can be found in the literature: special discretizations of
the convective term (upwinding), introduction of additional terms (stabilization) or
manipulations at the algebraic level (e.g., FEMTVD schemes). In this paper, we
shall be interested in stabilization techniques applied on relatively coarse meshes.

A common feature of stabilized finite element methods is that they contain
parameters whose values significantly influence the quality of the approximate
solution but whose optimal choice is usually not known. The aim of the present
paper is to describe techniques that make it possible to compute stabilization
parameters in an adaptive way by minimizing a functional characterizing the quality
of the approximate solution. This leads to a constrained nonlinear optimization
problem. The paper is a continuation of our previous work published in [3] where
basic ideas of the optimization of stabilization parameters were presented.

The plan of the paper is as follows. In the next two sections we discuss linear and
nonlinear stabilization approaches for finite element discretizations of (1). Then,
in Sect.4, we describe our approach of parameter optimization and explain how
the Fréchet derivative of the target functional can be computed in an efficient
way. Finally, in Sect.5, we construct several target functionals and illustrate their
properties by means of numerical results.

2 Linear Stabilized Methods

Let W, be a finite element space approximating the space H!(£2) and set Vj, :=
W, N HO' (£2). Let up, € W, be a function whose trace approximates the function
up. The simplest finite element discretization of (1) is the Galerkin method that
reads: Find u, € W}, such that u;, = up, on 52 and

a(up, vi) = (f, vn) Yo eV,
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where a(u,v) = €(Vu,Vv) 4+ (b - Vu,v) + (cu,v) and (-,-) denotes the inner
product in L2(£2) or L?(£2)?. As we mentioned in the introduction, the Galerkin
discretization is not appropriate if convection dominates diffusion and, as a remedy,
a stabilization of the Galerkin method will be considered.

A stabilized finite element method for the numerical solution of (1) can be
obtained from the Galerkin method by adding a stabilization term. We shall consider
methods that read: Find u;, € Wj, such that u;, = upp on 352 and

a(un,vi) + )tk sk(upon) = (o) VY vp € Vi
Keg,

Here J}, is the triangulation used for constructing the finite element space W, tk is
a nonnegative stabilization parameter, and sk is a local form whose arguments are
functions defined on the set K € 9. The form s is always linear in the second
argument and, if f = 0, it is also linear in the first argument. There are examples
of sx which are bilinear for any f. The parameter x determines the artificial
diffusion added by the stabilization term and it should be not ‘too small’ to remove
oscillations but also not ‘too large’ to avoid excessive smearing. Consequently, it is
very difficult to find appropriate values of tx a priori.

One of the most popular finite element approaches for convection-dominated
problems is the SUPG method for which

sk(u,v) = (Gu— f,b-Vu)g

with the differential operator %, = —A; +b-V + ¢ where the subscript 4 indicates
that the Laplace operator is applied elementwise. The stabilization parameter is
often defined by

LIS

2 @

h 1
Tk = -2—|:—| (cothPeK - E) with  Pex =

where h is the diameter of K in the direction of b.

3 Nonlinear Stabilized Methods

Since solutions of linear stabilized methods usually possess spurious oscillations
in layer regions, the so-called SOLD (spurious oscillations at layers diminishing)
methods have been developed. These methods add an additional stabilization term
to the left-hand side of a linear stabilized method. Typical examples of this term
are (€ Vuy, Vvy) adding isotropic artificial diffusion and (£ P Vuy, P Vvy) with the
orthogonal projection P onto the plane orthogonal to b, adding crosswind artificial
diffusion. The parameter ¢ usually depends on the unknown approximate solution
up, and hence the resulting method is nonlinear.
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In the literature, many proposals for the parameter € can be found and we refer
to [1, 2] for a review and computational comparison. One of the most successful
formulas is

__diam(K) | %, up — f|
k= 2| Vuy|

where 7 is a user-chosen parameter. From now on, the notion ‘SOLD method’ will
mean that the crosswind diffusion term (& P Vuy, P V) together with this choice
of € is used. In the framework of parameter optimization, the parameter 7 will be
considered piecewise constant. If an optimization of 7 is not considered, we set
n=0.7.

VYV KeZG,,

4 A Posteriori Optimization of Stabilization Parameters

In this section, we describe basic ideas of our approach to a posteriori optimization
of stabilization parameters. For clarity of the presentation, we shall restrict ourselves
toup, = 0.
Let us write a linear or nonlinear stabilized method in the abstract form:
Given a stabilization parameter y, € Y}, find uy € V3 such that Ry (us, ys) = 0.

Here, Y} is a finite-dimensional space of functions on 2 and the operator R, maps
the space V; x Y}, into the dual space V. For example, for the SUPG method
introduced in Sect. 2, we have

(Ri(uns Y1), va) = a(un, v) + (Lo un — £, ynb - Vop) — (f, vp)

and Y} can be the space of piecewise constant functions on §2. To emphasize that
the approximate solution u;, depends on the choice of the stabilization parameter
Yu € Yy, we shall write up(yp) instead of uy in the following.

We introduce a functional 7, : V;, — Rsuch that /; (us(ys)) represents a measure
of the error or the quality of u;(y,). We assume that the solution u;(y;) improves
if the functional @, (yy) := I (us(yr)) decreases. Thus, our aim is to find y; € Yj
such that @ (yy) is ‘small’. This is a constrained nonlinear optimization problem
since y; has to be nonnegative and smaller than some upper bound. For example,
for the SUPG method, )

O<ylg<10tx VKed, 3)

where ¢ is defined by (2). The factor 10 can be changed to another value but
numerical experiments indicate that the factor should not differ too much from 10.

Common minimization algorithms require at least the knowledge of the deriva-
tive of the function which should be minimized. Thus, we have to compute the
Fréchet derivative of the functional @;. Using the chain rule, we obtain

D®y(yn) = DI (un(yn)) Dup(yn) .
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However, it is not efficient to compute D ®;(y;) using this formula since it requires
the solution of dim Y} linear problems of the size of the original discrete problem.
Therefore, we first define the adjoint problem: Find ¥4 (ys) € Vj such that

@ R1) wrn(yn), yu) ¥u(yn) = DIn(ur(yn))

where ((3uRn) Wh, Ya)vn. 1) = (@uRR)Wn, Y1), va) Y h, Tn,ws € Vi,
yn € Yy Since Ry(up(yn),yn) = 0, we have 9, Ry(ur(yh), yn) Dun(yn) +
dy Ry (ur(y1), yn) = 0. Thus, combining the above relations, we deduce that

D®y(yn) = —(@y R) un(¥h), yn)¥n () ,

where ((3y Rn) (Wh, Y1) Vi, F1) = (@y Re)Wn, Yi) Tk, V) Y Vi, Wh € Vi, Yh, Jn €
Y;. Note that, for the SUPG method, the function ¥ (ys) solves

a(vp, Yu(n) + (Lo vi, yu b - VY (yp)) = (DIn(un(yn)),vn) VY vn € Vi

and the Fréchet derivative of @ is given by

(DPh(y1), Jn) = —(ZLhun(yn) — £, b - Vg (yn)) .

5 Choice of the Functional 1,

In this section, we propose various choices of the functional I, introduced in the
previous section and present numerical results illustrating the properties of these
functionals.

All numerical results were computed for 2 = (0,1)? and, in all cases, we
considered a triangulation J}, of £ constructed by dividing 2 into 32 x 32 equal
squares and each square into two triangles by drawing a diagonal from bottom right
to top left. The space Wj consisted of continuous piecewise linear functions. The
functional @, was minimized using the BFGS method [4]. The SUPG parameter
was initialized by (2) and the SOLD parameter by 0. The SUPG parameter satisfied
the constraints (3) and the SOLD parameter was required to be in the interval [0, 1].

In each iteration of the BFGS method, one has to solve once the adjoint problem
and several times the discrete problem for various values of the stabilization param-
eter. Consequently, the cost of the computation of an optimized SUPG stabilization
parameter is significantly higher than the computation of the SUPG solution for a
prescribed stabilization parameter. Comparing the cost of the optimization with the
cost of the solution of a nonlinear SOLD method, the difference is not so large. We
believe that the higher computational cost of the parameter optimization is justified
by the quality of the resulting approximate solution, cf. the examples in this section.
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Fig. 1 Example 1: SUPG standard (top left), SUPG optimized using I;* (top right), SUPG
optimized using /;* + o 1, (bottom left), SOLD optimized using I;* + a ;™ (bottom right)

We denoteby 't ={x € 82; (b-n)(x) >0}, M ={x € d2; (b-n)(x) =0}
the outflow and characteristic boundaries of £2, respectively. Furthermore, we set

Gy = U K with % ={KeZ; KNI"#0 or KNI°+0}.
Keg,

Note that G, represents a strip along I"* and I"° made up of elements of J; having
at least one vertex on these parts of the boundary. A functional characterizing the
quality of an approximate solution u;, of (1) can be now defined by

I3 un) = 1% wn = £ 11§ 2\, -

We exclude the strip G}, since even a nodally exact solution has a large error in Gj,.
Let us apply the functional /;** to the numerical solution of the following example.

Example I (Solution with an interior layer and two exponential boundary layers).
We consider the convection-diffusion equation (1) with 2 = (0,1)%, ¢ = 1078,
b = (cos(—n/3),sin(-n/3))",c = f =0, up(x,y) = 0forx = lory <0.7,
and up(x,y) = 1 else. The function u; could also be replaced by a function from
H'/2(3£2) leading to the same numerical results as presented in this paper.

Figure 1 (top left) shows the SUPG solution computed with the stabilization
parameter Tx given by (2). If we optimize the stabilization parameter using the
functional /;**%, the spurious oscillations along the exponential boundary layer are
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Fig. 2 Idealized cuts through approximate solutions across an interior layer

removed but those along the interior layer are not suppressed sufficiently. Moreover,
the interior layer is smeared, see Fig. | (top right).

If we observe a cut through the solution in Fig. 1, top left, across the interior
layer, we shall see a curve like in Fig.2a. We would like to compute a solution
without spurious oscillations corresponding to Fig.2b or c. A candidate for a
functional which prefers a solution without spurious oscillations is fo |u'|Pdx,
where u represents the functions in Fig.2. Denoting by d the width of the layer
in Fig. 2b or c, the integral equals d'~”. Since we prefer the curve ¢, we have to use
p < 1. Thus, we may consider the functional

I’(l:I‘OSS(uh) - f !b-L . Vuhl dx,
Q\Gh

where bt is a unit vector orthogonal to b. In our implementation, the square root
is regularized near 0, see [3] for details. If we now optimize the SUPG stabilization
parameter using a combination of /;** and /™, the solution improves considerably,
see Fig.1 (bottom left). Finally, if we perform the optimization with the same
functional but for the SOLD method, we obtain a solution without any visible
spurious oscillations and with steep layers, see Fig. 1 (bottom right).

Example 2 (Solution with one exponential and two paraboltc boundary layers). We
consider the convection-diffusion equation (1) with 2 = (0,1)%, ¢ = = 1078 b =
(1,0)7,¢c =0, f = 1,and up = 0.

For this example, a comparison of the SUPG solution without parameter
optimization and an optimized SOLD solution is given in Fig. 3. It can be observed,
that the parameter optimization leads to an almost nodally exact solution.

Example 3 (Solution with two interior layers). We consider the convecuon-
diffusion equation (1) with 2 = (0,1)%, ¢ = 1078, b(x,y) = (-y.,x)7,

c = f =0.0nT" := {0} x (0,1), we prescribe a homogeneous Neumann
boundary condition whereas the Dirichlet boundary condition is considered only on
rP .= 92\ TV with uy(x, y) = 1for (x, y) € (1/3,2/3) x {0} and up(x, y) = 0
elseon I"2.
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Fig. 5 Example 3: SOLD optimized dsing e

Figure 4 shows results for this example obtained without parameter optimization.
We see that the SOLD method suppresses the oscillations present in the SUPG
solution but leads to a slight smearing of the layers. The quality of the SOLD
solution obtained using parameter optimization is much better, see Fig. 5.
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A priori error estimates for the local projection (LP) stabilization applied to convection—diffusion—
reaction equations are generally based on the coercivity of the underlying bilinear form with respect
to the LP norm. We show that the bilinear form of the LP stabilization satisfies an inf-sup condition in
a stronger norm that is equivalent to that of the streamline upwind/Petrov—Galerkin method. As a conse-
quence, we get some insight into the stabilization mechanism of Galerkin discretizations of higher order.
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1. Introduction

Let 2 c RY, whered > 1, be a bounded domain with a polyhedral Lipschitz continuous bourddary
and let us consider the convection—diffusion—reaction equation

—eAu+b-Vu+cu="f inQ, U=up O0nogL. 1.1)

We assume that is a positive constant anld € W-®(Q)4, ¢ € L®(Q), f € L%(Q) andup €
H1/2(6Q) are given functions satisfying

1
aizc—édivb>ao>0, (1.2)

whereoyg is a constant. It is well known that, under the assumptio8)(the boundary-value problem
(1.1) has a unique solution iR 1(Q). Standard Galerkin finite-element discretizationslofy become
unstable foe — 0, which was the origin of the development of stabilized finite-element discretizations
(see, e.g.Rooset al,, 2008.

In this paper we concentrate on local projection (LP) stabilizations, which have been intensively
studied during recent years (cf., e.Braack & Burman2006 Matthieset al, 2007, 2008 Ganesan &

TEmail: knobloch@karlin.mff.cuni.cz
*Corresponding author. Email: tobiska@mathematik.uni-magdeburg.de

(© The author 2009. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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Tobiska 2008 Knobloch & Lube 2009 Rapinet al., 2008. Our aim is to show that the LP methods are
more stable than their coercivity suggests. For this we shall prove that the bilinear form of LP methods
satisfies an inf—sup condition with respect to a norm that is stronger than the usual LP norm. Under addi-
tional assumptions, we shall show that this norm is equivalent to the streamline upwind/Petrov—Galerkin
(SUPG) norm, which implies that LP methods are as stable as the SUPG method. As a particular case
of our general results, we shall also establish improved stability properties of the standard Galerkin
method.

The idea of deriving inf-sup conditions with respect to SUPG-like norms that are stronger than
norms for which the coercivity holds can also be found in the analysis of other stabilized methods like
the orthogonal subgrid scale (OSS) method €bodina & Blasc92002 Badia & Codina2006 or the
edge stabilization method (cBurman & Hansbp2004). The difference between the LP method and the
OSS method is that the projection operator used for defining the stabilization term is constructed locally
and not globally. The proof of the inf—sup condition Ggdinaet al. (2002 is based on this global OSS
projection operator. However, the operator defining the LP method cannot be applied for this purpose.
Therefore we introduce another locally acting projection operator that, in combination with the original
LP operator, leads to stability with respect to the SUPG norm. It is by no means obvious that such an
operator exists.

The paper is organized in the following way. First, in Sectome formulate several finite-element
discretizations of1.1) and discuss the coercivity of the corresponding bilinear forms. Then, in Section
3 we prove the main result of this paper, which is an inf-sup condition for a general bilinear form
corresponding to LP methods. Sectidrinvestigates the equivalence between the norm used in the
inf—sup condition and the SUPG norm. Furthermore, an improved stability of the standard Galerkin
method for higher-order finite elements is established and discussed in Sedtioally, in Sectioné
we compare the SUPG method with LP methods by means of numerical computations. Throughout the
paper we use standard notation for usual function spaces and norms (se@iagl€f,,1991). Given a
vectora € RY, we denote bya its Euclidean norm.

2. Stabilized finite-element discretizations of convection—diffusion—reaction equations

Let 7n be a triangulation of2 consisting of shape-regular cels possessing the usual compatibility
properties. We sdix = diam(K) for any K e 7y and assume thédix < h for all K € 7. Using the
triangulation7y,, we define a finite-element spadé, c H1(Q2) (see, e.g.Ciarlet 1991), and we set
Vh =Wy N Hol(Q). In addition, we introduce a functidiy, € W, such that its trace approximates the
boundary conditiomi,. We shall discuss finite-element discretizations of the probled) that have the
following form.

Findup € W, such thaup — Uph € Vi and

a(un, on) = (f,on) Yon € Vh,

whered : Wh x Wy, — R is a bilinear form andf : V;, —» R is a linear functional. We shall be
particularly interested in the coercivity &fon V, i.e., in the validity of the inequality

a(vh, vh) = C lonll> Yon € Vh,

where|| - || is a suitable norm ol}, andC is a positive constant that is independenh@ind the data of
the problem 1.1). Note that this stability property immediately implies that the discrete problem has a
unique solution.
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The simplest finite-element discretization @f) is the Galerkin discretization, which is obtained
by replacing the spacblol(Q) in the weak formulation of4.1) by its subspacé/,. This leads to a

discrete problem witlh = a® and f = f, where
a®(u,v) = ¢ (Vu, Vo) + (b - Vu,v) + (cu, v)

and(-, -) denotes the inner product in?(Q) or L?(2)". The statemenf = f is understood in the
sense thatf, vn) = (f, op) for anyon € V. The bilinear forma® is coercive oV, with respect to the
norm||| - |||c defined by

llvllle = (e 1vlf o + e ™2 0115 )Y,
In fact, integrating by parts, we even derive
a®@,0) =llblllg Vo € Hg(Q). (2.1)

It is well known that the Galerkin discretization is inappropriate if convection dominates diffusion
since then the discrete solution is usually globally polluted by spurious oscillations (cfRecget al,,
2008. To enhance the stability and accuracy of the Galerkin discretizatioh. §fi( the convection-
dominated regime, various stabilization strategies have been developed. One of the most popular ap-
proaches is the SUPG method propose®hyoks & Hugheg1982), which is given bya = a5Y"Cand

f = fSYPS where

asUPCu, v) =a®(u, v) + Z (—edu+b-Vu+cu,db- Vo),
KeTh

(thUPG,v> =(f,o +b- Vo)

ando € L*°(Q) is a hon-negative stabilization parameter. As usial)x denotes the inner product in
L2(K) or L2(K)9. If

00 h2K

2 ’ 2
21013 . 224

0<5|K§min{ ] VK eTh, (2.2)

whereyu is a constant from the inverse inequality

-1
| donllo,k < uhylonl1,k VoheVh, KeTh,

then the bilinear fornaSYis coercive orvi, with respect to the norm

llvlllsupe= (o1& + 1672b - Vo[I§ )2 (2.3)

Thus, if6 > 0, then the SUPG method possesses a stronger stability in the streamline direction than
the Galerkin discretization. The choice d§ignificantly influences the accuracy of the SUPG solution

and therefore extensive research has been devoted to the development of suitable formulas for this
stabilization parameter (see, e.g., the reviewlamn & Knobloch(2007). Unfortunately, a general
optimal definition ofd is still unknown. For finite elements of first order of accuracy, the parameser

often defined on anK € 7y, by the formula

MK o (Pec)  with co(a) = cothe — =, Peg = 12MKb

6 =
I 2|b| a 2¢

(2.4)
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wherehg p, is the diameter oK in the direction of the convection vectbr Note that, generally, the
parametersik p, P andd|k are functions of the points € K. Under some simplifying assumptions,
the formula @.4) is optimal in the one-dimensional case ($&wistieet al, 1976. The functionf is
sometimes approximated by (cf., e Brpoks & Hughes1982

&(a) = max[O, 1- 1] or &(a) = min {1, 9} . (2.5)
o 3

Note thaté; (a) < &(a) < &(a) for anya > 0. For higher-order finite elements the value$ef and
J|lk should decrease with increasing polynomial degre& dsee, e.g.Codinaet al,, 2002 Almeida &
Silva, 1997 Galeioet al,, 2004. For a review and comparison of various (nonlinear) extensions of the
SUPG method, we refer tiohn & Knobloch(2007,2009.

During the last decade, stabilization techniques based on LPs have become very popular (see, e.g.,
Becker & Braack2004 Braack & Burman 2006 Matthieset al,, 2007). To formulate an LP method
we introduce a discontinuous finite-element spBgec L2(£2) and denote byr, the orthogonal 2
projection ofL2(£2) onto Dy, and ofL2(£2)9 onto Dﬂ. Furthermore, we define the so-called fluctuation
operatoi, = id — 7, where id is the identity operator dr?(£2), and onL2(2)9. Then the discretiza-

tion of (1.1) is given bya = a-P* ora = a:P2and f = f, where
LP1 _ .G
a; “(u,v)=a>(u,v) + (kn(b - Vu), T xn(b - Vo)), (2.6)
ahpz(u, v) =a%Uu, v) + (kn VU, Txkn V) (2.7)

andr € L () is a non-negative stabilization parameter. These bilinear forms are coercifevdth
respect to the norms

ollitea= (lIvl1E + 12 xn (b - VO)II§ o)Y2,

1/2 1/2

2 2
Holllerz = (llolllg + iz “xnVollg o)™,

respectively.

Let us describe the typical finite-element spadisand Dy, used in the LP method. We shall assume
that the triangulatioffy, consists of simplices or mapped rectangles and, for simplicity, that all€ealls
7Tn are affine equivalent to a reference d€ll We denote byFx : K — K the respective affine regular
mappings such that (K) = K. LetW c HY(K) andD c L2(K) be finite-dimensional spaces, and
foranyK e 7y let us set

W(K)={@oF:5eW)}, D(KK)={ooF:LoeD}. (2.8)

Now we define the spacé¥, and Dy, by
Wh={v € H}(Q); vl e W(K) VYK e Tn}, (2.9)
Dh={v € L3(Q);v|k € D(K) VK e Tl (2.10)

Originally, the LP method was designed as a two-level approactB@aer & Braack2001), since
the spacaM, was constructed on a mesh obtained by refining the trianguldfarsed for construct-
ing the spaceDy, (cf., Fig. 1 for d = 2). This corresponds to refining the reference &elinto cells
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FiG. 1. Refinements of the triangulatidf, used for constructing the spaéé, in the two-level approach.

Ki,...,Kn. A \ crucial property of these refinements is that they always create an additional vertex in
the interior ofK. Given a positive integer, the spac&V is defined by

W = {5 e H'(K); dlg, € R(Ki),i =1,...,n},

whereR,(K ) = P (K ) in the simplicial case an®: (K; )= Qr (K ) in the mapped rectangular case.
The spaceD can be defined aB; _ l(K) in both cases. In the mapped rectangular case we can also set
D= Qr_l(K) Note that the space

B =WnHNK) (2.11)
always has a positive dimension. Moreover, it is easy to verify that

(ﬁaA K o~ o~ =
DR > poldler vaeD (2.12)
5eWNHA(K) 1lo,&

with a positive constang, p.

Recently, a one-level approach was introducedMatthieset al. (2007 based on using higher-
order polynomials rather than refining the triangulation. Using the same spaasgor the two-level
approach, we set

W =R (K)+b-D,

whereb e H&(K) \ {0} is a polynomial of the lowest possible degree. Thus, again, the :ﬁ)deﬁned
in (2.11) has a positive dimension and the inf—sup condit®i® holds.

The spaca, of both the one-level and the two-level approaches can be considered as an enriched
finite-element space. In the one-level approach higher-order polynomials are added, whereas in the two-
level approach piecewise polynomials on a refinement of the triangulgtiare used. This view of the
two-level approach differs from other papers, for examplecker & Braack(2001, 2004, Braack &
Burman(2006, Matthieset al. (2007 andRapinet al. (20098, in which the spac&V, is defined on an
‘unrefined’ triangulatior/,, and the projection spadey, is defined on a triangulatiofi, obtained by
coarsening the triangulatiof,.

We refer toMatthieset al. (2007 for a detailed description of various pairs of finite-element spaces
W, and Dy, that are applicable to the LP method. Let us remark that the inf—sup condib® (s
equivalent to inf-sup conditions

sup M Z prelignllok Vo € D(K), K eTh, (2.13)

oheW(K)NHE(K) llonllo,
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which were introduced in the general theoryMétthieset al. (2007 as a requirement on any pair of
spacedM, and Dy, used in the LP method. Concerning the choice of the stabilization parameter
refer to Tobiska (2009, where optimal parameters were derived for the one-level LP method in the
one-dimensional case with constant coefficients.

The above examples show that, in both the one-level and the two-level approaches of the LP method,
the spaceM, contains on each elemeKt € 7, a nontrivial bubble spacB(K) = W(K) N Hol(K).

This will be crucial for our considerations in the next section.

Comparing the norm§] - |||Lp1 @and||| - |||supc We see that the SUPG norm is stronger and we
would expect that the SUPG method is more stable than the LP method. However, coercivity of the
bilinear form in a certain norm is not necessary for the method to be stable in that norm. It is enough
that an inf—sup condition is satisfied. In the following section we will show that an inf-sup condition
holds for the LP methods in a norm stronger than those in which coercivity can be proven. This enables
us to recover essentially the same stability and convergence properties for the LP method as we have for
the SUPG method.

3. Inf-sup condition

In this section we consider the bilinear foraj$’! andal”2 as special cases of the general form
an(u,0) =a%(u,0) + > 7ksk (U, v). (3.1)
KeTh

Heresk : H1(K) x H1(K) — R are non-negative bilinear forms such that
sc(u,u) < yk DU . Sk (U, 0) < V/sk (U, u)/sk(v,0) Yu,v e HY(K), (3.2)

whereyk (b) = ||b||§,’oo’K if the bilinear form is given byZ.6) andyk (b) = 1 if the bilinear form is

given by @.7). Moreover, we assume thats, :=+/Sk (-, -) is a seminorm o 1(K). For simplicity, the

stabilization parameter is now considered piecewise constant and denotegk lyn each celK e 7y,
In view of (2.1, the bilinear formay, is obviously coercive oWV, with respect to the norm

1/2
lollice = [ 1ollIE + D ke sc@,0) | (3.3)
KeTh
generalizing the norm$| - |||Lp1 @and||| - |||Lp2- Our aim is to show that the bilinear forag satisfies an

inf—sup condition in a stronger norm (cf3.4) below). For this we shall assume that there exists a space
Bh C Vi such that
Bn = EB B(K) with B(K) c H}(K).
KeTh

We have seen in the preceding section that such a nontrivial $haerists for typical finite-element
spaced/, used in both the one-level and the two-level approaches of the LP method.

For anyK e 7 let ITx be the orthogonal ? projection of L2(K) onto B(K). Combining and
modifying the normg]|| - |||supcand||| - |||Lp, we introduce the norm

1/2

ol = {elE+ D {ok 1Tk Vo)« + x sk @ 0)} | . (3.4)
KeTh
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where we now consider a piecewise constant paramgteie assume that
0<dk < Crhi (maxie, hi [Ibllo.cok N4 (3.5)
0< 7k 7k (b) < Camaxe, ok 1115 oo i )- (3.6)

The assumption3(5) is in agreement with the relation2.4), (2.5 and, partially, 2.2). The upper
bound in @.6) corresponds to the usual choicedaf andzk in the convection-dominated limit where
ok lIbllo,co,k ~ hk andzk yk (b) ~ hk |Ibllo,o,k (cf., Rooset al, 2008. Note that we always have

dk IIbllo,co,k < Cihk, 7k 7Kk (B) Sk < C1Camaxl, Ca}hy. (3.7)
We shall also need the inverse inequality
lonlik < Cahictllonllok VK € Th, on € Wh. (3.8)

The constant€1, C, andC3 are assumed to be independenkath and all data of the probleni (1).

THEOREM 3.1 The bilinear fornay, satisfies

an(un, vh)

Z Bllunlll Vuh € Vh (3.9)
oneVn  Ilonlll

with a positive constarnf that is independent d¢f ande.

Proof. Using 2.1, for anyuy € V, we obtain

an(Un, un) = [llunlllE + D xSk (Un, Un). (3.10)
KeTh

We see that the terrEKEw1 ok [Tk (b - Vuh)||(2),K is missing on the right-hand side &.(0, which

does not allow us to conclude the coercivityagfon V}, with respect tg|| - |||. Therefore, givem, € Vy,
we shall construct a function, € V such that

an(un, vn) = [llunll> and [l[unlll = B llvnlIl. (3.11)

The inequalities3.11) immediately imply the inf—sup conditior3(9).
First, we introduce a function, € By, by

Znlk =0k Ik (b - Vup) VK € Th.
An important property of this function is that
(b- Vun, zn)k =k [Tk (b- Vun)llgx VK € Th.

Consequently, we have

an(Un, zn) = D ok [T (D - Vun)li§ ¢ +&(VUn, VZn) + (CUn, Zn) + D 7k Sk (Un, zn). (3.12)
KeTh KeTh
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Employing the relations3.8), (3.5), (3.7) and @.2), we obtain for anyK € 7p, that
elznlf  <Cieh?|1znllg x < C1C3ok 1Tk (b- Vun)l3 k. (3.13)
IZallo,k < Ik lIbllo,co,k lUnl1,k < C1Csllunliox, (3.14)
7k Sk (Zn, zh) <k 7k (D)|Znl3 < C3 7k 7k (D) OF i 11Tk (b - Vun) 3 «
< C1C2Cimax(1, Ca} ok |17k (b Vun)|3 . (3.15)
Therefore, applying the inequalityb < a2 + % b2, which is valid for anya, b € R, we derive

le (VUh, VZh)k + (CUh, Zh)k + Tk Sk (Uh, Zn)|

< e |Unlik 1Znlk + lICllo.co.k l1Unllo.k lIZallo.k + Tk v/Sk (Un, Un) v/Sk (zn, Zn)
1
< CCelunlf k + lo2unlig i + ziesk (Un, Un)) + 5 0k 1Tk (b - Vun) I (3.16)
with
{ = C1C5+C1C2Cimax1, Cy} + C1Cslicllo,co,0 a5

Summing 8.16) over all cellsK € 7T, and using 8.12 and 3.10), we get

1
an(Un, z0) > 5 > ok [Tk (b Vun)lIg x — ¢ @n(Un, Un).
KeTn
Thuson € W, given by
vh =22z + (14 2¢)up,

satisfies the first inequality ir8(11). To establish the second inequality B111) it suffices to show that

znll1* < CEC5(1+ Ca+ llolloco.2 o) D (elunlfk + llo™2unllg k + ok 177k (b~ Vun) 1§k )-

KeTh
(3.17)
Using 3.8), for anyK e 7, we obtain
|Zal1.x < Cadk hich 117k (b - Vun) o (3.18)
This implies, in view of the first inequality ir3(7), that
|Znl1,k < Cadk lIbllo,co,k gt lunlk < C1Calunlyk, (3.19)
1Tk (b - VZzn)llo,k < lIbllo,co,k 1Zhl1,k < C1C3|[/Tk (b - Vun)|lok- (3.20)

Finally, applying 8.2), (3.6), (3.19, (3.18 and @3.7), we get
7K Sk (2n, Zn) <tk vk (D) |Z0l3 « < CEC2CEmax{e Junl? , ok 1Tk (b- Vun)lid}.  (3.21)

Now the inequality 8.17) follows from (3.19—(3.21) and @.14). 0
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4. Stability of LP methods

In this section we estimate the notth- ||| defined in 8.4) from below by a norm similar to the SUPG
norm|||-|||supc As a conclusion, the LP stabilization controls not only the fluctuatiepéb- Vun) o,k
or |[xn Vunllo,k , but also|b- Vup ok , i.e., the derivatives in the streamline direction. Roughly speaking,
the LP method is as stable as the SUPG method.

We shall assume that all cells of the triangulatiorfy, are affine equivalent to a reference déll
and we again use the notatiéix for an affine regular mapping that ma&onto K. We introduce
finite-dimensional space® c H}(K), D c L(K) andW c H(K) and assume that

B(K)={ooFchoeB} VK eTh

Furthermore, we assume that the approximation and projection spaces are gi&8-6@2..0. For
anyK e T, we denote byrk the orthogonal 2 projection ofL2(K) onto D(K), and ofL2(K )9 onto
D(K)4, and we sekx = id — 7k, where now id is the identity operator &rf(K ), and onL2(K)9. We
shall consider two bilinear formsx corresponding to the LP method, i.e.,

sk (U, ) = (kx (b - Vu), kk (b - Vo))k (4.1)

or

SK(U,U) = (KKVU,KKVD)K. (4.2)

We shall start with the casd (), where the results are more satisfactory.
LEMMA 4.1 Suppose thdd N BL = {0}, whereB* denotes the orthogonal complemenﬁjh LZ(I?).

If the bilinear formssk are given by 4.1) then the nornj|| - ||| defined in 8.4) satisfies
1/2
oIl < { HlonlllE + D, @k + z)lIb - Vonll Von € Wh. (4.3)
KeTh

If, in addition, b is piecewise polynomial, i.eb|kx € Pq(K)d for some fixedy € Ng and anyK e 7y,
then we also have

1/2
lonlll = { Ilenllls +C D min{ok, rk} b - VoI5 « Von € Wh, (4.4)
KeTh
whereC is positive and depends only @& D, W andg. If b is not piecewise polynomial then there
existshg > 0 such that, for < h < hg, we have
1/2
o0 .
llonlll > | elonlf o + 5 llonllg o +C D minfdk, 7l - Vonlif Von € Wh, (4.5)
KeTn

whereC is a positive constant that is independenthoénd the data of the probleni.Q). If b
W22 ()4 orb  0in Q thenhg does not depend an
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Proof. The inequality 4.3) easily follows from the fact thaffx andzk are orthogonal ? projections.
Let us prove the inequalityd(4). Consider any, € Wy and anyK € 7,. Then(Vop) o Fx € z4,
whereZ = {a- Vo ae RY, 5 e W}. Let us definao = (b - Von)|k and® = w o Fx and assume that
blk € Pq(K)4. Then® € X := sparipz p € Pq(K),2 e Z} and we obtain

K| =~ .
17 (b - Vo)lI§ k + Ik (0 - Vor) (1§« = 177k wli§ « + llxk wl§x = ] (11T DI g + IR DG )

where|K | and|K| are the volumes ok andK, respectively, and? : L2(K) — B andx : L%(K) —
L2(K) are defined analogously @ andxg, respectively. If both7 & = 0 andg® = 0 then we
deduce thatv € BL and@w e D. Thus the assumption th&@ N B+ = {0} implies that@ = O.
Consequently, the functiond| /7 - ”S,R + % - ||SK)1/2 is a norm onL2(K). Since all norms are

equivalent on the finite-dimensional spa€ethere exists a consta@y such that

K|
17k (b - Vo) lI§ « + Ik (0 - Von)[I x > 7 @11 z = Callb - Vonllg . (4.6)

This proves the inequality(4). To simplify the proof of the inequality(5) we first set
Ak (b, on) = 1Tk (b - Von)lI3 « + Ik (b - Von)15« -
Letb € W3tL2(0)d for someq € Np, and for anyK e 7n let us denote byk the orthogonal 2

projection ofb|k onto Py(K). Using the triangular inequality4(6) with b = bk, and thel.2 stability
of ITx andzk , we derive

1 1
Ak (b,vh) = > Ak (b, vn) — Ak (b — bk, on) > > Cq bk - Vvhll%,K — Ak (b — bk, vn)

1 1
> 2 Callb- Vonlig x = 5 Call(b = bk) - Vonllg x = A (b = bx, vn)

1 1
> 2 Callb- Vonlg - (2+ > c4) IIb = biclIf oo,k 10815 -
Therefore, using the inverse inequaliB/§), we obtain

2 2 -2 2 2
llonl1? > l1onl11E = Cs max(ok hig? Ib = b I o) onlF o

1 .
+3 Cs Z min{dk, 7k } 0 - Vonll3 k
KeTh

with Cs5 = (2+% Ca4) C2. Sincellb—bk llo,c0,k < Co h?<+1 [0]g+1,00,k @N[Ibk 0,00,k < C7 IIbl0,00,K
with constant€g andC; depending only on, d and the shape regularity &f (see, e.g.Ciarlet, 1997),
we derive using3.5) that

2120+2 |2
CGhK |b|q+l,oo,K

Sk =2 |b — bk |I2 <Cimin2CsCrh? |b ,
K Mk I K”O’OO,K 1 6“7 Kl |q+1,oo,K max{e,hK “b”O,oo,K}
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Thus, settingCg = C1 Cg max{Cg, 2C7}, we get
-1
-2 . — .
Ok N [Ib = bk 5 ook < CaMax{iblqs1.00,2- 01341000} mln[hq, h24+2 ;=1 p2a+1 (n%n |b|) }

Sincel|[vn|ll% > €lonlf  + oollonll3 ., we obtain 4.5) for sufficiently smallh. O

Forsk defined by 4.2), an estimate like4.3) does not hold. Nevertheless, we can still prove analo-
gous lower bounds as id @) and @.5) from which stability follows with respect to the norms given by
the right-hand sides o#(4) and @.5).

LEMMA 4.2 Suppose thdd N BL = {0}, whereB* denotes the orthogonal complemenﬁjh LZ(I?).
If the bilinear formssk are given by 4.2) andb is constant, wherb =£ 0, then

1/2
[lonlll = (IIIthIIG +C Z mlnI5K, IbIZ] b- Vvhllo K) Von € Wh, 4.7)
KeTh

whereC is positive and depends only & D andW. If b is not constant then there exists > 0 such
that, for 0 < h < hg, we have

KeTh

1/2
TK
|||vh|||><e|vh|m+ ||vh||OQ+Cme[5K,W]ub thI%’K) Yon € Wh,
0,00,K

(4.8)

whereC is a positive constant that is independenhaind the data of the probler.(). If b % 0in Q@
thenhg does not depend an

Proof. Let us assume thétis constant anth # 0. Consider any, € W, and anyK € 7. Then
Ok 11Tk (b - Vo)l k + 7 llxk Vonll3 x > min |6K, |b|2] (7 (b - Von) 13« + llxk (b - Von)lI3 k)

and @.7) follows using @.6). If b is not constant then we consider ang RY\ {0} and use the estimates

Sk 11Tk (b - Von)[I§ k + 7« Ik Vonli§

> mln[éK, a |2] (IHTk (b - Von)lIf « + kK @- Von)lIg k)

K 1
> mlnlaK, a |2} (EHHK (@- Von)lIg k + llxk (- Vvh>||%,,<) — d [Tk ((b — @) - Von)[1§

> 2 7 Camin iaK, e ] Ib- Vonllg x — (1+ %c4) Sk (b —a) - Vonll§ .
where we have applied!(6) to derive the last inequality. Box := (b, 1)k /|K| # 0 then we may set
a = bok. If bopx = 0then we seti = e||b||o,c0,k , Wheree e RYis any unit vector. Then, in both cases,
|al < [Ibllo,c0,k @and|lb —allg,c0,k < 2[Ib —bok llo,0,k - NOW, as in the case ofi(5), the estimate4.8)
follows using the estimatgh — bok [l0,00,k < C hk |bl1,00,k With a constanC depending only oml
and the shape regularity &f (see, e.g.Ciarlet 1991), applying the inverse inequalit8) and taking
into consideration the estimatg.§) for Jk . O
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REMARK 4.3 We have seen in Secti@rthat, for typical finite-element spac®¢, and B, used in both
the one-level and the two-level approaches of the LP method, the s‘ﬁaaesl D satisfy the inf—sup
condition @.12). Thus, if we seB = W N H3(K), then we haveD N B = {0}, and hence Lemmas
4.1and4.2hold.

REMARK 4.4 If the parameterd andzk satisfy

7K 7k (b) = Ok IIBIIF ook »

which is allowed by the assumptio.6), then the inequalitiesA(4), (4.5), (4.7) and @.8) can be re-
placed by

llonlll = Clllonlllsupc  Von € Wh,

where the SUPG norri| - |||supcis defined by 2.3) with d|x = ok for all K € 7. Thus, under the
assumptions of this section, the inf-sup conditi8rg)also holds with respect to the SUPG norm.

We conclude this section with a brief discussion of convergence results for the LP discretization.
Findup € Wy such thaup — Uph € Vi and

an(Un,vn) = (f,on) Von € Vh,

whereay, is defined by 8.1) with sk given by @.1) or (4.2). The space®y and W, are defined as
at the beginning of this section and we assume that the inf—sup condi#idr8 lfold. For simplicity,
we further assume that # 0 in Q. Error estimates fou,, with respect to the standard LP norm
[I]-1llLp defined in 8.3) can be found in, for exampl®&)atthieset al. (2007, 2008 andKnobloch(2009.

A careful analysis suggests that we set (§eebloch 2009

b h2 | 1D1 0
Ibllo,co.k = & yk(b)

K ~ min[

Let us assume that the spadas andW, have the usual approximation properties of onder N with
respect to the norms [0, and||- |1, o, respectively, that the approximati@ipn, of the Dirichlet bound-
ary condition is sufficiently accurate and that the solutiasf (1.1) belongs toH" t1(Q). Moreover, if
sk is given by é.1) then we assume thate W™ (Q). Then

lllu = unllle < C (72 +hY2) 1" ullr1a.0, (4.9)
where, for simplicity, only the dependence ©andh is shown explicitly. Now let us set
. hg  hZ
oK ~mny ——, — 1,
“ [ Ibllocok”

asin @.4) and @.9), and consider the norti - ||| from (3.4). We assume that the spaBg that is hidden
in the definition of this norm is determined by the reference sfgaeeW N Hol(K). Using the inf—sup
condition @.9), the strongea priori estimate

llu = unlll < C Y2 +hY2) b fullr 41,0
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follows analogously to4.9). Finally, in view of Lemmagl.1and4.2 and Remarkd.3and4.4, we also
obtain the convergence of the LP method in the SUPG norm that is stronger than the LP1 norm:

Illu = unlllsupc < C (Y2 + hY2) " |lullr41.0.

If b is not piecewise polynomial, or not constant in the cassgoflefined by ¢.2), then this estimate
holds for sufficiently smalh.

5. Improved stability properties of the standard Galerkin method

It follows from Section3 by settingrk = 0 that the standard Galerkin method is stable with respect to
the norm
1/2

llolllo = { Mol + > ok Ik b-Vo)lZx | . (5.1)
KeTh

which is stronger than the usual noih- ||| provided thatB, # {0}. Let us consider a standard
Galerkin discretization ofl(.1) based on the spadfg, of continuous piecewise polynomials of degree

on a simplicial triangulatioff,, of Q. If r > d 4 1 then this space contains a nontrivial bubble subspace
Bh generated elementwise B/= b - P, _q_1(K), whereb is the product of the barycentric coordinates
on K. We shall show in Lemma&.1thatW, contains a stable subspace defined by

S ={v e H(Q); vlk € P—q(K) VK e Tp}.

If the spaceéA, is constructed on a triangulation obtained by refining the simplicial triangul&fjas
in the two-level approach of the LP method (see Se@)othen a nontrivial bubble subspaBg of W,
exists for any > 1. In this case we s& = b- P_1(K), whereb € H}(K) is a nonvanishing function
that is piecewise linear with respect to the refinemer€ofhen a stable subspace\Wf, is given by

S ={v e HY(Q); vlk € P (K) VYK e Thl.

LEmMMA 5.1 Letb be constant oh be sufficiently small. Let the spac®4, and By, be constructed in
one of the ways mentioned above and3gtbe the corresponding subspace/df. Then, on the space
S, the norm||| - |||o given by 6.1) is equivalent to the SUPG norif - |||supc defined by 2.3) with
dlk = ok foranyK e 7.

Proof. Obviously,|[[v]llo < llv|llsupcfor anys e H1(2). To prove that||onlllo > C |lvnllIsupcfor
vh € S, letus setD = Pr_d_l(r?) for the one-level spacéh andD = Pr_l(l?) for the two-level
spaceW,. ThenD N B = {0} andxk Von = O for anyon € §,. Consequently, the lemma follows
immediately from Lemma.2with tx = dk ||b||S’OO,K. O

There is an interesting consequence of Lenthiathat we discuss now, for simplicity, fat = 1
and a constant functiob. Using continuous piecewise polynomials of degree 2 and the standard
Galerkin method, the subspace consisting of piecewise polynomials of degfers already controlled
by the SUPG norm. Only the SUPG norm of the highest-degree polynomials have to be still controlled.
If we add a stabilization term of the form

Z Ok (kn(bup), kn(bop))k s

KeTh
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wherexy = id — 7z andx, is the orthogonal 2 projection onto the space of discontinuous piecewise
polynomials of degree— 2, then just the highest-degree polynomials will be controlled by this LP term.
In this sense the LP method represents a minimal stabilization. An alternative choice would be the term

> akhig =2 ((bup) ", (bop) D)
KeTh

which is closely related to the method studiedobiska(20086.

As an example, let us consider the problelrl) in one space dimension wit® = (0, 1) andb =
¢ = 1. We introduce a uniform decomposition @f = (0, 1) with nodesx; = i h, wherei =0,..., N
andh = 1/N, and apply the Galerkin method with the spallg consisting of continuous piecewise
linear functions with respect to this decomposition. Furthermore, we introduce a second decomposition
of @ = (0, 1) with the nodesj, for j = 0,..., J, whereXp = 0 andX; = 1. To define the interior
nodes we fix a positive integér < N, chooseig € {1,...,k} and seX; = Xj,4(j—1k, Wherej =
1,...,J—1. Weassume thdl —k < ig+ (J —2)k < N. Fork = 1 the second decomposition is
identical to the original one, but fdr > 2 it is a coarser decomposition. Let us denotepw globally
oscillating function fromW that is linear on each intervéXj 1, Xj), wherej =1, ..., J, and satisfies
vh(X0) = vh(XN) = 0 andon(Xj) = (=1)! for j = 0,..., J. The stability of the standard Galerkin
approach guarantees the boundedness of the discrete solution with respect to the RfnHowever,

6e 1 _
[llonllle < ‘/F + 3~ e¥2ht 41,

and hence, for small enough, oscillating functions suchwgsare not excluded by the boundedness in
the norm||| - |||c. On the other hand, considerikg> 2 and denoting by, the coarse decomposition of
Q, the spacé\, contains a nontrivial bubble spa8 with respect to/,,. Hence the Galerkin solution
is also bounded in the stronger nofih |||o defined by §.1). It is natural to defindB,, as the subspace
of W, consisting of functions vanishing at the nodesjpf Then, for any intervaK e 7, away from
the boundary ofQ, we have| Tk 1”%,K = o h with a constantx that is independent oKk and h.
Consequently, using a constant vaduef Jx , we get

> olkopli§x = @8 lopli§ 5,0 = % (X3—1—%X1) ~h™t fors ~h.

KeTh

Thus our improved stability results show that all of the oscillating functions definekl for2 cannot
appear among the Galerkin solutions for snalDnly the most rapidly oscillating function (obtained
for k = 1) is not excluded by the boundedness in the nfjfm||o, as indicated in Fig2(a). Indeed, in
this caseyy, is L2 orthogonal to all functions froriVi, vanishing in(0, h) U (1 — h, 1), and hence the
additional term in%.1) provides only very little information about the functiop.

(b)

FIG. 2. Globally oscillating modes that are suppressed (dashed lines) and not suppressed (solid line) by the boundedness in the
norm||| - |||o: (@) piecewise linear elements and (b) piecewise quadratic elements.
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The above considerations correspond to the two-level approach of the LP method. If th&\gpace
contains higher-order polynomials then we can also proceed as in the one-level approach. To fix the
ideas let us denote by the decomposition of2 with the nodesxp, X1, ..., XN and let us assume
that the spacé\, consists of continuous piecewise quadratic functions with respegg.téor any
K e 7r the operatotlZk is the orthogonal 2 projection of L2(K) onto the space spépx }, where
@k is the quadratic function vanishing at the end points of the inteivalnd that equals 1 at the
midpoint of K. The solution of the standard Galerkin approach with the spécés then bounded in
the norm||| - |||o. For the above-introduced piecewise linear funciigrsatisfyingon(x) = (—1)',
wherei =1,..., N — 1, the additional term in the norffi - |||o can be easily evaluated and we get

56 (2 _
ZéllﬂthIIOK— Slloplg o = 3h(ﬁ‘ )~h L for 6~ h.
KeTh

Sincellk g = 0 for anyK e 7h, the improved stability property of the higher-order approximation
excludes discrete solutions whose piecewise linear part oscillates like the fungtias indicated in
Fig. 2(b).

The boundedness with respect to the nglim|||o defined using the one-level projections does not
exclude globally oscillating higher-order modes. Indeed, defining a funetipe W, in such a way
thatwh|k = (—1)' gk if K = (xi_1, Xi), wherei = 1,..., N, we again havéj|wn|||c ~ ¢/?h~1 +1
butZKETh o |k wy, ||§’K = 0. However, a different conclusion is obtained if we consider the stability
originating from the two-level approach. In this case we denot&lihe decomposition of2 with the
nodesXp, X1, ..., X3 defined forig = k = 2 that can be viewed as a product of coarsening the decompo-
sition on which the spacé#, is defined. Then, on eadf € 7Ty (except fork = (X3-1,X3) = (1—h, 1)
if N is odd), we have a one-dimensional piecewise linear bubble $p@cg The corresponding opera-
tor Ik gives| Ik u)h||0 k = 1/(6h),and henc@KeT o || Ik wh”o k ~h™ —1for 5 ~ h. This excludes
the functionwn, if h is small (cf., Fig2(b), dashed piecewise quadratic curve).

Nevertheless, some globally oscillating higher-order modes are still allowed, as shown by the piece-
wise quadratic curve in Fi@(b). If we setwn|k = ¢k foranyK = (xj_1, Xj), wherei = 1,..., N,
then we deduce thaiy, is L2 orthogonal to the spadéh N H(}(Q), and hencé||wnl|lo = |||wnl||c for
any choice of the projection operatai& . In order to also exclude this type of mode we can apply a
one-level LP method with operators projecting onto constant functions. Thegg;, = ¢y for any
K € 7h, and hence the improved stability of the LP method excludes globally oscillating higher-order
modes such as the functias,.

The boundedness of a finite-element solutigrwith respect to a norm equivalent to the SUPG norm
suppresses spurious oscillations, which was also pointed out by F. Schieweck (2007, private communi-
cation). In the standard Galerkin method it turns out that this boundedness can already be guaranteed
for certain subspaces of a finite-element space, and thus only some high-frequency modes have to be
stabilized.

6. Numerical results
In this section we present numerical results for the following setting of the proldleiin (
EXAMPLE 6.1 We consider the probleri.() in @ = (0, 1) with

e=10"% b=(1,0, c=1, f=1, u=0.
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The solution of Examplé.1 possesses an exponential boundary layex at 1 and parabolic
boundary layers ay = 0 andy = 1. Outside the layers the solution is very close to the function
Up(X,y) =1—¢eX.

Fig. 3 shows the SUPG solution of Examel computed using th€» element, a triangulatiof,
consisting of 20x 20 equal squares and a stabilization parameter defined by

1 hk h2K
Sk ==mn{——, Kt vKeT
4 Ibllo,co,k  6€

(seeCodinaet al, 2002. The lines in Fig.3 connect the values of the SUPG solution at vertices,
midpoints of edges and centres of elementgpWe observe that the SUPG solution contains spurious
oscillations along the parabolic layers. At the exponential layer no oscillations are present, which is
caused by the fact that, outside the parabolic layers, the discrete problem reduces to the one-dimensional
case. For other convection fieldsand/or other types of triangulations, spurious oscillations also have
to be generally expected at exponential layers, unless a special tuning of the stabilization parameter is
performed.

Now let us consider LP stabilizations. We shall present results for a one-level method and a two-level
method. The one-level method is defined using the bilinear &§f?A from (2.7), the same triangulation
Th as above and a spabé, constructed using th®, element enriched by three bubble functions on
each elemenK of 7. Choosing a nonvanishing functidix € Q2(K) N Hol(K), these three bubble
functions aréi X, bk y andbk x y. The two-level method uses the bilinear foaﬁ?l from (2.6) and a
triangulation7y, consisting of 10x 10 equal squares. The finite-element spageis defined using the
Q2 element on a triangulation obtained by refinifigas explained in Sectio Thus the spac®, is
the same as for the SUPG method. For both methods the projection Bpaselefined by 2.10 with
D(K) = Q1(K) and the stabilization parameter by

2
1 . he  hz | bl
TlK = — min K M

_ VK € Th.
15 Ibllo,co,k  6& ] yk(b)

The discrete solutions obtained are depicted in Eig-he one-level solution is visualized without
the additional bubbles, so that the corresponding function belongs to the W8fackthe remaining

e,
2

N 1-
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s
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FiG. 3. Two views of the SUPG solution of Exampiel
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FIG. 4. LP solutions of Exampl6.1: () the one-level approach wig}”? and (b) the two-level approach wit}P*.

two methods. At the parabolic boundary layers both solutions contain spurious oscillations that are
almost indistinguishable from those of the SUPG solution. The LP methods also contain oscillations
along the exponential boundary layers. However, it is important that these oscillations are localized.
The localization is more pronounced for the one-level method, but note that this method employed more
degrees of freedom than the two-level method in the presented computations. Away from boundary
layers, for example, in the domaif, 2/3) x (1/3, 2/3), all three discrete solutions are very close to
the functionug introduced below Examplé.1

The numerical results of this section show that neither the SUPG method nor the LP method removes
spurious oscillations completely. This is due to the fact that neither method results in a linear system with
an inverse monotone matrix. The maximum amplitude of oscillations in the layer region is larger for the
LP method than for the SUPG method. This demonstrates that the stability of different discretizations
with respect to the same norm does not necessarily mean that the corresponding numerical solutions
will be of similar accuracy. Nevertheless, the LP method preserves the important property of the SUPG
method that oscillations are localized to the layer regions.
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Local projection stabilization (LPS) of finite element methods is a new technique for
the numerical solution of transport-dominated problems. The main aim of this paper is
a critical discussion and comparison of the one- and two-level approaches to LPS for the
linear advection-diffusion-reaction problem. Moreover, the paper contains several other
novel contributions to the theory of LPS. In particular, we derive an error estimate showing
not only the usual error dependence on the mesh width but also on the polynomial
degree of the finite element space. Based on this error estimate, we propose a definition
of the stabilization parameter depending on the data of the solved problem. Unlike
other papers on LPS methods, we observe that the consistency error may deteriorate the
convergence order. Finally, we explain the relation between the LPS method and residual-

SUPG method based stabilization techniques for simplicial finite elements.
© 2009 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

Consider the stationary advection-diffusion-reaction problem
Lu:=—¢Au+b-Vu+ou=f ing; u=0 ondf2 (1)

for the scalar field u in a bounded domain £2 c RY, d =2, 3, with given source term f, advection field b and constant data
&> 0,0 >0. Problem (1) is a basic model in fluid mechanics and many other applications.

The Galerkin finite element (FE) approximation of (1) may suffer from dominating advection, i.e., &€ < ”b”“_oo(g)]dh,
and/or dominating reaction, i.e., & « ch?, where h denotes the mesh width. The traditional way to cope with this problem
is the application of residual-based stabilization (RBS) techniques. The basic approach is the streamline-upwind/Petrov-
Galerkin (SUPG) method [8] or related variants. An overview about RBS methods and further stabilization techniques for
problem (1) can be found in [24].

The class of RBS techniques is still quite popular since they are robust and easy to implement. Nevertheless, they
have severe drawbacks stemming from the non-symmetric form of the stabilization terms and the occurrence of second-
order derivatives in the residual Lu — f. Therefore, other stabilization techniques appeared recently, in particular, the
edge-stabilization method [9,7] and variational multiscale (VMS) methods [17,18,15,10]. We emphasize that almost all sta-
bilization methods can be interpreted as special VMS methods. The key idea of VMS methods is a separation of scales: large
scales, small scales and unresolved scales. The influence of the unresolved scales on the other scales has to be modelled.
Mostly, it is assumed that the unresolved scales do not influence the large scales.

* Corresponding author.
E-mail addresses: knobloch@karlin.mff.cuni.cz (P. Knobloch), lube@math.uni-goettingen.de (G. Lube).

0168-9274/$30.00 © 2009 IMACS. Published by Elsevier B.V. All rights reserved.
doi:10.1016/j.apnum.2009.06.004
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Local projection stabilization (LPS) methods as special VMS-type methods are of current interest [6,21]. Here the influ-
ence of the unresolved scales on the small scales is modelled by additional artificial diffusion terms for the small scales. LPS
methods belong to the class of symmetric stabilization techniques [7]. One major advantage of such methods applied to op-
timization problems with partial differential equations is that the operations ‘discretization’ and ‘optimization’ commute [4].

Let us mention the main novel contributions of this paper. There are currently two basic variants of LPS methods:
a two-level approach [6,21,23] and a one-level approach [21,26,22,12]. One goal of this paper is a detailed computational
comparison of both variants and of the SUPG method. Another goal is a critical review of the numerical analysis (based on
energy estimates). In particular, we consider the error estimates in terms of both the mesh width and the polynomial degree
of the finite element space. Balancing terms in the error estimate, we come to a formula for the stabilization parameter
which scales correctly with respect to b. For neighborhoods of subregions with a vanishing advection field b we show that
a deterioration of the convergence order can occur. Finally, we show that the LPS approach is very close to RBS methods
like the algebraic subgrid scale stabilization [16,10] or the ‘unusual’ Galerkin/least-squares method [11]. The latter result is
new for higher-order finite elements and is established simultaneously for both variants of the LPS approach.

The outline of the paper is as follows. The basic Galerkin FEM and its stabilization via local projection is discussed in
Section 2. In Section 3 of this paper, we present a unified theory of local projection methods for problem (1) based on
energy estimates. In contrast to other papers, the dependence on the polynomial degree of the finite element method is
considered. In Section 4, examples of finite element spaces satisfying the assumptions of Section 3 are presented and, in
Section 5, a comparison of both variants of LPS methods is performed by means of simple numerical experiments. Section 6
is devoted to the relationship between simplicial LPS methods and residual-based stabilization methods.

Throughout this paper, standard notations for Lebesgue and Sobolev spaces are used. The L? inner product in a domain G
is denoted by (-,-)c. Moreover, we use the notation a < b if there is a constant C > 0 independent of all relevant parameters
like mesh size, polynomial degree or coefficients of L.

2. Variational formulation and stabilization

Here, the basic Galerkin finite element formulation of problem (1) and its stabilized variants via local projection (LPS)
are introduced. Moreover, various technical tools are given.

2.1. Basic Galerkin approximation

The variational formulation for the advection-diffusion-reaction problem (1) reads: Find u € V := Hé(Q) such that

a(u,v):=(EVu,Vv)o +(b-Vu+ou,v)o =(f,v)e, VveV. (2)

Assumption 1. Let 2 C R%, d € {2, 3}, be a bounded, polyhedral domain. Moreover, assume that & > 0 is constant, f € L2(£2),
be[L®(2)NH'(£2)]9 with V-b=0 ae. in £ and o >0 is constant.

Remark 1. Typically, b is a finite element solution of an incompressible flow problem. Then it holds that (V -b, qy) =0 for
certain test functions q,. Hence, V - b is small but does not vanish in general. A simple remedy to ensure coercivity of a(-,-)
is to replace the advective term (b - Vu, v)g by 3(b-Vu,v)g — 3(b-Vv,u) g — $((V-b)u, v)g.

Consider a decomposition 7, of §£2 belonging to a family of shape-regular, admissible decompositions of 2 into d-
dimensional simplices, quadrilaterals in the two-dimensional case or hexahedra for three dimensions. Let ht be the diameter
of acell T € T, and h the maximum of all hr, T € 7j. Let T be a reference element of the decomposition 7. Let us assume
that, for each T € 7y, there is an affine mapping Fr : T — T which maps T onto T. This quite restrictive assumption for
quadrilaterals can be weakened to asymptotically affine mappings [1].

Set

Pi.7 = {vh € L*(2); vho Fr € P(T), T € Ty}
with the space Pk(f) of complete polynomials of degree k defined on T and
Qi7i = {vn € *(2); vho Fr € Qu(T), T € T}

with the space Qk(T) of all polynomials on T with maximal degree k in each coordinate direction. We shall approximate
the space V by a finite element space Vp , C V such that

Vik D Pr, NV or VppDQypNV.
Now, the standard Galerkin discretization of problem (1) reads: Find uj € Vj x such that
a(up, vp) = (f,v)a, Yvpe Vi (3)

As mentioned in the introduction, the solution uy of (3) usually suffers from spurious oscillations, which is often cured by
introducing a stabilization in (3).
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2.2. Local projection stabilization (LPS)

The idea of LPS methods is to split the discrete function spaces into small and large scales and to add stabilization terms
of diffusion type acting only on the small scales. Such stabilization terms can be interpreted as models for the influence of
the unresolved scales on the small scales. Therefore, LPS methods can be regarded as special variational multiscale (VMS)
methods. There are two obvious choices of the space of large scales: a two-level and a one-level approach.

The first, the two-level variant, is to determine the large scales with the help of a coarse mesh. The coarse mesh M
is constructed by coarsening the basic mesh 7, such that each macro-element M € M), is the union of one or more
neighboring cells T € 7. The diameter of M € M, is denoted by hp;. We assume that the decomposition M}y of £2 is
non-overlapping and shape-regular. Additionally, the interior cells are supposed to be of the same size as the corresponding
macro-cell:

3C>0: hy<Chr, VTeTp MeMywithT C M, (4)

where the constant C is the same for all 7; belonging to the considered family of decompositions of £2. Following the
approach in [21], we define a discrete space Dy C L%(£2) as a discontinuous finite element space defined on the macro-
partition Myp. The restriction of D; on a macro-element M € My, is denoted by Dy (M) := {vu|m; Vi € Dp}.

The next ingredient is a local projection my : L2(M) — Dp(M) which defines the global projection 7, : L2(£2) — Dy,
by (V)M := mm(v|y) for all M € M;, and for all v e L2(£2). A standard variant is the local orthogonal L% projection.
Denoting the identity on L%(£2) by id, the associated fluctuation operator kp, : L2(£2) — L%(£2) is defined by «y, := id —my,.

The second approach, the one-level variant, consists in choosing a discontinuous lower order finite element space D on
the original mesh 7. The same abstract framework as in the first approach can be used by setting My = 7j.

For both variants, the stabilized discrete formulation reads: find uj € Vj x such that

a(up, vu) +Sp(n, ve) = (f, V)2, Yvh € Vi, (5)

where the additional stabilization term is given by

snn, vi) =Y Tm(kn(b - Vup), kp(b- Vvp)),,. (6)
MeMy

Remark 2. The LPS scheme (5) with (6) will be denoted as streamline-derivative-based LPS scheme (SD-based LPS scheme
for short below). Another variant is to replace sp(-,-) with

Snun, vi) =Y Tk Vi, knVVh)m.
MeMy

Later on, it will be called gradient-based LPS scheme. We will summarize the corresponding result in Remark 6.

The constants 7y and Ty will be determined later based on an a priori estimate. Please notice that the stabilizations sy
and S, act solely on the small scales. Of course, there is some more freedom in the choice of sy, see also [21,6].

In order to control the consistency error of the kj,-dependent stabilization terms, the space Dy, has to be large enough;
more precisely:
Assumption 2. The fluctuation operator kj, satisfies for 0 <[ <k the following approximation property:

hl
3Ce > 00 ngloyt < CeHlalu. Vo€ L(2). gl € H(M). VM € My, (7)
The subsequent numerical analysis takes advantage of the inverse inequality
iy > 02 [vhl11 < piek®h7 vallor, VT €T, Yvi € Vg (8)

(see [13]) and of the interpolation properties of the finite element space V}, ;. For the Scott-Zhang quasi-interpolant operator
Ink [27], one obtains for v € V with v|,, € H'(wr), r > 1, on the patches wr := Uf'mT#) T’

I—m
ics>o: ||v71h,,<v|\m,Tgckffmnvnr,m, 0<m<I=minfk+1,r}. (9)

The constant C may depend on r. Like in (4), the constants in the inequalities (7)-(9) are the same for all 7, belonging to
the considered family of decompositions of £2.
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2.3. Special interpolation operator

Following [21], we construct a special interpolation j, : V — Vp  such that the error v — jpv is L%-orthogonal to D;, for
all v e V. In order to conserve the standard approximation properties, we additionally assume

Assumption 3. There is a constant 8 > 0 such that, for any M € My,

inf  sup —mdM g (10)

=
aneDaM) vy ey, vy 1Vallo.mlgnllo.m

where Yy (M) :={vp|lm; Vi € Vi, vi =0 on £2 \ M}. The constant 8 is assumed to be the same for all M}, belonging to
the considered family of macro-decompositions of §2.

Remark 3. The inf-sup condition (10) implies that the space D, must not be too rich. On the other hand, D, must be rich
enough to fulfill the approximation property (7). Later we will present several function spaces Dy, satisfying (10).

Lemma 1. Let Assumption 3 be satisfied. Then there is an interpolation operator j, : V — Vy i such that
(v—jrv.qn)2 =0, Vqn €Dy, VveV, (11)

) h , 1\ K
IIV—JhVIlo,M+k—’flV—Jth,Ms (1+E)k_)\l/lllvl|"“”“’ VM e My, veVNH(2), 1<I<k+1. (12)

Proof. We follow the lines of the proof of Theorem 2.2 in [21], but we take into account the dependence of the constants
on the polynomial order and the inf-sup constant g.
Consider any M € M}, and define the linear continuous operator By, : Y, (M) — Dy (M)’ by

(BrVh,qn) := (Vh.qn)m, VYV € Yp(M), qn € Dp(M).

Denote Wj,(M) := Ker(By) and let W,(M)L be the orthogonal complement of W,(M) in Y,(M) with respect to (-, )um.
The Closed Range Theorem yields via Assumption 3 (cf. [14], p. 58, Lemma 4.1) that B, is an isomorphism from Wj(M)*
onto D(M)" with B||villo,m < |Brvnllp,mmy for any vj, € Wy, (M)L. Therefore, for any v € V, there is a unique z;(v, M) €
Wi (M)* with [zy(v, M)[lom < %HV — Ipkvlom such that

(Bnzn(v. M), qn) = (zn(v, M), qn),; = (v = InkV. qw)m,  Vqn € Dp(M).

Since My, is a partition of §2, we can define an operator j,: V — Vp by (jav)Im = UnkV)Im + zn(v, M), M € M. Then
we immediately obtain the orthogonality property (11). Due to (9) the operator jj satisfies for 1 <I<k+1 and all M € M,
veVnH(2)

2 1 2 2 1 2 h%l 2
v —Jjnviig.m < (1+_) ||V_1h,IcV||0,MgC(1+_> E SV 6p -
p B/ ik
TeTy

To derive an approximation property in the H' seminorm, we first use the inverse inequality (8) and the assumption (4),
which implies

2
2 2 4p—2 2 Hiny 4, -2 2
|lzn (v, M)}y < Y b k¥ [zn(v, M| 1 S g2 K 1Y = Inkvlg -
TcM
TeTy

Then, applying the approximation property (9), we get

v —javiim = |V —=Inkv =20V, M|y 3y <1V = Inivim + |20 (v, M| 4,

1 i hlf‘l
5(&* l‘s“")kl%uvnl,w O

Remark 4.

(i) The estimate of Lemma 1 is optimal with respect to hy. The estimate in the seminorm |- |1 v is seemingly sub-optimal
regarding k. A discussion of the stability constant 8 appearing in Lemma 1 is given in [23].

(ii) If ve V N HY(£2) with t > % it is possible to replace the Scott-Zhang quasi-interpolant operator Ip, x in (9) by a point-
wise interpolant, e.g., the Lagrangian interpolant. This allows to replace the sets wy in (12) and in the a priori estimates
of the next section by the macro-elements M, see [22].
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3. A priori analysis

The next goal is an error estimate for the scheme (5). Therefore, further assumptions on the finite element spaces Vj, x
and Dy, are required. We will derive all results for the SD-based LPS scheme. The corresponding results for the gradient-
based LPS scheme, see Remark 2, will be summarized in Remark 6.
3.1. Stability

First, the stability of the scheme will be proven in the mesh-dependent norm

1
Ivil = (elvli g + o lIVI§.0 +sn(v.v))?, VveV.

The corresponding norm for the gradient-based LPS scheme follows by replacing s, with §j.

Lemma 2. The following a priori estimate is valid for the SD-based LPS scheme
elunlf o +ollunllf o <lunll® < (F, un)e, (13)
hence existence and uniqueness of up € Vy, i in the scheme (5) follow.
Proof. For any v € V, integration by parts yields (b-Vv,v)o = 7%((V -b)v,v)e =0 and therefore
@+s)v.v)=elvli g +0vI§ o +suv.v)=lIv[I>, VYveV. (14)

This implies (13), hence existence and uniqueness of uy € Vp, ; in the scheme (5). O

3.2. Approximate Galerkin orthogonality
In LPS methods the Galerkin orthogonality is not fulfilled and a careful analysis of the consistency error has to be done.
Lemma 3. Let u € V and uy, € Vj i be the solutions of (2) and of (5), respectively. Then it holds that
a(u —up, vp) = Sp(Up, vp), Yvp € Vi (15)
Proof. The assertion (15) follows by subtracting (5) from (2) with v=vy. O

Now we estimate the consistency error.

Lemma 4. Let Assumption 2 be fulfilled and let u € V with b - Vu € H'(M) for some | € {0, ..., k} and for all M € M, Then it holds
for the SD-based LPS scheme that

1
h21 3
|sh(u,vh)\5( > c;ﬂk—z’v,’\bvm,%m) vall, Vvh e Vi
MeMy

with

M 1Bl oo 4y 0k?)?
(tm |l ||“_ (M))d ) } (16)

Cyy »=min{ Ty, 5
o hy

Proof. Consider any M € M}y, and vy € Vp, k. Then the Cauchy-Schwarz inequality and Assumption 2 yield

hl
(ten(b - V), (b - Vvi))yy S B -Vl ficn (- Vvi) [ -

Furthermore, we deduce using the L2 stability of k, in Assumption 2, the inverse inequality (8) and the assumption (4) that
lien -V vm) g g S 1B zoouayga Vil S 1B oo uayjak® g 1vallo,m-
Thus,
k! 5 1
2 (kn(b - V). k(b - Vvi)),y < /Chy 1BVl (@ 1valg a + o [ in (b - v g )7

which proves the lemma. O
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3.3. A priori error estimate

The a priori estimate can be proven using the standard technique of combining the stability and the consistency results
of the previous subsections.

Theorem 1. Let u € V be the solution of (2) and uy € Vy, i the solution of (5). We assume that u € H*1(82) for somel € {1, ...k}

and that b - Vu € H'(M) for all M € My,. Furthermore let Assumptions 2 and 3 for the coarse space Dy, be satisfied. Then it holds for
the SD-based LPS scheme that

, th 2 hZI
u—upl? < Y { Wi lb- Vully + (Hﬂ) Cw s Il wM} (17)
MeMy
with Cy, defined in (16) and
2 h2
CM =&+0— k4 + +TM”b”[Loo(M)]d

Proof. The error is split into u — up = (u — jpu) + (jau — up). We start with the approximation error u — jpu. Lemma 1
yields

) 1 h2 th %
=gl S (14 5 ) (2 |e 03+ b1 |t 1010 )

MeMy
Now we estimate the remaining part wy := jhu — up using (14)
@+ sp)(jpu — Up, Wp)
Iwhll
_ (atsp)—up,wp) | (@+sp)(rtt — U, Wh)
B lwnll liwall
Applying Lemmata 3 and 4, the first term is bounded by

1

_ Sn(u, wp) 2
= C b-V .
Tiwall N( 2 ’V’IZ" ”'“V’>

MeMy

lljnt = unll =

=:1+IL

Now we consider the terms of II separately. Integration by parts, the orthogonality property (11) and the estimate (12) yield
for wy € Vp i that

a(jpu —u, wp) =&(V(jntt — u), Vwy) 5 — (kn(b - Vwp), jot — ) o, + 0 (jptt — u, wp)g

1 h2 h21 %
5(”5)( )3 [8+<0+—>k—4]k2, Ml wM) liwall.

MeMy
The estimate of the stabilization term follows using (7) and (12)

1
) 1 th 2
shuhu—u,wws(wg)( > MBIy g 1, wM) Nwhll.

MeMy
Summing up all inequalities in this proof gives the assertion. 0O

3.4. Parameter design

Now we will calibrate the stabilization parameters t); with respect to the local mesh size hy, the polynomial degree
2

k of the discrete ansatz functions and problem data. The parameters 7y are determined by balancing the terms # ~
TM”b”fLOC(M)Jd in Cy on the right-hand side of the general a priori error estimate (17), hence
h
T~ X (18)

IBllppoe uayyok®
Note that the discrete problem is well defined also if Ibll oo (pryye =0 for some M € My, since

2
Isnv. W) S Dt IBI gyl VI Wi, YV w e V.
MeMy
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Corollary 1. If Ty satisfies (18), then we obtain for the SD-based LPS scheme under the assumptions of Theorem 1

hal hy 1b-Vul?, |b-Vu|?
e —unll® < 7 { Mmin{ 5 - ’*M}

12l 2 ’
Mert, k k ||b||[L00(M)Jd o

1\? h2, hyl b3
+ (1 + E) |:8 + Uk_4 + ”bH[Loo(M)]d k—z] -2 ”uHI-%—l‘wM}'

Remark 5. This result requires some discussion:

(i) For I =k and & < hy;, we obtain for the second right-hand side term in Corollary 1 the optimal convergence rate

kel

O(h,\;rz) with respect to hy.
For the first right-hand side term, the optimal rate is obtained if b 0 in £2. If this is not the case, then in a neigh-
borhood of points where b vanishes, the term |b - Vul,%M/l\bllle(M)Jd may tend to infinity for h — 0. If o > 0, then one
gets at least the suboptimal rate O(h’,‘v,) but if o =0, an additional reduction of the rate may occur. A simple example
is the case (b- Vu)(x) = |b(x)| :xl1, x1 > 0, for which |b-Vu|le/||b||[Loc(M)]d ~ hfv,’ for M C {x € R%; x; > 0} intersecting
the line {x € R%: x = 0}.

(ii) The a priori estimate (17) in Theorem 1 seems to be suboptimal with respect to the polynomial degree k. This subop-
timal dependence on k is a consequence of the estimate of |[v — jyv|;,» in Lemma 1 which is presumably suboptimal
with respect to k as well. In fact, one would expect that j, satisfies the estimate

hm 1\ hb,
— v —jpv S({1+=)=Flv .
PEASEELMIR/RS ( /3) ] 1V1l1,0m
Assuming that this estimate holds true, a careful check of the above proofs reveals that the explicit dependence on k in
the a priori estimate (17) becomes optimal and we obtain

hm

™~
||b||[L00(M)]dk

instead of (18). Unfortunately, in the numerical Example 1 below we could not find significantly different results for
both choices of y.

Remark 6. The result for the gradient-based LPS scheme (see Remark 2) corresponding to Corollary 1 reads as follows:
Assume that b € [W°(2)]4, o > 0 and u € H'*1(£2) for some I € {1,...,k}. Moreover, let Assumptions 2 and 3 hold. For
v~ h[\/[”b“[l_oc(M)]d/kz we obtain for the gradient-based LPS scheme

2 2 h%|b)? 21
1 h M 100 (M) h h
2 M (W (M)] M M 2
llu —unll” 5 <1 + *) E |:<9 to P + e + 1Bl oo vy 2 ]7k21*2 Nl 1 cop, -
MeMy

1
For I =k, ¢ < hy, we obtain the optimal convergence rate O(h’f\;rf) with respect to hy. This estimate is better with respect
to hy; than for the SD-based LPS scheme, see Remark 5(i).
On the other hand, in contrast to the SD-based LPS scheme, we cannot allow o = 0. This is because of the estimate
of the term (ku(b - Vwyp), jhu — u)go in the proof of Theorem 1. Since the norm |[|wy]| is defined using «,Vwy and not
k(b - Vwy), the function b is approximated by a piecewise constant function by and the identity

Kn(b-Vwy) =b -k Vwy — (b —bp) -k Vwy, + Kh((b —by) - VW/«,)

is used. The estimation of the second and third term on the right-hand side of this identity is based on estimating
Ib — bl oy and applying the inverse inequality (8). This leads to [[wp|lo, which is present in [[wy]| only if o > 0.

Remark 7. The LPS approach was first proposed for the Stokes problem in [3] using local projections of the pressure gradient.
Like in the present paper, the stabilization term contains a parameter which has to be chosen by the user. An attractive
alternative to this approach is the parameter-free LPS proposed in [5] where not the pressure gradient but the pressure
itself is projected. However, it cannot be expected that the approach of [5] could be successfully extended to the advection-
diffusion-reaction problem considered in this paper since the stabilization has to depend locally on the relation among
diffusion, convection and reaction.
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4. Examples of finite element spaces

The paper [21] presents different variants for the choice of the discrete spaces V, x and Dy using simplicial, quadrilateral
and hexahedral elements. There are two basic variants of the LPS methods: the one-level approach for which My =7, and
the two-level approach for which the mesh 7}, is obtained by refining the mesh My, see Fig. 1 for d = 2. In what follows,
we describe some details of these two approaches.

We shall assume that all macro-elements in M}, are affine equivalent to the reference element T and that D, C P,
for some m € No. Let us formulate a sufficient condition for the validity of the inf-sup condition (10). We introduce a
reference bubble function b e C(T) n Hé(f) satisfying b >0 and 1376 0 and, for any M € My, we set by = ho Fnjll. Then
there is a positive constant « such that

(bmq. Dm > llqlf . Vg € Dp(M), M € My,
Thus, it suffices to require that
by - Dp(M) C Yp(M), VM e M. (19)

Then the inf-sup condition (10) holds with 8 = (a/llBlle(f))l/z. Note that a necessary condition for the validity of (10) is
that dim Y, (M) > dim Dy (M). Therefore, if Y, (M) = by - Dy (M), then Y, (M) has the smallest possible dimension.

The one-level approach with M}y = 7, starts from a given discontinuous space Dy and uses an enrichment of the spaces
Py 1, NV or Qi 7, NV to satisfy (19). For simplicial elements, we set

Dhi=Pi17.  Viki={veV; viroFr e PP VT € T},

where
d+1
PPO(T) =P +b- Py (D). bR :=d+ D A
i=1
with the barycentric coordinates Ai,i=1,...,d+1.For quadrilateral/hexahedral elements, we can use either D = Py_1,7;,

or Dy = Qg_1,7;- Setting b= Pk_1(f') or b=Qu_1(D), respectively, the spaces Vj are constructed analogously as for
simplices with

QM) =) +b-D.  b®:=]](1-3).

where T = (=1, 14, In the numerical experiments presented in the next section, we consider b= Qk,l(f).
Now consider the two-level approach (cf. Fig. 1 for d = 2). In the simplicial case, each element M € M, is divided into
d + 1 simplices by connecting the barycentre of M with the vertices of M. For quadrilateral/hexahedral elements, each
M € My, is uniformly refined into 2¢ subelements. Then, for simplices, we set
Vi :=Pr7, NV, Dp := Pr_1,m,
and, for quadrilaterals/hexahedra,
Vhk:=Qk1, NV, Dp := Q—1,Mm,,-

Then the condition (19) is obviously satisfied if he Hé(f‘) is defined as a non-negative piecewise P1/Q; function with
respect to a division of T corresponding to the relation between M), and 7. Hence the inf-sup constant 8 in Assumption 3
is independent of h. Moreover, the 8 scales like O (+/k) for simplicial elements and like ©(1) for quadrilateral elements in
the affine case, see [23].

Note that, for the two-level approach based on simplicial finite elements, the space Vj , can be written in the form

Vik={veV: viyoFyePu(T)® B YM e My},

Fig. 1. Relation between the meshes M), and 7} in the two-level approach. The bold lines indicate the mesh My, the fine lines 7j.
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where By H(l,(f") is a finite-dimensional space consisting of continuous piecewise polynomial functions of degree k. There-
fore, the simplicial two-level approach can be regarded as a one-level approach with respect to the mesh M. This will be
used in Section 6.

5. Comparison of one- and two-level approach

In this section, we provide a comparison of the one- and two-level variants of the LPS method. The following arguments
are relevant for the comparison regarding the efficiency and flexibility:

The data structure for the one-level method is much simpler than for the two-level approach. Moreover, adaptive mesh
refinement tools can be easier incorporated. On the other hand, for the same fine mesh, the one-level approach requires
more degrees of freedom than the two-level approach.

Moreover, there is a formal argument from the regularity point of view against the SD-based variant of the two-level
method: The assumption b - Vu € H' (M) for all M e My, in Theorem 1 implicitly requires that b [H'(M)14. This is not
realistic as b is usually a finite element solution stemming from a flow simulation. Please note that this argument is not
valid for the gradient-based variant of the two-level method.

Now we proceed with the comparison by evaluating some numerical experiments for the SD-based LPS scheme. First of
all, we emphasize that both, the one-level and the two-level method, perform very well according to the theory of Section 3
for problems with solutions without boundary and interior layers.

Example 1 (Smooth solution without layers). Consider in 2 = (0, 1)? the model problem (1) with ¢ =1079, b = (—x2, x1)T
and o € {0, 103}. The exact solution

u(x) =e 12 sin(wx1) sin(7wx7)

has no layers and generates the right-hand side f = Lu.

Figs. 2 and 3 show exemplarily convergence plots with respect to the norm (g| - I%,_Q + - Hag)% on a sequence of
equidistant grids with h € {411’ %, 1]76, ;7} and polynomial degree k € {1, 2, 3,4, 5, 6}. Results are only shown for the SUPG
method and for the two-level LPS approach as the corresponding results for the one-level method are similar.

The k-convergence is according to our theoretical results and not sensitive with respect to o. It turns out that the results
of the SUPG method are better for o = 0. For o =103 both methods give similar results. The LPS parameter is defined by

™ = T0 gy M - with the rather small (optimized) scaling parameter 7o = 0.003 whereas the corresponding formula for
[0 (M)

the SUPG parameter has the (much larger) scaling parameter 7o = 1. The design of the LPS parameter as Ty = 7o kl\b\l[’:i’fo(,w,]a'
see Remark 5(ii), gave no significantly different results.

From here, we concentrate ourselves on the more interesting case of problems with layers. In all numerical experiments,
the computational domain £2 is the unit square. We shall consider both one- and two-level approach which will be com-
pared with the SUPG method. The parameter design is Ty = tohp for the LPS methods and é1 = §phr for the SUPG method
with free parameters 1o and &p. The computations were performed for the one-level method with the Q{’“b and Q;“b el-
ements on uniform grids consisting of 64 x 64 and of 32 x 32 equal square elements, respectively. Similarly, for the SUPG
method, we apply the Q1 and Q» elements on uniform grids consisting of 64 x 64 and of 32 x 32 equal square elements,
respectively. For the two-level approach, we apply the Q1 and Q; elements on uniform grids consisting of 128 x 128 and of

!
s~ -@-h=1/4

T
-@®~-h=1/4

3
! -
27~ o -m- h= -m- h-=
10%% ~e S~ m- h=18 | i~ m- h=18 |
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Fig. 2. Dependence of error of two-level LPS scheme (left) and SUPG scheme (right) on h and polynomial degree k for Example 1 with o =0.
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Fig. 3. Dependence of error of two-level LPS scheme (left) and SUPG scheme (right) on h and polynomial degree k for Example 1 with o = 103.

64 x 64 equal square elements, respectively. Thus, the corresponding coarse meshes M}, consist of 64 x 64 and of 32 x 32
elements and hence are the same as for the one-level approach. This gives an almost fair comparison of both approaches.
We start with two rather academic problems where the flow field b is aligned with the uniform (Cartesian) mesh in 2.

Example 2 (Exponential outflow layer). (See [22], Example 4.2.) Consider in £2 = (0, 1)? the model problem (1) with ¢ =107,
b=1(0,2)" and o =0. The exact solution

—exp(=2(1 —x2)/¢)
1 —exp(—2/¢)
has an exponential boundary layer at the outflow part of the boundary and generates the right-hand side f = Lu. On

the whole boundary of §2, a Dirichlet boundary condition determined by u is prescribed. Note that the limit solution
limg_ou(x) =2x7 — 1 can be exactly interpolated by Qj elements, k > 1.

ux) =2x1 — 1)1

Fig. 4 provides a comparison of the errors in the L2 norm, H! seminorm and the (discrete) L norm vs. the scaling
parameters 7p for the LPS method and 8y for the SUPG method. We calculate all (semi)norms on the subdomain £2¢ which
does not contain those elements M € Mj; which intersect the outflow boundary layer at x, = 1. In particular, the H'
seminorm of u on these elements would otherwise dominate the error. For the Q{’”b and QE“" elements, we drop the
additional bubble functions when computing the errors.

First let us consider the Q; and Q?“b elements in the left column of Fig. 4. For all methods, one observes a global
minimum of the errors for some 7 and &, which corresponds to the nodally exact solution on $2 resp. 2o in case of the
two-level method. The two-level solution possesses a spurious oscillation along x, =1 — 1/128 which is in agreement with
the one-dimensional theoretical investigations of [25].

The results are less good for the Q, and QE“" elements in the right column of Fig. 4 as nodally exact discrete solutions
cannot be obtained. Nevertheless, a global minimum can be observed for certain values of 7§ and §;. The LPS methods are
clearly outperformed by the SUPG method with the optimized parameter §j. Furthermore, we observe that the one-level
method leads to larger errors with respect to all norms than the two-level method. In particular, the one-level method
leads to larger oscillations than the two-level method. This is highlighted by Fig. 5 where a cross-section of the discrete
solutions at x; =1 —1/32 is shown (here the largest oscillations of the discrete solution can be observed). The solutions are
shown only for x; > 0.7 since they are nearly constant for x, < 0.7. It can also be seen that the discrete solutions can be
improved if they are replaced by the piecewise bilinear interpolate in case of the one-level method and by the piecewise
biquadratic interpolate on the macro-mesh in case of the two-level method. Fig. 5 further shows the SUPG solution which
is significantly better than both LPS solutions although much less degrees of freedom are needed.

In the above comparison, the number of degrees of freedom considered for the one-level method is smaller than for the
two-level method, which leads to a larger smearing of the boundary layer in case of the one-level method, see Fig. 5. If
we apply the one-level method on the fine mesh of the two-level method (and hence the number of degrees of freedom
is larger for the one-level method than for the two-level method), than the smearings caused by both LPS methods are
comparable but the oscillations of the one-level solutions remain larger than for the two-level method. Also the errors
considered in Fig. 4 remain larger for the one-level method.

Example 3 (Parabolic layers). (See [22], Example 4.4.) Consider in £2 = (0,1)? the model problem (1) with ¢ =107, b =
0,1 +x%)T, o =0 and f =0. At the outflow boundary Iy = (0, 1) x {1}, a homogeneous Neumann condition is considered
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Fig. 4. Dependence of errors on scaling parameters §yp and 7o for different methods and Example 2: Q; elements (left column) and Q; elements (right
column) for SUPG method (first row), one-level LPS method (second row) and two-level LPS method (third row).

whereas, at 352\ I'hyt, an inhomogeneous Dirichlet condition u(x) = 1—xy is prescribed. The exact solution exhibits parabolic
layers at x; =0 and x; = 1.

As an exact solution is not available, we provide a comparison of cross-sections of the discrete solution at the outflow
part of the boundary at x, =1 for different values of 7o.

For this example, the Galerkin method leads to solutions with spurious oscillations localized along the boundary layers,
see Fig. 6 left. Moreover, the oscillations depicted in this figure disappear if we represent the discrete solutions by their
values at the vertices of the 32 x 32 mesh, see Fig. 6 right. This nice behaviour is seemingly an effect of the Cartesian
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Fig. 5. Cross-section of the discrete solutions for Example 2 at x; =1 — 1/32 for one-level method with Qé’“" elements (left) and two-level method with
Q2 elements (right) compared to the SUPG solution.
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Fig. 6. Outflow profiles for the Galerkin solutions of Example 3.

mesh being aligned with the flow field b. In what follows, we shall investigate to what extent the Galerkin solutions can be
improved by means of the LPS method. We shall present the outflow profiles only in a neighborhood of the right boundary
layer.

For all four LPS methods and tp € (0.01, 1), the outflow profiles are very similar to that of the Galerkin method with the
Q1 or Q; element on the mesh 7, of the respective LPS method. For the two-level methods, this is true also for smaller
values of 7. For the one-level methods, the behaviour for 7y € (0,0.01) is different since the Galerkin solutions for the
Q?”b or QS”" elements significantly differ from the Galerkin solutions for the Q1 or Q; elements, respectively.

For 7o > 103, the LPS with the Q; element leads to very similar outflow profiles as the LPS with the Q{’“b element,
and the LPS with the Q, element gives almost the same outflow profiles as the LPS with the Q'z’“b element. However, the
qualitative behaviour of the first order and the second order LPS methods is different. Whereas, for the second order LPS
methods, the outflow profiles are basically independent of 7o > 103, the first order LPS methods introduce a considerable
smearing of the boundary layers which increases with increasing 7o and makes the discrete solutions useless.

It remains to discuss the properties of the LPS methods for 7o € (1,10%), see Fig. 7. As we observe, for first order LPS
methods, the oscillations decrease with increasing tp but simultaneously the boundary layers are smeared. For second order
LPS methods, the oscillations first decrease but soon they again start to increase and, for g = 102, they are already larger
than for the Galerkin method. Thus, for first order LPS methods, oscillation-free discrete solutions can be obtained only at
the prize of smearing the layers. For second order LPS methods, it seems that, for any choice of 7o, it is not possible to
obtain a discrete solution with sufficiently suppressed spurious oscillations.

An alternative way to suppress the spurious oscillations of the LPS solutions is to consider only a ‘coarse’ part of the
solution like in Fig. 6. However, for the two-level methods, this does not lead to an improvement in comparison with
the ‘coarse’ part of the Galerkin solution. For the one-level methods, a small improvement is possible, nevertheless, it is
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Fig. 7. Outflow profiles for LPS solutions of Example 3 with different values of tp: one-level LPS (left column) and two-level LPS (right column) for the
QP and Q elements (first row) and for the Q2> and Q; elements (second row).

questionable whether this improvement is worth the increased computational cost. Moreover, it is very sensitive to the
choice of 1.

Note that the restriction of the discrete solution to a coarse grid shows the stabilizing effect of the small scales on the
large scales. Eliminating the small scales from the discrete problem would lead to a formulation where the influence of the
small (now unresolved) scales is represented by an additional (stabilization) term. Thus, the ‘coarse’ part of the discrete
solution can be also interpreted as a solution of a VMS method.

Finally, we consider an example where the flow field b is not aligned with the uniform (Cartesian) mesh.

Example 4 (Interior layers). Consider in £2 = (0, 1)2 the model problem (1) with e =10~7, b= (—x2,x1)T, 0 =0 and f =0.
At the outflow boundary Iy = (0, 1) x {1}, a homogeneous Neumann condition is considered whereas, at 92 \ Iy, an
inhomogeneous Dirichlet condition u(x) =1 for x € [%, %] x {0} and u(x) = 0 elsewhere is prescribed. The exact solution
exhibits interior parabolic layers starting from the discontinuities of the inflow profile at x, = 0.

The solutions of all four LPS methods with optimized parameters 7y are comparable, see Fig. 8 where two such solutions
are shown. The discrete solutions detect the interior layers well but have local spurious oscillations in this numerical layers.
A comparison of the results for the LPS methods to the SUPG method (not shown) clarifies that the LPS methods cannot
outperform the SUPG method.

Summarizing, both variants of the LPS method give comparable results for problems with boundary and interior layers
and we have not found any convincing arguments for preferring one of these variants. All methods are able to detect bound-
ary and interior layers numerically but they are rather sensitive to the scaling of the stabilization parameter. In general, the
LPS methods do not attain the quality of the classical SUPG method. As for the SUPG method, the discrete solutions exhibit
local spurious oscillations in layer regions unless the mesh is aligned with the advection direction. A potential remedy in
case of boundary layers is the weak imposition of Dirichlet data by using Nitzsche’s method, cf., e.g., [2]. Another idea is
the implementation of additional (non-linear) stabilization terms which reduce oscillations in crosswind directions around
layers, see [19]. Moreover, we refer to the possibility to resolve layers with well-adapted anisotropic finite elements, see,
e.g., [20].
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Fig. 8. Plot of the discrete solutions for Example 4 for the one-level method with the Q
the Q3 element and 7o = 3 (right).

bub
1

element and 7o = 0.03 (left) and for the two-level method with

6. Relation to residual-based stabilizations

In this section we shall demonstrate that LPS methods based on simplicial meshes are very close to RBS techniques. The
dependence on the polynomial degree k will not be considered here.
As we have seen in Section 4, for both the one- and two-level approach, the spaces Vj  and Dy are given by

Vik= Vi ® B Dy = Pr_1,my>
where

Vi =P, NV,  Bri:= € Bu(M).
MeMy

The spaces By(M) are defined using a finite-dimensional space Ek C C(]X") n H(]](f') such that B’k N Pk(f') = {0}, i.e., for any
M € Mp, we set Bx(M) := (¥ o Fy;'; ¥ € By}. Then Bx(M) C H{(M) and Bx(M) N P(M) = {0}.
Let us consider the gradient-based LPS scheme, i.e., the discrete solution is a function uy € Vj, ; satisfying

atup, vi) + Y T Vun, kn Vv = (f, vi)a, ¥V € Vi, (20)
MeMy

where we dropped the tilde over tj; for simplicity. The local projection my : L2(M) — Dp(M) = Px_1(M) used to define
the fluctuation operator kj is assumed to be the orthogonal L? projection of L2(M) onto Py_1(M). We shall also use the
local fluctuation operator ky :=id — 7ry. Note that, for any vj € Vy, , we have Vv, € [Dy1¢ and hence k,Vy = 0. Thus, it
follows from (20) that

a(up, Vo) = (f, Ve, YVh € Vi (21)
We define the bilinear forms
ayu,v) :=e(Vu,Vv)y + (b - Vu, v)y + o (u, vy,
ay W, v):=e(Vu, Vv)y — (b - Vu,v)y + o (U, v)u.
Then
am(u, v) =aj(v,u), Vu,veHLM), M e M. (22)

Denoting

L'u:=—eAu—b-Vu+ou,

we have
am(, v) = (Lu, v)y, YueH*(M), ve Hy(M), (23)
am(, v) = U, L*v)y, YueHy(M), v e HX(M). (24)

Using the local bilinear forms, we deduce from (20) that, for any M € M}, we have

ap (up, vm) + Mk Vup, kyVvydm = (f, vmm,  Yvm € Br(M). (25)
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We denote by uy € \_/h,k and ug € Bpk the uniquely determined functions satisfying i + uﬁ =1up and set uy = uﬁlM for any
M € My,. Combining (23) and (25), we derive that

am(um, vm) + tmkmVum, kmVvmm = (f — Liup, vmIm,  Yvm € Br(M).
We define one-to-one linear operators Ay, A}, : Be(M) — Bi(M) by
ap (U, v) +tmkmVu, kmVv)y = (Apu, v)m, Yu,v e Bg(M),
ay (v, u) + tmkm Vv, ky Vi y = (U, A’,}/,V)M, Yu, v e By(M).
According to (22), the operator A}, is adjoint to the operator Ay. Clearly,
(Amum, vmm = (f — Ltn, vm)m, Vvm € Br(M)
and hence
um = Ay om(f — Lily), (26)
where gy is the orthogonal L? projection from L?(M) onto By(M). According to (21), we have
aiin, ve) + Y amum, Vp) = (f, Ve,  ¥Vh € Vpge
MeM,
Using (24) and (26), we obtain
am(um, V) = (um, L*Vn) ,, = (Ay om (f — Lin), ouL*7h) . Y7h € Vak
and hence we derive that

a(up, vp) + Z (f_Lah’(A;\(/I)_lQML*\_’h)M:(fs‘_’h).Qﬂ YVp € V. (27)
MeMy

Since (A,*W)*l maps into Bx(M), it is not necessary to apply the projection oy to f — Lu.

The relation (27) shows that any simplicial LPS method can be interpreted as a residual-based stabilization. The operator
(A;V,)’l plays the role of a stabilization parameter and we shall investigate in the following how it depends on the LPS
parameter Ty and on the data of the problem (1).

Lemma 5. There is y > 0 such that
lkmVvllom 2 YIIVVliom, Vv eBi(M), M e Mp.

Proof. Consider any M € My, and v € Bx(M). Then there is ¥ € By such that v =170 F,\jll and we have Vv = (DFy)~T(Vi)o
Fﬂj,l where DF)y is the Jacobi matrix of Fy. Thus, given any i € {1, ..., d}, there is a vector a € RY such that (0v/oxij)oFy =
a-vo. Consequently, it suffices to prove the existence of y > 0 such that

|%@- W)”uf >yla-Vily;, vVaeR’ Veby, (28)
where £ =id—# and # is the orthogonal L? projection of L2(T) onto Pk_1(f"). Let us assume that (28) does not hold for
any y > 0. Then there are sequences {a,}7°, C R? and {2, C By, such that |ay| =1, ”%‘A’"”o,f =1and Hl%(an-@f/,,)noj <
(1/n)|ay - 69"”0,? < 1/n for any n € N. Since the spaces R? and Bk are finite-dimensional, there are subsequences {a,} and
{¥n} converging to some a e R? and ¥ € By, respectively. Clearly, |a| =1, ”@‘A’”o,r =1 and Z(a- V) =0. The last relation
implies that a - V¥ € Py_1(T) and hence ¥ € Pr(T) since ¥ € C(%) ol Hé(T). Consequently, ¥ =0 as By N Px(T) = {0}. This is
in contradiction with the fact that [VV[ly; =1. D

Theorem 2. There are positive constants C1 and C; such that, for any M € M, and g € B (M), we have

* \—1
C1h%, . 1A~ &llo. - Coh?,

_< < . (29)
5+TM+||b||[Lw(M)]th+UhM ”g”O,M e+ 1tm+ohy

Proof. Consider any M € M}, and g € Bx(M) and set u = (AI*VI)*lg. Then aj, (u, v) + tm (kM Vu, kM Vv)y = (g, v)u for any
v € Bx(M). It is well known that

Cshmlviim <|vligy < hmlviim, Vv e By(M),

where C3 is positive and independent of M and v. Therefore, in view of Lemma 5,
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2 2 2
hmlulimllgllom = (8 wm = €luly p +ollullg p + TmllemVullg
> (e +y2tm + 0 C3hd)ul? .

which implies that
min{1, y2, C2} (e + v + ohd))llullom < h3ligllo.m,
thus proving the right-hand side inequality in (29). On the other hand, for any v € Bx(M), we have
(& vIm < {E+ 5y + 1Bl o ye + o hm HulimlViig -
where we used the fact that [[kmzlI§ \, = 12115 \y — l7TmzII < 12113 5 for any z € L2(M). Consequently,

C3hlgllo.m < max{1. C3}(e + v + 1Bl yehn + ohy) 1ullom.

which completes the proof. O

Remark 8. Let us consider the simplest case k = 1. Since, for any M € My, the space B1(M) is one-dimensional, the operator
A}, represents a multiplicative factor and we easily obtain

B l1bw 115,
(e+Tm)lbuml? yy+olbml

()™

where by = b o Fy,'. Moreover, introducing the mean values

_ (b.bmm _ (f,bmm
(1, by)m’ (1, bm)m

and denoting by xp the barycentre of M, we derive that

by fm

_ -1 . _ _ _ _
(f —Lun, (Ay) " omL*Vi),, =M (by - Vitp +oiip — fu, by - Vi — 0 Vp(xm)
with
(1,bm)y
M= 5 TR
IMI{(¢ + Tm)bmlf oy + o Ibmlig

where |M| is the volume of M.

Remark 9. Let us consider the SD-based LPS scheme (5), (6) which we now write in the form

a(up, vp) + Z v (kn(ep - Vup), kn(ep - Vvp))y, = (f. Ve, VYvh € Vik,
MeMy

where e, =b/|b| (ep =0 if b =0). If we assume that b is piecewise constant, we again deduce that the component u; € Vh,k
of the discrete solution uj, € Vj  satisfies the relation (27), where the operator A}, : Bx(M) — Br(M) is now defined by

ay (v, u) + v (km(ep - Vv), kn(ep - Vu)),, = (u, Ay v),,. Yu, v e Bi(M).

It is easy to check that the statement of Theorem 2 remains valid as well, provided that 7); =0 if b|y = 0.

Remark 10. As we see from (29), the limit case Ty — oo corresponds to the Galerkin discretization (3) with Vj y replaced
by Vi k-

7. Summary

In this paper, we considered the local projection stabilization (LPS) of finite element methods for the linear advection-
diffusion-reaction problem. This new technique for the numerical solution of transport-dominated problems preserves the
stability of methods with residual-based stabilization but has a symmetric form of the stabilization term. A comparison
between the LPS methods and the standard SUPG method showed that results are often comparable but sometimes we
obtained better results for the SUPG method. We gave a critical discussion and comparison of the one- and two-level
approaches to LPS which showed that there are no convincing arguments for preferring one of these approaches. Moreover,
the relation between the LPS method and residual-based stabilization techniques was explained for simplicial elements.
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Abstract. We introduce a generalization of the local projection stabilization for steady scalar
convection-diffusion-reaction equations which allows us to use local projection spaces defined on
overlapping sets. This enables us to define the local projection method without the need of a mesh
refinement or an enrichment of the finite element space and increases the robustness of the local
projection method with respect to the choice of the stabilization parameter. The stabilization term is
slightly modified, which leads to an optimal estimate of the consistency error even if the stabilization
parameters scale correctly with respect to convection, diffusion, and mesh width. We prove that
the bilinear form corresponding to the method satisfies an inf-sup condition with respect to the
SUPG norm and establish an optimal error estimate in this norm. The theoretical considerations
are illustrated by numerical results.
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1. Introduction. Let Q ¢ R?% d > 1, be a bounded domain with a polyhe-
dral Lipschitz-continuous boundary 02, and let us consider the convection-diffusion-
reaction equation

(1.1) —eAu+b-Vu+cu=f in ), u=1u, on Jfl.

We assume that ¢ is a positive constant and b € WH(Q)4, ¢ € L>(Q), f € L?(Q),
and u, € HY?(99) are given functions satisfying

1
a::c—§divb200>0,

where o¢ is a constant. Then the boundary value problem (1.1) has a unique solution
in H(Q).

It is well known that the Galerkin finite element method is not appropriate for
solving problem (1.1) numerically since the discrete solution is typically globally pol-
luted by spurious oscillations if convection dominates diffusion (i.e., |b| > ¢). To
enhance the stability and accuracy of the Galerkin method, various stabilization ap-
proaches have been developed; see [19] for an overview. In this paper, we concentrate
on stabilization by local projections. This technique was originally proposed for stabi-
lizing discretizations of the Stokes problem in which both the pressure and the velocity
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components are approximated using the same finite element space [1]. Later, the local
projection method was extended to stabilization of convection dominated problems [2]
and applied to various types of incompressible flow problems (see the review article [5])
and to convection-diffusion-reaction problems; see [12, 14, 15, 16, 18]. Local projection
stabilizations preserve the stability properties of the popular residual-based stabiliza-
tions [19] but do not require the computation of second order derivatives and can be
easily applied to nonsteady problems. Moreover, when applied to systems of partial
differential equations, it is possible to avoid undesirable couplings between various
components of the solution. A further advantage of these techniques is that they are
symmetric. Therefore, if they are applied to optimization problems, the operations
“discretization” and “optimization” commute [3, 4].

A drawback of all local projection formulations proposed up to now is that they
require (significantly) more degrees of freedom than, e.g., residual-based methods. In
this paper we remove this drawback by allowing the sets on which local projection
spaces are defined to overlap. Although this is a rather simple idea, the corresponding
analysis is by no means a straightforward extension of results published before. In
contrast to the traditional error analysis, which is based on the construction of a spe-
cial interpolation operator, we first show that the bilinear form of the local projection
method satisfies an inf-sup condition with respect to a norm containing a streamline
derivative term. This improved stability of the local projection method enables us to
perform the error analysis in a way similar to that for residual-based methods. Of
course, it is also important on its own since it shows that the local projection method
is more stable than its coercivity suggests. Let us mention that a similar stability
result was already established in [16] as a consequence of a more general inf-sup con-
dition, however, only under certain restrictions on the convection field b or the mesh
width h.

Our numerical results show that the overlapping of the sets on which local pro-
jection spaces are defined significantly increases the robustness of the local projection
method with respect to the choice of the stabilization parameter. Roughly speaking,
in nonoverlapping variants, spurious oscillations appear for both “too small” and “too
large” stabilization parameters whereas, for the overlapping variant, “large” values of
the stabilization parameter lead to a smearing of the discrete solution.

Since local projection stabilizations are not consistent, an important step in the
error analysis is an estimation of the consistency error. It was demonstrated in [14]
that, for stabilizations based on local projections of streamline derivatives, the consis-
tency error generally deteriorates the convergence order if the stabilization parameter
scales correctly with respect to b. As a remedy, we propose to define the local stabi-
lization terms using constant approximations of b, which makes it possible to prove
an optimal error estimate with respect to the norm used in the inf-sup condition.
Moreover, in contrast to the analyses published before, it is not necessary to assume
a higher (often unrealistic) regularity of b.

The plan of the paper is as follows. In the next section, we formulate assumptions
on approximation and projection spaces and define the local projection discretization
investigated in this paper. Section 3 is devoted to the proof of the inf-sup condition
and, in section 4, we derive an optimal error estimate. In section 5, we present exam-
ples of finite element spaces satisfying the assumptions of our theory. In particular,
we show that standard finite element spaces can be used without the need of a mesh
refinement or bubble enrichment. In section 6, we present our numerical results, and
we close the paper by our conclusions in section 7. Throughout the paper, we use
standard notation for Sobolev spaces and corresponding norms; see, e.g., [8]. Given a
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measurable set M C R?, the inner product in L2(M) or L2(M)? is denoted by (-, ) ar,
and we use the notation (-,-) instead of (-, -)gq.

2. A local projection discretization. Given h > 0, let W), C H'(Q) be a
finite-dimensional space approximating the space H*(Q), and set Vj, = Wj, N H ().
Furthermore, let .#}, be a set consisting of a finite number of open subsets M of Q2
such that Q = Upse_z, M. We assume that

(2.1) card{M' € My; MONM' #0}<C, VMe.t,
and
(2.2) ha = diam(M) < C', h Y M e #,,

where C 4 > 1 and C’/ﬂ > 1 are constants independent of h. Moreover, we assume
that, for any M € .4}, there is a nontrivial space By C (Wp|,,) N HE (M) such
that By; C W), if the functions from B); are extended by zero outside M. For any
M € ), we introduce a finite-dimensional space Dy; C L?(M), and we assume that
there exists a positive constant 87 p independent of h such that

(2.3) sup (v, @)m
vEBM Hv”o,M

> Brpllallom Vg€ Dy, Me M.

We shall also need the inverse inequality
(2.4) |'Uh|17M < Cinw h&l ”Uh”O,M Yo €Wy, M € 4,

where Cj,, is a constant independent of h.

We have in mind that W), is a finite element space (see, e.g., [8]) and that the
set .}, is constructed using the triangulation of €2 on which the space W}, is defined.
Various possibilities of how the above assumptions can be satisfied will be presented
in section 5. Note that the sets M € .#} may overlap, which was not allowed in all
formulations of the local projection method published up to now.

For any M € .#},, we denote by mps a continuous linear projection operator which
maps the space L?(M) onto the space Djy;. We assume that

Imallzc2my,r2omy < Co VM € M,

where C is a constant independent of h. For example, 757 can be the orthogonal L?
projection for which C; = 1. For any M € .#},, we introduce the so-called fluctuation
operator ks = id — myy, where id is the identity operator on L?(M). Then

(2.5) el zzan,2omyy < Co YV M € M,
where Cx, = 14+ C,. An application of kp; to a vector valued function means that ks

is applied componentwise.
For any M € .#},, we choose a constant by, € R? such that

(2.6) [bar| < [bllo,co,ns - b =Dbarllo,co,nr < Co har [bl1 oo 1

with a constant C} independent of h. In addition, we introduce a function uy, € W,
such that its trace approximates the boundary condition wp.
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The Galerkin solution of (1.1) is a function uj, € W}, such that uj, — ap, € V3, and
aG(uh,vh) = (f,vn) Vo, €V,
where
a%(u,v) =& (Vu, Vo) + (b - Vu,v) 4 (cu,v).

If convection dominates diffusion, the Galerkin discretization has to be stabilized; cf.,
e.g., [19]. To this end we change the bilinear form a“ to

LP

ay” (u,v) = a%(

u,v) + sp(u,v),

where sp,(u,v) is a local projection stabilization term given by

sp(u,v) = Z T Sa(u,v),

Me.#y
Ty are nonnegative stabilization parameters, and
(27) SM(’LL,’U) = (K,]\/[(bM VU),KM(bM V’U))M

Thus, the local projection discretization of (1.1) considered in this paper reads as
follows.
Find up € W}, such that uy, — upy, € V3, and

(2.8) ak? (up,vn) = (f,vn) Yo, €Vy.

Introducing the norms

1/2 1/2
lellle = (slBa+ o2 ola) ™ Nolllze = (lolliE + sa(v,0) "7,

we obtain
(2.9) a®(,v) = [[lvlll&,  axF(,0) =|llllip  VveH;).

The latter shows that the local projection discretization (2.8) has a unique solution.
Remark 2.1. Tt was shown in [14] that, for nonoverlapping sets M, the stabiliza-
tion parameters 7); should satisfy

h h2
(2.10) Tar ~min{ ——0— M4
Hb||07oo7M €

Remark 2.2. A standard choice is to use b instead of by in (2.7). However,
it was demonstrated in [14] that then it is generally not possible to obtain optimal
convergence results if 7p; is chosen according to (2.10). We shall see in the next
sections that the use of by leads to an optimal error estimate.

3. Stability of the local projection discretization. One of the most popular
finite element techniques for the numerical solution of problem (1.1) is the streamline
upwind/Petrov—Galerkin (SUPG) method proposed in [7]. An important feature of
this method is that it provides stability with respect to the norm

1/2
llelllsore = (lvlliE + 1872 b - Tolq)
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where 4 is a stabilization parameter satisfying a relation of the type (2.10). In this
section, we shall show that the local projection method has similar stability properties.
More precisely, we shall prove that it is stable with respect to the norm

1/2

olllpsp = | olllE +sa(v,0) + Y 7arllb- Vol§ 4
Me Aty

The letters SD in the notation ||| - |||, pgp refer to the streamline derivative term.
THEOREM 3.1. Let the stabilization parameters Ty satisfy

(3.1) 0 < mar < Cp b3y (max{e, har [[bllgons ) ¥ M€

with a constant C; > 1 independent of h and the data of (1.1). Then the bilinear form

LP (o
ay” satisfies

(3.2) sup 7(1}613(“}“ Un)

v €Vh

> Bll|lunlllLpsp Voup € Vi,

HUhMLPSD
where B is a positive constant independent of h and €.

Proof. Given uy € Vj, we shall construct a function vy, € V such that
(3.3) aﬁp(uh,vh) 2 muhm%PSD and NunlllLpsp = BlllvelllLpsp -

Inequalities (3.3) immediately imply the inf-sup condition (3.2).
Consider any M € ). In view of the inf-sup conditions (2.3), there exists
zym € By such that (cf., e.g., [10])

(3.4) (zm, @) =T (b Vup, )y Vg€ D,
(3.5) lzallo,nr < Brp mar b~ Vuplg,ar -
Consequently,

(zas (b - Vup))y = 7 (b - Vuy, mar(b - Vug))m
=7 ||b - Vup|[§ ar — 700 (b Vup, kar(b - Vup))ar,
and hence
(zar, b= Vup)ar = 7ar 10 Vunllg ar — 7ar (b Vun, sar(b - Vug))
+ (zp, k(b - Vup))ar -
Thus, denoting zn, = >y, 4, 2m (With 2 =0 in Q\ M), we get
(3.6)

aﬁp(uh, Zh) = Z {TM Hb . vuh”(%,M —TM (b : Vuh, HM(b . Vuh))M
Me.#hy

+ (za1, ke (b - Vup))ar + € (Vun, Vaar) v + (cun, z2ar)a b+ su(un, 2n).
Using (3.5), (2.4), and (3.1), we derive for any M € .},
(1) llzsllons < Brpmar b
(3.8) ‘ZM|1,M < Cinw h&l ”ZM”O,M < Cinv h&l 5;}: ™ ”bHO,oo,M |un
< Cr Cino Brp lunly ars
1/2

(3.9) & Jznlyar < €2 Cinw hif Nzntllonr < C1/% Cinw Brp ot

lo.00.07 [Unly a1 < Cr Ciny Bip llunllo,ars

1,M

b Vupllo,n-
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Moreover, it follows from the triangular inequality and (2.5), (2.6), (2.4), and (3.1)
that

(320)  7ar ([war(d - Vun)loar — 5 (bar - Vun) g ar)’
<7 [[mar((b = bar) - Var)[[§ ar
< C2rar 1D = bar[I§ oo, nr [unli ar
<2C7 Cyar har |[bllg o0, ar [B

< Crllunligar s

1,00, M |Uh|%,M

where Cy = 2C2 Gy C- C},, [bly o o Applying the Schwarz inequality to the terms

on the right-hand side of (3.6), using (3.5), (3.10), (3.9), and (3.7) and taking into
account that Srp < 1, we deduce that

ap,”(un, 2n) = snun, zn) + Y b Vunlar —Co D o unlff u
Me. Me

1/2
—C3 Z 7%2 b VUhHo,M (5 ‘Uhﬁ,M + ||‘71/2 Uh||(2),M +TM SM(Uh,Uh))
Me.AMy,

with Co = C; Ciny [lellg o090 * Brp and Oz = (2+CF* Ciny +201 03 /*) 7 5. In
view of (2.1), we obtain

B11) Y o unllBar < CallePunllfe, D lunliar < Corlunli o
Me. Me

and hence, using the inequality ab < iaz + b? valid for any a,b € R, we infer that

3
(3.12) ag, " (un, zn) > sn(un, z) + 1 > b Vup§ ar — Calllunll7
Me.#h

with Cy = (Cy + C%) C 4. Now let us estimate the term sp,(up, z,). We have

(3.13) sn(un, 2n) < /sn(un,un) v/sn(zns 21) < \/sn(zn, ) llunlllp -

Using (3.10) with zj instead of u;, and applying (2.5), we get

(3.14) sn(zn,zn) <2C2 > marlb-Vanlgy +2C0 > lznlld ar-
Me. Me.
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Furthermore, using (2.1), (2.4), (3.1), and (3.5), we derive

315) Y mmlb-Valiu<Ca Y, >, b Vawl§u

Me.#), Medy, M € ‘/[hy
MNM #0
<Cu Z 01 DI oo, amner 120 13 s
M,M/ € My,
MNM #0
< CrCiny Cpy Z 1bllo,00,arnnsr 11207 o, a1 12027 |1 nrrars
M,M/ € My,
MNM #0
<0 C2,0% S Iblloens hit loarl
= YT Yinv Y A 0,00,M" " M7 M’ |o,M!
M'e Ay
<2 Y b Vunla,
M’'e Hy

where Cs5 = C Cipny C oy 52113. Assumption (2.1) implies that

S lmlian<Ca D> lNemwld e <C% > llamllf e s
Me. )y, M,M' € iy, M'ey

MNM #0
which, in view of (3.7) and (3.11), gives
1/2

1/2 —1/2
(3.16) lenlon < | D Izl |  <CsC7 00 P 10 unllgg.
ME//lh

Analogously, using (3.8) instead of (3.7), we derive
(3.17) lenlia < Cs Cf lunlyq -
Substituting (3.15) and (3.16) into (3.14), we obtain

(3.18)  sn(zn,2n) <2C2C2 Y Tar|Ib- Vunl[§ar +2C1 C3 C o [l unlll p -
Me. #,

Combining this inequality with (3.13) and (3.12) and using once again the inequality
ab< iaz + b2, we arrive at

1
ag, " (up, zp) > 5 > b Vun|§ ar — Co lllunlll7p
Me A,

with Cg = (Co + C3)C.y +2C2C% + C5 (20, C gy 05 1)/, Thus, employing (2.9),
we see that v, € V, given by v, 1= 2z, + (1 + 2 Cg) uy, satisfies the first inequality
in (3.3). The second inequality in (3.3) is a simple consequence of (3.15)—(3.18). O

4. Error analysis. In this section, we shall investigate the error of the solution
of the local projection discretization (2.8) with respect to the norm ||| - ||| pgp. Our
considerations will be based on the following estimate which is similar to Strang’s
lemmas (see, e.g., [8]).
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LEMMA 4.1. Let u € H*(Q) be the weak solution of (1.1), and let uy be the
solution of the local projection discretization (2.8). Then, under the assumption of
Theorem 3.1, we have

LP
. a U — Wh, Vp,
(4.1)  Blllv —unlllppsp < inf b{5||u—wh|LPSD+ sup — ( : )}
wp €W} v €VR mthLPSD

T sup Sh(uavh) ,
vneVi lvnlllLpsip
where WP = {wy, € Wy ; wp, — Upn € Vi }.
Proof. The weak solution of (1.1) satisfies a®(u,v) = (f,v) for any v € H}(Q).
Therefore,

aﬁp(u — Up, vn) = sp(u, vn) vV vn € Vi,

and hence also
aﬁp(wh — Up, V) = aﬁp(wh — u,vp) + sp(u,vp) Yoo € Vi, wy € W,f:

Now (4.1) follows by applying (3.2) and the triangular inequality. O

In the following two lemmas, we establish estimates of the terms on the right-hand
side of (4.1).

LEMMA 4.2. Let the stabilization parameters Tp; satisfy (3.1) and

(4.2) hat [Bllo so.nr < Cr max{e, rar [Bl3 o nr} ¥ M €ty

Then there exists a constant C independent of h and & such that, for any w € H*(2),

az, " (w, v)

lwl|| psp + sup "
vEHL () il psp

1/2

< C(e+hbllggt+h? o

0000) 2| D {lw

Me.#h

%,]VI + hyf w

3,]%}

Proof. Consider any w € H'(Q) and v € Hi (). Integrating by parts and using
the Schwarz inequality, we obtain

akP(w,v) = e (Vw, Vv) — (w,b - Vo) + ((¢ — divb) w,v) + sp,(w, v)
< —(w,b-Vu) 4 (1 + ‘70_1 e — diVbHO,oo,Q) e 1vlllLp -
Furthermore, in view of (2.5), (2.6), (3.1), and (2.2), we get
ll s < 90,0 30 +2C2C- Cly 4 AlBllgse) 3 wlfar
Me.#,
It remains to estimate the term (w,b - Vv). We have
1/2 1/2

—2
[(w,b - Vv)| < E sy: [lw %,]VI § h?\/[ b - VUH%,]VI
Me. #y, Me. #,
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Consider any M € . If har |[blly o 2y < Cr e, then h3, [[b-Volf 5, < CZe? |v]f ),
and hence also

(43) Wiy lb- Voll§ o < CF (e + har [bllos,ns) (€10 1+ 7ar b VO[IF ar) -

If hag [bllg soar > Cr e, then hay < Cr 7oy [[bllg oy due to (4.2), and hence h3, <
CZ har [[Bllg,00.0r T (since C7 > 1). Therefore, (4.3) holds also in this case, and we
deduce using (2.1) and (2.2) that

Y hirlb-Vollgar < CFCu Cly (e + h|Ibllss.0) lll0llEpsp
Me Aty

which completes the proof. a
LEMMA 4.3. Let the stabilization parameters Tar satisfy (3.1). Then, for any
u € HY(Q), we have

1/2
sup sn(u,v) < C B2 ||bH(1),/o20,Q Z inf ) |V — CIM||(2)7M ’

verm@) I1VlllLpsp Me, M EDM]

where C = C,, (C. C",)'/2.
Proof. For any u,v € H(Q2), we have

sn(u,v) < V/sn(u,u) V/su(v,0) < Vsn(u,u) [|[vlll Lpsp,

and hence it suffices to estimate 7as sps(u,u) with an arbitrary M € .#},. Consider
any qus € [Das]?. Since kar qar = 0, we obtain using (2.5) and (2.6)

sa(u,u) < [barf? |6 (Vu — an) 5 4 < G [[b

|g,oo,M HVU - QM||(2),M .
Therefore, applying (3.1) and (2.2), we obtain
v $u (u, 1) < CF Cr Cly B [bllo oo IV — an |13 as -

which proves the lemma. ad

To prove convergence results for the solution of the local projection discretization
(2.8), we have to introduce some approximation properties of the spaces W}, and
Djy. We shall assume that there exist interpolation operators 5, € £ (H?(Q), Wp) N
L(H*(Q) N HYQ), V) and jy € L(HY(M),Dyn), M € M, such that, for some
constants [ € N and C' > 0, we have

1/2
(4.4) Z {lv—inv[f ar + hyt v —invll ar} < Ch* ol
Me Ay,
Yoe HHYQ), k=1,...,1,
and

Now we are in a position to prove an a priori error estimate for the local projection
discretization (2.8).
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THEOREM 4.4. Let the stabilization parameters Tar satisfy (3.1) and (4.2). Let the
spaces Wy, and Dy possess the approximation properties (4.4) and (4.5). Let the weak
solution of (1.1) satisfy u € H*1(Q) for some k € {1,...,1}. Finally, let u, € H?(Q)
be an extension of up and let Uy, = ipup. Then the solution uy of the local projection
discretization (2.8) satisfies the error estimate

(4.6) lu —unlllzpsp < C(e+h|bllgoon+ h? ||U||0,c>o,s2)1/2 h* [ulpr1.05

where the constant C' is independent of h and €.

Proof. Combining Lemmas 4.1-4.3 and setting wy, = ipu and qu = ja(Vu),
M € M}, the theorem follows by applying (4.4), (4.5), (2.1), and (2.2). O

Remark 4.5. Estimates of the type (4.6) can be proved for various stabilized finite
element methods applied to problem (1.1) (e.g., the SUPG method) and are known to
be optimal; see, e.g., [19]. If we define the stabilization term sp,(u,v) using b instead
of bys, then Theorem 3.1 and Lemmas 4.1 and 4.2 still hold, but the consistency error
cannot be estimated as in Lemma 4.3. Assuming (3.1) and b - Vu € H¥(Q) with
ke {1,...,1l}, we obtain

1/2

sup sh(u,vn) < COKE Z min b VU@,M ha |b - VU@,M .
= ) b
VR EVh mvthPSD Met, 00 Hb“o,oo,M

see [14, 15]. Thus, if b # 0 in Q, the optimal convergence order still can be proved, but
if b is allowed to vanish, we have only the suboptimal convergence order k in general.
Moreover, for small o, the accuracy of the discrete solution may be significantly worse
than for s;, defined using bjy; see also Example 6.1 in section 6.

Remark 4.6. The assumptions (3.1) and (4.2) are fulfilled for 757 satisfying (2.10).
Another possibility is to use 7ar ~ har/||bllg oo as if 2ar [|Bllg ooar € and 7ar =0
otherwise.

5. Examples of spaces W; and Djs. In this section, we present several ex-
amples of spaces Wj, and D), satisfying the assumptions made in sections 2 and 4.
For ease of exposition, we confine ourselves to the two-dimensional case. In one or
three dimensions, the spaces can be constructed analogously.

First let us recall some basic notions (cf. [6, 8, 10]) which will be used in the
following. Given h > 0, a set .7}, will be called a triangulation of € if it consists of a
finite number of mutually disjoint open subsets T of § such that Q = Upc 4 T and
hr := diam(T) < h for any T € 9},. We shall assume that either all elements of
are triangles or all elements of .7}, are convex quadrilaterals, and that the intersection
of the closures of any two different elements of .7}, either is empty or consists of a
common vertex or a common edge of these two elements. A triangulation .7}, consisting
of triangles is shape-regular if

hr

(5.1) L <Cy; VTeT,
or

where o7 is the diameter of the largest circle inscribed in T and Co is a constant
independent of h which is common to the considered family of triangulations. If
T, consists of quadrilaterals, then it is shape-regular if (5.1) holds for any triangle
whose vertices coincide with three vertices of some element of .7,. We denote by T
a reference element, which is either a triangle or a square, depending on the type of
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Fi1G. 5.1. Relation between the meshes My, (bold lines) and T;, (bold and fine lines) in the
two-level method.

clements in 75, If T is a triangle, we set R (f) = PZ(ZA“)7 where Pl(f) is the space
of polynomials on T of degree < [. If Tis a square, then we set R; (f) = Ql(f),
where Ql(f) is the space of polynomials on T of degree < [ in each variable. For
any T' € 4, there exists a one-to-one mapping Fr € [R1(T)]2 such that FT(f) =T.
Given | € N, we define the space

(5.2) Xz ,={veC@); voFr e R(T) VT € F}.

Then X g, ; does not depend on the choice of the mappings Fr, we have X4 ; C
H'(Q), and X 5, ; satisfies the inverse inequality

(5.3) laly . < Chz! lonllo.r Vo, €Xg,, TED.

Moreover, the Lagrange interpolation operator i 7, ; € Z(C(Q), X 7, ;) satisfies i 5, ; €
Z(C(Q) N Hy(Q), X7, N Hj(Q)) and

(5.4) v —ig, v+ hyt v =iz, vlpr <C hi [V]gr1.7
YVoe HYYT), T e %, k=1,...,1.

Finally, denoting by jr,; the orthogonal projection of L?(T') onto P;(T'), we also have
(55 lla—jraallor < Chilaler VaeHYT), T€Th k=0,....1+1.

In all the inequalities (5.3)—(5.5), the constant C depends only on ! and C's from (5.1).

Now let us discuss the construction of the spaces Wy, and Dj;. The original local
projection stabilization [1, 2] was designed as a two-level method. Given a shape-
regular triangulation of €2, the elements of this triangulation are considered as the
set .}, introduced in section 2. Then this triangulation is refined as depicted in
Figure 5.1; i.e., each triangle is divided into three triangles by connecting its vertices
with the barycenter, and each quadrilateral is divided into four quadrilaterals by
connecting midpoints of opposite edges. Let us denote the resulting triangulation
by 5. Given I € N, we set

(56) Wh:Xg}“l, DM:B—l(M) VMeM,,.

Then in view of Lemma 5.1 and according to what was said above, all the assumptions
of section 2 as well as (4.4) and (4.5) are satisfied (note that X 4, ; C Xz ; and that
triangulations 7, assigned to a shape-regular family {.#},} also form a shape-regular
family).

Another choice of the spaces W}, and Dy (a one-level method) was proposed in
[17]. Here, given a shape-regular triangulation of €, the elements of this triangulation
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are again considered as the set .#},, but the space W}, is constructed on this triangula-
tion .}, as well. However, the spaces W}, and Dy, defined by (5.6) with 9, = 4}, do
not satisfy the inf-sup conditions (2.3) in general. Indeed, the validity of the inf-sup
conditions (2.3) would imply that dim By; > dim Dy, but this cannot be satisfied if
M is a triangle or [ < 5. Therefore, the space X 4, ; is enriched elementwise by bubble
functions. More precisely, introducing a polynomlal bubble function € H} (T ) \ {0}
(cubic if Tisa triangle and biquadratic if Tisa square), we set

(5.7) W, ={veC®@); voFy € R(T)+3-Ri_1(T) ¥ M € My},
(5.8) Dy=P_ (M) YMeM,.

Then the inf-sup conditions (2.3) hold with By = (Wp|,,) N HE(M); see [17] or the
proof of Lemma 5.1. The remaining assumptions of section 2 as well as (4.4) and (4.5)
are clearly satisfied as well.

There are also other possibilities to define the spaces W), and Dj; in both the
one-level and two-level frameworks; see [17] for details. A common feature of all these
constructions is that they lead to a (significant) increase of the number of degrees
of freedom in comparison with applying, e.g., a residual-based stabilization [19] for
which we could simply use a finite element space consisting of piecewise polynomials
of degree [ (in the sense of (5.2)) on a given triangulation. This increase of the number
of degrees of freedom, either due to a refinement of the given triangulation or due to
an enrichment by bubble functions, is a consequence of the fact that the sets in My,
are assumed to be nonoverlapping. We shall demonstrate in the following that our
theory, which enables us to use sets M, consisting of overlapping subsets of 2, makes
it possible to satisfy the assumptions on the spaces Wj and Dj); without introducing
additional degrees of freedom.

Let 9, be a shape-regular triangulation of 2. We shall assume that any element
of 7, has at least one vertex in €. Let x1,...,2n, be the vertices of .7, lying in Q,
and let us denote

(5.9) Mi=int |J T, i=1,...,N;,
TG%“.’IHGT

where “int” denotes the interior of the respective polygon. We set
(5.10) My = {M}

Then we can define the spaces W), and Dy as in the two-level method by (5.6). Let
us emphasize once more that we use only the triangulation .75, we were given at the
beginning.

Let us discuss the validity of the assumptions on .#},, Wy, and Dj; made in this
paper. Since the number of elements of .7}, sharing a common vertex is bounded by a
constant depending only on C's from (5.1), assumption (2.1) is satisfied. Moreover,
the shape-regularity of .7}, implies that

(5.11) C,//Lgh]V[ShTShM VTE%,,MEe//h,TﬂM#(D,

where C 4 7 is a positive constant again depending only on Cz from (5.1). The
assumption (2.2) obviously holds with C’, = 2. The validity of (2.4) and (4.4) is a
direct consequence of (5.3), (5.4), and (5. 11) In view of (5.1) and (5.11), any set M; is
star-shaped with respect to the ball with the center x; and diameter ha,C 4 o/Co,
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and hence (4.5) holds as well; see, e.g., [6]. Finally, the inf-sup conditions (2.3) hold
according to the following lemma, and hence all the assumptions on .4}, W, and
Dy are satisfied.

LEMMA 5.1. Let 9, be a triangulation of Q and let .4}, be given by (5.9) and
(5.10). Consider anyl € N. Then the spaces Wy, and Dy defined by (5.6) satisfy the
inf-sup conditions (2.3) with Byy = (Whl|y,) N Hg (M) and a constant Brp depending
only on l.

Proof. Consider any M € .#),, and let i € {1,..., N} be such that M = M.
Let ¢ € X, 1N H(Q) satisfy p(z;) =1 and ¢(x;) =0 for any j # i, j =1,..., Np.
For any T € 9, such that T C M, we set o7 = ¢ o Fr agd jT = det DFr,
where DFr is the Jacobi matrix of Fpr. Note that @r € R1(T) equals 1 at one
vertex of T and vanishes at the remaining vertices of T so that o7 is one of three
(resp., four) fixed functions on T in the triangular (resp., quadrilateral) case. Setting
|all. = lerally, 7, the functional || - ||, is a norm on LY(T), and we have

(5.12) il = Cillilly, 7 Ve Ri(T)

with C; > 0 due to the equivalence of norms on finite-dimensional spaces. Now
consider any ¢ € Dy. Since ¢|,, € Hi(M) and gr := qo Fr € Ri_1(T) for any
T € 9, such that T' C M, the function v := ¢ ¢ is an element of Bjy;. Using (5.12),
we derive for any T'C M

(0,91 = e Plloar = 37 Il = Cou—r |37 Jrllo, 7 = Cor—1 ldll5 7 -

Moreover, [|¢[[g o, sy = 1 and hence [[v]lg s < [lgllg pr- Thus, (2.3) holds with Brp =
Cor—1. O

Remark 5.2. The assumption that any element of .7}, has at least one vertex in §2
is satisfied for common quadrilateral and hexahedral meshes. For simplicial meshes,
this assumption can be violated by elements of .7, lying at vertices of €. Since these
are typically only a few elements, the validity of the mentioned assumption does
not seem to be important for practical computations, at least for low order finite
elements.

Remark 5.3. If the sets M € My, are defined as patches of elements of 7, the
stencil of the stiffness matrix corresponding to the local projection discretization (2.8)
may be considerably larger than for the Galerkin discretization. Let us demonstrate
this for a rectangular triangulation 7}, of a two-dimensional domain Q. Let A“* be the
stiffness matrix of the Galerkin discretization with Wj, = X 7, o, and let ALP2 be the
stiffness matrix of the two-level local projection discretization with M, consisting of
nonoverlapping patches of always four elements of .7}, (cf. Figure 5.1) and spaces W,
and D) defined by (5.6) with [ = 2. Furthermore, let AXP° be the stiffness matrix
of (2.8) with M}, consisting of overlapping patches of always four elements of .7}, given
by (5.9) and (5.10) and with spaces W), and Dj; again defined by (5.6) with [ = 2.
Then, denoting by #A the number of nonzero entries of a matrix A, we have

9
(513) #ALPZ ~ Z#AGGZ’ #ALPO%ZL#AGM’
whereas the number of degrees of freedom is the same in all three cases. This is a
drawback of the local projection stabilization in comparison to residual-based stabi-

lizations for which the sparsity pattern of the stiffness matrix is the same as that for
the Galerkin method. In order to save computer memory and avoid implementational
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difficulties, an often used approach is to store only the matrix ALP corresponding to
the bilinear form

Ziﬁp(u,v) = aG(u,v) + Z T™M (b]\/[ -Vu,byy - V?))]\/[,
Me.AMy,

which has the same sparsity pattern as the Galerkin stiffness matrix. If the operators
7 are orthogonal L? projections of L?(M) onto Dy, we have alt = al? — 35, with
§h(u,v) = Z TM (WM(b]\/[ . Vu),bM . Vv)M .

Me

An application of the matrix corresponding to s is not implemented explicitly but
obtained implicitly by evaluating this bilinear form. This is sufficient for computing
the solution of (2.8) by an iterative method, e.g., the generalized minimal residual
(GMRES) method. The matrix ALP or some spectral equivalent approximation of
ALP can be used as a preconditioner for this iterative method; see [1], where this
solution strategy is thoroughly discussed. This approach is very efficient for transient
problems since then a good initial guess of the discrete solution is available at each
time step. Let us mention that the comparison in (5.13) does not take into account
the fact that, for the nonoverlapping variant of the local projection stabilization, a
given triangulation has to be refined in general before defining the space W), so that
then the overlapping variant leads to lower computational cost.

For the one-level method with .#}, = 7}, and spaces W}, and D), defined by
(5.7) and (5.8) with [ = 2, the corresponding stiffness matrix ALF1 satisfies #ALTT ~
(127/64) #A %%, In this case, the local projections do not influence the sparsity pat-
tern of the stiffness matrix, but the higher number of nonzero entries of the stiff-
ness matrix is caused by the increase in the number of degrees of freedom (we have
dim W), ~ (7/4)dim X g, 5). If we use P,_(T) instead of R,_i(T) in (5.7), then
#ALPL ~ (104/64) #A % and dim W), =~ (3/2) dim X 7, ».

6. Numerical results. In this section, we present numerical results for three
test problems illustrating the properties of the methods discussed in the preceding
sections. In all computations, the operators my; are orthogonal L? projections of
L?(M) onto Djps. The constant approximations by; of b in M are defined as values
of b at barycenters of M if M are triangles or quadrilaterals. For M = M, defined
by (5.9) we set bps, = b(z;). These choices of by assure the validity of (2.6). Since
local projection methods with spaces W}, of first order approximation properties pro-
vide solutions similar to those of the SUPG method if the stabilization parameters
are defined appropriately (cf. [12, 15, 18]), we concentrate on second order spaces for
which the SUPG method cannot be recovered in general.

Let us first consider the following example showing that it is really important to
use by instead of b in the local projection stabilization term (2.7).

Ezample 6.1 (problem without layers). We consider the problem (1.1) with
Q=(0,1)% ¢ =10"12 b(x,y) = (0,2%), and ¢ = 107°. The functions f and wu; are
such that the solution of (1.1) is u(x,y) = sin(z + y).

We consider triangulations 7 of the type depicted on the left in Figure 6.1 and
set Mp, = Tp. The spaces W, and Dy are defined by (5.7) and (5.8) with | = 2.
The stabilization parameters 75, are defined simply by the right-hand side of (2.10).
Table 6.1 shows errors of the solutions of the local projection method (2.8) for various
values of h. The errors are measured in the (semi)norms ||| |||.p, || - |llsupas |l -

0,
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Fic. 6.1. Triangulations used for computations presented in section 6.

TABLE 6.1
Ezample 6.1, errors for the local projection method (2.8).

h T s M-Msora Tlon  Tha  T-Tomn

6.25—2 7.54—6 1.02—4 1.59—5 1.70—-3 4.63—5

3.13—2 1.37—6 2.01-5 2.33—6 4.74—4 6.66—6

1.56—2 2.47-7 3.90—6 3.33—7 1.30—4 9.15—-7

7.81-3 4.47-8 7.46—7 4.52—8 3.46—5 1.21-7

Conv. order 2.47 2.39 2.88 1.91 2.92
TABLE 6.2

Ezample 6.1, errors for the local projection method (2.8) with bys replaced by b.

h H“HLP H"H‘SUPG H||07Q “'179 ||’||0,oo,h

6.25—-2 6.68—5 4.46—4 7.07—4 8.56—2 6.06—3

3.13—-2 1.65—5 1.17—-4 2.55—4 6.23—2 3.11-3

1.56—-2 4.13—6 3.05—-5 8.91-5 4.41-2 1.57—-3

7.81-3 1.04—6 7.88—6 2.95-5 3.02—-2 7.85—4

Conv. order 1.99 1.95 1.60 0.55 1.00
|- 110, and || - ||g.co.n, Where the SUPG norm is computed with 6|,, = 7as for any
M € My, and the discrete L> norm || - ||, o, , is defined as the maximum absolute

value at the points of principal lattices of order 6 on the elements of 7p; see [8].
The convergence orders are computed from the errors on the two finest meshes. The
notation r—n used in the table means r-10~". We observe that the convergence orders
of errors in the norms ||| - |||,p and ||| - |||sype are near to the value 2.5 predicted
by Theorem 4.4. For the (semi)norms || - [o o, |- |1 o, and [| - |g » 4, the convergence
orders are nearly optimal as well. On the other hand, if we use b instead of by,
in (2.7), then, as we can see from Table 6.2, all convergence orders are suboptimal,
and the errors of the discrete solutions are much larger than in the previous case.
The convergence orders with respect to the norms ||| - |||,p and ||| - |||gype are in
agreement with Remark 4.5.

Ezample 6.2 (problem with two interior layers). We consider the problem (1.1)
with Q = (0,1)2, e = 1077, b(z,y) = (~y,7), c = 0, and f = 0. We set u(z,0) = 1
for € (1,2) and uy(z,y) = 0 elsewhere. Moreover, we do not use the Dirich-
let boundary condition at the outflow boundary (0,1) x {1}, where we prescribe a
homogeneous Neumann boundary condition.

The solution of this example exhibits two interior layers starting from the disconti-
nuities of the inflow profile at y = 0. We shall consider the unstructured triangulation
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-0.005
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-0.015

Fic. 6.2. Example 2. Left: LPS solution for 1o = 0.03. Right: difference between the SUPG
solution and the LPS solution.

T, depicted in the middle of Figure 6.1 and the set .}, given by (5.9) and (5.10).
The spaces Wy, and D) are now defined by (5.6) with [ = 2. Note that if the sets
M € .#; were not allowed to overlap, we could not use such a space W}, but, as
explained in section 5, the classical approaches would be either to define the space
W}, on a refined triangulation or to add additional bubble functions to the space Wj,.
In both cases, the number of degrees of freedom would significantly increase.

Figure 6.2 (left) shows the solution of the local projection discretization (2.8) for

b

(6.1) Tar = 7o min{ — M4
||bHo,oo,M €

}, M e My,

with 79 = 0.03. It is interesting that, for this value of 7y, the discrete solution is very
similar to the SUPG solution; see Figure 6.2 (right), where the difference between the
SUPG solution and the local projection stabilization (LPS) solution is shown. In the
SUPG method, we used a stabilization parameter § given for any T € .9}, by
Olp = % <coth Pep — %) with  Pep = %,

where hrp is the diameter of T' in the direction of b (we refer to [9, 11, 13] for details
on the definition of §). Thus, although this example does not satisfy the assumptions
of our theory, the local projection method is competitive to the SUPG method.

If the scaling factor 7y is increased, then the spurious oscillations visible in Fig-
ure 6.2 (left) decrease and the smearing of the discrete solution increases. For the
one-level and two-level approaches of the local projection method (see section 5), i.e.,
for .4}, with nonoverlapping sets M, it is also possible to find values of 7y for which
the discrete solutions are similar to the SUPG solution. However, if 7y is increased
(or decreased), the spurious oscillations in the discrete solutions become larger and
spread over the whole computational domain. Consequently, for the approaches with
nonoverlapping sets M, it is very difficult to find a proper value of 7y since both under-
and overestimation lead to solutions globally polluted by spurious oscillations. This
is a further argument for using the variant with overlapping sets M.

Ezample 6.3 (problem with parabolic and exponential boundary layers). We
consider problem (1.1) with Q = (0,1)%, ¢ = 1078, b = (1,0), c = 1, f = 1, and
Up = 0.

The solution of Example 6.3 possesses an exponential boundary layer at z = 1
and parabolic boundary layers at y = 0 and y = 1. Outside the layers, the solution is
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very close to the function
(6.2) uo(x,y) =1—e" 7.

We shall consider a structured triangulation .7}, of the type depicted on the right in
Figure 6.1 consisting of 16 x 16 equal squares. Our aim is to compare the following
three choices of the spaces Wy, and Djy;:
e one-level LPS with ), = 7, and spaces W}, and Dy, defined by (5.7) and
(5.8) with [ = 2;
e two-level LPS, where .}, is a triangulation of  of the type depicted on the
right in Figure 6.1 consisting of 8 x 8 equal squares and the spaces W}, and
Dy are defined by (5.6) with | = 2;
e overlapping LPS, where .}, is given by (5.9) and (5.10) and W}, and Dy, are
given again by (5.6) with [ = 2.
Thus, in all three cases, the solution of (2.8) is quadratic along the edges of 7},.
In the interiors of the elements of .7, either the solution is biquadratic or, for the
one-level LPS, it belongs to the space of biquadratic functions enriched by three
bubble functions. Using two bubble functions, i.e., P,_1(T) instead of R;_1(T") in
(5.7), leads to results almost identical to those for three bubble functions. We refer
to Remark 5.3 for the numbers of nonzero matrix entries and numbers of degrees of
freedom corresponding to the methods compared in this example.

A stabilized method should be able to provide a good approximation of the solu-
tion u away from the boundary layers. Therefore, we shall investigate the quality of
the discrete solutions up at the points (x;,0.5) with x; = /32, i = 0,...,24. These
points are all vertices and midpoints of edges of .7} lying on the line y = 0.5 and
having their z coordinate in the interval [0,0.75]. To measure the oscillations and
accuracy of uy, along [0,0.75] x {0.5}, we define the quantities

S un (4, 0.5) — up (i1, 0.5)]

RTV =
(tun) _max |up (zi,0.5)]

9

ERR(u) = /S22, (un(es,0.5) — uo(as, 0.5))2

The value RTV (uy,) represents an approximation of the relative total variation of up
along [0,0.75] x {0.5}. Since up(zo,0.5) = 0, we have RT'V (up) > 1. The sequence
{un(z,0.5)}24, is monotone if and only if RTV (uy,) = 1. Large RTV (u;) indicates
that the values up(x;, 0.5) oscillate. The value ERR(up,) measures the accuracy of up
by comparing wuy, with the limit solution wug given in (6.2).

The stabilization parameters 7p; are again defined by (6.1), and we shall discuss
how the solutions of the local projection discretization (2.8) are influenced by the
choice of the scaling factor 7. Figure 6.3 shows the dependence of RT'V (uy) and
ERR(up) on 1y for the three choices of the spaces W), and D), described above. First
let us consider the one-level and two-level methods. For 79 < 1072, the solutions
possess large oscillations along [0,1] x {0.5} whose width is 1/16. Away from the
parabolic layers, the two-level solution is independent of y, whereas the one-level
solution is periodic in the y direction with the period 1/16. Along horizontal lines
(i.e., lines with a constant y coordinate) crossing midpoints of elements, the width of
oscillations is 1/8. Thus, for both methods, the values at vertices lying on a horizontal
line do not oscillate. For the two-level LPS, also the values at midpoints of edges lying
on any horizontal line do not oscillate, whereas, for the one-level LPS, this holds only
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FiG. 6.3. Ezample 6.3: dependence of RTV (uy) (left) and ERR(uyp) (right) on the scaling
factor T9.

for mesh lines. As we see from Figure 6.3, for increasing 79, both the oscillations
and errors decrease and a minimum is attained for 7y near 0.1. The corresponding
solutions are shown in Figure 6.4 (top row). Since the solutions are symmetric with
respect to the line y = 0.5, we show the solutions only on [0, 1] x [0.5, 1], which makes
oscillations more visible. The lines in the figures connect values at vertices, midpoints
of edges, and midpoints of elements. The additional bubble functions of the one-level
method are not taken into account in this case. We observe that spurious oscillations
are localized along the boundary layers but the width of the numerical boundary
layers at the outflow boundary is rather large. Far away from the boundary layers,
the quality of the discrete solutions is satisfactory.

If 79 is increased above 0.1, then Figure 6.3 indicates that, for both the one-level
and the two-level methods, the oscillations and errors increase, reach a maximum
around 79 = 1, and decrease again towards a second minimum which is reached for
7o between 10 and 100. The oscillations for 79 € (0.1,10) have a different character
than those for 70 < 1072, For both methods, the solutions depend only slightly on y
away from the parabolic layers, whereas they possess oscillations in the x direction
whose width is 1/16 for the one-level LPS and 1/8 for the two-level LPS. Thus, the
width of the oscillations corresponds to the size of the sets M € .#}. To get an
impression of how fast the solutions deteriorate if 7y is increased, we show the two
wildly oscillating solutions in Figure 6.4 (middle row) obtained for 7y that are slightly
larger than the “optimal” values near 0.1. Figure 6.4 (bottom row) shows that the
values of 7y corresponding to the second minima in Figure 6.3 (between 10 and 100)
lead to worse discrete solutions than in case of the first minima. If 7y further increases,
the oscillations in parabolic layers become larger, in particular for the one-level LPS.
For very large values of 7y, the solutions again wildly oscillate in the x direction. The
width of the oscillations is 1/8 for the one-level LPS and 1/4 for the two-level LPS.
Inside the sets M € .}, no oscillations occur.

For the overlapping LPS and 79 < 1073, the discrete solutions are qualitatively
similar to those for the two-level LPS. However, as we can see from Figure 6.3, the
dependence of RT'V (uy,) on 7 is different after the minimal value RTV (up,) = 1 has
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F1c. 6.4. Example 6.3. Left column, top to bottom: Solutions of the one-level LPS for 9 = 0.1,
70 = 0.5, and 19 = 65. Right column, top to bottom: Solutions of the two-level LPS for 19 = 0.05,
70 = 0.3, and 79 = 15.

been attained (for 79 ~ 0.014). In particular, we observe that wup is monotone along
[0,0.75] x {0.5} for a wide range of 79 and that RTV (up) < 1.3 for any 79 > 0.01.
A more detailed investigation of the solutions reveals that, for 79 2 0.1, no oscillations
at all occur along [0,0.75] x {0.5}. More precisely, for 75 € (0.1,25), the solution up
has one minimum and two maxima in (0,1) x {0.5}. For 79 ~ 0.1, the points where
the extrema are attained have their x coordinate larger than 0.75, and hence uy, is
monotone along [0,0.75] x {0.5} (i.e., RTV(up) = 1). When 7y is increased, these
points shift towards z = 0 and the distances among them become larger so that the
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F1G. 6.5. Ezample 6.3: solutions for the overlapping LPS with 7o = 0.1 (top left), 7o =1 (top
right), 70 = 10 (bottom left), and, finally, with Tpr = 1/320, Wy, from (6.3), and 4}, consisting of
sets mot intersecting the boundary of Q\ G, (bottom right).

solutions appear smoother. When at least one extremum point is in (0,0.75) x {0.5},
the solution is not monotone along [0,0.75] x {0.5} and RTV (up,) > 1; see Figure 6.3.
For mp ~ 25, two extrema disappear and uj has only one maximum and no minimum
n (0,1) x {0.5}. The x coordinate of the maximum point is larger than 0.75 so that
again RTV (up) = 1. If 7 is further increased, the maximum point moves towards
(0.5,0.5) and the magnitude of uj, decreases. For 75 = 10°, the maximum of uy, in Q is
less than 0.014. The above discussion is illustrated by the solutions for 7y = 0.1, 1, and
10 in Figure 6.5 (top left, top right, and bottom left). The value 79 = 0.1 represents
a good choice with respect to both oscillations and accuracy; see also the graph of
ERR(uy) in Figure 6.3.

The detailed discussion of this example clearly shows the important difference
between the one-level and two-level LPS on the one side and the overlapping LPS on
the other side which was already briefly mentioned in the discussion of Example 6.2.
For the former two methods, there is only a small interval of values of 7y which lead to
acceptable discrete solutions. Since 79 both smaller and larger than these “optimal”
values leads to spurious oscillations, it is very difficult to find a proper value of 7y
numerically, and a small deviation of 7y from the “optimal” value may deteriorate the
solution considerably. On the other hand, for the overlapping LPS, the properties of
the discrete solution depend on 7p in a monotone way: for increasing 7y, oscillations
decrease and smearing increases. This is much more convenient from the practical
point of view since, in many applications, a moderate smearing is more acceptable
than spurious oscillations.
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The “optimal” solution in Figure 6.5 (top left) for the overlapping LPS is slightly
better than the corresponding solutions for the one-level and two-level LPS in Fig-
ure 6.4 (top row). Nevertheless, it is still not satisfactory since the numerical boundary
layer at the outflow boundary is rather wide. Theoretical considerations that are out-
side the scope of this paper and will be the subject of a separate publication show
that a considerable improvement can be achieved by increasing the polynomial degree
of Wy, on elements of .7}, lying at the boundary of 2. More precisely, denoting

G, ={TeJ; TNIN#D}, Gp=int |J T,
Te%,

we consider
(6.3) Wy =Xz, 0+ (Xg, 3N Hj(Gr))

instead of W), = X, o. The set My, consists of the sets M; defined by (5.9) with
z; ¢ Gy and of sets M C G, defined by M = int(T UT’), where T', T’ are elements
of 9}, adjacent to any edge of .7}, contained in G}, (but not in dG},). Thus, the sets
in ), are not allowed to intersect the boundary of Q\ Gj,. Again, Dy, = P1(M) for
any M € ). Theoretical considerations provide an optimal value 7p; = 1/320 for
M at the outflow boundary of . For simplicity, this value of 7, is considered for any
M € A}, The solution is depicted in Figure 6.5 (bottom right), and we observe that
now the oscillations at the outflow boundary are localized to one row of elements along
this boundary and can be easily removed by postprocessing. Away from this row of
elements and the parabolic boundary layers, the discrete solution is very accurate.
Although the approximation of the parabolic boundary layers improved a little bit,
a substantial improvement cannot be expected since only the streamline derivative is
used to define the stabilization term. Here different techniques have to be applied;
see, e.g., [13].

7. Conclusions. We have introduced a generalization of the local projection
stabilization for finite element discretizations of steady scalar convection-diffusion-
reaction equations. The important feature of this generalization is that projection
spaces may be defined on overlapping sets. Consequently, we can use standard finite
element spaces for approximating the unknown solution, whereas, in the classical local
projection method, the definition of approximation spaces requires either a refinement
of the triangulation or the introduction of additional bubble functions, both leading
to a considerable increase of the number of degrees of freedom. Moreover, numerical
results in this paper show that the use of projection spaces defined on overlapping
sets significantly enhances the robustness of the method with respect to the choice
of the stabilization parameter. The stabilization term has been defined using local
constant approximations of the convection field, which has enabled us to prove an
optimal convergence result, not available up to now for stabilization parameters with
a physically correct scaling with respect to the data. Stability and convergence have
been established in the LPSD norm that is stronger than the norm for which the
discretization is coercive. Moreover, the LPSD norm is equivalent to the SUPG norm
for appropriately chosen §. In contrast to an earlier paper, no additional assumptions
have been necessary for proving these improved results. Finally, we demonstrated that
the quality of discrete solutions to problems with exponential boundary layers can be
substantially improved if we increase the polynomial degree of the approximation
space along the boundary.
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A LOCAL PROJECTION STABILIZATION FINITE ELEMENT METHOD
WITH NONLINEAR CROSSWIND DIFFUSION FOR
CONVECTION-DIFFUSION-REACTION EQUATIONS

GABRIEL R. BARRENECHEA!, VOLKER JOHN? AND PETR KNOBLOCH?

Abstract. An extension of the local projection stabilization (LPS) finite element method for
convection-diffusion-reaction equations is presented and analyzed, both in the steady-state and the
transient setting. In addition to the standard LPS method, a nonlinear crosswind diffusion term is
introduced that accounts for the reduction of spurious oscillations. The existence of a solution can be
proved and, depending on the choice of the stabilization parameter, also its uniqueness. Error estimates
are derived which are supported by numerical studies. These studies demonstrate also the reduction of
the spurious oscillations.
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1. INTRODUCTION

The solution of convection-dominated convection-diffusion-reaction equations with finite element methods
constitutes a very challenging (and open) problem. Over the last three decades, the amount of work devoted
to this problem is impressive. The usual way of treating dominating convection, at least in the context of finite
element methods, consists in adding extra terms to the standard Galerkin formulation, aimed at enhancing the
stability of the discrete solution by means of introducing artificial diffusion. These new terms vary according
to the method, and can be residual-based, as in the SUPG/GLS/SDFEM family (see [6,13,14,16,29]), or edge
based, such as the CIP method (see [7,9]). For an up-to-date and thorough review of these and other techniques,
see [31]. It is striking to notice that, despite the impressive amount of work that has been devoted to this topic,
up to now there is not a method that ‘ticks all the boxes’, i.e., a method that produces sharp layers while
avoiding oscillations, see [1] for a recent review and a numerical assessment.
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Among the various stabilized finite element methods, the local projection stabilization (LPS) method has
received some attention over the last decade. Originally proposed for the Stokes problem in [2], and extended
to the Oseen equations in [4] (see also [5,30]), the LPS method has been also used recently to treat convection-
diffusion equations (see [15,24-26]). The basic idea of this method consists in restricting the direct application of
the stabilization to so-called fluctuations or resolved small scales, which are defined by local projections. It has
several attractive features, such as adding symmetric terms to the formulation and avoiding the computation
of second derivatives of the basis functions (thus using only information that is needed for the assembly of
the matrices from the standard Galerkin method). Unfortunately, the solutions obtained with the LPS method
possess the same deficiency like solutions computed, e.g., with the SUPG method: non-negligible spurious
oscillations are often present in a vicinity of layers.

Motivated by the wish of recovering the monotonicity properties of the continuous problem, which might
be crucial in applications, a number of so-called Spurious Oscillations at Layers Diminishing (SOLD) methods
were proposed. SOLD methods add an extra term to the already stabilized formulation, which usually depends
on the discrete solution in a nonlinear way, vanishes for small residuals (thus acting mostly at layers), and
adds some extra, but different, diffusivity to the formulation. In particular, methods that add crosswind diffu-
sion, like the one proposed in [11], have been proved to belong to the best SOLD methods in comprehensive
studies [17,18]. Although these methods diminish oscillations considerably, no single method succeeds to fully
eliminate them [17,18,23]. Also, from a purely mathematical point of view, it is unknown if these methods lead
to well-posed problems. In fact, existence of solutions is usually possible to prove, but, to our best knowledge,
there is no nonlinear SOLD method that is known to produce a unique solution, see [7,27] for a discussion of
this topic.

Based on the previous considerations, this paper has three major objectives, namely:

e to improve the quality of the LPS solution (especially in the vicinity of layers);

e to explore the applicability of SOLD-type strategies within a LPS context; and

e to contribute to the mathematical understanding of nonlinear stabilization techniques for the convection-
diffusion equation.

Hence, in this work we propose a LPS method with nonlinear crosswind diffusion for convection-diffusion-
reaction equations. Two ways for choosing the parameter in the crosswind diffusion term will be studied. The
first choice uses global information obtained from the data of the problem, whereas the second proposal is
completely local, employing information of the computed solution instead of the data. For the first approach,
which is the simpler one, the existence and the uniqueness of the solution can be proved for the steady-state
and time-dependent equations, where the latter is discretized in time with an implicit one-step #-scheme. To our
best knowledge, this is the first nonlinear discretization for convection-diffusion-reaction equations for which
both, existence and uniqueness of a solution can be shown. The form of the crosswind term resembles the
Smagorinsky Large Eddy Simulation (LES) model which was analyzed in [28]. It involves fluctuations of a term
mimicking a p-Laplacian. The crucial analytical property for proving the uniqueness of the solution is the strong
monotonicity of the corresponding operator. For the more complicated local definition of the parameter, the
analysis will show the existence of a solution and its uniqueness for the time-dependent discretization in the
case of sufficiently small time steps.

The analysis is performed for the model problems of linear steady-state and time-dependent convection-
diffusion-reaction equations. Applying a nonlinear discretization scheme to a linear problem leads certainly to
a considerable complication of the solution process and to an additional numerical cost. This latter aspect
can be overcome in the transient regime by using a semi-implicit (linearized) approach that computes the
stabilization parameter with the solution from the previous discrete time. With respect to the former aspect,
it has to be mentioned that the most important motivation for studying discretizations that reduce spurious
oscillations comes from the need to address applications that lead to nonlinear coupled systems of convection-
diffusion-reaction equations as in [21]. It was demonstrated in [21] that the locally large spurious oscillations
of the SUPG method might lead to a fast blow-up of the simulations, and hence the reduction of the spurious
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oscillations is essential to perform simulations at all. Thus, the reduction of the oscillations at layers becomes a
priority, even over computational cost. It should be noted that in many applications, like in [21], only interior
or characteristic layers are present, such that a method for reducing the oscillations has to work properly in
particular for these types of layers. Finally, it is worth mentioning that our final aim is to address applications
that lead to such coupled problems. Since these problems are nonlinear, the use of a nonlinear stabilization
usually does not result in a notable complication of the solution procedure.

The plan of the paper is as follows. In the remaining part of this introduction, the problems of interest are
stated and some basic notations are given. Section 2 will summarize the main abstract hypothesis imposed on
the different partitions of the domain and the finite element spaces considered. Section 3 presents the method
for the steady-state case, for which well-posedness is analyzed in Section 3.1 and error estimates are proved
in Section 3.2. In Section 4, the method for the time-dependent problem is presented. Well-posedness and
stability are proved in Section 4.1 and error estimates in Section 4.2. Since the analysis is based on the abstract
framework from Section 2, Section 5 presents some concrete examples that fit into this framework. Finally,
numerical illustrations that support the analytical results and which demonstrate the reduction of spurious
oscillations are presented in Section 6.

Throughout the paper, standard notations are used for Sobolev spaces and corresponding norms, see, e.g., [10].
In particular, given a measurable set D C R?, the inner product in L?(D) or L?(D)? is denoted by (-,-)p and
the notation (-,-) is used instead of (-,-). The norm (seminorm) in W™P(D) will be denoted by [ - |I,,, , p
(I * lmp.p)s with the convention |||, p = || II,,, 2. p, and the same notation is used for scalar and vector-valued
functions.

1.1. The problems of interest

Let 2 ¢ R, d € {2,3}, be a bounded polygonal (polyhedral) domain with a Lipschitz-continuous boundary
012 and let us consider the steady-state convection-diffusion-reaction equation

—eAu+b-Vu+cu=f in (2, u=wup, on 0. (1)

It is assumed that ¢ is a positive constant and b € Wh>(2)4, ¢ € L®(82), f € L*(2), and u, € H'/2(992) are
given functions satisfying

1
Uzchiv-b200>0 in £2, (2)

where 0y is a constant. Then the boundary value problem (1) has a unique solution in H'(2).

The condition og > 0 is often used in the analysis of stabilized finite element methods for the numerical
solution of (1), see, e.g., [31], but it limits the applications of the theory since many problems of interest involve
solenoidal convective velocities and no zero-order terms, which leads to og = 0. Unfortunately, it is not known
how to prove optimal convergence results even for the underlying linear local projection stabilization without
assuming oo > 0, although numerical results do not indicate any deterioration of the convergence rates when
0p = 0. The analysis of the nonlinear term introduced in this paper does not require this assumption.

Besides the steady-state case, also the time-dependent convection-diffusion-reaction equation

u—eAu+b-Vu+cu=f in (0,7] x £2,
u=uy in [0,T] x 042, (3)
u(0,-) = up in £2,

will be considered. In (3), [0,7] is a finite time interval, € is assumed to be a positive constant, b €
L0, T; Whe(2)4), ¢ € L>®(0,T; L>=(12)), f € L*(0,T;L*(2)), up € L?(0,T; H/2(912)), and uy € H(£2)
denotes the initial condition. The function o is defined analogously to (2) and the inequality (2) is assumed to
hold for all ¢ € [0,7]. In this case, the condition oy > 0 can be circumvented by considering instead of (3) an
equivalent problem for v = ue~** which satisfies o9 > 0 for sufficiently large a.
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2. ASSUMPTIONS ON APPROXIMATION SPACES AND THE SET .#/,

From now on, C, C or C denote generic constants which may take different values at different occurrences
but are always independent of the data ¢, b, ¢, f, and uy, the constant o, and the discretization parameters (h
and 0t in the following).

Given h > 0, let Wj, € WH>(£2) be a finite-dimensional space approximating the space H'(f2) and set
Vi, = Wi, N H(2). Next, let .4, be a set consisting of a finite number of open subsets M of {2 such that

2 =Upen, M. It will be supposed that, for any M € .},

card{M’' € M),; MNM #0} <C,

har == diam(M) < C h,

har < Char Y M' € ty, MM 40,
he; < C'measy(M).

AAAA
RECHCRN
Je 22

The space W}, is assumed to satisfy the local inverse inequality
lnlyar S Chyfllonlloys YV on € Why, M € ), (8)

For any M € .}, a finite-dimensional space Dy; C L>(M) is introduced. It is assumed that there exists a
positive constant S p independent of h such that

(v, Q)m
sup
veVy ”UHQM

> Brp llalloar Vg€ Dy, M e My, 9)

where Viy = {v, € V3 ; v, =0 in 2\ M}. This hypothesis will be needed in what follows for the construction
of a special interpolation operator (see Lemma 3.7 below). Concrete examples of spaces Wy, and D)y satisfying
the assumptions formulated here will be presented in Section 5.
Furthermore, for any M € .4, a finite-dimensional space Gy C L>°(M) with Gas D D)y is introduced such
that
6vh

832'1‘ M

€eGu Vo,e W t=1,...,d,

and it is assumed that, for any p € [1, o0], there is a constant C' such that

d_d
2

m < Chyy

llallo,p, lalloy Y a€Gu, M€ My (10)

To characterize the approximation properties of the spaces W) and Dy, it is assumed that there exist
interpolation operators iy, € £ (C(2), W) N L(C(2)NHL(2),V,) and ju € L(HY (M), Dar), M € M, such
that, for some constants [ € N and C' > 0 and for any set M € .#},, it holds

[v—invly p + hﬁ lv—invllon < Chﬁxf vlkg1,m Vove Hk+1(M)7 k=1,....1, (11)
lg = jargllonr < Chliylaluar  Vge HY (M), k=1,...,1L (12)

In addition, it is assumed that, for any p € [1, 6],
o = invlpar < CHE P F oloyrne Vo€ HY (M), k=1,... L. (13)
3. A LOCAL PROJECTION DISCRETIZATION OF THE STEADY-STATE PROBLEM
The weak form of problem (1) is: find u € H*(£2) such that u = u;, on 92 and

a(u,v) = (f,v) Vv € HY(92), (14)
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where the bilinear form a is given by
a(u,v) :=¢e(Vu, Vo) + (b- Vu,v) + (cu,v).

As it was mentioned in the introduction, the most often used approach to cure the instabilities of the Galerkin
method consists in adding extra terms to the formulation. To build these additional terms for the method studied
here, for any M € .#},, a continuous linear projection operator 7 is introduced which maps the space L?(M)
onto the space Dys. It is assumed that

Imall r2any, 2oy < C Y M € . (15)

E.g., if mys is the orthogonal L? projection, then C' = 1. Using this operator, the fluctuation operator rys :=
id — mps is defined, where id is the identity operator on L?(M). Then, clearly

Hlﬁ]\,{”g(Lz(M)’Lz(M)) <C VY M e #. (16)
Since ks vanishes on Dyy, it follows from (16) and (12) that
5 allonr < Ch]fw lalkar Vg€ Hk(M)7 M e My, k=0,...,1 (17)

An application of ks to a vector-valued function means that s is applied component-wise.
For any M € .#),, a constant by; € R? is chosen such that

bar| < [Bllo, 00,015 16— barllo,o0,0r < C har [bl1 o0 015 (18)

where |- | denotes the Euclidean norm in R?%. A typical choice for by is the value of b at one point of M, or the
integral mean value of b over M. In addition, a function uy, € W, is introduced such that its trace approximates
the boundary condition up.

We are now ready to present the finite element method to be studied: find u;, € W}, such that uj, — uy, € V3,
and

a(un,vn) + sp(un, vn) + dp(upsun,vp) = (f,on) Yo, € Vy, (19)
where

sp(u,v) = Z Tar (kar(bag - V), kar(bag - V)4,

Me Aty
dp(w;u,v) = Z (732 () kar (Par V), kar (Par V),
Me ity

and Py : R? — R? is the projection onto the line (plane) orthogonal (crosswind) to the vector by defined by

by ® by .
o 2MEOM ey 20,
Py = [bar|? 7

0 if bpy =0,
I being the identity tensor. The stabilization parameters are given by

h, h2,

™ = To min $7 A ) (20)
Hb”o,oo,M €

sold

Tag - (un) = Tar(un) K (P V)|,
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where 7y is a positive constant and 7s is a non-negative function of uy, and the data of (1). Note that the
crosswind stabilization term is of p-Laplacian type with p = 3.

It remains to specify the function 7j;. First, inspired by the definition of sp, where each term in the sum
is bounded by 7o b [bar| [[karVullg o [£20 V[l pps We set Far(un) = yar(un) har [bar| with a function yas still
depending on u; and/or the data of (1). Second, the function 7y has to be chosen in such a way that the
discrete problem preserves the following scaling properties of the problem (1):

e if the data ¢, b, ¢, and f are replaced by ae, ab, ac, and « f, respectively, with some constant « # 0, then
the solution of (1) does not change;

e if f and w; are replaced by « f and a up, respectively, then u changes to a u;

e if 2 is transformed to F'~1(£2) with F(x) = x/a, then uo F solves an analog of (1) in F'~1(£2) with the data
a’e,aboF,coF, foF,and uyoF.

Note that the discrete problem (19) without the nonlinear term dj, preserves these properties. To preserve the
properties also when using the nonlinear term, the function 7, has to satisfy

7A1(57b7 C7f>ub7~(27uh) = ’}/M(O(E70(b,OéC,Oéf,Ub,_(2,Uh)
=avyu(e, b, c,af,auy, 2,aup)
=a ! ’YF—I(]\/])((XZ g,aboF,coF,foF,u,oF, F~'(2),u;o0F)

for any admissible data, o # 0, and u;, € Wj,. We shall consider two choices of the scaling function v,;: a global
one independent of uj and a local one depending on uy. In the former case, one may set

. —1
Hf”o,n diam({2) Hubno,an )

(21)

= d.‘ Qd/z
ar =0 TN B g dinmn (€2) el o g (27 i (2)177

with a positive constant -y. The local scaling can be defined by setting vy = ﬂh%2/|uh|1yM with a positive
constant (3 if |up|; 5, # 0. Thus, we arrive at the following two formulas for the function 7ps:

Ta = B har [barl, (22)
and
iyt YT
7~'M(uh) = ‘uh|1,M i1, ’ (23)
0 if [unly = 0,

where 3 is a positive real number independent of uj, and h. The parameter 3 depends on the data of (1) in case
of (22) (e.g., like yas in (21)), but it is independent of the data of (1) in case of (23). For these two choices
of 7as, we shall investigate the properties of the discrete problem (19). Although the local scaling is likely to
lead to better numerical results than the global one, we consider both variants since the choice (22) turns out
to be more appealing for the analysis.

Remark 3.1.

e If d = 2 and by # 0, one has Pyy = by; ® by, where by is a vector satisfying by - by = 0 and |by;| = 1.
Thus, in this case, the nonlinear stabilization term can be written in the form

dp(w;u,v) = Z (7399 (w) kar (g - V), kar(big - Vo).
Me.,

e It is useful for the analysis of the discrete problem to note that kar(bar-Vu) = bas-kar Vu and k(P Vu) =
PrepVu. Note also that || Pall, = 1.
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e Finally, if 75/ is defined by (23), then, using the stability of ka; and by, (18) and (16), respectively, and
[|Pas]|; = 1, one obtains

17559 ) loar < Cha ™ bllgons Vv € HY(R2), M € M. (24)

In the analysis, the error will be measured using the following mesh-dependent norm

1/2

1/2
lolis = (<10l o + o2 0l o+ sn(0,0))

and a term involving the crosswind derivative of the error. Note that integrating by parts gives
a(v,v) +sn(v,v) = [vlltps Vv € Hy(2). (25)
3.1. Well-posedness of the nonlinear discrete problem

This section studies the existence and uniqueness of solutions for the nonlinear discrete problem (19). The
results of this section are valid also for oy = 0.
Let us define the nonlinear operator T}, : Vi, — V}, by

(Thznsvn) = alzn + Uph, vn) + Sp(zn + Uoh, va) + dp(Zn + Uons 2n + Ushs va) — (f,0n) (26)
for any zp, vy, € V. Then uy, € W), is a solution of (19) if and only if uy |y, = Wby, and
T (un — ) =0,

or, equivalently, uj, = uy, + Uy, € W, is a solution of (19) if uy, € Vi, and T}, (wy) = 0. Thus, our aim is to prove
that the operator T}, has a zero in V},. To this end, the properties of the form dj, shall be investigated first. As
these properties are different with respect to the definition of 7ys, we start supposing that 737 is given by (22).

Lemma 3.2. Let 7y be defined by (22). Consider any u,v,z € W13(2) and set w :=u —v. Then
1 i 5 1
dn(u; u,w) = dn(viv,w) 2 = > A llea(PaVw)§ 50 = 7 dn(w; w, w), (27)
Me Aty

ldn(usu, 2) = d(viv, 2)| < Y Far (lkar(ParVu)llo 5,0 + 1521 (Par Vo) o5 ar)

Me )y,
X ||’€M(PMV1U)||0,3,M ||’€J\VI(PMVZ)||0,3,M- (28)
Proof. Let us denote
dh(u;ua Z)idh(fv;rwz) = Z NM(U,'U,Z), (29)
Me

where
Ny (u,v,2) = (Tﬁ?ld w) kpr (PayrVu) — i}’ld(v) Kt (Par Vo), /iM(PMVz))M.

For ¢ € [0,1], let u' :=tu + (1 — t)v and set
g(t) = 7:]\1|/€]\,{(PAjvut)|/€M(PMVUt)7 te [0, 1].
Then L
Nar(,0:2) = (9(0) = 90) s (Pu¥2), = ([ /) dtma (P 92))
0

M
Since
ks (PprVul)

ki (PuVub) - kar (P Vw) + Far [k (ParVud)| ks (P V), 30
‘HM(PMVut)‘ JU( M ) M( M ) M‘ ]\l( M )| M( M ) ( )

g'(t) =T
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one has
lg' ()] < 27ar |kar (PrrVuh)| [far (Pa V)
<2Tm (t ‘HM(PMVUN =+ (1 — t) |K}M(P1V]VU)D |I§1\/](PMVIU)‘,

which implies (28). On the other hand, since multiplication of the first term on the right-hand side of (30) by
kv (PaVw) gives a non-negative expression, one obtains

1
NM(U,U,U)) Z (7:]\/[ / |1§M(PMVut)| dtHM(P]\[VU)),IiM(PMVw)> . (31)
0 M

Next, clearly

1 1
/ ‘HM(PMVut” dt Z 'maxd/ |t K]\,{(PMV’U,)i + (1 — t) HM(PMVU)Z‘ dt.
0 0

i=1,...,

Denoting
1
I(a,b):/ ta+(1—1b|dt, abeR,
0

a direct computation gives

I(a,b)zw ifab >0, I(a,b):%% ifab<0.
Thus, for any a,b € R, it follows
Hab) > \a|1|b| > \a;b\_
Consequently,
! 1 1 1
/0 |tar (ParVul)| dt > 1 igf}fd|ﬁM(PA4vw)i\ > m |k (P Vw)| > - |k s (PrrVw)|.
Combining this estimate with (31) and using (29) gives (27). O

Next, the properties of dj, are explored for the case that 7y, is defined by (23).

Lemma 3.3. Let 7y be defined by (23). Consider any u,v,z € Wh4(2). Then

|dn(u;v,2)| < C Y It 2 116g. 001 1637 (ParV0)lo..ar 1520 (Par V2) o4, ars (32)
Me.dh
i (wsu, 2) = di(v30,2)] < C 3 By 2 (1Bl 0,01 Gt (1, v) %
Me.t,
X ([l5ae (P Vu)llo.a,ar + 1621 (Par VO)llo 4 0) 1600 (Par V) [lo,a,015 (33)
where
lu — vl s
- M if Jul, 2y #0 or [v], 5 #0,
Cur(u,v) = |U\1,M + |U|17M LM 1,M

0 if ‘“|1¢M = ‘U‘I,JVI =0.
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Proof. Denoting
dyr(u;v,2) = (Tjﬁ}ld(u) Ky (P V), KM(PMVZ))M,

it is easy to realize that

dp(u;v,2) = Z dps(u; v, 2).

Me
Applying Hélder’s inequality yields

|dar (w30, 2)| < |72 (W)llo s s (ParVv)

which, using (24), gives

|0,4,M HKM(PMVZ)”OA,A@

14d/2
|dar(us v, 2)] < Chzx;— / HbHO,oo,M ||’fM(PMVU)||0,4,M H/‘iM(PMVZ)HoA,Mv (34)
thus proving (32). Now it will be shown that
Jdas (w0, 2) = dar (v30,2)] < C oyt [Bllg o ar Cor (u,v)
X (1622 (ParVu)llo,.a,nr + 1681 (Par Vo) llo,a,00) 1601 (Prr V) [l 0,4, 01 (35)

If luly 5y = 0 or |v|; 5, = 0, then (35) is a particular case of (34). Thus, it suffices to consider the case |u|; 5, # 0,
[v]; 5s # 0. Denoting £(x) = ||z, one obtains

~ Bhy b

dyr(usu, z) — dar (v v, 2) = T (&(rar (Pr V) — E(kar (ParVv)), K,M(PMVZ))M
1M
+ B8R o] [ e — L) (€l (P Y0 mar (P V), (36)
lulyar [0lh 0

The integral terms on M possess the same structure as the term Njs(u,v,2) in the proof of Lemma 3.2 (the
second term corresponds to Njs(0,v,2)). They are estimated using the same technique, only with a different
Holder inequality. Then, (16) is applied to [|kar(PpV(u —v))|lg.ar 1esD- |60 (ParVo)l|g 5 Furthermore, the
first inequality from (18) is employed. To finish the estimate of the second term in (36), the triangle inequality
is used. One obtains

[u — U|1,M
‘“|1,M
o.a,m + 12 (Par Vo)l aar) 16030 (ParV2)|lo a0

ldar (w30, 2) — dag (00, 2)] < ChAFY? Bllg o

x ([[far (P V)

The same type of inequality follows by interchanging u and v. Then, using the sharper of these two estimates
and minf|uly . [0l 3} < 2/(Julyar + [vl1ar) gives (35). 0

The properties of the operator T}, namely its monotonicity and local Lipschitz continuity, follow now by the
results of the two previous lemmas and the representation of the LPS norm (25).

Lemma 3.4. If 7y is defined by (22), then the operator Ty, defined in (26) is locally Lipschitz-continuous and
strongly monotone, i.e., it satisfies
9 1 - 3
(Thwn — Thzn, wn — zn) > |[wn — znllips + = Z Tor |6ar (ParV (wn — 20))15,3,m (37)
Me.h,

for all wp, zp, € Vi, If Tag is defined by (23), then the operator Ty, is Lipschitz-continuous and it satisfies

6.0) (38)

for all z;, € Vi, where Cy > 0 depends on €, b, and ¢, but not on z5, h, and oy.

3 ~
(Tuzn, 2n) = 5 2l = Co (el + 11 f]
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Proof. Let us define the operators Ay, Ny, : Vj, =V}, by

(Anzn,vn) = alzn.vn) + sn(zn, va) Y zp,vn € Vg,
(Nnzn,vn) = dp(zn + Upn; 21 + Upn, k) Y zp,vp € V.

Then, for any wy, zn, € V4, there holds
Thwh — Thzh = Ah(wh — Zh) =+ thh — thh.

The operator Aj, is linear on a finite-dimensional space and hence it is Lipschitz continuous. Thus, the (local)
Lipschitz-continuity of T3, follows from (28), (33), and the equivalence of norms on finite-dimensional spaces.
The strong monotonicity (37) follows from (25) and (27). Finally, let 7as be defined by (23). In view of (25), it
holds

(Thzn, 2n) = ||2nllEps + dn(2n + ons 2, 21)
+ a(Ubh, zn) + sn(Ubn, 21) + dn(zn + Uk Uons 20) — (f5 20)- (39)

Applying (32), (10), (16), (18), (4), and (5), one obtains
|dn (2 + Uphs Ubn, 20)| < CR[bllo 0o, [tbnl1,0 20 l1 0

The same estimate also holds for sp (U, 21). Using the fact that dp(zn + @en; zn, 25) > 0 and applying the
Cauchy-Schwarz inequality to the third and last term on the right-hand side of (39), one derives

e —If

Now, employing the Poincaré and Young inequalities, one obtains (38). (]

(Thzn, 2n) = € |2nlf o = (€ + C|bllo o2 + llello,c0,2) e l11 2 12 0.2 [znllo,0-

To prove that the discrete problem (19) has at least one solution, we shall use the following simple consequence
of Brouwer’s fixed-point theorem, whose proof can be found in [32], p. 164, Lemma 1.4.

Lemma 3.5. Let X be a finite-dimensional Hilbert space with inner product (-,-) and norm ||-||. Let P : X — X
be a continuous mapping and K > 0 a real number such that (Pxz,xz) > 0 for any x € X with ||x|| = K. Then
there exists © € X such that ||z|| < K and Pz = 0.

Collecting the previous results, the main result of this section can be stated now, namely, the well-posedness
of the problem (19).

Theorem 3.6. If 75 is defined by (22) or (23), then the problem (19) has a solution. If 7ar is defined by (22),
the solution of (19) is unique.

Proof. If Ty is defined by (22), then it follows from the strong monotonicity (37) that, for any zj, € Vj,,
2 2
(Thzn, 2n) = llznllLps + (Th0, 21) = € [2nl1,0 — [IThO0llo,q [12nllo, -
Thus, using Young’s inequality and the equivalence of norms in the space V}, one gets
(Thzn, 2n) > C1 [|za1§,0 — Cs,

where Cy, Cy are positive constants that depend on h and the data of (1), but not on z, and og. According
0 (38), the same inequality holds if 7ps is defined by (23). Thus, in view of Lemma 3.5 with any K > /C>/C,
the operator T}, has a zero and hence the problem (19) has a solution. The uniqueness in the case that 7as is
defined by (22) follows from the strong monotonicity (37). O
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3.2. Error estimates

For the analysis of the methods introduced in Section 3, we will need an appropriate interpolation operator.
An important tool for the construction of such an operator is provided by the following result, whose proof can
be found in [25], Lemma 1.

Lemma 3.7. Let us suppose the inf-sup condition (9) to be satisfied. Then, there exists an operator op :
L2(2) — V}, such that, for any v,w € L?(12), the estimates

(v = onv,w)| <C > vllo,ar llEarwllo ars (40)
Me. iy,
lonv %,]\l + h]T/IQ ||Qh’U||g.,M <C Z hz_v]% ||UH3,M/ vV M e .y (41)
M' € My,
MOM #0

are valid. Consequently, for any o € R, it holds

Y b (envlia + 037 lenvlfan) <C Y b2 olFar (42)
Me.#y Me .ty

where the constant C' is independent of v and h but can depend on .
With the operators i, and gy, an operator 7, € .Z(C(£2), W) N .Z(C(2) N HL(£2),V4) is defined by
U =130 + op (v — i), (43)

To formulate the interpolation properties of 7y, it is convenient to introduce the mesh dependent norm

1/2
[vllyn = ( Z {lv |(2J,M}) :
Me )y

%,M + thf [lv

Then, using (41), the geometrical hypotheses (4) and (5), and the approximation property of i, (11), one obtains

lv—ravllyn < Cllo—invllyp SCR Jolen g Yoe HYHQ), k=1,...,1, (44)

and consequently
v —ravlyg+ B o —ravllg.0 < ChF vl 0 Voe HY D), k=1,...,1 (45)

The derivation of the error estimates will be based on the following two lemmas. The first one states an
interpolation error estimate and the second one states a bound on the nonlinear form dj,.

Lemma 3.8. Let u € H*1(0) for some k € {1,...,1}, and let n := u — rpu. Then, for any vy, € Vi, \ {0}, the
following estimate holds
a(n,vn) + sn(n, vn) — sn(u, vn)

vnllps

< C(e+hllblloso,o + 5 llg 00,0+ 1*[b

9llps +

1\ 1/2
%,oo,(l 001) h¥ |“|k+1,n- (46)

Proof. Since, in view of (5), (16), (18), and the definition of 75; (20)

1/2
[ollLps < C (e + A [bllg,00,0 + h? lollo,co,0) " l10ll1n Ve HY(1),
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it follows from (44) that

1/2
InllLps < C (e + A lIbllo oo 2 + h* | ) h¥ [u]h 11,0

Next, for any vy, € Vj, \ {0}, integration by parts gives
(b . V% vh) = _(777 b- V'Uh) - ((V : b) 7, vh)'
Thus, applying the Cauchy-Schwarz inequality and (45), it follows that
W4l ) lonllies — (0B Von).

The use of (40), the approximation property of i, (11), (4), and (5) lead to

—1/2

an,vn) + su(m,vn) < (Inllces

(n,b-Vu,) <C Z (b Vur)llo,m
Me. #y
1/2
< Ch* fulyi 0 < Z P ks (b - VUh)”%,M) :
Me. ity

Applying (16), (18), (20), and the inverse inequality (8), one derives

52 (b Vou)lloar < l8ar((b—bar) - Vor)llo ar + l5ar(bar - Vor)llo ar
< OBl o ar I1onllo,nr + 7572 ( BV REE SV v

bt mar” sar(bar - Von)llo ars

which leads to the estimate
_in1/2
(m,b-Vu,) <C (5 + 1 [Bllo,00,2 + h? |b|1 00,1290 1) h* [ulky1.0 lvnllLps-
Finally, using (17), (18), (20), and the geometrical hypotheses (4) and (5), one obtains

sn(u,u) < Z ™ |bM|2 ”KMVUH(%,M <cC ”bHO,oo,Q R ‘u|i+1,n»
Me Aty

and hence

1/2
sn(u,vn) < V/sn(u,u) /s (v, o) < C ”b”O/oo 2 P2l o llonllups,

which completes the proof. O
Lemma 3.9. For any wy, € Wy, and u,v € H*1(02) with k € {1,...,1}, it holds

dnwsms o) < 124 (e [ o ) ol ol o (a7)
(S48

Proof. The application of Hélder’s inequality and (10) lead to

dn (wp; TR, THY) < Z 1732 (wn)llo.ar 15ar (Par ¥ (rrw)) o 4 ar 11501 (Par V (rnv)llo.a 0
Me .y,

—d/2
<C Z 1759 (wn)llo.ar har” (1500 (Par ¥V (rau)) o, ar 1az (ParV (rnv)) o, ae
Me. #y

1/2
—d
<c(max I (wmuo,M) ( S ||KM<PMv<rhu>>3,M)

Me Aty

1/2
( Z }LM |“M Py ¥V (rpv) )HOM) : (48)

Me
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Let us estimate the term with u; the term with v can be treated analogously. Using (16) and (17), for u €
H*1(Q) with k € {1,...,1} there holds

ar (ParV (rnu)llo ar < Nlear (PrrVu)llo ar + las (ParV (w — mhu))llo,ar
< Ch, [ulgor1,0r + Clu—rhuly pr- (49)

According to (42), one has for any o € R

Z Sy lu = rpulf p <2 Z Sy lu—inulf a +2 Z hr lon(u — inu)|3 p

Me. ity Me. )y Me.
<C Z hip (lu —inulf pp + Rt lu = inull3 o),
Me.,

and hence it follows from the approximation property of 5, (11), (4), and (5) that, for o > —2,

> b e (PuV (rnw)[§ ar < CR2F Jufiyy o (50)
Me.dh,
Inserting (50) with a@ = —d/2 into (48), the statement of the lemma is proved. O

We are now in position to prove the first error estimate. The following theorem states the error estimate in
the case )y is given by (22).

Theorem 3.10. Let 71y be defined by (22). Let the weak solution of (1) satisfy uw € HFTY(§2) for some k €
{1,...,1}. Let up, € H?(£2) be an extension of up and let Uy, = intp. Then the solution up, of the local projection
discretization (19) satisfies the error estimate

1/2
lu — un|lyps + ( Z ™ |KM(PMV(U—Uh))||8,3,M>
Me. ity

_ /2
O,oo,Q+|b‘ioo,.Qo-Ol)} h¥ [ulfy1,0-

< C{e 4 hbllg e, (1 BRY2 ul 1 ) + B2 (o]
If u € WEEL(Q) with k € {1,...,1}, then
1/2
lu—unllLps + ( > Al (P (u— uh))||8,3,M>
Me Ay,
oy 1/2
%,oo,.(? ) 1)} h¥ |U\k+1,9~

Proof. The error u — uy, is split into the interpolation error 1 := u — rpu and the discrete error ey, := up — rpu.
Then ep, € Vj, and also rpu — Upp € V3. From the monotonicity (37) it follows with the discrete problem (19)
and the continuous problem (14) that

< C{e+ 1Bl o (1 + BRE [ulis1.00,2) + 12 (I1lp.00.0 + b

1 _ ~ ~
lenllEps + = D A llrar(PrVen)l§sar < (Thlun — @) — Tu(rau — un), en)
Me

= a(un,en) + sn(un, en) + dn(un; un, en) — (Tn(rnu — Uon), €n)
= (f,en) = (Tn(rnu — Upn), en)
= a(u,ep) —alrpu,en) — sp(rpu, ep) — dp(rpu; rpu, ep)

=a(n,en) + sn(n,en) — sp(u, en) — dp(rpu; rpu, ep).



246 5. Local projection stabilization

1348 G.R. BARRENECHEA ET AL.

The first three terms on the right-hand side can be estimated using (46). To bound the nonlinear term, Holder’s
and Young’s inequalities are applied to conclude

2 1
dp (rou;rpugen) < {dp(rpw;rpu,rpu) s {dp(en; en,en)}®

3
< 2dp(rpu; rpu, rhu) + 0 dp(en;en, en)- (51)

Then (47), (49), the bound of hys (5), (18), and (45) yield

dp (rnus T, mu) < C B|bllg s o P2 ufl ) o (52)
Therefore,
lenlfps + > Farlloar(PauVen)lls 5 u
Me M
<C {E + R [[Bllo,co,0 (1 + BR* 2 [ulisr 0) + 12 |0 ]lo 00,0 + 1P B .0 051} W** Julf g g (53)

Next, to estimate the interpolation error, for any p € [1,6], it follows from the commutation property of rns
and Py, the estimate of the LP(M) norm by the L?(M) norm (10), (15), and (13) that

ar (Prr V) llopar < IV = 7ar Vil poar
< IV (u = inw)lgp ar + IV (@nw — rnu) = 7 Vallo o

d_d
< fu—ipuly par +Chyp 2 I V(3inu — raw) — marVillo ar

~ d_d
. 2
<|u—ipulypp +Chiy

(‘Qh(u —ipu)ly ar +lu— ih“|1,M)
~ o, kg4 o .
<Chy " ®ulpgrar +Chyp ” lon(u —inu)ly (54)

Then, applying (54), (22), (5), (18), (41), (11), (4), and (6), one derives

- 3k—d/2
Z ™ H’QJW(PIWVW)”%B,M <CBh ||bH0,oo,n Z Ry / |“‘2+1,M~ (55)
Me.y, M.ty

Thus, combining (53), (55), and (46), the first estimate of the theorem follows.
If w € WFFLoo(0) with k& € {1,...,1}, then local norms of Sobolev spaces with p = 2 can be estimated
with norms of Sobolev spaces with p = oo, thereby gaining powers of h from the smallness of the local domain:

[ulpy1 s < Ch;ivf [l gy 100,07 fOr any M € 4),. Hence, it follows from (55) and the geometrical hypotheses (4)
and (5) that '

~ k
Z T™ HKJ\I(PMVU)HS,&M <Cp ”bHO,oo,Q hhEt ‘u|k+1,c>o,(2 |u‘i+1,n~
Me. iy,

Furthermore, using (41), (11), and (4), one gets

‘U - Th“|1,M <C Z hﬂcw ‘“|k+1,M/ < C hk+d/? ‘u‘k+l,<x>,(2 VM € M.
M’ € My,
MAM #0
Therefore, according to (47) and (49),

. k
dn(rpu;rpu, rpu) < C B Hb”o,oo,n h3FH |u‘k+1,oo,!2 |U|i+1,m (56)

which implies the second estimate of the theorem. O
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Remark 3.11. Theorem 3.10 implies, in particular, the following convergence estimates in the convection-
dominated case € < h: If u € H?(£2), then

lu = wnllips < Co b4 (WD 4 fuly[3) Jula. o,
where Cy depends on the data of the problem. If u € W2°°(£2), then
llw —unllps < Co h3/? (1+ h'/? |u|;/020.(2) uls, -
If u € H*1(Q2) with k € {2,...,1}, then

. _ 1/2
lu = unllLps < Co hkF1/2 (1+ h(2h=d)/4 [u kil,!}) |u‘k+1,0~

Remark 3.12. A situation of practical interest is that the convective field b arises from a finite element
approximation of the Navier-Stokes equations. In this case, a necessary condition for a uniform convergence of
6], 00, > With respect to h is that the exact velocity is sufficiently regular. This condition might not be fulfilled,
e.g., if the domain possesses re-entrant corners, and therefore estimates involving weaker norms of b are also of
interest. Changing the arguments in the proof of Lemma 3.8 slightly, one obtains, e.g., the following result

1/2
llw —unllps + ( Z ™ HM(PMV(U—Uh))”g,&M)

Me #n

< CLet B3 w005 + R bllooo (1 BEY fulys )

1/2
1278 o (VB3 4ar 0t 4B oo f Pl &7

Me
If the norms of b in (57) are still too strong, one can use the discrete character of a computed convection field b
and apply inverse inequalities to derive estimates involving the weaker norms ||b||, ,, and ||V - b||, ,,. However,
the relaxation of the regularity assumption on b in the error bounds is accompaﬁicd with a reduction of the
order of convergence, e.g., the order of convergence of (57) is reduced by 1/2 compared with the orders given
in the previous remark.

Remark 3.13. The right-hand sides of the estimates in Theorem 3.10 can be stated in terms of local
(semi)norms of the data and of the solution on macro-elements multiplied by diameters of the macro-elements.
However, due to the use of the interpolation operator rj, such estimates are more complicated than usually. For
example, a counterpart of (52) using local quantities has the form

3/2
1—-d/2
dn(rnusrnu,riw) S CB S [bllg o ar har > man uliae
Me. iy, M' e My,
MAM #0

Therefore, for clarity, we decided to state the estimates in terms of global quantities.
We end this section by presenting the error estimate in the case 7 is defined by (23).

Theorem 3.14. Let 7y be defined by (23). Let the weak solution of (1) satisfy u € H*1(£2) for some k €
{1,...,1}. Let uy, € H?(£2) be an extension of wy and let Uy, = intp. Then the solution uy, of the local projection
discretization (19) satisfies the error estimate

o — un s + (dn (s — up,u —up))

1\ 1/2
< C (e+hbllo,oo,0 + 1 [lollo,c0,0 + B} 0.0 90 DR [uljg1,0-
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Proof. Set again 7 := u — rpu and e, := up, — rpu. From (19) and (14), it follows that

a(en,en) + snlen, en) + dn(un; un, en)
= a(upn,en) + sp(un, en) + dp(up; un, en) — a(rpu, en) — sp(rpu, ep)

= CL(777 eh) + sh(777 eh) - sh(“? 6h)'
Thus, in view of the representation of the LPS norm (25), one gets
lenllEps + dn(un; ens en) = a(n, en) + sn(n, en) = sn(u, en) — dn(un; rau, ep).

The first three terms on the right-hand side can be estimated using (46). To bound the nonlinear term, Holder’s
and Young’s inequalities are again applied

dp(up;rhu, ep) < \/dh(uh;rhu, rRU) \/dh(uh; en,en) < dp(up;rpu, rpu) + idh(uh; €n,€n)- (58)
Using (47), (24), and (5), one obtains
dn(un;rnu, rpu) < C1bllg oo, B2kt |u|i+1’ﬂ (59)
Therefore,
lenllEps + dn(un;ens en) < C (e + 1 [[bllg oo, + B2 llollo 00,0 + 1% [BIF 0.0 70 1) B2 ulfs1 0
Note that an application of the triangle inequality gives
dp(up;u — up,u —up) < 2dp(un;n,n) + 2dp(un; en, en). (60)

It follows from Hélder’s inequality, (24), (54), (42) with a =0, (11), (4), and (5), that

dn(un;nn) <Y 2 (un)llo.ar 1ar(ParVm§ aar < C 1bllg.ce.0 B [ulis - (61)
Me. )y
Finally, using the triangle inequality and the estimate (46), the statement of the theorem follows. O

Remark 3.15. Theorems 3.10 and 3.14 prove the convergence of the method in the LPS norm plus an extra
term involving the crosswind derivative of the error. Hence, these estimates give, essentially, an extra control of
the whole gradient of the error.

4. THE TIME-DEPENDENT PROBLEM

We now move on to the study of the time-dependent problem (3). A weak form of problem (3) reads as
follows: find u € L2(0,7; H*(£2)) N H'(0,T; L?(£2)) such that u = uy, on [0,7] x 942, u(0, ) = uo and

(ug,v) + a(u,v) = (f,v) Yo € Hy(2), for almost everyt e (0,7). (62)

To avoid technicalities in the analysis, it is assumed that the boundary condition does not depend on time,
up(t,-) = wp. The initial condition ug is assumed to satisfy ugl|y, = us and it is approximated by a function
u% € W, such that u% — upp, € Vi

To perform the discretization of the time derivative, the time interval [0,77] is divided into Nt equidistant
strips of length 6t = T'/Np. The constant time step is used only for simplicity of presentation; for variable
time steps the same techniques can be applied leading to essentially the same results. The nodes are denoted
by t" = ndt for n = 0,1,..., Ny and the abbreviations u™ := u(t",-), f™ := f(t",-), etc. are used. Since this
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section studies the LPS method with nonlinear crosswind diffusion in combination with a one-step #-scheme as
temporal discretization, from now on, the superscript n + 6 denotes for all functions which are defined in [0, 7]
the values at time ¢"+¢ := 9" ! + (1 — 0) t" with any n € {0,..., Ny — 1} and 6 € [0, 1], e.g. bt = p(tnt? ).
For functions, which are defined only at the discrete times t® and t"+1, it denotes the linear interpolation, e.g.

uZ*O =0 uZH + (1 — @) uy. Finally, it is convenient to introduce the interpolation operator FZ+9 satisfying

P = 0 rpu 4+ (1 - 0) rpu” (63)

with 7, from (43). Thus, writing « instead of n + 6, functions u®, uf, 7{u, etc. are defined for any o € [0, Np].
Then, given 6 € (0, 1], the fully discrete problem reads as follows: for n = 0,1,..., Ny — 1, find uZ+1 c Wy
such that uz+l — upp € Vp, and

ul Tt , ,
(W, vh) + a”+9(uz+07 o) + s}i”(uz*e, vp) + dZ*e(u;;*g; u;l“Lg, vp) = (f”*’e7 o) Y oo, € Vi, (64)

For 6 = 1/2, the Crank-Nicolson scheme is recovered and for = 1, the implicit Euler scheme is obtained.

Remark 4.1. To simplify the notation, we will not explicitly indicate at which time instant the functions b

and o in the definition of the norm || - ||| pg are evaluated. This will be implicitly determined from the context
or by the argument of the norm. Thus, if we write, e.g., [|u} ||| pg, the norm | - || pg is defined using b™°
and o"+?.

4.1. Well-posedness and stability

The well-posedness of (64) can be traced back to the well-posedness of the LPS scheme with crosswind
diffusion for the steady-state problem. The discretization of the temporal derivative can be written in the form

A A W O L e
st ") T st

The first part of this term has the form of a reaction term for u2+9. Thus, given uj, the equation at the discrete
time t"*! is an equation for uZJ’g which has the same form as (19) with the data of the problem at "¢ and
with a reaction coefficient which has a contribution from the temporal derivative. Thus, defining the operator
T}:"Jrg : Vi, — Vi, by

-~ 1 - 1 "
(T,:H'ezh,vh) = (T}:H—azh,ﬂh) + ﬁ (Zh + ubh,vh) — ﬁ (uh’,vh) Y zp,vp € Vi,

it follows that Tg”’e(uﬁ*'e — Upp,) = 0. Therefore, the existence and uniqueness of a solution u;zw can be proved

in the same way as in the steady-state case, see Section 3.1. This fact is stated in the next result.

Corollary 4.2. Let n € {0,1,..., Ny — 1} and ujl € W), with u}|y, = Upn be given. If Tpr is defined by (22)
or (23), then the problem (64) possesses a solution ujt'. In the case that Tar is defined by (22), the solution
of (64) is unique. Furthermore, there is a constant C' > 0 such that the solution of the scheme (64) with Tas
given by (28) is unique if 6t ||bn+0||0,oc,M < Chy for any M € M.

Proof. The only point remaining to prove is the uniqueness in the case 7y is given by (23). For this, let vy, wy, €
W), and zp, := v, — wy,. Then, applying (33), the estimate of the LP(M) norm by the L2(M) norm (10), (16),
| Py, = 1, and the inverse inequality (8), one arrives at

|5 (ons vn, 2n) — di 0 (wiswn, 20)] < C Y Byt 187 o ar 12018 A
Me My
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Thus, if vy, wy, € Vj, one obtains

Ty v, — Ty wp, 2n) > Z

< é Can+9
Me ity

95t T) thH(Q),M + llznllEps-

Consequently, for 6¢ small enough, the operator T;;*a is strongly monotone and hence the solution to the discrete
problem (64) is unique. O

The next result states the stability of the method.

Lemma 4.3. Let 6 € [1/2,1] be given. Let uf := uf — uyy, for any o € [0, N7|. Then any solution of (64)
satisfies the following stability estimate for all N =1,2,... Np:

N-1
~n ~n+60
[ay'1I5.0 + (26— 1) Z laptt —aqlls, o + ot Z a1 ps
n=0 n=0
N-1 N-1
+ot Y dt Gt wt) < @3 o+ Cot Y {10 .
n=0 n=0
6 n 0
[+ 07 (6™ 13 o2 + 1™ 13 o) + BBl 2] om0 + 1}, (65)
where
apt? =ttt wn = Bh|b™ if s is given by (22), (66)
apt? =yt =0 if Tar is given by (23). (67)

Proof. The proof starts in the usual way by setting vy, = uzw € V}, in (64) and using that u"’H —up = ﬁZ’H —uy,
which leads to

(= TR T) + 6t [ s + Sty s, )
= ot (f"0 art) — ot a0 (Gpn, wp ) — 5t 57 (pn, 4 ). (68)
A straightforward computation gives

—n 20—1
2+ gt

(69)

~ ~ ~ ] ~
(@™ =g, ) = (|| i G0

Next, the application of the Cauchy-Schwarz inequality, the Young inequality, (16), (18), the definition of
7y (20), and the geometrical hypotheses (4) and (5) yield

(Fre ) < — ||fn+0H0:2 +7 “~n+9“LP87
1
~ o~ — 9 ~ ~
a" O (G, 1y, ) < 6 [E +og (18" o0 + IIC"“’II%,OO,Q)] lnllf,0 + g 175" IEes,
it G, g 7)< OB g o0 [T o + 3 ||un+0HLPS'

If 7as is given by (22), then, from (27) and an analog of (51), one obtains

1

6 6 6 ~n+6 0 /~n+6, ~n+6 ~n+06 60/~ ~ ~n+6

d2+ ('LLZ+ ;uer ,u;ﬁ ) > ?dn+ (UZJr ;un+ 7uZ+ )+d”+ (Ubh;Ubh,UZJr )
n—+6 ~n+0 ~n+€ ~n+6 n+0,~ |~ ~

> l()d (ay! L) = 2T (Wpn; Won, Uon)-
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Furthermore, the use of (10), (16), (18), | Py, = 1, (4), and (5) leads to

1—-d/2 ~ ~
i Gans i ) < CB D g PPN g o ag lnld ar < CBRB™
Me My

If 757 is given by (23), then, using an inequality like (58), one gets

m—+6, n+6., n+60 ~n+6\ _ m+0/ n+0 ~n+9 ~n+9 n+6,/, n+6,~ ~n+6
dy ™ (up T up ™) = d (up s, )+dh (up ™5, )
dn+€( n+9 n+0 ﬂn+€) dz+0 (uz+6; :lzbhz ﬁbh)-

Applying the Holder inequality, (24), the estimate of the L?(M) norm by the L?(M) norm (10), (16), || Py, =
1, (4), and (5), one deduces that

. d ~
At (it in o) < € g P e nr 192 (PR Vann)IIF a.ar
Me Ay
- 0 _
< ChB" o 00,0 [Tbn]3 -
Now, inserting the above relations into (4.1) and using the notation (66) and (67), one obtains

1 2071 ~ ot - ot
5 (@, o Ak [+t~ h\lon+ [[@ n+8”LPS+6

— n — n+60 n n—+0 ~
S gtog! Hf +g\lo,g +C 8t {e+a5 " (o"F +9HO,<>O,Q) F 0" o002} lTbnl13 o2
+C(stﬂh7

dn+9( n+0 ~n+0 an+6)

and (65) follows by summing up from n =0 to N — 1. a

Remark 4.4. The inequality (65) is a proper stability result provided that [uf ||y o, |Genll; o and, if 7as is
given by (22), also |77bh|173,9 are bounded when h — 0. One may set u) = I,ug and Up, = I,Up, where
Iy, : HY(2) — W), is the Scott-Zhang interpolation operator (cf., e.g., [12]) and @, € H'(£2) is an extension
of up. Then [|uj ||y o < Clluolly o and [Tl o < C Uy - I U € W3(82) (requiring the stronger assumption
up € W2/3:3(942)), then also [Ubnly 3.0 < C sl 3.0 It is important that I; preserves homogeneous boundary
conditions since one has to assure that u% and wpy, coincide on the boundary of §2. If ug € H2(Q) and uy €
H3/2(00), which are the minimal regularity assumptions for deriving the error estimates in the next section,
one may use the operator i;, from Section 2 instead of Ij,. Now u;, € H?(2) and, according to the approximation
properties of 75, (11) and (13), one has ||u?1||0’Q < |1’3'Q <C ||ﬂbH2ﬂ.

Remark 4.5. It is worth remarking that, for the homogeneous case u, = 0, instead of the direct proof presented
in this manuscript, an analysis completely analogous to the one given in [8], Corollary 7, leads to the following
stability result for § € [1/2,1] and N < Np

N-1 N-1
Huh Sl les + dit (i un )}y < e {T5t > ||fn+9||0(z+ 5 luhlls
n=0 n=0

(70)
This result, very similar in form to the one in [8] (with the extra control on the nonlinear term, and a slightly
smaller right-hand side), is independent of o, and hence represents an improvement over the way Lemma 4.3
is presented. The reason to present the direct proof here lies in the non-homogeneous case, where the presence
of uy is responsible for the dependency of the constant on the right-hand side on oy 1 In the non-homogencous
case, both proofs lead to essentially equivalent results, the direct proof presented in this work being more

straightforward.
Finally, if u; would be supposed time dependent, then in the first line of the proof of stability there holds
uptt —up =t —ap 4wt — 4, thus creating an extra right-hand side depending on the time derivative

of wuyp.



252 5. Local projection stabilization

1354 G.R. BARRENECHEA ET AL.

4.2. Error estimates

In this section, error estimates are derived for the solution of the discrete problem (64) with § € [1/2,1]. The
error will be analyzed essentially in the quantity which is given by the stability estimate (65). Let us denote the
error by e := u® — uf with o € [0, Ny]. Furthermore, to simplify the presentation of our results, we introduce
the quantities

N—1 1/2
EN = leNlo.0 + <5t > ||€"+0ips> ;

n=0
N-1
-1/2 0
QY =h (|U0|k+1,9 + |UN‘k+1,Q + 0 / Huth(o,tN;HHl(n))) + <5t Z <5+ ho"* ||o,oo,9
n=0

4 h2 Ho—n+9||0$oc7!2 + h2 0_0—1 |bn+6

1/2
ioo,!?) <|Un|i+1,9 + [u i+1,n)> )

N-1 1/2
- 0
RN = (575 Z pirLdr ||b"+ ||0,oo,n (|“n|%+1,9 + |Un+1|2~+1,9)> >

n=0

N—-1 1/2
4

W=@wammmwmwﬂwmmmwmwwwmn,

n=0

_ _ 1/2
XN = max (e A6 o e+ 10" lloe,0 07 1B R o+ 5 IR o),
6,1/2

yN=p2 a0 g,

where N =1,2,..., Np.

Theorem 4.6. Let 6 € [1/2,1] be given. Let the weak solution of (3) satisfy u,us € L*(0,T; H*+1(82)) for some
ke {1,...,1} and assume uy € L2(0,T; L?(2)). Let w, € H2(2) be an extension of uy and let Upp = ipiyp.
Assume ug € H*1(2) and let uf) = ipug. Let {uﬂ}f:]:TO be the solution of the local projection discretization (64).
If 7ar is defined by (22) and u; € L3(0,T; W13(£2)), then the error estimate

N1 1/2
EN + (575 SN %M||KM(P;7"W"+")|8,3,M>

n=0 Me.#
SO QN +CBR* RN + C 6t XN |Juill 2043 111 (20
3/2 —1/2
+C B2 YN el Yo vawisgay + C 0t oy lluatllp2o.iv 2 (71)

is satisfied for N = 1,2,..., Np. Moreover, if = 1/2, uy € L3(0, T; WH3(2)), and uwy € L2(0,T; L2(2)),
then

1/2

N-1
EN + <6t Z Z 7~7\4|”M(PJ\T;F@V‘JH))||3,3,M>

n=0 Me.#)
< CR* QN +CBR* RY +C () XN |lunell p2(0 1,111 (1))

3/2 —-1/2
+ Cﬂ (6t)3 YN Hutt”L/S(O,tN;Wl-S(.Q» + c (6t)2 g9 / ||uttt||L2(0,tN;L2(Q))'

If w € L2(0,T; WEtL22(0)), then, in both estimates, RN can be replaced by SN.
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If 7ar is defined by (23) and u, € L4(0, T; W4(02)), then the following error estimate holds

N-1 1/2
EN + <5t Z dz+9(uz+0;en+97en+9)> < C hF QN +C 6t xN HutHLQ(O,tN;Hl(Q))

n=0

—1/2
+C STV YN |Ju]l pago gnawiay) + C Sty / [lweell L20,ev;22(2)) - (72)

Moreover, if § =1/2, uy € L*(0,T; WH4(£2)), and uyy € L?(0,T; L?(£2)), then

N-1 1/2
EN + <6t Z dz+9(uz+0;en+9,en+0)> < ChF QN + C’(ét)z xN ”uttHL2(0,tN;H1(Q))
n=0

—1/2
+C @2 TV YN |l oo vawr gy + C (8% 05 2 luel 20,0722 -
Proof. Analogously to the steady-state case, the error will be split into an interpolation error and a remainder
which belongs to the finite element space. The decomposition of the error e* with any a € [0, Np] has the form

e =0 —ej with n* = =7y, ey =uy —75 €V,

where we use the abbreviation 7 = 7'u with 7 given by (63). Using this decomposition, one obtains with the
triangle inequality and with (60)

N-1 N-1
M1z, +68t D llePlips + 6t Y dpt (g0t e )
n=0 n=0
N—-1 N—-1
<A{lInN5.a 0t Y In" 0 lEes +6t > d?ﬁ”(v?“’;7/"”,7/””)}
n=0 n=0
N-1 N-1
+ 4 |lle 5.0+ 6t D lleptIEps + 0t Y dﬁ”(ﬁ”wﬁ”&ﬁ”)} (73)
n=0 n=0
n+60 _ _n+6 n+6 __ , n+6 n+0 _ n40 ¢ ~ fe . n+0 _ _n+0 _ n+0 _  n+0 :p ~
where 7577 = et AT =0 AT = )7 if Ty s defined by (22) and 5T =7 =5 = wp " if Ty

is defined by (23).
First let us estimate the interpolation errors. The starting point is the identity

0 = — gt — (1= )™ + 0w — )+ (1= 0) (u — ™). (74)
One has
gt g+l
W gt (1 - g)ut = (1 0) / wit) dt — 6 / w(t) dt, (75)
tn tnto

which, in view of (45), leads to
H7/"+6||0,n < C R (‘Un‘kﬂﬂ + |un+l|k+1,9) + \/EHutHL2(t",t"+l;L2(Q))7
"0 0 < CRF (Ut gyr 0+ W iy 0) + Vot luell L2gen envrsam (2))-

Using Taylor’s formula with integral remainder or applying successively integration by parts gives

+n

u" = u"t — g5t unt? +/ ug () (1" —t) dt, (76)
tn+o
gt
"t ="t (1 - 0) Stupt? +/ wge(t) (" — 1) dt. (77)
tnto
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This may be used to derive improved interpolation estimates with respect to the time step provided that
uge € L2(0,T; HY(£2)). Indeed,

o g1
u"t — gttt — (1 -0 u" = —(1-190) / uge(t) (L —1t") dt — 6 wge () (" — 1) dt, (78)
tn nto
which leads to
Hnn+6H0,Q <t (|un|k+1,9 + ‘Un+1|k+1,n) + (575)3/2 ||Utt||L2(tmtrz+1;L2(rz))v

0 k n 3
|77"+ |17Q <Ch" (Ju |k+1,Q + \U“+1|k+1,9) + (5t)3/2 ”utt”L?(t",tn+1;H1(Q))'

Now let us estimate the norms of the interpolation error in (73). In view of (63), (45), (16), (18), and the
geometrical hypotheses (5) and (4), one has

7™ 0. = llu™ — ThUNHo,Q <O N 0

I lps < (2 4+ CR 1B lones0) 142 g + 0™ 12 g ™
Furthermore, analogously as in (54), for any p € [2, 6], one obtains

oat (PN ) o < C 1m0 — Q™ — (1= 0) i
+ R (lon(u™ = inu™) |y ar + lon (@™ = i )] ap) (79)
If 7as is defined by (22), this inequality implies that
a0 " O g ) < OB+ 1),

where

I:=h ||bn+0||0,oo,!? Z |Un+0 —fu"t — (1- 9) Un|i13,3,Mv
Me Aty
II:=h ||bn+6||o,oo,n Z (‘“"H - ihunﬂﬁ,&,M + [u™ — ihun‘i&M)
Me Ay,

_d
|0,oo,(z Z hyf (|Qh(“n - ihun)‘:{’,M + |Qh(un7L1 - ihunﬂ)
Me. iy,

+h an+0

tar)

Using (75) and (78), one obtains
n+0
I < Ch(E)? 18" o,00,0 luelFa(en pnt1,wra (),

resp.
5 n—+60
I< Ch(ét) ”b * H(),oo,_() Hutt‘|%3(t71,,tn+1;wl,3(9))-

Furthermore, it follows from (13), (41), (11), (6), and (4) that

3k—d/2 E E
IT<Chb™ g D b~ (W By ar + 0" Ry an)s (80)
Me )y,

which implies in view of (4) and (5) that

k+1—d 0 s
11 < Ch*H! /2 ||anr Ho,oo,fz(|un|z+1,xz+ ‘UWH‘%H,Q)
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If u € L2(0, T; Wk+1¢(2)), the inequality (80) together with (4) and (5) implies that
k 0 n n n n
IT < ORMHB" g 0,0 (10" kg100.0 [ R0 + 10" kg1 00,0 [0 T R 1 @)

If 75s is defined by (23), then, proceeding analogously as when deriving (61), but with (79) instead of (54), and
applying (13) in addition, one gets

a0 < C T+ C b g o2 P2 (0" Ry10 + [0 R4 ),

)

where
~ n+0 da/2 0 3
I=h]" g0 S AP 0 — 0w — (1= 0)u" 2,
Me My

Similarly as above, one obtains
7 0
< Ch (St 16" lg o0 lttllFa(im gmsrwra 2

resp.

I <Ch ((515)7/2 ||bn+9 ‘utt||%4<tn¢n+1;W1,4(Q))~

Now let us estimate the norms of the discrete part of the error on the right-hand side of (73). To derive
an equation for this part of the error, the weak formulation (62) at ¢t = t"*% is subtracted from (64) with
v =y, = e}, Then, using the fact that uf = ef + 77, one deduces that

(en+1 ehv eh+0) + St HeZ-HgHLPS + 5tdn+6(un+0, uh 9,€Z+0)

Fn-kl T
= 5t |:<u;1+9 h 5 h e';LLJr@) + CLn-kG(,nn+(97 ez+0) n+0(rn+97 Z+9) ) (81)

Furthermore, one obtains

1
d2+9(u2+9; UZ+€7 62—0—9) > ? dz+9 (,yrH—G’ 621—0—97 ;LH—G) + dZ+0(’yg'+9;fZ+9,€Z+9), (82)
where 450 = 710 if 73/ is defined by (22) and ¥4 = u™? if 7y is defined by (23) (v4 7 was defined

below (73)). ThlS estimate follows from (27) if 7ps is defined by (22) and simply by writing the second argument
of i as )™+ 7% and using the fact that dj ™ (w5 e ™0 en ) > 0/if 7ar is defined by (23). Since > 1/2,
it follows from (69) with @ replaced by e that
1
(en™ =i en™) = 5 (len™ 13,0 — lekll3 0)- (83)
Substituting (82) and (83) into (81) and summing up over the discrete times yields an upper bound for the
discrete part of the estimate (73)

N—-1
len l13.¢2 + ot Z e IEps + 6t D (v et ept?)
n=0 n=0
T ! Frtl
5 HehHO o+ Tt Z l:(u?-&—G h(sith’ Z+9> +an+€(n7z+0762+9)

n=0

_S'Z,+0(rn+9 CZ+9) dz+0(,yn+9 f"rLH»O EZ+0):| i (84)



256 5. Local projection stabilization

1358 G.R. BARRENECHEA ET AL.
Using (42), the approximation property of 45, (11), (5), and (4), one obtains
”62”0,9 = Hihuo - ThUO”o,Q = HQh(uO - ihuo)Ho,Q < CpkH |U0‘k+1,n~

Applying the Cauchy-Schwarz and Young inequalities gives

-n+1 =N
un+0 o Th — Ty en+9 < i
t ' “h =
ot (o)

The last term can be hidden in the left-hand side of (84). The first term is a mixture of discretization errors in
time and space. Elimination of ™ from (76) and (77) yields

=n+1 =T
T -
wpt _ Th h

1 n
5t + 1 ller ™12 ps-

0,02

n+0 n
pro _ W w1 / " () (" — 1) dt — / o ) (" — 1) dt
U = — — U — - = U — .
t ot 0t Jin " 0t Jin+o "
Since interpolation in space and differentiation in time commute, one has
g+l
"t — - () = (ug — rpug)(t) dt.

tn

Thus, applying the Cauchy-Schwarz inequality, one derives

The first term on the right-hand side can be bounded using (45).
Assuming uyy € L2(0,T; L2(£2)) and replacing (76) and (77) by

=n+1 |2
r -T
U?H-} __h h

2
5t < 57 e = | 2y + 20 uadl Logen gm0

0,02

5 Lo
' =u"T — 05t + — (512 ul Tl =
2 2 S

wer(t) (1" = 1)* dt,
0
!

1—6)2 1
u" =" (1 - 0) sturt? + % (6t)2 upt? + 5 / wge (1) (£ — )2 dt,
tn+0

one obtains

ntd utl — oy 6t ntd
upt =—7; + 5[92 — (1= 0)*]upt
1 gnto 1 g+l
- B =02 dt — — ) ("t — )% dt
26t J,n () (" — 1) 26t Jyuio ua(t) ( )" dt,

which shows that an improved estimate with respect to dt follows for § = 1/2, i.e., for the Crank-Nicolson
scheme. Indeed, one gets

Now let us consider the remaining three terms on the right-hand side of (84). According to (74) and (63),
one has

=n+1 —n |2
ntije T =Ty
Uy -

2 .
5 < 5 [|ue — T}lut||%2(tn’tn+1;L2(Q)) + (5t)3 HutttH%ﬁ(t",t”+1;L2(Q))-

0,02

an+9( n+97 ez+9) _ 82+9(—n+6 n+6) _ an+9(un+9 _ aun+1 _ (1 _ 9) un7ez.+6)

n Th 5 €n

+0 [a”+9(u"+1 —rputl e;ﬁg) — szw(rhu”*l, ezw)}

+ (1 _ 0) |:an+0(un _ Thun7 ez+9) _ SZ+9(T’hu"7 ez+9>i| )
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The last two terms can be estimated by (46) and the estimation of the first term on the right-hand side is
performed using
0 1 2 2
[u" ™ = gu" T — (1 =) u" |7 o < 0t [uell2n pnir,m1 ()

resp.
[w e —0um ™ — (1= 0)u"|} o < (66)° [uael T2 gn gnsremnr ()

which follows from (75), resp. (78). Finally, the last term on the right-hand side of (84) can be estimated
analogously as (52), (56), and (59): if 7/ is defined by (22), one derives

dn+6(—n+6‘ =n+0 F;1L+6) < Cﬁ an+€”0,oo,9 h3k+17d/2 (|un|%+1’Q + ‘un+l‘i+lﬁﬁ)7

if, in addition, u € L?(0, T; Wk+t1.2°((2)), then

n+60 (=n+0. -n+0 -n+0
AT T )

) k
<cplpt ll0,00,02 R (U™ k41 00,020 + |un+l‘k+l,oo,9)(|un‘z+l,ﬂ + \“n+1|i+1,9)a
and, if 7/ is defined by (23), then
0 0. -n+0 -n+6 +0 2k+1 2 2
Ay (O ) < OB g e PP (Ju R 0+ [0 R 0)-
n+0 —n+9 n+9)
b h .

These estimates together with analogs of (51) and (58) lead to an estimate of the term dj ™ (5 %; 77
Collecting all the above estimates proves the theorem. ]

At the end of this section, a semi-implicit (linearized) variant of the method (64) will be discussed: for
n=20,1,..., Ny — 1, find u”+1 € W), such that u"+1 — upp, € Vp, and

n+1 n
(LL}L(TU}Z:'Uh> +an+9( Z+97vh) + Sz+9(un+6 vy ) dn+t9(uh7 Z-H9 Uh) _ (fn+0,vh) Y oo, € Vi (85)
The advantages of this linearized scheme over (64) in terms of computational complexity are clear. Indeed,
for (85) only one linear system needs to be solved per time step. Moreover, the linearized problem is uniquely
solvable for any non-negative integrable stabilization parameter T]S\C’ld If the parameter 7ys is defined by (23),
the results of Lemma 4.3 and Theorem 4.6 remain essentially valid; the only difference is that in these results
the first argument of d”+9 is now u}. The proofs of Lemma 4.3 and Theorem 4.6 can be repeated without any
changes for 7, defined by (23) since the estimates of the nonlinear term d}'* are based on (24) and hence are
independent of the first argument of dh+‘9 This is not the case if 75/ is dehned by (22) and, therefore, we were
able to prove only suboptimal convergence results and a stability result depending on 7T in a similar way as
in (70). Details of this analysis will be omitted here.

5. EXAMPLES OF SPACES AND PARTITIONS SATISFYING THE HYPOTHESES

This section is devoted to the presentation of some examples of spaces Wj, and Dj; and partitions .,
satisfying the hypotheses from Section 2. For simplicity, the discussion is restricted to the two-dimensional case.
In three dimensions, the spaces can be constructed analogously (for details, see [30]). Throughout this section,
{ T} >0 stands for a regular family of triangulations of 2. This family is formed either by closed triangles or
by closed convex quadrilaterals K with diameters hg and one has h = maxge g, hix. Note that the hypotheses
from Section 2, e.g., (4), (6), and (7), do not allow the application of the analysis to anisotropic triangulations.
In what follows, K stands for a reference mesh cell, which is either a triangle or a square, depending on the
type of elements in 7. For any K € J},, there exists a bijective mapping F : K — K that maps K onto K
and is affine if K is a triangle and bilinear if K is a square. For any integer [ > 0, we denote by P, the space of
polynomials of total degree at most [ and by ; the space of polynomials of degree at most [ in each variable.
Finally, we set R;(K) = P(K) if K is a triangle and Ry(K) = Q;(K) if K is a square.
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i)  The two-level approach. This is the approach considered in the original local projection stabilization method
(¢f. [2,3]). The starting point is {.#, }r,>0, a shape regular family of triangulations of £2. Then, each triangle
is divided into three triangles by connecting its vertices with the barycenter and each quadrilateral is divided
into four quadrilaterals by connecting midpoints of opposite edges. The resulting triangulation is denoted
by Z,. Finally, given an integer [ > 1, the spaces W}, and D), are given by

Wi = {v, € C(R); vplg o Fx € R(K) VK € 9}, Dy := P_1(M). (86)

The inf-sup condition (9) is proved for this pair in [30].
Alternatively, for the quadrilateral case, the space Dj; could be defined as the space of mapped polyno-
mials. More precisely, we can present the following two alternative definitions for D;:

D}, = {v e L*(M); voFy € P_y(M)},
D3, = {v e L*(M); vo Fy € Q1 (M)},

where M is a reference macro-cell and F W is the analog of Fi. Both definitions lead to different methods
(both different from the one presented so far) and have the advantage that the computations can be done
directly on the reference element, leading to simpler implementations. All the approximation and stability
assumptions hold for D3,, but for D}, the approximation property (12) holds only on uniformly refined
meshes (see [31], pp. 345-346 for a discussion on the topic).

ii) The one-level approach. This alternative was introduced in [30] and assumes .4}, = 7. Introducing a
polynomial bubble function bz € H&(I?) \ {0} (cubic if K is a triangle and biquadratic if K is a square),
the spaces are given by

Wi, = {vn € C(2); vplg o Fx € R(K) + by - Rii(K) YK € B}, D= Py (M),

The inf-sup condition (9) is proved for this pair in [30].

iii) The overlapping method. Let x1,...,zn, be the inner vertices of the triangulation .7, introduce the neigh-
borhoods M; := int Uye g, »,cx K (Where ‘int’ denotes the interior of the respective set), and define

My = {M;} ?211. The spaces W, and Dy are given by (86). The inf-sup condition (9) is proved for this pair
in [24].

In all of the examples above, i, can be chosen to be the Lagrange interpolation operator and jy; to be the
orthogonal L? projection of L2(M) onto Dy (see, e.g., [12]). The validity of the geometrical hypotheses (4)-(7)
follows from the mesh regularity. The inverse inequality (8) arises from a local inverse inequality (cf. [12]) and
the mesh regularity. Finally, if Fi is linear for any K € .7, then the space G consists of functions that are
polynomial on the mesh cells included in M and the inverse inequality (10) is standard (cf. [12]).

Note that if the set .4}, consists of nonoverlapping sets M, which is the case for both the one-level and two-
level methods, then (significantly) more degrees of freedom are used for constructing the space W}, than in case
of the method with overlapping sets M. This increase of the number of degrees of freedom is either due to an
enrichment by bubble functions (in the one-level method) or due to a refinement of the given triangulation (in
the two-level method). On the other hand, given a triangulation .7, of 12 and using .4, consisting of overlapping
sets M, the space W), can be defined as a standard finite element space consisting of piecewise polynomials of
degree [ on 7, like in the Galerkin discretization.

6. NUMERICAL ILLUSTRATIONS

In this section, the theory of this paper is illustrated by results of numerical computations performed for
both the steady-state problem (1) and the time-dependent problem (3). In addition, the reduction of spurious
oscillations by applying the nonlinear crosswind diffusion is demonstrated. From the three possibilities for spaces
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FIGURE 1. Type of the triangulations used in numerical computations (left) and solution for
Example 6.1 (right).

and partitions proposed in the preceding section, we have chosen the overlapping version of the LPS method.
This is mainly due to the fact that, as shown in [24], the overlapping version is more robust with respect to
the stabilization parameter than both the one- and two-level approaches. The overlapping version was applied
with triangular meshes and conforming piecewise linear approximation spaces W), (thus I = 1). Both possible
definitions (22) and (23) of 7as(up) were considered. The solution of the nonlinear system was performed using
a fixed point iteration: given an initial approximation “2 € W}, of the solution of (19) satisfying u% — Upp, € Vp,
compute a sequence {uF} C W), defined by

ko k=1 ko k=1
up =uy o w(ly —uy ), k=1,2,...,

where w € (0,1] is a damping factor and a’g € W), satisfies ﬂ’fL — upp, € Vp, and
a(ﬂﬁ,vh) + sh,(ﬁﬁ,vh) + dh(uﬁ_l; ﬂ]fb,vh) = (f,vn) Yo, €V

The analysis of the convergence of this scheme remains an open problem. Its proof, based on the properties of
the nonlinear operator from Section 3, does not seem an easy task. The actual behavior of the iteration in our
numerical studies will be discussed in Example 6.2.

In all examples, 2 = (0,1)? and Friedrichs-Keller triangulations of the type depicted in Figure 1 were used.
It is worth mentioning that the mesh is not aligned with the considered convection fields.

Example 6.1. Smooth polynomial solution [20], support of error estimates. We considered problem (1) with
e=10"8%b=(3,2), ¢ =2, and up = 0. The right-hand side f was chosen such that

u(w,y) = 10027 (1 —2)%y (1 - y) (1 - 2y)
is the solution of (1), see Figure 1.

In the stabilization parameters, the values 79 = 0.02 and 5 = 0.1 were used. Table 1 shows errors of the discrete
solutions measured in various norms for various mesh sizes. The notation || - |, ., , is used for the discrete L>
norm defined as the maximum of the errors at the vertices of the respective triangulation. The convergence
orders were computed using values from the two finest triangulations. One can observe that the convergence
order with respect to the LPS norm is 3/2, as predicted by the theory, and that in other norms one obtains the
usual optimal convergence orders.
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TABLE 1. Example 6.1, errors of the discrete solutions.

parameter (22) parameter (23)
h H ) HLPS H : Ho 0 ‘ ) ‘1 0 H ) Ho 0. h ” 3 ||Lps H ) ”o 0 ‘ : |1 0 || ) Ho‘oo h
8.84—-2 | 4.74-2 1.83—-2 | 4.20—-1 6.46—2 4.30—-2 1.47-2 | 4.00-1 5.04—-2
4.42—-2 1.48—-2 3.54—3 1.88—1 1.52—-2 1.41-2 2.93-3 1.84—-1 1.13-2
2.21-2 5.02—3 7.24—4 | 9.02—-2 3.40—-3 4.93-3 6.57—4 | 8.96—2 2.44-3
1.10-2 1.76—3 1.58—4 | 4.45—-2 7.63—4 1.75-3 1.57—-4 | 4.44-2 5.57—4
5.52—3 6.19—4 3.63—5 | 2.21-2 1.77—-4 6.18—4 3.83— 2.21-2 1.44—4
order 1.50 2.12 1.01 2.11 1.50 2.03 1.01 1.95
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FIGURE 2. Example 6.2: solutions for the parameter (23) with 70 = 0.02 and 8 =0, 8 = 0.03,
6 =10.05, B = 0.1, left to right, top to bottom.

Example 6.2. Solution with two interior layers [27], reduction of spurious oscillations.
sidered with € = 1078, b(z,y) =

where I'V = {0} x (0,

and

1), I'P

wien = { g

Equation (1) was con-

(—y,2)T, ¢ = f =0, and the boundary condition

ou

FD
on 5 on

=0

U= Uup

for (z,y) €
else on I'P

on I'V,

=00\ TN, n is the outward pointing unit normal vector to the boundary of £2,

(1/3,2/3) x {0},

Results that were obtained on the triangulation having 33 x 33 vertices are presented. Figure 2 shows solutions
computed by means of the LPS method with and without the nonlinear crosswind diffusion term d;, defined
using the parameter (23). One can observe that the crosswind diffusion term manages to reduce the oscillations
appearing in the solution of the linear LPS method. An increase of the parameter § does not only reduce
the oscillations but also increases the smearing appearing at the layers. In this respect, the method behaves
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FIGURE 4. Example 6.2: solutions for the parameter (87) with 7o = 0.02, 8 = 0.025 (left) and
70 =0.02, B = 0.06 (right).

as expected. Two results obtained for dj, defined using the parameter (22) are shown in Figure 3. A detailed
comparison of the results in Figures 2 and 3 reveals that the method with the parameter (22) is less successful
in suppressing spurious oscillations whereas it leads to a more pronounced smearing.

It is natural to ask whether similar results as presented above can be obtained using a linear crosswind
diffusion term. To this end, the term dj; with

T]s\gld :ﬁhM‘b]\ﬂ (87)

was considered. All other settings were the same as above. Since it is difficult to compare various solutions, we
first concentrated on the outflow profile, i.e., the solution graph along the line x = 0. For § < 0.02, the outflow
profile contains overshoots that decrease with increasing 5. Figure 4 shows that, for § = 0.025, the overshoots
are not present in the outflow profile but they can be still observed inside the computational domain. For this
value of 3, the outflow profile does not differ too much from the outflow profile in Figure 2, top right. However,
inside the computational domain, both overshoots and undershoots are larger for the linear method. A further
increase of 3 leads to a reduction of the overshoots but also to a smearing of the solution whereas the magnitude
of the undershoots does not change significantly. As an example, the solution for 5 = 0.06 is shown in Figure 4.
The smearing and the undershoots of this solution are more pronounced than in case of all the three solutions of
the nonlinear method in Figure 2. This study demonstrates that the method with linear crosswind diffusion was
outperformed, with respect to the quality of the computed solution, by the nonlinear method with 7; defined
by (23).

From the discussion of the preceding paragraphs, the choice of the stabilization parameter 8 appears as
an important issue. A good choice of user-chosen parameters in stabilized finite element methods is an open
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TABLE 2. Example 6.2, number of fixed-point iterations.

parameter (22) parameter (23)
B=00l | A=003] B=006 | B=0.10 | =001 | B=0.03 | 5=0.06 | #=0.10
w=1.0 82 163 305 494 16 27 39 51
w=0.9 42 58 68 73 12 18 24 29
w=0.8 25 30 32 33 12 13 16 19
w=0.7 16 17 18 20 16 16 16 16
w = 0.6 20 20 20 20 21 21 21 21
w = 0.5 27 27 27 27 27 27 27 27

problem for all methods. In general, the parameters need to be chosen not constant but as functions (see [18]
for the construction of an example). A non-constant choice, done automatically like in [19], will be the subject
of future research.

Next, the computational cost connected with the solution of the nonlinear discrete problems will be briefly
illustrated. Table 2 shows numbers of fixed-point iterations needed to solve Example 6.2 for 7p = 0.02 and
various values of 8 and the damping parameter w. The iterative process was terminated if the Euclidean norm
of the residual of the nonlinear algebraic system divided by the Euclidean norm of its right-hand side was smaller
than 1078, The sequences of the residuals were monotonically decreasing, except for some of the computations
with the parameter (22) for w € {0.9,1} where oscillations of the residuals appeared at the beginning of the
iterative process. One can observe that the number of iterations depends both on f and w and that this
dependence is more pronounced if the parameter 757 is defined by (22). Since the optimal value of the damping
parameter is usually not known, it can be expected that the numerical effort caused by the nonlinear crosswind
diffusion term will be generally smaller if the parameter 7 is defined by (23).

Example 6.3. Smooth time-dependent solution, support of error estimates. The setup of this example is very
similar to Example 6.1 in [22]. Problem (3) was considered in the time interval [0, 1] with ¢ = 1078, b = (3,2)7,
¢ =2, and up = 0. The right-hand side f and the initial condition ug were chosen such that

esin(27rt)

w(z,y,t) = sin(27x) sin(27y)

is the solution of (3).

We considered the discrete problem (64) and its linearized variant (85) with § =1 (i.e., the backward Euler
scheme) for both choices of 75;. Like in Example 6.1, the values 79 = 0.02 and 8 = 0.1 were used for the
stabilization parameters. According to error estimates (71) and (72), one expects that the quantity EV tends
to zero with the convergence order 3/2 if §¢ ~ h3/? and a nonlinear discretization is used (note the extra power
of K% in QN and RV ). The same convergence behavior is expected for the linearized method if 7)s is defined
by (23), see the discussion at the end of Section 4. These expectations are supported by the results presented
in Figure 5. In this figure, level 1 corresponds to the grid with mesh cells of diameter h = v/2h with h = 1/8.
Uniform refinement in space was used and the length of the time step was set to be §t = R3/2.1f the final time
was not obtained exactly with these time steps, the simulations were terminated at the last discrete time smaller
than 7= 1. It can be observed in Figure 5 that the order of convergence 3/2 was obtained for the error in the
[2-LPS norm for all four methods. We could observe the same order of convergence also for ||e™||o . Using the
time step 0t = h2, the error leN 0.2 showed even second order convergence, whereas the order of convergence
of the error in the [2-LPS norm was still 3/2. This result demonstrates the sharpness of the estimates (71)
and (72).

Concerning a comparison of the fully nonlinear and the linearized version of the methods, only very little
differences can be seen in this example. On coarser grids, the solutions computed using the parameter (23) were
more accurate compared with the solutions obtained using the parameter (22).
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curves of the corresponding nonlinear method.
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Algebraic flux correction schemes are nonlinear discretizations of convection-dominated problems. In
this work, a scheme from this class is studied for a steady-state convection—diffusion equation in one
dimension. It is proved that this scheme satisfies the discrete maximum principle. Also, as it is a nonlinear
scheme, the solvability of the linear subproblems arising in a Picard iteration is studied, where positive
and negative results are proved. Furthermore, the nonexistence of solutions for the nonlinear scheme
is proved by means of counterexamples. Therefore, a modification of the method, which ensures the
existence of a solution, is proposed. A weak version of the discrete maximum principle is proved for this
modified method.

Keywords: finite element method; convection—diffusion equation; algebraic flux correction; discrete
maximum principle; fixed-point iteration; solvability of linear subproblems; solvability of nonlinear
problem.

1. Introduction

Scalar convection—diffusion equations model the convective and diffusive transport of a scalar quantity,
such as temperature or concentration. Solutions of convection-dominated convection—diffusion equa-
tions typically possess layers, which cannot be resolved unless the given mesh is sufficiently fine in
layer regions. Standard discretizations, such as central finite differences or the Galerkin finite element
method, cannot cope with this situation and the computed solutions are globally polluted with spurious
oscillations. It is well known that so-called stabilized discretizations have to be applied. There are many
proposals of such discretizations; see the monograph Roos et al. (2008) for an extensive review.

(© The authors 2014. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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In the past few years, comprehensive numerical studies revealed, however, that none of the proposed
stabilized discretizations satisfies the following three requirements: accuracy, efficiency and numeri-
cal solution without spurious oscillations (discrete maximum principle). This statement holds true for
the steady-state equation (John & Knobloch, 2007, 2008; Augustin et al., 2011; Bause & Schwegler,
2012; John & Schumacher, 2014) as well as for the time-dependent equation (Codina, 1998; John &
Schmeyer, 2008; John & Novo, 2012). Indeed, most of the methods fail to satisfy a discrete maximum
principle. However, this property is particularly important in applications, where numerical results, e.g.,
with negative concentrations, will be considered to be worthless. Even if such quantities are not of pri-
mary interest, spurious oscillations have been shown to lead to blow-ups in the simulation of coupled
problems (John et al., 2009). Altogether, the validity of a discrete maximum principle is, in our opinion,
of utmost importance for simulations of applications.

There are few discretizations that satisfy a discrete maximum principle, such as the upwind finite
difference scheme (Roos et al., 2008), a finite volume scheme on Delaunay meshes Fuhrmann &
Langmach (2001) and algebraic flux correction schemes. The first two methods are generally rather
inaccurate, while the algebraic flux correction schemes are usually nonlinear discretizations and their
application might be time consuming. However, applications often lead to nonlinear models, and then
a nonlinear discretization of a linear equation in such a model seems not to be a severe disadvan-
tage. Altogether, from the point of view of applications, algebraic flux correction schemes are very
attractive.

The basic philosophy of flux correction schemes was formulated in the 1970s in Boris & Book
(1973) and Zalesak (1979). Later, the idea was applied in the finite element context, e.g., in Lohner et al.
(1987) and Arminjon & Dervieux (1993). In the last decade, the methods have been further developed
and refined, in particular in Kuzmin & Turek (2004), Kuzmin & Moller (2005) and Kuzmin (2006, 2007,
2008, 2009, 2012). Until not long ago, two limiting techniques within algebraic flux correction schemes
were pursued: so-called flux-corrected transport (FCT) schemes for the time-dependent equation and
total variation diminishing (TVD) schemes for the steady-state equation. Finally, a scheme was pre-
sented in Kuzmin (2012) that can handle both situations. For the time-dependent problem, a linear
variant of an FCT scheme was proposed in Kuzmin (2009).

Despite the attractiveness of algebraic flux correction schemes, there seems to be no rigorous numer-
ical analysis for this class of methods. The main reason lies probably in their construction, which does
not allow the usual tools of the analysis of finite element discretizations to be applied. Unlike almost all
other stabilized methods, which modify the bilinear form of the discrete problem in some way, algebraic
flux correction schemes work on the algebraic level. They manipulate the matrix and the right-hand side
of the algebraic system of equations. A few basic properties of these schemes can be deduced immedi-
ately from their construction, such as mass conservation or the discrete maximum principle for transport
equations (Kuzmin & Moller, 2005).

In this work we study some properties of a nonlinear discrete problem that generalizes the algebraic
flux correction method of TVD type from Kuzmin (2007) applied to the one-dimensional steady-state
convection—diffusion equation. We present both theoretical and computational results; the latter are
obtained by solving the nonlinear discrete problem using a fixed-point iteration. While the linear sub-
problems in the fixed-point iteration are proved to be well posed, the nonlinear problem is shown to
be not solvable in general. However, we prove the solvability for a modified nonlinear discrete prob-
lem. To the authors’ best knowledge, the results concerning the solvability of the linear subproblems
and the nonlinear problem are the first results of this kind for algebraic flux correction schemes. In
addition, the present work represents a basis for analysing algebraic flux correction schemes applied to
multidimensional problems.
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The paper is organized in the following way. First, the algebraic flux correction method will be
introduced in Section 2. In Section 3, the one-dimensional model problem will be formulated and its
finite element discretization will be presented. The application of the algebraic flux correction method to
this problem is the topic of Section 4. It will be shown there that the discrete operator of this scheme can
be written as a nonlinear finite difference operator with an artificial diffusion vector whose components
are bounded by a data-dependent constant €. In Section 5, the discrete maximum principle for this
operator will be proved for appropriately chosen values of &. Different choices of &, for which the
discrete maximum principle is satisfied, will be studied numerically in Section 6. The unique solvability
of the linear subproblems arising in the fixed-point iteration is studied in Section 7 under more general
conditions on the artificial diffusion vector than from the actual method (Kuzmin, 2007). Some positive
but also a negative result are proved. Section 8 starts with a number of counterexamples concerning the
solvability of the nonlinear discrete problem. Then, the existence of a solution of the nonlinear problem
is proved for a modification of the method. A concrete realization of this modification is proposed in
Section 9, where a weak form of the discrete maximum principle is proved and numerical results are
presented. Finally, a summary and an outlook are given in Section 10.

2. An algebraic flux correction scheme

Consider a linear boundary value problem whose solution is (mainly) determined by convection and
for which the maximum principle holds. Let us discretize this problem by the finite element method.
Then, the discrete solution can be represented by a vector U € RV of its coefficients with respect
to a basis of the respective finite element space. Let us assume that the last N — M components of
U (0 <M < N) correspond to nodes where Dirichlet boundary conditions are prescribed, whereas the
first M components of U are computed using the finite element discretization of the underlying partial

differential equation. Then U = (uy, . .., uy) satisfies a system of linear equations of the form
N
S au=gi, i=1,....M, 2.1
j=1
uizu?, i=M+1,...,N. (2.2)

‘We assume that

N
ai>0, > a;=0, i=1,... .M, (2.3)
j=1

which is often the case when incompressible convection fields are considered.

Since the original problem satisfies the maximum principle, it is natural to require that this property
is inherited by the discrete problem. Unfortunately, the discrete maximum principle does not hold for
many finite element discretizations of convection-dominated problems, in particular, for the Galerkin
discretization and most stabilized methods; see, e.g., Roos et al. (2008). The aim of algebraic flux
correction approaches is to cure this deficiency by manipulating the algebraic system in such a way that
the solution satisfies the discrete maximum principle and layers are not excessively smeared.

The starting point of the algebraic flux correction algorithm is the finite element matrix A = (aij)Z:l
corresponding to the above finite element discretization in the case where homogeneous natural bound-
ary conditions are used instead of the Dirichlet ones. We introduce the symmetric artificial diffusion
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matrix D = (d,-j)fi’j:1 possessing the entries

dij = —max{ay,0,a;) Vi%j, di=—_dy.
i

Then, the matrix A := A + I has nonpositive off-diagonal entries and each of its row sums vanishes.
A vector U € RY being a solution of a linear system with the matrix A satisfies the discrete maximum
principle in the sense that for any i € {1, ..., M} the following holds:

(AU),»go = u; < max uj.
iy +0

This property immediately follows from the fact that, using (2.3), one gets

aiiuié—é aju; = a;ic — E a,:,-(uj—c)éa,-,»c VC}_ max u;.
i iEi JFi, a;+0

Going back to the solution of system (2.1), this system is equivalent to
(AU); =g+ (DU);, i=1,...,M. (2.4)

Since the row sums of the matrix D vanish, it follows that

DU);=> fj i=1,...,N,
JEi

where f;; = d;j(u; — u;). Clearly, f;; = —f;; for alli,j =1, ..., N. Now, the idea of the algebraic flux cor-
rection schemes is to limit those antidiffusive fluxes f;; that would otherwise cause spurious oscillations.
To this end, system (2.1) (or, equivalently (2.4)) is replaced by

AU)i=gi+ > ayfy. i=1,....M, (2.5)
JFi

with solution-dependent correction factors «;; € [0, 1]. For oj; = 1, the original system (2.1) is recovered.
Hence, intuitively, the coefficients c;; should be as close to 1 as possible to limit the modifications of
the original problem.

The coefficients «;; can be chosen in various ways but their definition is always based on the above
fluxes f;; see Kuzmin (2006, 2007, 2008, 2009, 2012) for examples. In this work we consider coeffi-
cients «;; proposed in Kuzmin (2007). This definition relies on the values P;", Py, Qi", Q; computed

fori=1,...,N in the following way. First, one initializes all these quantities with 0. Then one goes
through all pairs of indices i,j € {1,...,N} and if a;; < a;;, one performs the updates
Pl =P + max{0,f;}, P; :=P; —max{0,f;}, (2.6)
Of :=0F +max{0.f;), O =07 — max{0,f;}, @.7)

Q,Jr = Q;’ + max{0,f;}, Q7 :=0Q; — max{0,f;}. (2.8)
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+

i

+ -
Rf:min{l,}Q)jr}, Ri=min{1, %_}, i=1,...,N.

1

After having computed the values Pl-+, P, Q;,i=1,...,N, one sets

Finally, the coefficients o;; are defined by

RT iff;>0,
ay=4 " ity >0y N
R iff; <O,

3. Finite element discretization of a one-dimensional convection—diffusion equation

To better understand the algebraic flux correction method described in the previous section, we shall
apply it to a finite element discretization of a scalar one-dimensional convection—diffusion equation. In
this section we formulate the one-dimensional problem, introduce its discretization, and for complete-
ness, we review its main characteristics.

We consider the boundary value problem

—eu' +bu'=g in(0,1), u0)=u., u(l)=ug, G.1)

where, for simplicity, ¢ and b are assumed to be positive constants. Moreover, g is supposed to belong
to L?(0,1) and uy, ug are any real numbers. If g is constant, then the solution of (3.1) is given by the
formula

e—(l —x)bje __ e—b/s

u(x):uL+§x+y

b By — (3.2)

with y :=ugr — up — g/b. Thus, for y 40 and ¢ < b, the solution of (3.1) possesses a boundary layer
at the right-hand boundary point.

Let us divide the interval [0, 1] into n + 1 subintervals [x;,x;11], i=0,...,n, with x; = ih and h =
1/(n 4 1). We define the finite element space

Wi = (v € C(L0, 1D vl .y € Pr(lxexia D, i =0,...,n)
consisting of continuous piecewise linear functions and set
Vi ={vi € Wy;v(0) = v, (1) =0}.

Then the Galerkin finite element discretization of (3.1) reads, find u;, € W), such that u;,(0) = ur, u; (1) =
ug and

e(uy, Vi) + (buy,vi) = (g, vi) VY vy €V, (3.3)

where (-, -) denotes the inner product in L(0, 1).
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Let us denote by ¢y, ..., ¢, € V) the usual basis functions of Vj, i.e., ;(x;)) =§; fori,j=1,...,n.
We define

1
i=—(g @), i=1,...,n
g h(g @), I n
Setting u; = up(x;), i=0,...,n+ 1, then (3.3) is equivalent to the system

Uiy — 2u; + Ui Uip] — Ui .
n +b o =g, i=1,...,n (3.4)

This system can be also obtained by discretizing (3.1) using the central finite difference method. Then,
however, g; = g(x;).
Let us introduce the Péclet number
bh
Pe=—
2¢e
and let g be constant. If Pe = 1, then (3.4) reduces to

Ui — Uj—1

b
h

=g, i=1,...,n,
and hence u; = uy, + (g/b)x;, i =0,...,n. Thus, in this case,
4
up(x) =up + Ex, xe[0,1—h].

If Pe & 1, then

1+Pe\’
uizix;+A+B<li_PZ), i=0,...,n+1, (3-5)

where A and B are determined by the conditions uy = u;, and u,+; = ur. We observe that, for Pe < 1,
the discrete solution is the sum of two monotone grid functions but, for Pe > 1, the discrete solution u;
generally possesses spurious oscillations. This shows that the Galerkin discretization is not appropriate
for solving (3.1) numerically if Pe > 1.

4. The algebraic flux correction scheme applied to the one-dimensional problem

To suppress the spurious oscillations in the solutions of the Galerkin finite element discretization of
(3.1) given by (3.3), we shall apply the algebraic flux correction scheme described in Section 2. We
shall assume that Pe > 1, which is the interesting case in practice.

The Galerkin discretization of (3.1) introduced in the previous section corresponds to the system
from Section 2 with N = n + 2 but with a different numbering of the nodes. The matrices A and D are
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tridiagonal (n + 2) x (n + 2) matrices with entries (cf. (3.4))
£ b e n b
aoo=-—=——, ap1=——5+ —,
0072 T TN T T
e b 2¢e e n b !
Aiji-1= =75 — 57> Gii= 75, Qiit1=—75 T 5 1=1L....7,
T T o T e TR T T gy
& b & n b
piln = —"757 — 577> n+ln+l = 75 570
+1, 2 o bl = 05 T oy
£ b
di,l'+1:ﬁ - ﬂ3 l_09~ N (4'1)
The vector U in (2.5) is given by U = (ug, uy, . . ., u,+1)T. Note that the assumption (2.3) is satisfied.
Now let us compute the values a;; in (2.5). The values «;; are needed only for i=1,...,n and

li —jl =1, and they are not important if fj; = 0. Since f;; %0 only if |i — j| =1, and a;;1; < a;;41 for
i=0,...,n, the updates (2.6-2.8) have to be computed only for j=i+ 1, i=0,...,n. This readily

gives
P =max{0,fi;+1}, P; =—max{0,fis1,},
Q1+ = max{o’ﬁfl,i} + maX{O,\fH»]’i}, Ql_ = - max{o,ﬁ,ifl} - max{ovﬁ,i+1}
fori=1,...,n. Thus, fori=1,...,n, one obtains
0 5 1 .
{1’ max{0, fi11, }} i fi1 >0,
S max{0, fij+1)
R 0 1,0
min {1, max{0., H}} if fii—1 <O,
max{O fH—l l}
0 —1 .
{1, max{0. /i1 }} i fiir >0,
Qi1 = flt+1
" - 0 Ii—
min {1, max{0. /i ‘}} i fiie1 <0,
fl+lt

It is not completely clear how to interpret the definition of «;;—; when the denominator vanishes. In this

case we always set «;;—; = 1. This leads to
a1 =01 =0 iffi;1fiip1 >0,

fir "} if fii1fii1 <O.

ii+1

aii1=1, o= mm{

Setting

1 iffi %0 and 1=t .
Bi= iit+1 i=1,...,n,

0 otherwise,
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system (2.5) is equivalent to

Ug = U,
AU); + Bifii=1 +fiir) =81, i=1,...,n,
Up+1 = UR.

The definition of the coefficients B; can be written also in the form

. Ui — Uj—1
1 ifu;+uyy and — < 1,
Bi = F i Uit1 — U; i=1,...,n. 4.2)

0 otherwise,

Finally, applying

b
Jiict +fiir1 = (;2 — 2h> (Ui—1 — 2u; +uigy), i=1,...,n,
and setting
. bh
8:7 —e=¢Pe—1), 4.3)
one arrives at the following final version of the algebraic flux correction scheme.
Find uy, . .., u,1 such that
Up =ur, Upt1 = UR, (4.4)
and
~Uimt = 2up + u; i+l — Ui :
P e e S Y M S S S O (4.5)

h? 2h

Since definitions of B; other than (4.2) may be convenient also (see the end of this section), we shall
analyse the flux correction scheme (4.4), (4.5) for a class of functions f; satisfying

,3,-6{0,1}, ﬁ,zl if(ui—u,-_l)(ui+1 —ul-) <0, l=1,,n (46)
Note that functions g; defined by (4.2) satisfy (4.6).
REMARK 4.1 Some comments on this method are in order.

1. Condition (4.6) ensures that artificial diffusion is added to the equation at the node x; whenever
the discrete solution has a local extremum at x;.

2. If B; =1, then the corresponding equation in (4.5) reduces to

Ui — Ui

P “4.7)

Thus, in this case the method transforms (locally) the original Galerkin method into an upwinded
discretization of the hyperbolic equation bu’ = g.
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3. There are alternative ways to define the matrix . For example, if it is defined with respect to the
convection matrix only, i.e., setting ¢ =0 in (4.1), one obtains (4.5) with

bh
F=—. 4.8
E=- (4.8)

If B; = 1, then scheme (4.5) becomes

wi—y — 2u; + iy U — Uiy
—¢ b
h2 + h

= 8is (4.9)

which is the usual upwind discretization of (3.1) at the node x;. This approach was used, e.g., in
Kuzmin (2012). The definition of D using the whole matrix A, as it was considered in this section,
makes the implementation of the method simpler (and more economical) and was used, e.g., in
John & Schmeyer (2008) and Augustin et al. (2011). Furthermore, another possible alternative to
define the matrix D is to use the sum of the convection matrix and the diffusion matrix multiplied
by a constant from the interval (0, 1). This approach leads to (4.5) with & € ((bh/2) — ¢,bh/?2),
i.e., a method that can be viewed as intermediate with respect to the two upwinding strategies
expressed by (4.7) and (4.9).

Let us now present two choices of g; different from (4.2). For simplicity, we shall assume that
ui=u(x;), i=0,...,n+ 1. If u is increasing and strictly convex in [0, 1] or decreasing and strictly
concave in [0, 1], then definition (4.2) gives 8; = 1,i=1,...,n. Thus, artificial diffusion may be added
in regions where it is not needed at all, i.e., where no layer occurs. A partial remedy is to set 8; = 1 only
at nodes where the increase or decrease of u sufficiently accelerates. For example, one can set

. Ui — Uj—
g1 MwFuand < (4.10)
0 otherwise,

with a constant L € (0, 1), e.g., L=0.5.

Unfortunately, the relation (4.10) does not prevent the method from adding artificial diffusion in
regions where the solution is nearly constant with respect to its global behaviour. For example, for
u(x) =1+ x° and any n > 5, the definition (4.10) with L=0.5leads to f; =---=fs=1and B; =0
for i > 5, i.e., artificial diffusion is added on the interval [0, x5]. However, u(x) € [1,1.001] and «'(x) €
[0, 0.02] for x € [0,0.25], whereas u(x) € [1,2] and ' (x) € [0, 5] for x € [0, 1], so that u can be regarded
as nearly constant in [0, 0.25]. Hence artificial diffusion is not needed at nodes near to 0. This suggests
replacing (4.10) by

Tif (u — wi ) (Ui — u) <0,
Uip) — U U — Uj_
Bi= or I — uil <~ Dand —— =1
h Uil — U;

0 otherwise,

<L, i=1,...,n, (4.11)

with some suitable threshold D, e.g.,

Au
D=x—, k=05, 4.12)
Ax
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where Ax is a characteristic length scale and Au a corresponding characteristic variation of u. For
the above example of u, one gets D=0.5 and B;=0, i=1,...,n, if h<0.1. Note that if (4.10)
leads to B; =0, then so does (4.11) and if the values of B; provided by (4.10) and (4.11) differ, then
|u,- — Ui |/l’l < DL.

As another example, let us consider the function u(x) = e~19%/¢_ x € [0, 1] (cf. (3.2)), which pos-

sesses a boundary layer at the point 1 for large values of b/¢. For any i € {1, ..., n}, one obtains
2 Pe
Wi—Wiml _ _ope Uipl —Ui -1
P =e T = u(x;) PR
so that (4.2) gives B; = - - - = B, = 1. Definition (4.10) gives either the same resultor §; =--- =8, =0

if L < e~ 2P, However, using (4.11) with L = 0.5 and D = 0.5, one always has 8, = 1 and possibly g; = 1
at some further nodes near to 1, depending on &, b and h. At the remaining nodes, 8; = 0. In particular,
for n > 4, one obtains ; =0 for i < (n + 1)/2. Thus, artificial diffusion is added only near the layer
region, as desired.

5. Discrete maximum principle
From the last point in Remark 4.1, one can see that it makes sense to consider (4.5) with any

bh bh
e l:—E,:| . (5.1)
2 2

In this section we prove that then the method satisfies the discrete maximum principle and we formulate
various consequences of this fact.

THEOREM 5.1 Consider any & > (bh/2) — . Then any solution of the nonlinear problem (4.4-4.6) sat-

isfies the discrete maximum principle, i.e., for any i € {1, ..., n}, one has
& <0 = w <max{ui_1,ui1}, (5.2)
& =0 = w>min{u;_i,ui1}. (5.3)

Moreover, for any k,/ € {0, 1,...,n+ 1} with k + 1 </, one has

g <0, i=k+1,....0—1 = w <max{ug,w}, i=k,...,l, (5.4)
gi=20,i=k+1,....,0—1 = w>min{u,u}, i=k,...,L (5.5)

Proof. Let the values ug,uy,...,u, satisfy (4.4-4.6). Consider any i€ {l,...,n} and let g; <O.
If u; > max{u;_1,u;+1}, then B; = 1 and hence

2—_ P % . P PR— ~_% .
0=gh = et+eée+ ) w1+ 2(e + &)u; e+¢ ) Uit
- bh . _ bh
> — 8+8+7 u; +2(e + &u; — 8+8—? u; =0,

which is a contradiction. Therefore, u; < max{u;_1, u;y1}.
Now consider any k,/€{0,1,...,n+ 1} withk+ 1 </landlet g; <Ofori=k+1,...,/— 1. Let
Jjeik,..., I} besuchthatu; > u; fori=k, ..., 1. 1f j € {k, I}, then the right-hand side of implication (5.4)
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holds. Thus, let k <j < I. If u; > uj;, then uj_; = u; in view of (5.2). If u; = u;y, then it follows from
(4.5) that

e+pBE b
02&-:( h2] +2h>(uj—uj_1)20
and hence again u;_; = u;. Repeating the above argument, one deduces that u; = u;_ = - - - = u; so that
the right-hand side of (5.4) is satisfied.
Implications (5.3) and (5.5) follow analogously. O
COROLLARY 5.2 Consider any & > (bh/2) — e. Let ug, . ..,u,+; be a solution of the nonlinear prob-

lem (4.4-4.6) with g; >0,i=1,...,n. Letj€{0,...,n+ 1} satisfy u; > u;, i =0, ...,n + 1. Then the
solution increases monotonically until #; and, after that, it decreases monotonically, i.e.,

g <uy <o KUy U= Uy = 2 Upg. (5.6)
If g;=0,i=1,...,n, then the solution is monotone, i.e.,
g Suy K- Kllyy1 OF U Z UL 2=+ 2 Upy. (5.7

Proof. If 0<i<j, then w; > min{uj,u;_1}=u;—. If j<i<n+1, then w; > min{u;, 1} =u;yy.
Therefore, (5.6) holds. If g;=0, i=1,...,n, then u; = max{ug, u,1} according to (5.4) so that (5.7)
follows from (5.6). O

COROLLARY 5.3 Consider any & > (bh/2) — ¢. Let u, . .., u,+; be a solution of the nonlinear problem
(4.4-4.6) with g; >0, i=1,...,n. Let je{0,...,n+4 1} satisfy u; > u;, i=0,....,n+ 1. If j<n,ie
{i+1,...,n},and g; >0, then u; > u;; and B; = 1. If g; =0 for some i € {1,...,n}, then either u;,_; =

U =1Uuj1 Or
Ui — Ui—1

< 1.
Uiyl — Ui
Finally, if u;, > ug, one obtains
g&=0,i=1,....n = u>u>-->uyy1, Ppr=p=---=,=1
Proof. According to (4.5), one has
. bh . bh 2
8+,3i8+7 (u; — uj—1) + 8+ﬂi8—7 (u; — uiry) = gih (5.8)

fori=1,...,n. If i >j, then u;_; > u; > u;y; due to (5.6) and hence the first term on the left-hand side
of (5.8) is nonpositive. Therefore, (5.8) can be satisfied with g; > 0 only if the second term on the left-
hand side of (5.8) is positive, which implies that u; > u;;; and B; = 1. Furthermore, for any i € {1,...,n}
such that g; = 0 and u; & u;1 1, one deduces from (5.8) that

U — uj—q _ & +,3,§ —bh/2

= — < 5.9)
Uiyl — U £+,3,8+bh/2

If g; =0 and u; = u;,, then obviously also u; = u;_;.
Finally, let g; =0, i=1,...,n. If uy = uy,, for some k € {0, .. .,n}, then according to (5.8) with
i=kandi=k+ 1, one obtains u; = u;_; (if k > 0) and u | = ur,» (if k < n). Thus, one deduces that
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Uy =uy; =--- = Uy4. Therefore, if uy > ug, one gets u; Fu;1| for i =0,...,n and hence (5.7) implies
that up > u; > - - - > u,41. Consequently, for any i € {1, . .., n}, the left-hand side of (5.9) is positive and
therefore B; = 1. O
COROLLARY 5.4 Let € = (bh/2) — ¢. Let ug,...,u,+; be a solution of the nonlinear problem (4.4—
4.6) with g; >0,i=1,...,n. Let je{0,...,n+ 1} satisfy u; > u;, i=0,...,n+ 1. Then either j >n
orgiyi=---=g,=0and yj=ujy1 =---=u,.

Ifie{l,...,n}and g; =0, then either u;,_| = u; = u;y or u; = u;— and f; = 1. Consequently,

gi=0,i=1,....n = wyj=u, i=1,...,n.

Proof. Letj<nandie{j+ 1,...,n}. Then the left-hand side of (5.8) is nonpositive due to (5.6) and
hence (5.8) cannot hold with g; > 0. Therefore, g1 =---=g,=0. If g; =0 for some i/, then it
follows from (5.6) and (5.8) that u; = u;—;, which completes the proof of the first statement of the
corollary. If je{1,...,n} and g; =0, then u; = u;_; since otherwise u; > u;_; and, in view of (5.8),
u; > ujy; and B; =0, which is in contradiction with (4.6). Thus, for any i € {1, ..., n} such that g; =0,
one has u; = u;_ and it follows from (5.8) that #; = u;; or B; = 1. U

REMARK 5.5 Let up, > ug and g;=0 for i=1,...,n. It follows from Corollaries 5.3 and 5.4 that if
a solution of the nonlinear problem (4.4-4.6) exists, then it is determined uniquely. It is the solution
of (3.4) with ¢ replaced by ¢ + . Thus, the nonlinear problem is solvable if this solution leads to
Bi=---=pP,=1 in the case &> (bh/2) —e, and to B,=1 in the case &= (bh/2) —¢. If
€ = (bh/2) — ¢, this means that 8; = 1 for u;_| = u; + u;,;. This is the case for (4.2) and (4.10) but not
necessarily for (4.11). If & > (bh/2) — e, the solution is given by (3.5) with g = 0 and Pe replaced by

bh

PC* = .
2(s + &)

Then, for any i e {1,...,n},

U — Ui 1 — Pe* 1 - bh bh
= <— foree|——¢ —]|.
gy —u;  1+Pe* 3 2 2

Thus, the nonlinear problem is solvable if B; is defined by (4.2) or by (4.10) with L € [%, 1). On the
other hand, if §; satisfies (4.6) and g; =0 for (u; — u;—1)(u;41 — ;) = 0, then the nonlinear problem
is not solvable for any data. Unfortunately, the favourable choice (4.11) does not lead to a solvable
nonlinear problem in general either. We shall return to this choice in Section 9, where it will be used for
deriving a convenient definition of f;.

6. The solution of the nonlinear system and the choice of &

In this section we report some numerical results obtained by solving the nonlinear problem (4.4), (4.5).
We start by briefly describing the solution algorithm. Problem (4.4), (4.5) was solved by a fixed-point
iteration: one chooses an initial guess u° for the solution u := {ui}?:ol and computes a sequence {u*}
where each u* with k = 1,2, . .. solves the linearized problem (4.4), (4.5) with §; determined by means
of the already known discrete solution z*~!. In our case, the initial guess u’ was computed as the

solution of (4.4), (4.5) with B;=1,i=1,...,n. We shall prove in Section 7 that the linear problems
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defining this fixed-point algorithm are well posed. The iteration was stopped if the coefficients §; did
not change.

Since this section focuses on the choice of &, we shall present results obtained for B; defined by
(4.2) only. To suppress the influence of the rounding errors on the validity of the conditions in (4.2) for
setting B; = 1, we replaced (4.2) by

1 iflxli+‘L' < Ui+ and 2u,~+r < Uj—q +I/li+1
Bi= oru; — T >upry and 2u; — T > ui_g + Uiy, 6.1)
0 otherwise,

with a suitable positive constant 7. In the computations presented in this section, we used 7 = 107'2.
For T =0, the relations (4.2) and (6.1) are equivalent.

As we pointed out in the previous section, any ¢ satisfying (5.1) can be used in (4.5). Then, a natural
question is which choice of & is most convenient. It is well known that if all the coefficients §; in (4.5)
are set to 1, then

. bh 1
£E=— (coth Pe — ) (6.2)
2 Pe

is optimal in the sense that, for constant g, the discrete solution is nodally exact, i.e., u; = u(x;) for
i=1,...,n;see Christie ef al. (1976). On the other hand, in general the parameter & cannot be chosen in
such a way that the discrete solution is nodally exact if the coefficients §; are defined by (4.2). However,
it is well known that the performance of most stabilized methods is primarily affected by the amount
of artificial diffusion introduced near the numerical layers, and quite insensitive to the changes on it far
away from them. Thus, since we expect that 8; = 1 in numerical boundary layers, it may be of advantage
to use & given by (6.2) also when the coefficients f; are defined by (4.2). Then what is required is that
the exact solution solves scheme (4.5) for the nodes x; where §; = 1. Note that the parameter & defined
in (6.2) is larger than & from (4.3) and smaller than & from (4.8).

In what follows, we shall compare solutions of the problem given by (4.4), (4.5), (6.1) for & defined
by (4.3), (4.8) and (6.2). We shall consider

b=g=1, u,=ur=0, (6.3)

and various choices of ¢ and n.
First, we notice that if € is defined by (4.3), it is easy to verify that, for the data (6.3) and any ¢ and n,

ui=ih, i=0,...,n, u,.1=0

is a solution of (4.4), (4.5) with B; given by (6.1) or any g; satisfying (4.6) (it is the only solution of
the respective nonlinear problem). In this case, §, =1 and if g; is defined by (6.1) or (4.2), one has
Bi=0fori=1,...,n— 1. Since the discrete solution is independent of ¢, one cannot expect a good
approximation of the exact solution for the whole range of values of ¢. Indeed, according to (3.2), the
error in the discrete solution satisfies

e—(=)/e _ o=1/e

u;p — u(x;) = , 1=0,...,n, (6.4)

1 —el/e
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F1G. 1. Dependence of the errors of the solutions of (4.4), (4.5), (6.1) on & for & defined by (4.3), (6.2) and (4.8), and for ¢ = 1072
(left) and & € {10~*, 1070} (right).

1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
£ from (4.3) £ from (6.2) £ from (4.8)

F1G. 2. Comparisons of the exact solution and solutions of (4.4), (4.5), (6.1) for ¢ = 0.03, n = 15, and & defined by (4.3), (6.2) and
(4.8).

so that the largest error appears at node x,, and, for ¢ < 0.1, one has

e—h/s _ e—l/s

. > 0.135 forPe — 1.

Uy — u(x,) = Tl — el

To see the impact of the nonlinear artificial diffusion in (4.5) on the discrete solutions, we computed

the errors
12

1 « 5
=D () —w) 6.5)
i=1

for different values of h, the three definitions of & (cf. (4.3), (6.2), and (4.8)), and for ¢ €
{1072,1074, 10‘6}. If £ is defined by (4.3), we set € =0 for Pe < 1 (this situation occurs only for
£ =1072). The results are depicted in Fig. 1, where we observe that the best results are obtained for
¢ defined by (6.2). For large Péclet numbers, comparable errors are also obtained for € defined by (4.3).
The choice (4.8) always adds too much artificial diffusion and leads to the worst results. To further
stress this, Fig. 2 depicts the discrete solutions corresponding to Pe = % and clearly demonstrates the
differences between the three choices of &.

One final comment is required for the case where € is given by (4.3). In this case, according to (6.4),
the error (6.5) is bounded by e~/¢. This shows that, for ¢ = 10~¢ (and partly also for ¢ = 1074), the
errors depicted in Fig. 1 are the results of rounding errors and are much larger than the actual values of
the errors.
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7. Solvability of the linear subproblems

At the beginning of the previous section, the solution of the nonlinear problem (4.4), (4.5) using a fixed-
point iteration was described. In this section, we shall discuss under which conditions the corresponding
linear subproblems are uniquely solvable.

We shall consider the following more general problem: given positive numbers dj,...,d,, find
Ui, ...,u, such that

—di(ui—y — 2u; +ui) F Uiy —uio =g, i=1,...,n, (7.1)

where uy=ur, and u,;; = ug. This problem corresponds to (4.5) for d; =2(e + B;€)/(bh) and g; =

The following theorem proves the unique solvability of problem (7.1) in the case that the coefficients
d; are allowed to take the values 1 and d with d > 0. As a consequence, the unique solvability of the
linearized problem (4.5) with & given by (4.3) follows.

THEOREM 7.1 Letd,,...,d, € {l,d} with an arbitrary d > 0. Then problem (7.1) has a unique solution.

Proof. Tt suffices to show that the homogeneous problem corresponding to (7.1) has only the trivial
solution, i.e., that if

—di(ui—1 = 2u; + 1) Fuipy —ui =0, i=1,...,n, (7.2)

with up = u,,.1 =0, then
uy=up=---=u,=0. (7.3)

Let | < K<L<nand d¢ =dkgy1 =---=d, =d. Multiplying the ith equation in (7.2) by u; and
summing over i = K, ..., L, one obtains

L—1
duy +d > (i — uig1)* + duj — (1 + dyug_yug + (1 — dyugug =0. (7.4)

i=K

Thus, ifd, =d, =---=d, =d, one may set K = 1 and L = n, and (7.4) readily implies (7.3). Of course,
this result also follows from the equivalence between (3.3) and (3.4) and the fact that (3.3) is uniquely
solvable.

It remains to investigate the case when the values of d; are not all equal. Let K € {1,...,n} be the
smallest index such that dxy =d and let L € {K,, . ..,n} be the largest index such that dx =dg 1 =---=
dp =d. Then, for any i € {1,...,K — 1}, one has d; = 1 and hence ©; = u;_,. Consequently, u#; = 0 for
i=0,...,K — 1. Furthermore, if L < n, then d;; =1 and hence u; | = u;, which implies that du% +
(1 — d)ugur+y > 0. This inequality is satisfied also if L =n since then u;; =0. Thus, one deduces
from (7.4) that

L1
duy +d Z(”i —u;1)? <0,
i=K
which gives 0 =ug =ugy; =--- = ur. Repeating the above arguments until L = n, one obtains (7.3).

O

The following theorem proves the unique solvability of (7.1) for a more general choice of dy, . .., d,.
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THEOREM 7.2 Letd,...,d, €(0,1]ord,,...,d, €[8,1 + &] with § € (0, 1]. Then problem (7.1) has a
unique solution. However, for any § > 0, there are dy, ..., d, € (0, 1 + 8] such that problem (7.1) is not
uniquely solvable.

Proof. We introduce the n x n matrices
B =diag(d,,ds, . ..,d,), C=tridiag(—1,2,—1), E =tridiag(—1,0,1).

Then the matrix corresponding to (7.1) is BC + E. This matrix will be transformed by operations which
preserve full rank such that it becomes possible to see that its determinant does not vanish.
Let G = (g4}, be a symmetric matrix given by

gi=m—i+1)j, j=1,...,i, i=1,...,n

Then CG = (n + 1)1, where I is the identity matrix. Setting Q = (BC + E)G, one obtains a matrix with
the entries

gi=—2j+2m+1), fori=1,...,j—1,
gj=—2+ @+ D +d),
qij=-2j, fori=j+1,...,n,

where j=1,...,n. Now, let us define the matrix Z = (Zij);t]':l by

n—1
1 . 1
Zj = m(é]gi —qit1)), i=1,...,n—1, W= (2%@;4—;%) .

where j=1,...,n. Then det(BC + E) % 0 if and only if det Z &0 and one has
zi=1l4+d, zipi=1—dy, zy=0forjgf{i,i+1}, i=1,...,n—1,
an:_1+dj’j:1’--~,n_l7 ZnnZde
Let ZV be the (n — 1) x (n — 1) matrix obtained from Z by removing the ith row and jth column. Then
Jj—1 n
detzZV=TJ(1+do J] (1 —d. (7.5)
k=1 I=j+1

Let n be odd and denote

n
znj: E Z[j’ j:l’--~7n~

i=1
iis odd
Then, forj=1,...,n, one has

Z,;=2d; ifjisodd, Zz,;=0 ifjiseven.
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Thus,
n
detZ=2 Y didetZ". (7.6)
j=1
j is odd

Ifdi,...,d,e(0,1], thendetZ¥ >0, j=1,...,n— 1, and det Z"" > 0 so that detZ > 0. If n is even,
then

detZ = (1 +d;) detZ" + (1 — d,) detZ"'. (7.7)

Since Z' has the same structure as Z and has an odd number of rows and columns, one has det Z'! > 0
ford,,...,d, € (0,1]. Moreover, det Z"' >0 in view of (7.5) and hence again det Z > 0, which proves
the first part of the theorem.

Now letdy,...,d, €[5,1 + 8] with § € (0, 1]. We denote

Aszf[(1+dk), szﬁ(l—dl), s=1,...,n,

k=1 I=s

and we set Ag = 1. If By <0, then, for some k €{1,...,n}, we have |1 — d;| < 4. Therefore, since
|1 —d)|<1lforanyle{l,...,n}, one gets

B, >-4, s=1,...,n (7.8)
First, let n be odd and let us prove that, for any odd m € {1, ..., n}, the matrices Z" satisfy
n
> didetZV > d,A,-y. (7.9)
Jj=m
jis odd

In view of (7.5), this inequality holds for m = n. Let us assume that (7.9) holds for a given odd m €
{3,...,n}. Then, again in view of (7.5),

Y didetZY > dyAny + du-2An-3Bu-

Jj=m—2
Jj is odd

> dnAm—3 + dm—ZAm—3 [dn(l + dm—l) + Bm—l] > dnAm—3

since d,(1 +d,—1) > 8 and B,,—; > —4; see (7.8). Thus, (7.9) holds for any odd m e {l,...,n} and
hence, setting m = 1 and using (7.6), one gets detZ > 2d,,. If n is even, then det ZM" > 2d, and hence,
according to (7.7), detZ = (1 + d) detZ" + B, >2d,+ B; >d,.
Finally, let us consider any 6 > 0 and set
)

di=dy=---=d,_»=1, d,_1=14+6, d,=——.
1 2 n—2 1 + 3514

Then d,,...,d, € (0,1 + §] and

__ An—2 1+dn71 1_dn _
detZ =2""° det <_1 o, 2, =0.
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Consequently, the matrix corresponding to (7.1) is singular and hence problem (7.1) is not uniquely
solvable. ]

The following corollary states the unique solvability of the linearized problem (4.4), (4.5) for any &
satisfying (5.1).

COROLLARY 7.3 Consider any & € [0, bh/2] and any By, ..., B, € [0, 1]. Then the linear problem (4.4),
(4.5) has a unique solution.

Proof. Since (4.5) is equivalent to (7.1) with d,,...,d, € [1/Pe, 1+ 1/Pe], the statement follows
immediately from Theorem 7.2. (]

8. Solvability of the nonlinear problem

The computations reported in Section 6 were those for which convergence of the fixed-point iteration
was achieved. However, some other computations we performed did not converge at all. In some cases,
convergence was obtained after changing the value of t in (6.1) (although we realized that the iter-
ative process was still very sensitive to rounding errors). For some other cases though, we were not
able to find any way to achieve convergence and hence no solution at all was found. The ultimate
conclusion of these numerical experiments was that the nonlinear problem (4.4—4.6) is not solvable
in general. In this section we first describe examples of data for which the nonlinear problem has no
solution, thus proving the above claim. This lack of solvability is due to the discontinuous charac-
ter of the coefficients B;. As a matter of fact, at the end of the present section we shall prove that
problem (4.4), (4.5) is solvable if one considers coefficients f; depending on the discrete solution in a
continuous way.

Let us start with the following remark. If the nonlinear problem (4.4), (4.5) with some functions g;

satisfying (4.6) has a solution, then there are numbers _Bl, AU ,3,1 € {0, 1} such that, afte_r having com-
puted the solution u = {u,'}l'.’;’o1 of (4.4), (4.5) with ;= p;,i=1,...,n,one has fi(w) =B, i=1,...,n.
Since there are only 2" admissible choices of f,..., B,, one can easily check (at least for small n)

whether the nonlinear problem is solvable. In what follows, we shall consider the three choices of &
tested in Section 6 and, for each of them, we shall present an example of data such that the nonlinear
problem (4.4), (4.5) is not solvable for any functions B; satisfying (4.6) and

Bi=0 ifu+uy, and S _Uloq (8.1)

Ujit1 — U;
These requirements are met by all three choices (4.2), (4.10) and (4.11). In all cases, we shall use
n=4, u.=ug=0. (8.2)
First, let us study problem (4.4), (4.5), (4.2) with & defined by (4.3). We consider the data
e=0.03, b=1, g =6, g=-6, g3=3, gs=-2. (8.3)

As explained above, for each of the 16 possible choices of ,3_1, el ,34, we compute the solution
u= {ui}fzo of (4.4), (4.5) with ,Biz,B_i, i=1,...,4. These solutions together with the values of
Bi1(@), ..., Bs(u) computed according to (4.2) are shown in Figs 3 and 4. Since (8;(u),..., Bs(u))
always differs from (B, ..., B4), one concludes that the nonlinear problem (4.4), (4.5), (4.2) does not
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FiG. 3. Solutions u of (4.4), (4.5) with ; = Bii=1,..., 4 for the data (8.2), (8.3) and & defined by (4.3). The numbers on the left
of ‘—’ represent Sy, ..., Ba, the numbers on the right of ‘—’ represent 8 (), . . ., Ba(u) corresponding to the respective solution

according to (4.2).

have any solution. Note t_hat, for all choices of B Lseves ,34 except Bl =...= ,54 = 1, there always exists
J€1{1,2,3,4} such that ;=0 and the solution  has an extremum at the node x; so that B;(u) =1 as
soon as (4.6) holds. If 8y = - - - = B4 = 1, one observes that §,(u) = 0 as soon as (8.1) holds. This shows

that problem (4.4), (4.5) is not solvable for any functions B; satisfying (4.6) and (8.1).

Similar nonexistence studies were performed for the case in which ¢ is defined by (6.2) and (4.8).
For both cases we were able to find various right-hand sides for which the discrete problem does not
have a solution. For example, if € is defined by (6.2), then the nonlinear problem with any f; satisfying
(4.6) and (8.1) is not solvable for the following data:

e=0.09, b=1, g =6, g=g3=g=1 (8.4)

Finally, if € is defined by (4.8), then the nonlinear problem with any §; satisfying (4.6) and (8.1) is not
solvable, e.g., for

e=0064, b=1, g=gr=g3=gs=1. (8.5)

We have verified that the nonexistence of a solution to the nonlinear problem (4.4), (4.5) in the cases
presented in this section is not caused by rounding errors.
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FI1G. 4. Solutions u of (4.4), (4.5) with B; = Bi,i=1,..., 4 for the data (8.2), (8.3) and & defined by (4.3). The numbers below the
., Ba. For all solutions, formula (4.2) gives B (w) = B2 (u) = B3(w) = Bs(w) = 1.

graphs represent S, . .

Now, as we have already stated, we present a result ensuring the solvability of the nonlinear prob-

lem (4.4), (4.5) under the hypothesis of continuity of the coefficients j;.

THEOREM 8.1 Let §;: R"*2 5 [0,1], i=1,...,n be continuous functions and let & € [0, bh/2]. Then

there exists a solution of the nonlinear problem (4.4), (4.5).

Proof. We set B(u) :={f;(w)}}_, withu = {ui}?:Ol. We also denote by M(8) € R™" the matrix corre-
sponding to system (4.5) for a particular choice of the coefficients 8 € R". Then the nonlinear problem
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(4.4), (4.5) can be written as, find u = {u;}?_, such that

M(Bw)u =g w), (8.6)
where u = {u;)"™) with ug =ur, u, 1 =ug and g(u) = (g;(w)}_, with &) =g, fori=2,...,n— 1,
and
QW =g+ (e +FIWH = DS g =g+ (e + BWE) s —boN
u) = 2 u)g)— —, Z.(w)=g,+ (¢ L (W)E)— — b—.
s =8 N T 0y S =8 B T 7
Since |B;(w)| < 1 fori=1,...,n, one has
- ¢+ bh "
lg@l < gl + n (lur] + lur)  VueR"™?, (8.7)
where || - || denotes the Euclidean norm on R” and g = {g;}/__;.

Corollary 7.3 guarantees that the matrix M((f) is invertible for all 8 belonging to the hypercube
[0, 1]". Then, since the determinant of a matrix is a continuous function of its entries, there exists oy > 0
such that

|detM(B)| =09 VY Bel0,1]".
Hence, the function 8 — [M(8)]~! is continuous on [0, 1], and there exists C > 0 such that
M1 <C VBelo1], (8.8)

where we use the matrix norm induced by the Euclidean norm on R”. Consequently, there exists a
constant Cy > 0 such that

VBel0, 11, veR", ueR™?: M@PBw=gw) = |v|<Co. (8.9)

In view of (8.7) and (8.8), the constant Cp depends on the data of (3.1) and, possibly, on A, but it does
not depend on u.
Now let T : R” — R” be the mapping defined by

Tu:=[M@Bw)] 'g@w Vu={uw)_, k",

where u = {u,-}f’jol with uy = up, and u,, = ur. Then T is continuous and, according to (8.9), it maps the
closed ball B(0, Cy) :={v € R"; ||v|| < Cp} into itself. Applying Brouwer’s fixed-point theorem, there
exists u € B(0, Cy) such that Tu =u, i.e., u satisfies (8.6). O

9. An example of continuous B; and properties of the resulting solvable nonlinear discrete
problem

In this section we propose a definition of continuous coefficients f; that, according to Theorem 8.1,
leads to a solvable nonlinear discrete problem, prove a corresponding (weaker) variant of the discrete
maximum principle and present a few numerical results.
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Fori=1,...,n, let us denote the derivatives of the discrete solution to the left and to the right of a
point x; by
;o Wi T Ui R
M- T T T T

respectively. If B; are defined by (4.2), then

4o {1 if i), > max{0,u_} or u, <min{0,u]_},

0 if min{0,u;_} <u;, <max{0,u;_},

fori=1,...,n;seeFig. 5. Note that §; is discontinuous along the lines u;_ = u;, and u;, = 0. Similarly,
Bi is discontinuous if it is defined by (4.10) or (4.11).

Our aim is to introduce continuous coefficients B; to guarantee the solvability of the nonlinear prob-
lem (4.4), (4.5). Based on the relation (4.11) and the discussion at the end of Section 4 and in Remark 5.5,
we propose to set (cf. Fig. 6)

1 if (i, > A+ max{0,2u;_} or u;, < —A 4+ minf0,2u;_}),

and (u_, u;+) Z(—A,D/2) x (0,D+ A),
= and (u;_,u;, ) € (=D/2,A) x (=D — A,0), ©.1)
0 if min{0, 2u;_} <u;, <max{0,2u_},

or (u;_,u;, ) €[0,D/2] x [0,D],

or (u;_,u;,) €[-D/2,0] x [-D, 0],

with positive parameters A < D. Furthermore, we require that f; is continuous and that it is linear in
each of the eight dark shadow subregions in Fig. 6. These requirements define the function j; uniquely.
The parameters D and A should be proportional to a characteristic derivative Au/Ax; see (4.12).
Unfortunately, with the new definition of the coefficients B;, we cannot guarantee the validity of the
discrete maximum principle formulated in Theorem 5.1. Nevertheless, the following result shows that

FiG. 5. Dependence of values of g; from (4.2) on uL and u; L
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FIG. 6. Definition of continuous S; according to (9.1).

a possible violation of the discrete maximum principle is not significant if the parameter D or the mesh
width & are small. The constant § in the following theorem is related to the above definition of §; by
§=D+ A.

THEOREM 9.1 Consider any ¢ satisfying (5.1). Let u, ..., u,+; be a solution of the nonlinear problem
(4.4), (4.5) with any functions B, ..., B, € [0, 1] satisfying

Bi=1if w <min{u;_1,u; 1 —Sh} or wu; > max{u;_1,u;r1 + Sh}
forsomed >0andi=1,...,n Then

& <0 = w<max{uj_i,uip1} or u; <min{u;_y,ui11}+ 8h,
>0 = u> >

u,
u; =z min{u; 1, u;y1} or ;> max{u;_1,ui1} — 8h,

fori=1,...,n. Moreover, for any k,/ € {0, 1,...,n+ 1} with k 4+ 1 <, one has

8i

0,i=k+1,...,1—1 = w <max{ug,w;} +8h, i=k,... [,
gi=0

<
>0,i=k+1,...,1—1 = u;>min{u,u} —8h, i=k, ..., L

Proof. Consider any i € {1,...,n} and let g; <O. If u; — u; 1 €[0,8h], then u; < max{u;_y,u;+1} since
the proof of Theorem 5.1 can be repeated without any changes. For u; — u;11 € [0, §k] it will be shown
that u; < min{u;_1, u; 41} + 8h. To this end, assume that u; > min{u;_1, u;+1} + 6h. Then

Uipr +8h > u; > uiy,  wi > uiy + 8h.
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Therefore, using (5.8) and noting that (u; — u;) is estimated either from below or from above depend-
ing on the sign of the term in front of it, one derives

P PR P PR
0>gih”= e+ Big + 3 (i —ui1) + | €+ B B (uj — uiy1)

. bh . . bh
> 8+,3i8+7 Sh+min< 0,¢& + B;& — > Sh>0,
which is a contradiction. Therefore, u; < min{u;_1, u;11} + 6h.
Now consider any k,/ € {0,1,...,n+ 1} withk + 1 </andletg; <Ofori=k+1,...,] — 1. First,
we shall prove that, forany i € {k + 1,...,[ — 1}, the following implication holds:
wig <u; and u;>ui = U > Ui 9.2)
Thus, consider any i€ {k+ 1,...,/ — 1} such that the left-hand side of (9.2) is satisfied. Let m €

{k,...,i— 1} besuch that u; < uzy fors=m,...,i — 1. We assume that m cannot be further decreased,
i.e., either m =k or u,,— > u,,. According to (5.8), one has

. bh . bh
0= (6 + Bie + ) (ui —ui—1) + (8 + Bie — ) (Ui — uit1)

2 2
bh bh
> e+ — | (i —ui—1) — — (u; — uig1). 9.3)
2 2
Ifm<i—1,thenfors=m+1,...,i— 1, in view of (5.8) one derives

. bh . bh
0 2 <8 + ﬁse + 2) (us - usfl) + <_8 - 133'8 + 2) (”s+1 - us)

bh
> (8 + 2> (us — ug—1) — e(ugy1 — ). 9.4)

Summing inequalities (9.3) and (9.4), one obtains

bh\ < il bh
0> (8 + 2) Z (us - usfl) —¢& Z (uerl - us) - 7(”1 - ui+1)

s=m+1 s=m+1

h
> (uj — uiy1) > 7(”#1 — Uy).

bh bh

= (8 + 2) (i — um) — ey — Upy1) — —

Therefore, u,, > u;+1, which is true also if m=i— 1 according to (9.3). If m=k or us; > us;

for s=k,...,m— 1, then the right-hand side of (9.2) holds. Otherwise m >k + 2 and there is

i"el{k+1,...,m— 1} for which the left-hand side of (9.2) is satisfied and u; ;| > u;, | holds. Hence the

inequality u; > u;y; follows by induction. For proving the statement of the theorem, letj € {k, ..., [} be

such that u; = max{ug, ug1, ..., u} and let u; > max{u, u;}. Then u; > u;y since otherwise u; = u;_; in

view of (5.8) and hence u; = u; by induction. Thus, one has u; > ;1 according to (9.2). Finally, apply-
ing the first part of the theorem, one obtains u; < min{u;j_y, ujy1} + 8h < ux + 8h < max{ug, u;} + 6h.

The implications for g; > 0 follow analogously. (]
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Theorem 9.1 shows that if the discrete maximum principle is violated then the discrete solution is
locally near to a constant function provided that § or A is sufficiently small. Globally, the violation of
the discrete maximum principle is smaller than or equal to §A.

REMARK 9.2 Using a similar construction to above, one could modify definition (4.11) in such a way
that the resulting function §; is continuous and equals 1 whenever the discrete solution attains an
extremum at the node x;. Then the statements of Theorem 9.1 hold with § = 0. However, the resulting
method then adds artificial diffusion of magnitude ¢ in regions where the discrete solution is constant,
which is not desirable. Moreover, due to rounding errors, an approximation of a constant solution u
typically possesses a lot of negligible extrema that also should not lead to adding a significant amount
of artificial diffusion. The continuous function §; defined at the beginning of this section satisfies this
requirement.

Now let us report a few numerical results for 8; defined by (9.1). We used A =D =0.5 so that
& = 1. For decreasing §, we encountered increasing difficulty with the solution of the nonlinear problem,
whereas the resulting approximate solution was not affected significantly. We again applied the fixed-
point iteration described at the beginning of Section 6 that was terminated if absolute values of all
components of the residual vector were smaller than 5 x 10714,

First, we repeated the computations of Section 6 and realized that all results are very similar for the
continuous f;, at least for Pe > 1 (for Pe < 1, a difference stems from using L = 0.5 instead of L = 1;
cf. the end of Section 4). Then, we considered the counterexamples from Section § for which the discrete
problems with discontinuous B; were not solvable. Now, solutions could be computed and we obtained
the following values of By, ..., Ba:

data(83): Bi=1, fo=1, By=1, Ps=0.041172246777;
data (8.4): Bi=0, Pr=0, P;3=0016194286589, p,=1;
data (8.5): B1=0, Br=0, PB;3=0.018436266748, pBs=1.

Finally, we investigated numerically a possible violation of the discrete maximum principle by the
method (4.4), (4.5) if B; are defined by (9.1). We used & from (6.2) and considered problem (3.1) with
the data

b=1, g=0, u, =1, ur=0, 9.5)

and various values of ¢ > (. According to (3.2), the exact solution of this problem is a decreasing
function with values in the interval [0, 1]. For small ¢, the solution is nearly constant except for a small
neighbourhood of the right boundary point. Therefore, this problem is suitable for testing the validity of
the discrete maximum principle by comparing the maximum value of the approximate solution

with the value 1. We used several values of ¢ and, for each of them, we computed approximate solutions
for all values of h=1/(n+ 1) <0.25 leading to Pe > 1. It turns out that it is reasonable to consider
moderate Péclet numbers and large Péclet numbers separately. More precisely, we considered Pe €
[1,20) and Pe € [20, 00) separately. We denote by MAX the maximum of u;** — 1 over all & for which
the Péclet number belongs to the respective interval, by RMAX the maximum of (u;™* — 1)/h and by
Permax the value of Pe for which the maximum RMAX is attained. The results are summarized in
Table 1. We observe that the results are in agreement with Theorem 9.1 and that the largest violations of
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TABLE 1 Violation of the discrete maximum principle for the data (9.5) and continuous B; given by (9.1)

Pe €[1,20) Pe €120, 00)
& MAX RMAX PGRM AX MAX RMAX P CRMAX
107! 6.62—3 2.65-2 1.25 No Pe > 20
102 3.55-3 9.27-2 1.85 No Pe > 20
1073 7.14—4 1.28—1 2.79 4.88—15 4.88—14 25.0
10~* 1.06—4 1.40—1 3.77 5.60—14 9.23—-13 21.6
1073 1.41-5 1.47—1 4.80 481-13 5.59—-10 21.6
106 1.77—6 1.51-1 5.84 6.06—12 6.92—8 229

the discrete maximum principle appear for small Péclet numbers, i.e., when the mesh width approaches
the thickness of the boundary layer. The numerical results also suggest that the violation of the discrete
maximum principle is bounded by 0.2 min{A, ¢ In(1/¢)} and is often significantly smaller, so that it is
negligible in the most cases. The results presented for Pe € [20, c0) are influenced by rounding errors
and hence differ from values that would be obtained in exact arithmetic.

10. Conclusions and outlook

An algebraic flux correction scheme of TVD type, generalizing the one proposed in Kuzmin (2007),
was studied in this work for one-dimensional steady-state convection—diffusion equations. The discrete
operator was reformulated as a nonlinear finite difference operator with a parameter vector. Possible
choices of this parameter vector were studied numerically. A fixed-point iteration was used for solving
the nonlinear problem. The main results of this work concern properties of the nonlinear problem and
the linear subproblems (discrete maximum principle, solvability). The unique solvability of the linear
subproblems was studied under rather general conditions on the parameter vector of the scheme. Coun-
terexamples concerning the existence of a solution of the nonlinear problem were provided. A modifica-
tion of the scheme was proposed for which the existence of a solution and a weak variant of the discrete
maximum principle were proved. Numerical experiments suggested that a good choice of the maximum
artificial diffusion is & = bh(coth Pe — 1/Pe) /2. Then the modified nonlinear scheme is solvable and, in
all numerical experiments, the approximate solutions were not smeared and the violation of the discrete
maximum principle was negligible.

Future work will study alternative algebraic flux correction schemes proposed, e.g., in Kuzmin
(2012). As a first step, it has to be ensured that a solution of these nonlinear schemes exists. If this
point is positively clarified, it makes sense to investigate the (order of) convergence to a solution. Of
course, a numerical analysis for multidimensional problems is of utmost interest. From our experience
so far, we think that such an analysis should initially consider model problems, simple domains and
structured grids.
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Abstract. A family of algebraic flux correction (AFC) schemes for linear boundary value
problems in any space dimension is studied. These methods’ main feature is that they limit the
fluxes along each one of the edges of the triangulation, and we suppose that the limiters used are
symmetric. For an abstract problem, the existence of a solution, existence and uniqueness of the
solution of a linearized problem, and an a priori error estimate are proved under rather general
assumptions on the limiters. For a particular (but standard in practice) choice of the limiters, it is
shown that a local discrete maximum principle holds. The theory developed for the abstract problem
is applied to convection-diffusion-reaction equations, where in particular an error estimate is derived.
Numerical studies show its sharpness.
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1. Introduction. Many processes from nature and industry can be modeled
using (systems of) partial differential equations (PDEs). Usually, these equations
cannot be solved analytically. Instead, only numerical approximations can be com-
puted, e.g., by using a finite element method (FEM). The Galerkin FEM replaces just
the infinite-dimensional spaces from the variational form of the differential equation
with finite-dimensional counterparts. However, if the considered problem contains
a wide range of important scales, the Galerkin FEM does not give useful numerical
results unless all scales are resolved. For many problems, the resolution of all scales
is not affordable because of the huge computational costs (memory, computing time).
The remedy consists of modifying the Galerkin FEM in such a way that the effect
of small scales is taken into account on grids which do not resolve all scales. This
methodology is usually called stabilization. The most common strategy modifies or
enriches the Galerkin FEM, e.g., such that the new discrete problem provides addi-
tional control of the error in appropriate norms. An alternative approach acts on
the algebraic level; i.e., algebraic representations of discrete operators and vectors are
modified before computing a numerical solution. This paper studies a method of the
latter type.

Applications of algebraically stabilized FEMs can be found in particular for
convection-dominated problems. Their construction, e.g., in [18, 16, 17], is performed
for transport equations, and they are called flux-corrected transport (FCT) schemes
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(see also [7] for their application to compressible flows). These schemes can be used
also for the discretization of time-dependent convection-diffusion equations, e.g., as
in [4, 11], where the convection-diffusion equations are part of population balance
systems. In [11] it is explicitly emphasized that the FCT scheme was preferred over
the popular streamline-upwind Petrov—Galerkin (SUPQG) stabilization, which adds an
additional term to the Galerkin FEM, because of a former bad experience with this
stabilization. More precisely, the lack of positivity of the solution provided by SUPG
caused blow ups in finite time for some nonlinear coupled problems in chemical en-
gineering (for details, see [10]). Altogether, the advantages of the FCT methods,
compared with the majority of other stabilized methods, are as follows. First, their
construction relies on the goal of conservation and of satisfying a discrete maximum
principle. Second, since this sort of method acts only at the algebraic level, without
taking into consideration the weak formulation, their implementation is independent
of the space dimension. The importance of these two points for many applications
does not need to be emphasized. However, there are also drawbacks. First, for most
methods, one has to solve a nonlinear discrete problem, even when the PDE to be
solved is linear. This issue is, in our opinion, of minor importance, since in appli-
cations one encounters generally nonlinear problems. Second, the FCT methodology
has, so far, been applied successfully only for lowest order finite elements, which limits
the accuracy of the computed solutions to the best approximation in these spaces (the
only exception of this fact being, to the best of our knowledge, the work [15]).

This paper analyzes algebraic stabilizations for linear steady-state boundary value
problems. These methods are called algebraic flux correction (AFC) schemes. Apart
from the obvious properties of these methods, which are the basis of their construction,
there has been no numerical analysis of them until very recently. The first contribution
in this field is [2], where some preliminary results on the analysis of an AFC scheme
(cf. [14]) for a linear steady-state convection-diffusion-reaction equation in one space
dimension were reported. The discretization studied in [2] is in some sense more
general than the AFC methodology used in practice. In the methodology of [2], one
has to compute limiters «;; € [0,1] (see below), and in contrast to the common
application of AFC schemes, it was not assumed that a;; = «;;, which may cause a
lack of conservation. Besides other properties, it was proved in [2] that the nonlinear
discrete problem might not even possess a solution. Thus, there is an important
physical as well as a strong mathematical reason for including the symmetry condition
in the scheme, which will be done in this paper.

The first part of the paper (sections 2-6) considers a general linear boundary value
problem in several space dimensions. After introducing a nonlinear AFC scheme in
section 2, the existence of a solution is proved, and then the existence of a unique
solution of the linearized scheme is shown, both in section 3. The symmetry of the
limiters, i.e., a;; = ay;, the requirement that o;; € [0,1], and a continuity assumption
are the minimal assumptions used in this section. Section 4 considers a concrete
choice of the limiters, which is a standard definition found in the literature. It is
shown that these limiters satisfy the assumptions made in the preceding analysis, so
they lead to discrete problems that have a solution. In section 5 we give a general
proof of the discrete maximum principle, since we have not been able to find it in
the literature, although the AFC family of methods is built to preserve this property.
In section 6, the AFC scheme is formulated in a variational form and an abstract
error estimate is derived, with only the same minimal assumptions on the limiters
as used in section 3. As usual for stabilized methods, the norm for which the error
estimate is given contains a contribution from the stabilization. To the best of our
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knowledge, this is the first error estimate for algebraically stabilized FEMs. In the
second part of the paper (sections 7-8), the abstract theory is applied to steady-state
linear convection-diffusion-reaction equations. In section 7 an error estimate for this
kind of equation is derived. Numerical studies are presented in section 8. It is shown
that within the minimal assumptions on the limiters used in the analysis, the derived
error estimate is sharp. However, applying the definition of the limiters as discussed in
section 5, one can observe a higher order of convergence. The orders of convergence for
standard norms depend on the concrete grid and are sometimes suboptimal. Finally,
in an appendix at the end of the paper a few supplementary results are proved.

2. An algebraic flux correction scheme. Consider a linear boundary value
problem for which the maximum principle holds. Let us discretize this problem by
the FEM. Then the discrete solution can be represented by a vector U € RV of
its coefficients with respect to a basis of the respective finite element space. Let us
assume that the last N — M components of U (0 < M < N) correspond to nodes
where Dirichlet boundary conditions are prescribed, whereas the first M components
of U are computed using the finite element discretization of the underlying PDE. Then

U = (uq,...,un) satisfies a system of linear equations of the form
N
(1) Zaijuj:gi, izl,...,M,
j=1
(2) u; = ub, i=M+1,...,N.
We assume that the matrix (a;;);%_, is positive definite, i.e.,
M
(3) Zuiaijuj>0 V(ul,,uM)eRM\{O}
ij=1

It is natural to require that the maximum principle also hold for the discrete

problem (1), (2). Due to (3), the diagonal entries of the matrix (a;;)}_, are positive,
and hence, locally, the discrete maximum principle corresponds to the statement

N
4 Vied{l,...,M}: a;iu; <0 = u; < max u,;
(4) { b JZI A LT j#ian A0 Y
or, at least,
N
: . +
(5) Vie{l,...,M}: Zaijuj§0 = uigﬁglii‘(#ouj,

=1

where uj = max{0,u;}. It can be shown (cf. the appendix), that (4) holds if and

only if

(6) ai; <0 Vi#ji=1,...,M j=1,...,N,
and

N
(7) Zaij:O, iZl,...,M.

j=1

(Arsrriaoht @ by STAM TTrnat1t+bharirad vrarnreadiictian ~F +hic ardbinala 36 vrahihi+bad
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The discrete maximum principle (5) holds if and only if (6) is satisfied and
N

(8) Zaij207 i=1,...,M.
j=1

While conditions (7) or (8) are often satisfied, the property (6) does not hold
for many discretizations, in particular, of convection-dominated problems. The aim
of the AFC method is to modify the algebraic system (1) in such a way that the
necessary conditions for the validity of the discrete maximum principle are satisfied
and layers are not excessively smeared.

The starting point of the AFC algorithm is the finite element matrix A = (aij)f\szl
corresponding to the above-mentioned finite element discretization in the case where
homogeneous natural boundary conditions are used instead of the Dirichlet ones. We
introduce a symmetric artificial diffusion matrix D = (dij)f\fj:l possessing the entries

(9) dij = dji = — max{aij,O,aji} Vi 75 j, dii = — Z d” .
JF#i

Then the matrix A := A + I satisfies the necessary conditions for the discrete maxi-
mum principle provided that (7) or (8) holds for the matrix A.
Going back to the solution of (1), this system is equivalent to

(10) AU =gi+ DU), i=1,...,M.
Since the row sums of the matrix D vanish, it follows that
DU); =Y fij, i=1,...,N,
J#i
where f;; = d;j (uj —w;). Clearly, f;; = —fj; forall 4,5 =1,..., N. Now the idea of

the AFC schemes is to limit those antidiffusive fluxes f;; that would otherwise cause
spurious oscillations. To this end, system (1) (or, equivalently, (10)) is replaced by

(11) (AU)i:gi‘f’Zaijﬁj, i=1,...,M,
J#i
with solution-dependent correction factors a;; € [0,1]. For «;; = 1, the original

system (1) is recovered. Hence, intuitively, the coefficients «;; should be as close to 1
as possible to limit the modifications of the original problem. They can be chosen in
various ways, but their definition is always based on the above fluxes f;;; see [13, 14,
15, 16, 17] for examples. To guarantee that the resulting scheme is conservative, one
should require that the coefficients «;; be symmetric, i.e.,

(12) Qij = O, i,7=1,...,N.

Rewriting (11) using the definition of the matrix A, one obtains the final form
of the AFC scheme to be investigated in this paper. It is the following system of
nonlinear equations:

N N
(13) Zaijuj—l—Z(l—aij)dij(uj—ui):gi, i=1,....,.M,
Jj=1 Jj=1

(14) u; = ul

7

i=M+1,...,N,

where a;; = aj(u1,...,un) €[0,1], 4,5 =1,..., N, satisfy (12).
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3. Solvability of the algebraic flux correction scheme and of its lin-
earized variant. In this section we prove that the nonlinear problem (13), (14) is
solvable under a continuity assumption on «;;. As a consequence, we obtain the
unique solvability of the linearized problem (13), (14) (with «;; independent of the
solution), which is useful for computing the solution of (13), (14) numerically using a
fixed-point iteration. The following result will be of great use in the proof of existence
of solutions below.

LEMMA 1. Consider any pi; = prjs <0, 4,5 =1,...,N. Then

N
Z v; pij (Vj — V5 Z pij (i —v;)2 >0 Voup,...,oy €R.
inj=1 =

1<]

Proof. A quick calculation shows that

N N
Z Uiﬂij(vj_vi>: Z Uzﬂzg Z v]ﬂ]z Vi — U )

ij=1 ij=1 joi=1
i< ji>i
N
2
== > iy (i —v;)* >0,
,j=1
1< j
and the proof is finished. O

For proving the solvability of the nonlinear problem, we use the following conse-
quence of Brower’s fixed-point theorem, whose proof can be found in [20, Lemma 1.4,
p. 164].

LEMMA 2. Let X be a finite-dimensional Hilbert space with inner product (-,-)x
and norm || - ||x. Let T : X — X be a continuous mapping, and let K > 0 be a real
number such that (Tx,x)x > 0 for any v € X with ||z||x = K. Then there ezists
x € X such that ||z|]|x < K and Tz = 0.

The following is our main result on existence of solutions for the AFC scheme.
THEOREM 3. Let (3) hold. For any i,j € {1,...,N}, let a;; : RNV — [0,1] be
such that ag;(ug, ..., un)(u; —u;) is a continuous functzon of ui,...,un. Finally, let

the functions satzsfy (1 2). Then there exists a solution of the nonlinear problem
(13), (14).

Proof. Throughout this proof, we denote by V= (v1,...,vn) the elements of the

space RM and, if v; with i € {M +1,..., N} occurs, we always assume that v; = uﬁ-’.
To any V € RM we assign V := (vq,...,vy). Furthermore, we set G := (g1,...,gn)-
We denote by (-,-) the usual inner product in R and by || - || the corresponding

(Euclidean) norm.
It is easy to show by contradiction that, in view of (3),

M
Chur := inf Z v a;;v; > 0.
IVi=1 52
Thus, one has
(15) Z v ai; vj > Cy H\7||2 VVeRM,

ij=1
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Let us define the operator T : RM — RM by
N N
V)z :Z aij’Uj—I-Z[l—Oéij(V)]dij (’Uj—Ui)—gi, i=1,....,.M.
j=1 j=1

Then U is a solution of the nonlinear problem (13), (14) if and only if U = 0. The
operator T is continuous and, in view of (15), Lemma 1, and Hélder’s and Young’s
inequalities, one derives

TV V Z v; 4 v F Z v; [ — oy (V)] dij (vj — ;)

t,j=1 5,j=1
M N N N
b b \7
+ oy agui— Y ul Y [L—ag(V)]dy (0 - ul) = (G, V)
=1 j=M+1 i=M+1 j=1

~ C
> Ot |V = Co = Ca [ V]| = =~ [IV[* = Ca,

where Cp, C1, and Cy are positive constants that do not depend on V. Then for any
V € RM satisfying ||V|| = 1/3 C2/C, one has (T'V,V) > 0, and hence, according to
Lemma 2, there exists U € RM such that TU = 0. O

COROLLARY 4. Let (3) hold. Consider any a;; € [0,1], 4,5 =1,..., N, satisfying
(12). Then the system (13), (14) has a unique solution for any gi,...,9m € R and
Wypg,. ., uly R

Proof. According to Theorem 3, for any values of g1,...,gy and u?\4+1, ey uZ]’V,
there exists a solution of the considered linear system. Consequently, the solutions
have to be unique. O

Remark 5. The statement of Corollary 4 can be proved directly (without using
Theorem 3) by showing that the homogeneous system

(16) Za”uj—i—z — ;i) dij (uj —u;) =0, 1=1,...,M,

(17) ui:0, z:M—i—L...,N7

has only the trivial solution. Indeed, if U = (uq,...,un) solves (16), (17), then
according to Lemma 1, one has

M N
Z uiaijuj:— Z ui(lfozij)dij (ujful)g()
7,7=1 1,7=1

Therefore, u; =0,i=1,..., M, in view of (3).

Finally, let us formulate sufficient conditions on the functions o;;, ensuring the
validity of the continuity assumption in Theorem 3 for many particular examples of
the functions «;; used in practice (cf., e.g., [13, 16, 17]).

LEMMA 6. Consider any i,j € {1,...,N}, and let a;; : RN — [0, 1] satisfy
Ay (U)
luj — us| + Bi; (U)

(18) a;;(U) = VU= (ug,...,uy) € RN, wu; #uy,
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where A;j, Bij : RN — [0,00) are nonnegative functions that are continuous at any
point U € RN with u; # u;. Then ®;;(U) := a;;(U)(uj —u;) is a continuous function
of ui,...,uy on RN. Moreover, if the functions Aij, Bi; are Lipschitz-continuous
with the constant L in the sets {U € RN ; w; < u;} and {U € RN w; > u;}, then
the function ®;; is Lipschitz-continuous on RN, with the constant 2 L + /2.

Proof. Consider any U = (u1,...,uy) € RY. If @; # 4;, then there is a neigh-
bourhood of U, where the denominator from (18) does not vanish and the functions
A;j, Bsj are continuous so that oy; is continuous at U. If u; = ii;, we employ the fact
that a;; € [0, 1], which implies that |a;;(U)(uj — u;)| < |u; —wi| < V2||U = U|| for
any U = (uq,...,uy) € RN, Thus, a;;(U)(u; — u;) is continuous at U.

To prove the Lipschitz-continuity of ®;;, consider any U, U e RY with U =
(u1,...,un) and U = (@, ...,UN). Set v =u; —u;, ¥ = 4; — ;. If v <0, then

[24(U) = @45 (0)] < ol + o] = [ — 9] < V2|U =T

If vo > 0, then

©;5(U) — @45(U) = (A (U) — Ay;(0)) m

(Bij(U) = B (U)) v+ (v —v) By;(U)
Foutt) o+ By (0) |

and hence
@4 (U) — @i5(U)| < |Ai(U) = Aij(U)| + |Bij(U) = Bij(U)| + |v — 9] .
This proves the lemma. 0

4. An example of the choice of a;;. In this section we present a concrete
choice of the limiters a;;. This choice is often used in computations, and we show
that it satisfies the assumptions of Lemma 6 and hence leads to a solvable nonlinear
problem (13), (14).

The definition of the coeflicients «;; considered in this section relies on the values
P;r, P, Qiﬂ Q,; computed for i = 1,..., N in the following way. First, one initializes
all these quantities by zero. Then one goes through all pairs of indices i,j € {1,..., N}
and performs the updates

Pt =P +max{0, f;;}, P := P —max{0, f;;} ifaj; <ai,

QF = Qf +max{0, f;;}, Q; :=Q; —max{0, f;;} ifi<j,
Qj_ = Qj_+max{0aflj} ) QJ_ = QJ_ 7maX{O7fji} if 4 <j7

where we again use the notation f;; = d;; (u; —u;). After having computed the values
P;r, P, Q;‘, Q:,i=1,...,N, one defines

70

JF p—
Rj::min{l,QiL}, Ri::min{LQi_}, i=1,...,N.
P P

i %

If Pf or P vanishes, we set Rj =1 or R; := 1, respectively. Furthermore,
according to [12], these quantities are set to 1 at Dirichlet nodes, i.e.,

Rf:=1, R; =1, i=M+1,...,N.

(Arsrriaoht @ by STAM TTrnat1t+bharirad vrarnreadiictian ~F +hic ardbinala 36 vrahihi+bad



Downloaded 08/22/16 to 195.113.30.252. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

302

6. Algebraic flux correction

2434 G.R. BARRENECHEA, V. JOHN, AND P. KNOBLOCH

Finally, for any ¢,j € {1,..., N} such that a;; < a;;, one sets

R;r if fij >0,
(19) Q5 1= 1 if fij = O, Qg = Q5 .
Rl_ if fij <0,
It is worth mentioning that this algorithm is the one presented in [14] (that originates
from the ideas of [22]) to which, following [12], the symmetry condition ¢;; = «j; has
been added.
Note that the quantities P;F, P, Qi @Q; can be expressed in the form

N N N N
(200 PF= > f5., Pi=) f;j Q?=—Zl i Q;=—Z; e
Jj= J=

i=1 j=1
aji < aij aji < aij

where f;]r- = max{0, f;;} and f;; = min{0, f;;}.
The following result shows that the above coefficients «a;; satisfy the hypotheses
of Theorem 3, and then that they lead to a solvable nonlinear problem (13), (14).

LEMMA 7. The above coefficients a;; are such that a;;(uq,...,un)(u; —u;) are
Lipschitz-continuous functions of ui,...,un on RV,

Proof. Consider any i,5 € {1,...,N}. It suffices to consider the case a;; # 1
(and hence d;; # 0). Furthermore, due to (12), one may assume that a;; < a;;. If
u; > uj, then f;; > 0, and hence

in{P+ Ot - al
aijzRJ:M with  PF= Y fi.
|fij| + P; k=1
ar; < ain,k#J

If u; < wy, then f;; < 0 so that

. — — N
—Pm.—O: -
QG5 = R: = mln{ L 7~f22 } with Pii = Z fl; .
|fij‘ - B k=1

ari < aig, k#J

Thus, «;; is of the form (18), with functions A;; and B;; satisfying

A 1 { min{—Pf,—Q;} if u; < Uj , 1 { —ﬁf if u; < Uj ,
ij

|d1]‘ min{]3i+7 Q;'_} if u; > uj, Blj |dl]| 15;+ if u; > Uj .
Since the maximum or minimum of two Lipschitz-continuous functions with constant
L is again a Lipschitz-continuous function with constant L, the functions A;; and B;;
are Lipschitz-continuous with constant v/2 (Eszl |dix])/|dij| in the sets {u; < u;} and
{u; > u;}. Then the hypotheses of Lemma 6 are satisfied, and the result immediately
follows from Lemma 6. O

Remark 8. There is an apparent ambiguity in the definition of the coefficients a;
if a;; = a;;. However, often a;; + aj; < 0 (cf. assumption (22) in the next section),
and then a;; = aj; < 0. Thus, if the artificial diffusion matrix is defined by (9), one
obtains d;; = 0 so that the respective o;; does not occur in the nonlinear problem
(13), (14) and can be defined arbitrarily.
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5. The discrete maximum principle. In this section we prove several versions
of the discrete maximum principle for the case when the coefficients a;; are defined
as in the previous section. We start with the main assumptions needed for the proofs,
namely,

N
(21) az >0, Y a;>0 Vi=1,...M,
(22) o +air <0 VEkI=1,... N, k#Il, k<M,orl<M,
and we recall that d;; = dj; = —max{a,;,0,a;;} for all 4,5 =1,...,N, i # j (cf

(9)). The first condition in (21) is a consequence of (3), and the second is a necessary
condition for the validity of the discrete maximum principle in the case of linear
problem (1), (2). Note that the row sums are not affected by adding the nonlinear
term in (13). Condition (22) is weaker than (6). In section 7, we present a discrete
problem for which all the assumptions in (21) and (22) are satisfied.

Also, we present some notation that will be useful in what follows. We denote by

Up; ={j€e{l,...,N}; j#1i, a;; <0}, 1=1,...,M,
the sets of upwind nodes, and by
Do, ={je{l,...,N}; j#1, a;; >0}, i1=1,...,M,

the sets of downwind nodes. In what follows, we shall tacitly assume that these sets
are not empty.

Thanks to (22), for any ¢ € {1,...,M} and j € {1,..., N} such that ¢ # j and
di; # 0, one derives

aij <aj; < je€Up;, aji <a;; < j€Do;.

Therefore, the sums in (20) defining P;" and P, can be written in the form

7

(23) Pr=>"fh, =3 1, i=1,...,M.

j€Do; j€Do;

Moreover, the second term on the left-hand side of (13) can be written as

N N
Z( — Q5 fzg Zfl]_ Z aijfij"’ Z ajifji

j=1 j=1 j=1
aj; < agj a;; < aji
N
= § fij — E ij fij + 5 aji fji-
Jj=1 j€Do; j€Up;

Furthermore, «;; fi; = R g + R fi; fori € {1,...,M} and j € Do;, and con-
sequently, «aj; fj;i = Rj' f;; + R f;; ifi € {1l,...,M} and j € Up;. Then since
f; =—f; and f;; = — f;, one obtains

N
Z( —aig) fij = wa Z R;r z'J]r'+Ri7fi;)_ Z (R+f +)

Jj=1 j€Do; j€UpP;
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Finally, denoting Z;” := 1 — R and Z; := 1 — R, it follows that
N
Z(l SO DR VAN AR A R S VAN s A Ao

j=1 j€Do; j€Up;

Thus, the AFC scheme (13), (14) can be written in the form

N
24) DY agwt Yy (LIS ZE )+ Y (S 2 1) =

Jj=1 j€Do; j€Up;
i=1,...,M,

(25) u; = ul

()

i=M+1,...,N.

Next, defining
N
(26) Az = U; Z aij,
j=1
one derives, for any ¢ € {1,..., M},

N N
Z Qij Uj :Z Qij (uj —ul)—l-Az: Z aij(uj —ui)—i— Z aij(uj —’U,i)—f—Ai.
j=1 J=1

Jj€UP; j€Do;
In view of (22), one has a;; = —d;; for j € Do;, and then
N
Doaguy= Y ay(uj—w)— Y fiy A
Jj=1 Jj€UD; j€Do;

Therefore, using that >, p,. fij = Pt + P (cf. (23)), (24) is equivalent to
(27) A= PP Rf — PP Ry + > (ZF fi + Z7 £+ ai (uj — i) = gi-
j€Up;
The following is a preliminary technical result.
LEMMA 9. Consider any i € {1,..., M}, and let u; < u; for all j € Up;. Then

(28) Ai— PRy + RS Y ay(uy—w)” + D (ay+ Z dig) |uy — wi| = gi.
j€Do; j€Up;

On the other hand, if u; > wu; for all j € Up,, then
(29) A= PTRF+R7 Y ay(uy—w)t = Y (ay + 25 dig) [uy — wl = gi.
j€Do; j€Up;

Proof. Since f; =d;; (u; —u;)~, = dij (uj —u;)*t, and d;; = —ayj if j € Doy,
the lemma follows immediately from (27). O

The following result is a quick consequence of the above lemma, whose implica-
tions will become apparent in Corollary 11.
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COROLLARY 10. Consider any i € {1,..., M}, and let u; < u; for all j € Up; U
Do;. Then

(30) A+ Z (aij + ZF dij) luj — wi| = g
jEUpi
On the other hand, if u; > u; for all j € Up,; UDo;, then

(31) Ai — Z (aij + ZJ_ d”) ‘Uj — ui| =G -
Jj€UpP;

Proof. One has ; =0forj=1,...,N,and hence Q; = 0, which gives P, R, =
0. Then (30) follows from (28). To prove (31) it is enough to note that f;; = 0 for
j=1,...,N, which leads to Q] = 0 and P;" R =0, and then apply (29). 0

Finally, the following corollary states that if g; < 0 (> 0), then wu; cannot be a
strict positive (negative) local maximum (minimum).

COROLLARY 11. Consider any i € {1,...,M}. Then

32 <0 = u;< max wu; foru; >0 = w; < max ul
( ) 9 = ’L_j;éi,aij#O 7 f 1 Z_j#Laij;éO j o
33 ;>0 = w;> min wu; foru;<0 = w;> min u, .
(33) i = YT g a#0 ) Jor ui < YT g ag#0 d

Proof. Let u; > 0. Then thanks to (21), A; > 0 (where A; is defined in (26)). If
u; > u; for all j € Up; UDo;, then (31) holds with a positive left-hand side. Thus,
if g; < 0, then u; < w; for some j € Up; U Do;, which implies (32). The second
statement is proved in an analogous way. 0

Remark 12. It is worth remarking that, if Zjvzl a;; = 0, then the previous results
can be strengthened since Lemma 9 and Corollary 10 hold with A; = 0. Then Corol-

lary 11 is valid without the restriction on the sign of w;; i.e., for any ¢ € {1,..., M},
one has
; <0 = ;< ma U
i = L3S a0 0
>0 = u; > min u;.
i = b J#4, ai 70 !

This is in accordance with the corresponding results for PDEs (see, e.g., [6]).

6. Variational form of the algebraic flux correction scheme and error
estimation. In this section we show how the linear system (1), (2) originates from a
variational problem representing a finite element discretization and how, in turn, the
nonlinear algebraic problem (13), (14) can be put into a variational form. Then the
derivation of an error estimate is discussed. It is important to notice that all of the
results of this section, and the following one, are valid for limiters «;; that are only
required to belong to [0, 1].

Let Q ¢ R% d > 1, be a bounded domain and let the boundary 9Q of Q be
Lipschitz-continuous and polyhedral (if d > 2). Let a : H*(2) x H}(Q2) — R be a
bilinear form, let u, € H'/2(02)NC(0N), let g € H~(Q), and consider the following
variational problem:

Find u € H*(Q) such that u = u, on 99 and
(34) a(u,v) = (g,v) Vv e Hy(9).
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An example of such a variational problem will be presented in the next section.

To solve (34) numerically, let us introduce a finite element space Wj, € C(Q) N
H'(Q) approximating the space H*(£2), and set Vj, := W;, N H}(Q2). We denote the
basis functions of W, by ¢1,...,¢n and assume that the functions @1, ..., @ (with
0 < M < N) form a basis in V}. In addition, we assume that there are points
z1,...,xn € Q such that ¢;(x;) = d;5, 4,5 = 1,..., N, where §;; is the Kronecker
symbol, and that zprq1,...,2x € OQ (note that z1,...,zy € Q). Since constant
functions are always required to be contained in W}, one has Zf\;l p; =1in Q. In
what follows, for any uj, € W), (or vy, 25, ete.), we shall denote by {u; }¥; (or {v;}¥ 4,
{2 }N,, etc.) the uniquely determined coefficients with respect to the above basis of
Wy, i.e.,

N N N
uh:ZulgoZ (OI‘ Uh:Z’UigDi, Zh:ZZiSDia etc.) .
i=1 i

Of course, u; = up(x;) (or v; = vp(x;), z; = zp(x;), etc.) for any i € {1,...,N}.

It is sometimes convenient (cf. section 7) to approximate the bilinear form a by a
bilinear form ay : Wy, x V;, — R. We assume that ay, is elliptic on the space Vj; i.e.,
there is a constant C, > 0 such that

(35) ah(vh,vh) > Ca th”i Y vy, € Vh,

where |||, is a norm on the space HE () but generally only a seminorm on the space
H(Q).

Now an approximate solution of the variational problem (34) can be introduced
as the solution of the following finite-dimensional problem:

Find up € W}, such that up(x;) = up(z;), i =M +1,...,N, and

(36) an(un,vp) = (g,vn) Y vp € Vi
‘We denote

(37) aij = an(pj, i), t,j=1,...,N,
(38) gi = (9, %4) 1=1,..., M,
(39) ul = uy(z;) i=M+1,...,N.

Then wy, is a solution of the finite-dimensional problem (36) if and only if it satisfies
the relations (1) and (2). Moreover, the matrix (a;;);;_, satisfies (3). We denote

N
dp(w; z,v) = Z (1= ajj(w)) dij (2(z;) — 2(x:)) v(xi) Y w,z,0e€CR),

ij=1
with a;;(w) := a;j({w(z;)}X ;). This implies that
N
dp (wn; zn,0n) = Y (1= aij(wp)) dij (25 — i) vi ¥ wh, 25,05 € W,
ij=1

and hence we realize that the corresponding flux correction scheme (13), (14) is equiv-
alent to the following variational problem:

Find up, € W}, such that up(x;) = up(z;), i =M +1,...,N, and
(40) an(un, vn) + dp(un; un, vn) = (g,vn) YV vp € Vi
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For any w € C(Q), the mapping dp,(w;-,-) : C(Q) x C(2) — R is a nonnegative
symmetric bilinear form (cf. Lemma 1), and hence it satisfies Schwarz’s inequality
(41) |dn (w; z,v)[* < dp(w; 2, 2) d, (w;v,0) Y w, 2,0 € C(Q).

Thus, for any w € C(Q), the functional (dj,(w;-,-))*/? is a seminorm on C(Q).

Now let uj, € Wy, be a solution of (40), and let us derive an estimate of the error
u — up. A natural norm on Vj, corresponding to the left-hand side of (40) is defined
by

1/2
ol i= (Ca llonll2 + duunsvn,on))  wn € Vi,

Note that || - ||, may be only a seminorm on W), and that it is not defined on the
space H1(£). We introduce the set

WP = {zn € Wi; 2n(xi) = w(x;), i=M+1,...,N}
and consider any vy, € Vj, and z, € W}. Then, according to (34) and (40), one obtains
an(un — zn, vn) + dp(un; un — 2, vn) = a(u, vp) — an(zn, vn) — dp(un; zn, vn) -

Since up, — zp, € Vj,, using (35) and (41) one derives that

alU, V) — Ap\Zh, U
lan — znlly < sup 200~ an(znon)

+ (dh(uh; Zh, Zh))l/2 .
v EVY ||Uh||h

Assuming that u € C(Q2), adding ||[u — 24]|,, to both sides of this estimate and using
the triangle inequality, one obtains
(42)

lu—unlly < inf {flu—zall, + sup AL ZanCGhvn) gy
ZheW}l: VR EVh ||vh||h

Let us introduce the Lagrange interpolation operator iy, : C(Q) — W}, by

N J—
ihv = Z v(x;) i, veC(Q).

i=1

Then ipu € W7, and hence using (42) one gets the estimate
(43)
/2

= wunlln < CM2 |l — ipul, + sup 2vn) —an(intvn)

+ (dp (uns ipu, ipu))
v €V th”h

Thus, as usual, the error of the discrete solution is estimated by an interpolation
error and a consistency error. In the following section we estimate these terms for a
discretization of a convection-diffusion-reaction equation.

7. Application to a convection-diffusion-reaction equation. Let ) be as
in section 6, and let us consider the steady-state convection-diffusion-reaction equation

(44) —eAu+b-Vu+cu=g in ), u=u, onof,

where £ € (0,g0) with g < +oc is a constant, and b € Wh>(Q)4 ¢ € L>(Q),
g€ L2(Q), and u, € Hz(9Q) N C(0NQ) are given functions satisfying

V:b=0, c>002>0 in Q,
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where op is a constant. The weak solution of (44) satisfies (34) with
a(u,v) = & (Vu, Vo) + (b Vu,v) + (cu,v) and  (g,v) = (g,v),

where (-,-) denotes the inner product in L?(Q) or L2(Q)%. It is well known that the
weak solution of (44) exists, is unique, and satisfies the maximum principle (cf. [6]).

Let 7}, belong to a regular family of triangulations of € consisting of simplices.
We consider a space W, C H'(£) consisting of continuous piecewise linear functions,
ie.,

Wy = {Uh S C(ﬁ), 'Uh|T S Pl(T) VT € %}

The points z; assigned to the basis functions ; introduced in the previous section
are vertices of the triangulation .7,.

The matrix corresponding to the reaction term (cup, vp) in the Galerkin finite el-
ement discretization of (44) has only nonnegative entries, which may cause a violation
of the condition (6). In order to overcome this, we replace the matrix corresponding
to the reaction term by a simple diagonal approximation:

(45) (cup,vp) Z CUp, i) zzz c,pi)uiv; Y oup € Wy, vy €V,

=1 =1

This has the extra impact of making the matrix D independent of ¢ (see below).
An alternative diagonal approximation of the reaction matrix can be defined using a
low-order nodal quadrature for the reaction term, in which case the estimation of the
associated error follows standard approaches (provided that ¢ has a higher regularity
than the one assumed so far). The error incurred by the use of (45) is estimated in
the next lemma.

LEMMA 13. There is a constant C independent of h such that

M

(cunvn) =3 (e 00) wivi| < Chllello o lunly g lonllos
=1

for all c € L>®(Q), up, € Wy, and vy, € Vj,.
Proof. Consider any ¢ € L>®(Q), up, € Wy, and vy, € V},. Then

M M
(cun,on) = Y (e uivi =Y (c(un —w), ) vi = » Z (un — ui), i)r Vs

i=1 i=1 TeS;, i=1
z; €T

M

<lelloso D D lun —willor lvil -
TeT, i=1
z; €T

Next, using the Cauchy—Schwarz inequality one obtains

1+d/2
l|un — Uz”o 1,7 < ‘T|1/2||Uh - quOT < h ||Vuh (v — xz)HOT < hg a |uh|1,Ta

where hp = diam(7"). Consequently,

(cun,vn) Z ¢, i) U v < thHOooQ Z |uh|1Th Z |vn ()]

i=1 TEI, z, €T
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Since h%/Q Yoe,ervn(@i)| < Cllonllgp, the lemma follows by applying Hélder’s
inequality. 0

Using the approximation (45), the bilinear form ay, in (36) is given by
M
ap(un,vn) = € (Vup, Vop) + (b - Vup,vp) + Z (c,pi)ujv; Y up € Wy, v, €V
i=1

and satisfies (35), with
]z = vl o + o0 05 0,
and C, > 0 independent of h and the data of (44). The bilinear form a; defines the
matrix A = (a;;));_;, whose entries are given by (37). The artificial diffusion matrix
D= (dij)gj:l is defined using (9), and thus it is independent of c.
Remark 14. Tt is easy to verify that the matrix A satisfies (21). The assumption
(22) holds if and only if

(46) (Vo Vo) <0 Yhi=1,...,N, k1, k<M, orl< M.

The validity of (46) is guaranteed if the triangulation .7}, is weakly acute, i.e., if the
angles between faces in 9}, do not exceed 7/2. In the two-dimensional case, it is
sufficient for (46) that 7, is a Delaunay triangulation, i.e., that the sum of any pair
of angles opposite a common edge is less than or equal to .

Now we can discuss the estimation of the terms on the right-hand side of the error
estimate (43). To this end, we assume that u € H?(Q2). Then, standard interpolation
estimates (cf. [5]) give

(47) lu —ipull, < C(e+ 09 h2)1/2h|u|219.

The remaining two terms on the right-hand side of (43) will be estimated in the
following two lemmas.

LEMMA 15. Let 09 > 0. Then there is a constant C' independent of h and the
data of problem (44) such that for any u € H?(Q),

a(u,vy) — ap(ipu, vp)

(1) sup o < Clet o5 (B2 + el ]2 Al -
Up h h
If c =0, then
(19)  sup UW) Zanl) ooy e )2 By .
Sup, Tl o »

Proof. Consider any u € H*(Q) and vy, € V3. Then, in view of Lemma 13,

a(u,vp) — ap(ipu,vp) =€ (V(u —ipu), Vop) + (b - V(u — ipu),vp)
M
+ (e (u—ipu),vn) + (cinu,vn) = Y (¢,3) (inu) () vi
i=1

< C(efonli,o + [Bllo,co0 lvnllo,e + lle

0.00.2 [Unllo.0) P llullg.q -
Therefore, if o9 > 0, one obtains (48). If ¢ = 0, one can employ the fact that
(b~ V(u—ipu),vn) = —(u—inu,b- Vop) < Ch? [ulyq [bllo,cc. [Vr]10

which leads to (49). 0
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Lemma 15 shows that, if o9 > 0, one obtains from (43)
(50) lu —unlly < Chllullgq+ (dn(un;inu, inu)/?,

where C is independent of u, h, and e. However, if ¢ = 0 (hence oo = 0), one
cannot avoid an explicit negative power of € in the estimate (49) since the seminorm
(dh(uh;v;“vh))l/2 cannot be used for estimating v, due to the possibly vanishing
factors (1 — aj(up)). The negative power of ¢ in (49) is somewhat compensated
by the presence of h in the numerator. Still, this estimate can be considered fully
satisfactory only if h < e!/2.

Finally, let us estimate the last term on the right-hand side of (43).

LEMMA 16. Let the matriz D be defined by (9). Then there is a constant C
independent of h and the data of problem (44) such that
(51) dh(wh; TR, ihu) <C (E + HbHO,oo,Q h) |ihu|?,9 YV wp € Wy, u € C(ﬁ) .

Proof. Consider any 4,j € {1,..., N} such that ¢ # j and d;; # 0. Then

|dij| < Z (5|<Pi|1,T|%0j|1,T+ [16ll0.00.7 {1%il1,7 l25ll0.r + 05|17 ||<Pi||0,T})
Te€Ih, xiz; €T

d— d— ~ -
<C Y (ehE 4 bllosr hEY) < C e+ bllonon ) i — 25"
TG%L,Zi,x]‘GT

Therefore, using Lemma 1, one derives for any wy, € W}, and u € C()

N
dn(wn;inu,ipu) = _ Z (1 — aij(wn)) |dij] [u(z;) — u(z;))

<D il fulw) — ulay))?

TeT, zi,x; €T

SCletlblosnh) D h5? D [ulwi) —ulz))?.

TeT,, z;,x;€T
Since
R Y u(ws) — u(zy)]? < Clipulf 1,
zi,x; €T
one obtains the statement of the lemma. u|

One observes that if dp(up;ipu,ipu) in (50) is estimated using Lemma 16, the
convergence order is reduced. As a matter of fact, (47), (48), and (51) lead to the
following global error estimate.

COROLLARY 17. Letu € H%(Q) be the solution of (44), and let uy, be a solution of
the discrete problem (40). Then if oo > 0, there exists a constant C > 0 independent
of h and the data of (44) such that

lu—unlly < C (e + 0" {IbF 0+ llel
+C(e+|b

b.0c} +00h®) 2 hlul2

0.00.0 Y2 linuliq -
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Remark 18. A careful inspection of the proof of Lemma 16 reveals that the con-
vergence order of the term dj(up;ipu,ipu) depends on the relation between £ and
[Bl9,00.0 7 and on properties of the triangulations 7. For simplicity, the discussion
will be restricted to the two-dimensional case, but the same arguments are valid (with
minor modifications) in the higher-dimensional case. We distinguish the following
cases:

e convection-dominated regime (¢ < ||bl|y o, o 2): the estimate (51) reduces to

(52) dh(wh;ihu,ihu) <C ”bHO,oo,Q h \ihuﬁﬂ Y wy € Wh, u € C(ﬁ) .

This estimate implies an O(v/h) error estimate in (50), which will be confirmed by
numerical experiments in section 8 for a particular choice of the coefficients a;.

o diffusion-dominated regime (¢ > [|blly ., o h). In this case, the estimate (51)
reduces to

(53) dp(wn;inu,ipu) < Celinuliq YV wy € Wy, ue C(8),

which does not imply any convergence of ||u — wuyl|,. However, this result can be
improved for suitable types of meshes. To characterize the geometry of a triangulation
T, we introduce a quantity ;; for any edge E;; with end points x;, ;. If E;; C 09,
then 6;; is the angle opposite E;;. If E;; ¢ 00, then 6;; is the average of the pair
of angles opposite E;;. Finally, we denote by 6, the maximum of all 6;;. Then we
consider the following values of j:

(a) 0, < w/2, ie., T, is a Delaunay triangulation (in particular, 5, may
consist of weakly acute triangles, i.e., with all angles < 7/2). Then the
off-diagonal entries of the diffusion matrix are all nonpositive, and hence
|dij| < ||bllg oo h/3 for i # j. Thus, the estimate (52) is again valid and
leads to an O(v/h) in estimate (50).

(b) 6 < w/2, a particular case of (a), satisfied, e.g., for .7}, consisting of
acute triangles (all angles < m/2). Then all off-diagonal entries of the
diffusion matrix are negative, and hence all off-diagonal entries of the ma-
trix A are nonpositive in the strongly diffusion-dominated case (precisely, if
€ 2 |1bllg.oo0 b (tany)/3). In this case, all entries of the artificial diffusion
matrix D vanish, and hence the AFC method (40) reduces to the original linear
method (36). Consequently, the standard O(h) error estimate of ||u — us|;, is
valid.

(¢) 0n = /2, again a particular case of (a) which may happen, e.g., if 7}, consists
of right-angled triangles. Then some off-diagonal entries of the diffusion matrix
vanish, and hence the corresponding entries d;; do not vanish in general. Thus,
if 6, = 7/2 for all F, in the family of triangulations, then, in contrast to the
previous case, the AFC method (40) does not reduce to the original linear
method (36) for h — 0.

(d) 6, > /2, i.e., T is not of Delaunay type, which implies that 9}, contains
obtuse triangles (with an angle > 7/2). In this case, some off-diagonal entries
of the diffusion matrix are positive, and hence the estimate (53) cannot be
improved in general. Indeed, if 6;; > 7/2 and € > [|b[|y ., o h|tan ;5| then
|dij| > €|cot8;;|/3. Thus, if the mesh is not of Delaunay type, the results
presented in this work do not prove convergence of the method, which will
be also confirmed by numerical experiments presented in section 8. Note also
that, in this case, the results of section 5 are not valid for the AFC scheme
considered in this section.
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It is worth remarking that these last results are the best that can be obtained
using the general approach described in the previous sections, combined with the
choice for limiters a;; from section 4. As a matter of fact, the algebraic construction
of the method has been carried out using a rather general splitting of the stiffness
matrix. Now, for the convection-diffusion equation, the lack of convergence of the
method for non-Delaunay meshes can be overcome by changing the way the matrix D
is built. In fact, if instead of using the whole stiffness matrix to build DD, we use only
the convection matrix to build it, that is,

(54) dij = —max{(b- Ve, ©i),0,(b- Ve, SDj)} Vi#j;
then the estimate (51) in Lemma 16 becomes
dh(wh;ihu,ihu) <C ”bHO,oo,Q h \ihu\ig YV wy € Wi, u € C(ﬁ) .

This leads to an O(v/h) estimate of ||u — up,, even on non-Delaunay meshes in the
diffusion-dominated regime. An alternative way to solve this would be to change
the definition of the limiters «;; to make them more suitable for diffusion problems.
Examples of limiters suitable for diffusion problems can be found, e.g., in [8, 19], but
their applicability to convection-dominated problems has yet to be explored.

We finally mention that numerical results in section 8 indicate that the estimates
of dp(wp; ipu,ipu) discussed above are sharp. Note, however, that the only properties
of the coefficients o;; used in the proof of Lemma 16 were the fact that their values
are from the interval [0,1] and that «;; = «j;. If the coefficients «;; are defined
as in section 4, then in the convection-dominated regime, better convergence rates
are observed than those predicted by estimate (52). Some deeper analysis of this
choice of a;; might lead to an improved estimate of dj, (wp; inu, ipu) in the convection-
dominated case.

Remark 19. We finish this section by making some comments on the stability of
the nonlinear discretization (40) with W}, defined in section 7. Our objective is to
show that this formulation can be viewed as a way of adding numerical diffusion to
the Galerkin discretization. We restrict our discussion to the two-dimensional case,
but the results can be extended to three space dimensions. First, given u; € Wy,
we divide the triangulation 9}, as 7}, = 93 U 95, where 97 and 9% are disjoint and
T € 7 if and only if for at least two edges of T' we have (1 — a;;(up))|d;;| > 0. We
will denote by o, the minimum value of these nonzero quantities. Typically, 1" will
belong to 77 if there is an extremum of uy, in a vertex of T or if uy, has a layer through
T. Then from the proof of Lemma 1, and using a scaling argument, it is not difficult
to realize that for any v, € W,

N
1
dp,(un; vhs vp) = B Z (1 — oy (un)) Idij] (vi = v;)?

i,j=1
> 1 . N2 > (O 2
<13 Qp (”z_UJ) Z Qr |Uh|1,T-
TeI xi,x; €T TeT

Note that for simplicity, we used the inequality

9 1

(v —vj)* + (v; —vg)® > 3 ((vi —v;)* 4 (v —or)* + (vk —vi)?) Vi, j k.
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Then, AFC methods add numerical diffusion on certain elements of the triangulation,
namely, the elements which contain extrema of the discrete solution or lie in its layer
regions.

In addition, we can also compare this last result with a parameter-free stabilized
method proposed in [3]. That method is based on rewriting the gradient of the Py
basis functions in terms of the Nédélec edge FEM. More precisely, the stabilization
term added to the Galerkin formulation in [3] reads as follows:

(55) Q(un, vn) = (O, (un), Oy (vn))

with

(56) Ou(un) = Y Op (un(wp1) — un(wps)) N,
Beé

where &, stands for the set of edges of the triangulation 9}, xg1, v are the end
points of an edge E, and Ny stands for the basis function of the Nédélec space
associated to E. In (56), 0 is a positive parameter depending on the edge Péclet
number (for details, see [3, egs. (2.14) and (2.10)]). With these definitions, the term
defined in (55) satisfies

Qun,un) = Y Op 0w (un(wp1) — un(wps)) (un(@pn) — un(@p)) (N g, Np)

E,E'€&y
~ N B2 (0 (un(ep) — un(zs2)))?,
Eeé&y,

where by =~ we mean that both terms bound each other with constants that do
not depend on h. Then we see that the method from [3] can be seen as well as a
“linearized” version of (40) (where we choose o, ; in such a way that (1—a,;(un))|d;;| =
62 |E|%2 for every edge E). This also explains the fact that only O(v/h) convergence
has been obtained in Table 1 (where we choose a;;(un) = 0.5 for every edge). As a

matter of fact, that was the order of convergence proven in [3].

8. Numerical results. This section presents numerical results obtained with
the AFC scheme applied to the convection-diffusion-reaction equation (44). For the
sake of brevity, the presentation is restricted to studies of the convergence of the
method for the following example with smooth solution. Results for an example with
layers can be found, e.g., in [1].

Ezample 20. Problem (44) is considered with Q = (0,1)2, with different values of
g, and with b = (3,2)7, ¢ =1, u; = 0, and the right-hand side g chosen such that

u(z,y) =1002% (1 —2)%y (1 —y) (1 - 2y)
is the solution of (44).

In the numerical simulations, P finite elements were used on triangular grids.
Mass lumping (cf. (45)) was performed for the reactive term, but only very small
differences could be observed compared to results obtained without mass lumping. If
z; is a Dirichlet node, we set R} := 1, R; := 1, leading to a;; = 1 if aj; < a;;; see
section 4. Concerning the errors in | - ||,,, qualitatively the same results were obtained
with and without this definition. However, the errors in other norms of interest were
sometimes clearly smaller with this definition, and we decided to present these better
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Fic. 1. Grids 1-5 (left to right), level 0. The differences between grid 4 and grid 5 are described
in the text.

results. The nonlinear discrete equations were solved with a fixed-point iteration with
Anderson acceleration [21]. The iterations were stopped when the Euclidean norm of
the residual vector was smaller than 1072, All simulations were double-checked by
computing them with two different codes, one of which was MooNMD [9)].

Simulations were performed on several structured and unstructured grids; see
Figure 1 for the coarsest grids (level 0). Grids 1, 2, and 3 were refined uniformly.
Grid 4 was obtained from grid 1 by changing the directions of the diagonals in even
rows of squares (from below). Grid 5 was obtained from grid 4 by shifting interior
nodes to the right by a tenth of the horizontal mesh width on each even horizontal
mesh line. Therefore, for any diagonal edge F;; of grid 5, the value 6;; introduced in
Remark 18 satisfies 6;; > /2.

Considering a problem without reaction, i.e., with ¢ = 0 instead of ¢ = 1, and
otherwise the same setup, one obtains qualitatively the same results as below. For
the sake of brevity, we omit the results for ¢ = 0.

8.1. Constant weights «;;. The case of constant weights a;; = 0.5 (with
the modification at Dirichlet nodes mentioned above) fits into the presented error
analysis. Fixing the weights independently of the approximate solution w, replaces
the nonlinear problem (13), (14) by a linear problem, which is essentially a stabilized
method adding first-order artificial diffusion to the original problem (1), (2). Then,
some suboptimal convergence results are to be expected. Table 1 shows numerical
results obtained in the convection-dominated regime for grid 1. In the first row of
the table, we use the following notation: [ is the grid level, e, = u — up, d,ll/2 (up) =
dp(un;inu,ipu)'/?, and “ord.” denotes experimental convergence orders computed
from values in the preceding column. The results in Table 1 indicate that the estimate
(52) of dp(wp;ipu, ipu) and also the estimate for ||u — up||n given in Corollary 17 are
sharp.

TABLE 1
Ezample 20, ¢ = 10~8, numerical results for grid 5 and constant weights Q-

llenllo,o  ord. lenl1,0  ord. d;L 2(uh) ord. ||€h||h ord.
2.622e—2  0.66 7.668e—1 0.11 2.722e—1 0.43 9.666e—2  0.57
1.527e—2 0.78 7.02le—1 0.13 1.975e—1 0.46 6.397e—2 0.60
8.260e—3 0.89 6.489e¢—1 0.11 1.415e—1 0.48 4.274e—2 0.58
4.295e—3 0.94 6.149e—1 0.08 1.008e—1 0.49 2.912¢e—2 0.55
2.189e—3 0.97 5.956e—1 0.05 7.150e—2 0.50 2.015e—2 0.53
1.105e—3 0.99 5.854e—1 0.02 5.065e—2 0.50 1.408e—2 0.52

0 O Ut W~

8.2. Weights computed with the algorithm from section 4. As already
mentioned, the computation of the weights as presented in section 4 is a standard
choice in practice. For the convection-dominated regime, numerical results are
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presented in Tables 2-6. It can be observed that the order of convergence of ||u—us||,
is around two on grid 1 and around one for all other simulations. The errors ||u—usl|, o
and [u—usl; g behave differently on different grids. For grid 1, which is of Friedrichs—
Keller type (it consists of three sets of parallel lines), one can see the optimal order of
convergence for [[u — sl o and also the convergence of |u —up|, ¢ is almost optimal.
For grids 2-5, the orders of convergence of ||u — usllg o and |u — up|; o are clearly
smaller than the optimal order. Moreover, for grids 4 and 5, the convergence order of
|u — un|; o tends to zero for h — 0.

TABLE 2
Ezample 20, € = 10~8, numerical results for grid 1 and a;j; from section 4.

lenlloe  ord. lenlio  ord.  dy*(us)  ord. llenlln  ord.
5.457e—3 1.85 2.287e—1 1.10 1.112e—1 0.97 1.163e—2 2.11
1.408e—3 1.95 1.074e—1 1.09 5.317e—2 1.06 2.683e—3 2.12
3.493e—4 2.01 5.113e—2 1.07 2.472e—2 1.11 6.410e—4 2.07
8.652e—5 2.01 2.546e—2 1.01 1.158e—2 1.09 1.633e—4 1.97
2.152e—5 2.01 1.321e—2 0.95 5.533e—3 1.07 4.099e—5 1.99
5.357e—6 2.01 6.822e¢—3 0.95 2.685e—3 1.04 1.018e—5 2.01

0 O Ut W~

TABLE 3
Ezample 20, € = 10~8, numerical results for grid 2 and a;j; from section 4.

172
llerllo,o  ord. lenl1,0  ord. dy (up) ord. llenlln  ord.

8.533e—3 1.86 2.90le—1 1.00 1.236e—1 1.03 1.855e—2 1.91
2.516e—3 1.76  1.954e—1 0.57 5.884e—2 1.07 6.065e—3 1.61
8.369e—4 1.59 1.380e—1 0.50 2.80le—2 1.07 2.640e—3 1.20
2.891e—4 1.53 1.03le—1 0.42 1.356e—2 1.05 1.254e—3 1.07
1.103e—4 1.39 7.865e—2 0.39 6.638e—3 1.03 5.938e—4 1.08
4.136e—5 1.42 6.524e—2 0.27 3.263e—3 1.02 2.924e—4 1.02
1.539e—5 1.43 5.768e—2 0.18 1.618e—3 1.01 1.436e—4 1.03

© 00O Uk W~

In summary, in the convection-dominated regime, the numerical studies for the
choice of the weights as presented in section 4 show a higher order of error reduction
than in the worst case which was considered in the analysis. The difference with
respect to the numerical studies of section 8.1 is the behavior of the weights. They
do not stay constant but converge in the mean to 1; see Table 7 which shows a
representative result for the arithmetic mean value of {1 — a;;(up)}. This indicates
that the estimate 1 — c;;(up) < 1 used in the proof of Lemma 16 is too rough in some
cases.

For the diffusion-dominated regime, numerical results are presented in
Tables 8-10. For grid 1, the convergence orders of [[u—wus|y o and [u—usl; ; are again
optimal, but for grid 4 only |u — usl; o is still optimal, whereas dp (up; ipu, ipu)'/?
converges with the order 1/2. For grid 5, no convergence is observed. The observa-
tions with respect to convergence orders of dj (up;inu, ihu)l/2 on grids 4 and 5 are in
accordance with the discussion in Remark 18. If the matrix D is defined using the
convection matrix only (i.e., by (54)), then on grids 1 and 4 the results qualitatively
do not change, whereas on grid 5, we observe an analogous behavior as on grid 4; see
Table 11.
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TABLE 4
Ezample 20, € = 10~8, numerical results for grid 3 and a;j from section 4.

llenllo,o  ord. lenl1,0  ord. d,ll 2(uh) ord. llenlln,  ord.
6.125e—3 1.61 3.202e—1 0.71 9.189e—2 1.05 1.569e—2 1.81
2.216e—3 1.47  2.244e—1 0.51 4.488e—2 1.03 6.502e—3 1.27
9.946e—4 1.16 1.821e—1 0.30 2.224e—2 1.01 3.376e—3  0.95
4.993e—4  0.99 1.559e—1 0.22 1.124e—2 0.98 1.802¢e—3 0.91
2.519e—4  0.99 1.375e—1 0.18 5.676e—3 0.98 9.649e—4 0.90
1.277e—4 0.98 1.231le—1 0.16 2.871le—3 0.98 5.099¢e—4 0.92

0 O Ut W~

TABLE 5
Ezample 20, € = 10~8, numerical results for grid 4 and a;j; from section 4.

172
llenllo,o  ord. lenl1,0  ord. dy (up) ord. llenlln,  ord.

6.383e—3 1.70 4.826e—1 0.31 9.814e—2 1.06 2.143e—2 1.45
2.313e—3 1.46 4.543e—1 0.09 4.34le—2 1.18 9.455e—3 1.18
1.089e—3 1.09 4.434e—1 0.03 1.830e—2 1.25 4.469e—3 1.08
5.527e—4 0.98 4.36le—1 0.02 8.276e—3 1.14 2.176e—3 1.04
2.817e—4  0.97 4.320e—1 0.01 3.926e—3 1.08 1.077e—3 1.01
1.425e—4 0.98 4.297e—1 0.01 1.915e—3 1.04 5.38le—4 1.00

0 O Utk W~

TABLE 6
Example 20, e = 10~8, numerical results for grid 5 and a;; from section 4.

llenllo,o  ord. lenlio  ord.  d/*(u) ord. llenlln  ord.
6.925e—3 1.66 5.638e—1 0.25 9.992¢e—2 1.06 2.486e—2 1.37
2.687e—3 1.37 5.395e—1 0.06 4.405e—2 1.18 1.140e—2 1.12
1.304e—3 1.04 5.294e—1 0.03 1.896e—2 1.22 5.491e—3 1.05
6.645e—4  0.97 5.225e—1 0.02 8.792e—3 1.11 2.711le—3 1.02
3.382e—4  0.97 5.186e—1 0.01 4.235e—3 1.05 1.349¢e—3 1.01
1.708e—4 0.99 5.164e—1 0.01 2.083e—3 1.02 6.755e—4 1.00

00 O Utk W~

TABLE 7
Ezample 20, e = 1078, grid 1, arithmetic mean of {1 — a;;(up)} with a;; from section 4.

Level 3 4 5 6 7 8
1—a(up) | 1.09e—1 5.94e—2 3.16e—2 1.73e—2 9.60e—3 5.27¢—3
Order 0.83 0.87 0.91 0.87 0.85 0.87

9. Summary and outlook. An algebraic flux correction (AFC) scheme applied
to linear boundary value problems was analyzed. The existence of a solution, existence
and uniqueness of a solution of a linearized problem, and an a priori error estimate
were proved under rather general assumptions on the limiters c;;. To the best of
our knowledge, this is the first time that convergence analysis of an AFC scheme
was performed. For a practical choice of the limiters, a local discrete maximum
principle was proved. The theory for the abstract problem was applied to steady-
state convection-diffusion-reaction equations, where in particular an error estimate
was derived. Numerical studies showed that this estimate is sharp for the general
assumptions on the limiters used in the analysis. Using the standard limiters, a
higher order of convergence was observed than predicted.

As a next step we intend to specialize the convergence results to the standard
limiters. This step requires an analysis of the algorithm presented in section 4, which
seems to be intricate due to the dependency of the limiters on the solution of the
discrete problem. From the numerical aspect, the observed dependency of errors in
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Example 20, € = 10, numerical results for grid 1 and «;; from section 4.
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l llerllo,o  ord. lenl1,0  ord. di 2(uh) ord. llenlln  ord.
3 | 2.148¢e—3 1.98 1.757e—1 0.99 1.144e—1 1.00 5.557e—1 0.99
4 | 5.379e—4 2.00 8.799e—2 1.00 5.643e—2 1.02 2.783e—1 1.00
5 | 1.345e—4 2.00 4.40le—2 1.00 2.792¢e—2 1.02 1.392e—1 1.00
6 | 3.360e—5 2.00 2.20le—2 1.00 1.387e—2 1.01 6.960e—2 1.00
7 | 8.398e—6 2.00 1.100e—2 1.00 6.912¢e—3 1.00 3.480e—2 1.00
TABLE 9
Example 20, € = 10, numerical results for grid 4 and «;j from section 4.
l llerllo,o  ord. lenl1,0  ord. di 2(uh) ord. llenlln  ord.
3 | 2.187e—3 1.89 1.756e—1 0.99 1.983e—1 0.37 5.554e—1 0.99
4 | 6.209e—4 1.82 8.800e—2 1.00 1.473e—1 0.43 2.783e—1 1.00
5 | 1.940e—4 1.68 4.402¢e—2 1.00 1.069e—1 0.46 1.392e—1 1.00
6 | 6.899e—5 1.49 2.20le—2 1.00 7.657e—2 0.48 6.96le—2 1.00
7 | 2.789e—5 1.31 1.10le—2 1.00 5.450e—2 0.49 3.481e—2 1.00
8 | 1.239e—5 1.17 5.503e—3 1.00 3.867e—2 0.50 1.740e—2 1.00
TABLE 10

Ezxample 20, € = 10, numerical results for grid 5 and a;; from section 4.

d,l1 2(uh) ord.
1.317e4+0 -0.03
1.316e+4-0 0.00
1.313e+4-0 0.00
1.312e4-0 0.00
1.311e+40 0.00
1.310e+4-0 0.00

llenlln  ord.
7.211e—1  0.77
5.135e—1 0.49
4.452e—1  0.21
4.259e—1  0.06
4.207e—1  0.02
4.193e—1  0.00

llenllo,  ord. lenli,o  ord.
1.248e—2  0.48 2.229e—1 0.79
1.123e—2 0.15 1.558e—1 0.52
1.090e—2 0.04 1.333e—1 0.22
1.080e—2 0.01 1.269e—1 0.07
1.077e—2 0.00 1.252e—1 0.02
1.076e—2  0.00 1.248e—1 0.00

00 O Uk W~

TABLE 11
Ezample 20, € = 10, numerical results for grid 5, o;; from section 4, and d;j defined by (54)
instead of (9).

enli.o ord. d? Up, ord.
> h

1.849e—1 0.98 1.58le—1 0.74
9.275e—2  1.00 1.040e—1 0.60
4.642e—2 1.00 7.244e—2 0.52
2.322e—2 1.00 5.105e—2  0.50
1.161e—2 1.00 3.607e—2 0.50
5.806e—3  1.00 2.550e—2  0.50

llenlln  ord.
5.846e—1 0.98
2.933e—1 1.00
1.468e—1 1.00
7.343e—2 1.00
3.672e—2 1.00
1.836e—2 1.00

llenllo,o  ord.
2.319e—3 1.94
6.098¢—4 1.93
1.676e—4  1.86
4.979¢e—5 1.75
1.659e—5  1.59
6.302e—6  1.40

0 O Ut W~

standard norms on the concrete grid is remarkable. Comprehensive numerical studies
that clarify which types of grids should be used and which types should be avoided
are necessary, and this will be the subject of future research.

Appendix. For completeness, we report the proofs of some classical results on
the relation between M-matrices and discrete maximum principles.

LEMMA 21. Let us consider a matriz (a”);zll% with 0 < M < N, and let
ai; >0 fori=1,...,M. Then (5) holds for any ui,...,un € R if and only if the
conditions (6) and (8) are satisfied.

Proof. Let us assume that at least one of the conditions (6) and (8) is not valid.
We will construct a counterexample to the validity of (5). If (6) does not hold, i.e., if
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a;r, > 0 for some i € {1,...,M} and k € {1,..., N}, k # 4, then we set
wi=1, wp=——E u;=0 Vje{l,....N} j#ik.
(275
Then u; < 0, and hence max{u;;j#i, a;; # 0} = 0 < u;, whereas Z;N:1 Qij uj =

ai; u; + ai up, = 0 so that (5) does not hold. If (8) is not valid, i.e., if Z;VZI ai; <0
for some ¢ € {1,..., M}, then we set

N
1
=1 =1 Vje{l,....N}, j#i.
u aii;a] u;j jed )

Then max{u i J #14, a;5 # 0} =1 < u;, whereas Z _q QiU = Z;\Ll aij + ai; (u; —
1) =0 so that again (5) does not hold. This proves that the validity of (5) for any
u,...,uny € R implies (6) and (8).

Now let us assume that the conditions (6) and ( ) are satisfied. Consider any
i€{l,...,M} and any uy,...,uny € R such that Z _1 aij u; < 0. Setting

c:= max ul,
J#i ai;#0 7
one has
N N N
(57) i s < Z —ai;) u Z —aij5) —c)+ Z (—aij)c
— -1 ji=1
j 75 i 75 i JjF
N
Z alj < caij,
=1
76 7
which implies that u; < c. |

LEMMA 22. Let us consider a matriz (au) - % with 0 < M < N, and let
ai; >0 fori=1,...,M. Then (4) holds for any ul,.. ,uy € R if and only if the
conditions (6) and (7) are satisfied.

Proof. Let us assume that at least one of the conditions (6) and (7) is not valid.
Since the counterexamples from the proof of Lemma 21 can be used also here, it
suffices to consider the case when Z _, a5 >0 for some i€ {1,...,M}. We set

N
1

i=—14+ — =-1 Vje{l,..., N}, j#i.

u +aiiZa] U Jjed hF

Then max{u;; j # i, a;; # 0} = —1 < w;, whereas Zjvzl Qi u; = —Z;V:l ai; +
ai; (u; +1) = 0 so that (4) does not hold. This proves that the validity of (4) for any
uy,...,uny € R implies (6) and (7).

Now let us assume that the conditions (6) and (7) are satisfied. Consider any
i€{l,...,M} and any uy,...,uny € R such that Z;.V:l a;juj < 0. Setting

c:= max uj,
J#i, ai;#0

statement (57) remains valid (the last < can be changed to =), and hence u; < e¢. O
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This work is devoted to the proposal of a new flux limiter that makes the algebraic flux
correction finite element scheme linearity and positivity preserving on general simplicial
meshes. Minimal assumptions on the limiter are given in order to guarantee the validity
of the discrete maximum principle, and then a precise definition of it is proposed and
analyzed. Numerical results for convection-diffusion problems confirm the theory.
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1. Introduction

The numerical stability of a convection-diffusion equation is, for the most part, due
to the presence of the diffusion term. Then, when convection dominates diffusion,
it is natural to expect that instabilities appear in the numerical solution. These
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instabilities result in the presence of large over and undershoots, which are a sign
of a violation of the discrete maximum principle (DMP). To correct the violation
of the DMP, many methods have been proposed and analyzed over the years. The
first attempt was to add enough numerical diffusion to make the problem diffusion-
dominated, and then the DMP follows under appropriate assumptions (see, e.g.,
Ref. 23). This crude strategy leads to numerical results which are extremely diffu-
sive, and then not usable in practice. This fact motivated the introduction of the
so-called shock-capturing methods, which are characterized by adding an extra term
to the discrete formulation. This extra term contains a viscosity coefficient which is
solution-dependent, hence making the method nonlinear (see Ref. 21 for a review).
Nonlinear discretizations are not necessarily guaranteed to preserve the DMP, and,
to the best of our knowledge, the first one was the work of Ref. 31. Later approaches
include Refs. 9, 11, 3, 4, 14, 5.

All the above-mentioned references share two main hypotheses, namely, the need
to use first-order polynomials, and certain assumptions on the mesh. More precisely,
in the two-dimensional case the mesh is supposed to be a Delaunay one. This restric-
tion can be tracked back to the first work concerning the validity of the DMP, even
for a Laplace equation, i.e., the work of Ref. 13. Since then, several generalizations
and attempts to overcome that restriction have been done. For example, in Ref. 10
an anisotropic Laplacian was added to the formulation, and the DMP can be proved
for more general cases. More recently, in the context of hyperbolic equations, the
works of Refs. 18, 17 propose methods that can overcome this restriction, while at
the same time providing approximations that converge to the entropy solution. It
is important to remark that these last references’ possible extension to the case in
which diffusion is present in the equations does not seem to be an easy task.

One particular nonlinear discretization, designed to satisfy the DMP by con-
struction, is the one known as Algebraic Flux Correction (AFC) method. The ori-
gins of this method can be tracked back to Refs. 8, 33, and it has enjoyed active
development in the last decade thanks to the work of D. Kuzmin and co-workers
(see Refs. 24, 25, 26, 27, 28, and Ref. 29 for a recent review). This class of meth-
ods, unlike previous discretizations, is not based on a variational formulation of
the problem, but rather on a restatement of the resulting linear system in which
the right-hand side is written as the sum of antidiffusive fluxes. This restatement
shows that these fluxes are responsible for the violation of the DMP, and then AFC
schemes limit them using solution-dependent limiters. Despite the fact of providing
good numerical results (apart from the above-cited references, see also the review
works of Refs. 22, 1 for some further numerical results), until very recently, no
mathematical analysis had been carried out for the AFC schemes. The first works
in this direction are, to the best of our knowledge, Refs. 6, 7. Surprisingly, the proof
of the DMP given in Ref. 7 also requires the use of a Delaunay mesh. Then, despite
the fact that the geometry of the mesh does not enter explicitly in the definition
of the AFC methods, some results on them still depend on the geometry of the
mesh. This fact motivates the search for modifications of the limiters that generate
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methods satisfying the DMP on general meshes.

Another important property that is often required for numerical discretizations
is the so-called linearity preservation. This property demands that the modification
added to the formulation vanishes if the solution is a polynomial of degree 1 (at
least locally). This restriction, which can be interpreted as a weak consistency re-
quirement, is believed to lead to improved accuracy in regions where the solution is
smooth. In fact, in previous works, linearity preservation was linked to good con-
vergence properties for diffusion problems (see, e.g., Refs. 20, 30). Even if this is a
requirement that may seem natural, this condition was proposed in a very heuristic
manner. As a matter of fact, in many works the proposed method has been claimed
to be linearity preserving, but a proof of this fact is just hinted, or even lacking.
In addition, although this property, so far, has not been proved mathematically to
be a sufficient, or even a necessary, condition for good numerical behavior, it has
been observed in different works (see, e.g., Ref. 12, and, especially, the introduction
in Ref. 15 for a discussion), that linearity preservation improves the quality of the
numerical solution on distorted meshes.

Based on the above considerations, our main objective in this work is to propose
a definition of the limiters in an AFC method for a convection-diffusion-reaction
equation that achieves two main goals: satisfaction of the DMP and linearity preser-
vation, both on general simplicial meshes. To achieve this, we write down the main
requirements to be satisfied by the limiters, and proceed to modify the algorithm
proposed in Ref. 28 in such a way that these two properties are valid on general
meshes. More precisely, the limiters from Ref. 28 are modified with factors that de-
pend on the geometry of the elements that share a given node of the triangulation.
Hence, this approach introduces explicit geometric information about the mesh into
the algorithm.

Numerical studies will support the analytical results. In addition they show
that the numerical solutions obtained with the new limiter possess further desirable
properties compared with the solutions computed with the limiter from Ref. 25,
which is considered to be a method of choice: it exhibits optimal convergence on
distorted meshes in the diffusion-dominated regime and a sharper layer is obtained
in a standard test problem for the convection-dominated case.

It is worth mentioning that methods of AFC type we have found in the literature
do not satisfy the objectives of our paper in the required generality. For example,
the techniques of Ref. 28, used as a basis for our method, are proved to be linearity
preserving only on symmetric meshes as we discuss in Remark 6.3 below. The
method recently presented in Ref. 5 has been proved to preserve the DMP only
for meshes that satisfy the condition of Xu & Zikatanov®?, and this condition is
sharp when the diffusion dominates. The linearity preservation of this method is
again restricted to symmetric meshes. An alternative making the method linearity
preserving for more general meshes requires solving an optimization problem for
each interior node of the mesh, thus rendering the method more involved. Very
recently, another monotone and linearity preserving method was proposed in Ref. 2
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for conservation laws. However, it is not clear whether the DMP still holds when this
method is applied to a convection-diffusion-reaction equation, which is our problem
of interest. Moreover, the authors of Ref. 2 propose to use a regularization strategy
to make the method twice differentiable and hence suitable for applying Newton’s
method but then the linearity preservation property is lost. Thus, to the best of our
knowledge, the method presented in this paper is the first method that satisfies both
the DMP and linearity preservation on general simplicial meshes, when the equation
under consideration is a convection-diffusion-reaction equation. In particular, as a
special result, a monotone and linearity preserving discretization of the Poisson
equation on general simplicial meshes is obtained.

The rest of the paper is organized as follows. In Sec. 2, AFC schemes are pre-
sented in their most general form. Then, the minimal requirements on the limiter
in order to satisfy the DMP are laid down in Sec. 3. Our concrete proposal for the
limiter is given in Sec. 4. Sec. 5 is devoted to the application of the AFC scheme to
the convection-diffusion-reaction equation and its analysis. The final ingredient in
the definition of the limiter, namely, the computation of the multiplicative factor
introduced in order to make the method linearity preserving, is presented in Sec. 6.
Finally, some numerical results supporting our claims are given in Sec. 7.

2. An Algebraic Flux Correction Scheme

Consider a linear boundary value problem for which the maximum principle holds.
Let us discretize this problem by the finite element method. Then, the discrete
solution can be represented by a vector U € RY of its coefficients with respect to
a basis of the respective finite element space. Let us assume that the last N — M
components of U (0 < M < N) correspond to nodes where Dirichlet boundary
conditions are prescribed whereas the first M components of U are computed using
the finite element discretization of the underlying partial differential equation. Then

U = (uy,...,uy) satisfies a system of linear equations of the form
N
Zaijuj:gi, Z.:l,...7]\47 (21)
j=1
w=ul, i=M+1,...,N. (2.2)
We assume that the matrix (a;;)/%_, is positive definite, i.e.,
M
> wiaiju; >0V (ur,... un) € RMA {0} (2.3)
ij=1

To introduce an algebraic flux correction scheme, we first extend the matrix

of (2.1) to a matrix A = (aij)%:r

element matrix corresponding to the above-mentioned finite element discretization

For example, one can simply use the finite

in the case when homogeneous natural boundary conditions are used instead of the
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Dirichlet ones. We shall consider this matrix with the following modification:
aj; =0 if a;; <0, i=1,....M,j=M+1,...,N. (24)

This reduces the amount of artificial diffusion introduced by the matrix D defined
next.

Using the matrix A = (az‘j)%:p
matrix D = (dij)szl with entries

we introduce a symmetric artificial diffusion

dij = dji = — max{aij, 0, ajl-} V1 7£ j, d” = — Z dij . (25)
J#i

This definition guarantees that the matrix A :=A+D has positive diagonal entries
and non-positive off-diagonal entries. If, in addition,

N
> ai; >0, i=1,...,M, (2.6)
j=1

then the matrix A satisfies sufficient conditions to preserve the discrete maximum
principle. Note that the property (2.6) is usually satisfied by finite element dis-
cretizations of elliptic equations arising in applications.

Going back to the solution of (2.1), this system is equivalent to

(AU); =g+ (DU);, i=1,...,M. (2.7)
Since the row sums of the matrix D vanish, it follows that

DU) =Y fij, i=1,...,N,
J#i
where f;; = d;; (u; —u;). Clearly, fi; = —f;; for all¢,j =1,..., N. The idea of the
algebraic flux correction scheme is to limit those anti-diffusive fluxes f;; that would

otherwise cause spurious oscillations. To this end, system (2.1) (or, equivalently,
(2.7)) is replaced by

(AU)i:gi“‘Zaijfijv 1=1,...,M, (2'8)
J#i

with solution-dependent correction factors a;; € [0,1]. For o;; = 1, the original
system (2.1) is recovered. Hence, intuitively, the coefficients «;; should be as close
to 1 as possible to limit the modifications of the original problem. So far, these
coefficients have been chosen in various ways, and their definition is always based
on the above fluxes f;;, see Refs. 24, 25, 26, 27, 28 for examples. To guarantee that
the resulting scheme is conservative, and to be able to show existence of solutions,
one should require that the coefficients «;; are symmetric, i.e.,

Q5 = Qg i,jZI,...,M. (29)
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Rewriting the equation (2.8) using the definition of the matrix A, one obtains
the following expression for the algebraic flux correction scheme:

N N
Zaijuj"‘Z(l_aij)dij(uj_Ui):gi7 i=1,....M, (2.10)
j=1 =1

u; = u?, i=M+1,...,N, (2.11)

where o = aj(u1,...,un) €[0,1], i =1,...,M, j=1,..., N, satisty (2.9).

The following theorem states sufficient conditions on the limiters «;; assuring
the solvability of the nonlinear discrete problem (2.10), (2.11). Our proposal for
such limiters will be given in Sec. 4.

Theorem 2.1. Let (2.3) hold. For any ¢« € {1,....M}, j € {1,...,N}, let
aij + RN — [0,1] be such that aij(uq,...,un)(u; — u;) is a continuous function
of ur,...,un. Finally, let the functions oyj satisfy (2.9). Then there exists a solu-
tion of the nonlinear problem (2.10), (2.11).

Proof. See Theorem 3.3 in Ref. 7. O

It is worth mentioning that the symmetry property (2.9) is necessary for the
validity of Theorem 2.1, see Ref. 6.

3. The Discrete Maximum Principle

As it was mentioned in the introduction, the main motivation of AFC schemes is
to respect the DMP. In this section, we state some minimal assumptions on the
limiters cy;; in order to satisfy this property.

Giveni € {1,..., M}, the discrete maximum principle will be formulated locally,
with respect to an index set S; C {1,..., N}. We assume that

Sio{je{l,....,N}\ {i} : a;; #0 or a;; >0}, i=1,...,M. (3.1)

The proof of the discrete maximum principle requires only that {c;;d;;},es, van-
ish if u; is a strict local extremum. More precisely, we assume that, for any
i€{l,...,M}and any U = (uy,...,uy) € RV, the limiters a;; satisfy

Ui > Uj VjeSs; or u; < Uj VjeSs; = Oé”(U)d”:O VjeSs;.

(3.2)

The matrix A will be supposed to satisfy (2.6). Then the only assumption on A
for proving the local discrete maximum principle at ¢ € {1,..., M} will be that

there exists j € {1,...,N}, j#1i : a;; <0 or a; < aj. (3.3)

Note that the diagonal entry a;; can be arbitrary. The condition (3.3) is typically
satisfied, in particular, by the matrix associated to a finite element discretization of
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the convection-diffusion equation (see Lemma 5.1 and Remark 5.2 below for details).
If (3.3) does not hold but

N
A; = Zaij >0, (34)
J=1

then still a slightly weaker statement on the DMP can be proved. If 4; = 0 and
ai; > 0 (as implied by (2.3)), then (3.3) is always satisfied.
With the above hypotheses, we prove the main result of this section.

Theorem 3.1. Let the matriz A satisfy (2.6) and let the limiters oy; satisfy (3.2).
Let (uy,...,un) € RY satisfy (2.10). Consider any i € {1,...,M}. If (3.3) holds,

one has
<0 = (zf u; > 0, then u; < m%x uj) , (3.5)
JES;
>0 = (zf u; <0, then u; > mi;l uj) . (3.6)
JES;

If A; > 0, one has

;<0 = (if w >0, then u; < max uj), (3.7)
JES;

;>0 = (if w <0, then u; > mi;l uj) . (3.8)
JES;

Consequently, if (3.3) holds or A; > 0, one has

<0 = u < IJIé%X u;r, (3.9)
>0 = wu > ;Iégl u; (3.10)
where u;r = max{0,u;} and u; := min{0,u;}.

Proof. Since d;; =0 for any ¢ € {1,..., M} and j & S; U {i}, the equation (2.10)
can be written in the form
Aiui—&—Z[a¢j+(1—a¢j(U))dij] (uj—ui):gi, iZI,...,M. (311)
JES:
Consider any i € {1,..., M} and let g; < 0 and u; > 0. Let us assume that u; > u,
for all j € S;. Then (3.11) and (3.2) imply that

Aju; + Z (aij + dm‘) (Uj —u;) =g - (3.12)

JES:
Due to the definition of d;; (cf. (2.5)), one has a;; + d;; < 0 for j # i. Moreover, if
(3.3) holds, there is a j € S; such that a;;+d;; < 0. Hence the left-hand side of (3.12)
is strictly positive, which is a contradiction. If A; > 0 and w; > 0, then (3.12) implies
that g; > A; u; > 0. This is, again, a contradiction. Therefore, there is a j € S; such
that w; < u;, which proves (3.5) and (3.7). The statements (3.6) and (3.8) follow
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in an analogous way. Finally, (3.9) and (3.10) are immediate consequences of the
preceding statements. O

Assuming equality instead of inequality in (2.6), the following stronger result
can be proved.

Theorem 3.2. Let the limiters o;; satisfy (3.2) and let (ui,...,un) € RN satisfy
(2.10). Consider any i € {1,...,M}. If A; =0 and (3.3) holds, then one has
;<0 = uigg%%)fujv
9>0 = uzZ%gluJ
Proof. The proof from the previous result can be applied, with the minor difference
that, since A; = 0, the restriction on the sign of u; is not needed. O

4. Definition of oy;

The last section imposed minimal conditions that the limiter ¢;; used in (2.10)
should satisfy in order to guarantee the discrete maximum principle. In this section
we design a limiter that fulfills those hypotheses. Additionally, we are interested in
proposing a limiter that makes the method linearity preserving on general simplicial
meshes. Our proposal is related to the one from Ref. 28 which is, however, not
proved to be linearity preserving on general meshes, see Remark 6.3. The main
difference between our proposal and the one from Ref. 28 is the definition of the
constant v; below, which will be later derived to impose linearity preservation on
general simplicial meshes. We shall show that it provides limiters that guarantee
the solvability of (2.10), (2.11), and the validity of the discrete maximum principle.
First, for any i € {1,..., M}, we set
WUy WAl ws L e ()
JES;
where S; is an index set satisfying (3.1) and 7; > 0 is a fixed constant, whose value
will be defined later (see (6.5) in Theorem 6.1). Furthermore, for any i € {1,..., M},
we set
Pr= "k Pr=)0 fs QF = ai(wi—a™), Q=g (wi —u™),
JES; JES:

and we define

Rj ::min{l,g;}, R = min{l,g;_}.
If Pi+ or P vanishes, we set Rj :=1or R := 1, respectively. Finally, we set
RP if fi; >0,
;=< 1 if fi; =0, i=1,...,M,j=1,...,N,

R; if fij <0,
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and define
Qij 1= min{&ij,&ji}, i,j = 1,...,]\47
aij::aij7 221,7M,]:M+1,,N

The symmetry condition (2.9) is guaranteed by the last step of this algorithm.

The following result shows that the above limiter satisfies (3.2). Then, the result-
ing method respects the discrete maximum principle, independently of the geometry
of the mesh, provided A satisfies (2.6) and at least one of the conditions (3.3) and
(3.4) for any i € {1,...,M}.

Lemma 4.1. The limiter c;; defined in this section satisfies (3.2).

Proof. Consider anyi € {1,...,M}and U = (uq,...,un) € RY such that u; > u;
for all j € S;. Then, u® = u; and hence Q] = 0. Choose any j € S; and let us
show that a;;(U)d;; = 0. It suffices to consider d;; # 0. But then f;; > 0 and hence
Pt >0, leading to R = 0. Consequently &;;(U) = 0, thus giving a;;(U) = 0. If
u; < uy for all j € S;, then the proof is analogous. O

In addition to the last lemma, the following result states that the limiter oy
satisfies the continuity conditions from Theorem 2.1, and hence problem (2.10),
(2.11) has a solution. Its proof is very similar to Lemma 4.1 in Ref. 7, and then we
give an abridged form of it for completeness.

Lemma 4.2. The coefficients a;; are such that ¢;;(U) = ay;(u1, ..., un)(u; —u;)
are continuous functions of ui,...,un on RV,

Proof. Consider any i € {1,...,M}, j € {1,...,N}. Let us first investigate the
continuity of a;;. It suffices to consider the case &;; # 1 (and hence d;; # 0 and
j€S;). Let U= {u;}¥, € RY. We first consider u; > u;. Then, f;; > 0 and one
obtains

_ in{ P QF ~

a;(U) = Rf = M with  Pr= Y fi.

|fw| + P keS\ {5}

Since u; > u;, there is a neighborhood of U where the denominator of the above
expression does not vanish, and then the function «;; is continuous in U. Now, if
uj > u;, by the same arguments one can deduce that oy, is continuous in U. Thus,
if u; # uj, then a;;, and therefore ¢;;, is continuous in U. Finally, if u; = u;, then
$ij(U) = 0. Let V = {v;}¥; € R¥. Then, since ;;(U) € [0, 1], one obtains
165 (V) =i (U)] = i3 (V)] = leis (V)] [ =il < Joj—uj—(vi—wi)] < V2[|[V=Ullg -
Then, ¢,;(V) — ¢;;(U) if V. — U and ¢;; is continuous in U. This finishes the
proof. O

We finish this section by making some comments on the choice of the factors ;
used in (4.1). First, the proof of the discrete maximum principle is independent of
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their values, and then, it can be applied for choices other than the one introduced
in this paper, e.g., the ones from Ref. 28. Once this is said, the actual value of
~; has two main impacts in the performance of the AFC scheme. First, if chosen
appropriately (as it will be done in Sec. 6 below), then it can be proved that the
resulting scheme is linearity preserving on general simplicial meshes. Second, it
influences the amount of artificial diffusion added by the AFC term to the original
system (2.1). If ;’s are increased, then more limiters «;; will be equal to 1 and
hence less artificial diffusion will be added. If +;’s are decreased, then more limiters
a; will be smaller than 1 and hence more artificial diffusion will be added. Thus,
to reduce smearing of approximate solutions represented by the values uy,...,uy,
large values of ~;’s are convenient. The downside of this is that, for large values
of 7;’s, the limiters a;j(u1,...,un) change very rapidly near local extrema in u;
and hence the numerical solution of the nonlinear algebraic problem becomes more
involved.

5. The AFC Scheme for Convection-Diffusion-Reaction Equations

Let Q ¢ R?%, d = 2,3, be a bounded polyhedral domain with Lipschitz boundary.
Let us consider the steady-state convection-diffusion-reaction equation

—cAu+b-Vu+cu=g in(Q, u=mup on JQ, (5.1)

where € € (0,g0) with g9 < +00 is a constant, and b € W1>(Q)%, ¢ € L>(Q),
g € L2(Q), and u, € H2 (8Q) N C(9N) are given functions satisfying

V:-b=0, c>o09>0 in Q,

where o is a constant. The weak solution of (5.1) is a function u € H!(Q) such
that © = u, on 052 and

a(u,v) = (g,v) Vv e Hy(Q), (5:2)
with
a(u,v) = e (Vu, Vo) + (b- Vu,v) + (cu,v).

Here we adopt the usual notation for Sobolev spaces. In particular, (-,-) denotes
the inner product in L2(£2) or L?(2)?. Since ¢ > 0 in Q and b is solenoidal, then

a(v,v) > |lofl; Y we Hy(Q), (5.3)
with
[oll7 = e[vlF o + o0 l|v]l5.o-

It is well known that the weak solution of (5.1) exists, is unique, and satisfies the
maximum principle (cf. Ref. 16).

Let .7, belong to a regular family of triangulations of Q consisting of simplices.
We introduce the finite element spaces

WhZ{’l}hEC(ﬁ) : Uh‘TE[Pl(T) VTE%}, VhZWhﬁHé(Q),
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consisting of continuous piecewise linear functions. From now on, we denote by
x1,...,oN the vertices of the triangulation .75, and assume that x1,...,z) € Q
and xpr41,..., 25y € 0. Furthermore, we denote by ¢1,...,@n the usual basis
functions of W}, i.e., we assume that ¢;(x;) = 0,5, 4,7 = 1,..., N, where §;; is the
Kronecker symbol. Then the functions 1, ..., @y form a basis in Vj.

Now, an approximate solution of the variational problem (5.2) can be introduced
as the solution of the following finite-dimensional problem:

Find up, € W), such that up(z;) = up(x;), i =M +1,..., N, and

a(up,vp) = (g,vn) Voo, € V. (5.4)
We denote
aij:a(apj,api), i,jzl,...,N, (55)
gz:(g7wz)a ZzlaaMa (56)
ub = uy(z;) 1=M+1,...,N. (5.7)

Then uy, solves (5.4) if and only if its coefficient vector with respect to the basis
of W}, satisfies the relations (2.1) and (2.2). The bilinear form a defines the matrix
A = (az;)};—; whose entries are given by (5.5) and (2.4). Finally, thanks to (5.3) the
matrix (a;;)}%_; satisfies (2.3), and it follows that the problem (5.4) has a unique
solution.

The artificial diffusion matrix D = (d;;);Y;_, is defined using (2.5). We introduce
the nonlinear form

N
dnwiz,0) = 37 (1= ag (W) dij () — (@) v(ws) Vw20 e C@),
ij=1
with a;;(w) = a;;({w(z;)}Y ;). Then the corresponding flux correction scheme

(2.10), (2.11) can be rewritten as the following variational problem:
Find up € W), such that up(z;) = up(a;), i =M +1,..., N, and
a(un, vp) + dp(un; un,vn) = (g:vn) ¥V on € Vi (5:8)

Since the limiters o;; defined in the last section satisfy the assumptions of Theo-
rem 2.1, and the bilinear form a is elliptic, then the problem (5.8) has a solution.
A natural (solution dependent) norm on V}, corresponding to the left-hand side of
(5.8) is defined by

1/2
lonlla = (Nonll2 + duunsvn, o)) on € Vi

Assuming that u € H?(Q) and following completely analogous steps as the ones
from Sec. 7 in Ref. 7 it follows that, if g > 0, the following error bound holds

lu = unllp < Chllullyq+ (dn(un; inu, inu))'/2, (5.9)
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where C' > 0 is independent of u, h, and ¢, and i,u stands for the Lagrange inter-
polant of w. For the last term in (5.9), using the proof of Lemma 7.3 from Ref. 7, it
follows that

dp(wp;ipu,ipu) < C max N(\dij| lzi — 2427 |Z'hu|iQ Y wy, € Wy, u € C(Q),

i,j=1,...,

(5.10)
where C'is independent of i and the data of problem (5.1). This result shows that
the error ||u — uyl|, will tend to zero as long as the product |d;;| |z; — 2/~ tends
to zero. This implies that the method will converge as long as the matrix A tends to
be an M-matrix, and this speed of convergence is fast enough to compensate for the

|2~ in the three-dimensional case. Hence,

negative power of h arising from |z; — x;
it is natural to expect that the convergence properties of the method will vary
according to the geometry of the mesh. In particular, for the convection-dominated
regime, an O(h'/2) estimate of |[u—uy,||, can be shown irrespectively of the geometry
of the mesh. On the contrary, for the diffusion-dominated regime, the convergence
rates will vary dramatically depending on the geometrical properties of the mesh
(see Ref. 7 for details). This was illustrated numerically in Ref. 7 for the limiter
defined in Ref. 25. In some particular cases a better than expected convergence was
observed, but the theoretical justification of this fact, which requires a more refined
estimation of dp,(up;ipu,ipu) for particular limiters, does not seem to be an easy
task, and it will be the subject of our future research.

The above results are valid for any limiters o;; satisfying the assumptions of
Sec. 2 (resp. of Theorem 2.1) and hence, in particular, for the limiter from Sec. 4.
To apply this limiter, we have to specify the sets S; satisfying (3.1). The simplest
possibility is to use

Si={je{l,...,N}\ {i} : x; and z; are end points of the same edge}, (5.11)

where ¢ = 1, ..., M. This definition of S; was used in the computations reported in
Sec. 7. To finish the definition of «;;, we have to define the factors v; used in (4.1).
This will be done in the following section.

Remark 5.1. Usually, results on the discrete maximum principle like in Theo-
rems 3.1 and 3.2 are proved for Delaunay meshes with respect to sets S; = {j €
{1,...,N}\ {i¢} : ai; # 0}. For ¢ = 0, this definition and the set used in (3.1)
coincide in Delaunay meshes. Indeed, for such a mesh, the validity of a;; > 0 in
(3.1) implies that a;; # 0 since a;; + a;; = 2¢ (V;, Vi;) < 0. Whenever ¢ > 0,
then the two definitions no longer coincide, the set induced by (3.1) can be larger,
and hence the final result is slightly weaker. The stronger assumption (3.1) is made
in order to guarantee our results to be valid on arbitrary meshes.

We close this section by showing that the matrix A defined above satisfies the
assumptions made on it to prove the discrete maximum principle.

Lemma 5.1. The matriz A defined in (5.5) and (2.4) satisfies the assumption
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(2.6). Moreover, for any i € {1,..., M}, the assumption (3.3) holds if A; =0 or
there exists j € {1,...,N} : (b-V,,¢;) #0. (5.12)

Proof. The validity of (2.6) follows immediately from the property Z;\f:l pj=1
and the nonnegativity of ¢. Consider any i € {1,...,M}. If A; = 0, then there is
jed{l,...,N}, j #14, with a;; <0 since a;; > ¢ |<,02|fQ > 0. Hence (3.3) holds. Let
us assume (5.12) and let (3.3) does not hold, i.e.,

aiij and ij = Gj; VjE{l,...,N},j?éZ’. (513)

Under this assumption, then the modification (2.4) is not used for the matrix entries
in (5.13), and the original matrix remains unchanged. Hence, in view of the second
inequality in (5.13), one has

(b-Voj,0:) > (b- Vi, 05) ==(b-Ve;,0)  Vjie{l,....,N}, j#1,
so that
(b-Vej,¢i) >0 Vje{l,...,N}, j#i.
Since (b - V;,¢;) = 0 and Z;yzl(b -Vj,¢;) =0, one deduces that
(b0 =0  Yje{l...,N},

which is in contradiction with (5.12). |

Remark 5.2. According to the previous lemma, the validity of (3.3) is not guar-
anteed if the convection term does not contribute to the i-th row of the matrix A.
Although this cannot be excluded, it is a rather exceptional situation and hence
(3.3) will typically hold if b does not vanish identically in supp ¢;. Lemma 5.1 also
shows that (3.3) holds if ¢ = 0 since then A; = 0 for any ¢ € {1,..., M}. Thus, if the
reaction term for ¢ > 0 is discretized using a lumping like in Ref. 7, the off-diagonal
entries of A are the same as for ¢ = 0 and hence (3.3) again holds although A; > 0.

6. Linearity Preservation

Let us consider the limiter from Sec. 4 with the sets S; defined in (5.11). In this
section we finish the definition of this limiter by specifying the parameters v; that
make it possible to prove that the resulting scheme is linearity preserving on general
simplicial meshes. We recall that x1,...,zy stand for the vertices of .7}, and that
X1, ..., xp € Q. We shall show that the factors v; in (4.1) can be defined in such a
way that

ajuy=1  YueP(RY), i=1,...,M,j=1,...,N. (6.1)
Then the AFC scheme (2.10), (2.11) will be linearity preserving. Let us consider

any function u € P;(R?) and set u; = u(x;), i = 1,..., N. Then, if one wants to
satisfy (6.1), one needs

Qj_ > PZ-J'_ if fij >0, Qz_ < P'z'_ if fij <0. (62)
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Fig. 1. Examples of patches A; for d = 2.

Sufficient conditions for (6.2) are the inequalities

w; — ul <y (U — ), Ul — oy <y (ug — ulmY (6.3)
Note that it suffices to find v; such that
w; — u <y (U — ) Y u € Py(RY), (6.4)

since then the second inequality in (6.3) follows from (6.4) by changing the sign of
u. Thus, the validity of (6.4) assures that the AFC scheme (2.10), (2.11) based on
the limiter from Sec. 4 is linearity preserving.

To discuss the validity of (6.4), it is convenient to introduce the patch A; =
supp ; for any interior vertex x; of the triangulation .7. Thus, A; is a patch
consisting of simplices T € .7}, sharing the vertex z;, see Fig. 1. Then the sets S;
defined in (5.11) satisfy

Si={je{l,....N}: x;j € 0A;},
and one has

min
i

= min u, w™™ = max u .

i i

U
Note that, for u € P;(R?), v and ul"®* are attained at vertices lying on OA;.

If the patch A; is symmetric with respect to the vertex x; (like the first three
patches from the left in Fig. 1), then the inequality (6.4) holds with v; = 1 as the
following lemma shows.

Lemma 6.1. Let A; be symmetric with respect to x;. Then

w; — uP = X gy, Y u e P (RY).

(3 (3

Proof. Let us assume that u; — u}"

i ymax _ g There exists a vertex x; € 0A;
such that u}"** = u;. Furthermore, due to the symmetry of A;, there is a vertex
xy € OA,; such that (z; + zx)/2 = x;. Then u; + uy = 2u; and hence

ui_u?nn<u§naX_ui:uj_ui:ui—uk.

min which is a contradiction. Analogously, it can be shown
that u; — u™™ > 4% — 4, leads to a contradiction. |

Consequently, ui < u

For general patches A;, a possible factor ; is computed in the following theorem.
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Fig. 2. Patch A; with notation from the proof of Theorem 6.1.

Theorem 6.1. Let x1,...,xp € Q. For any i € {1,..., M}, let A; be the above-
defined patch corresponding to the vertex x; and let A{°™ be its convex hull. Let
ma s~
acj i .
i = S A A conoy =1,....,M. 6.5
7 dist(x;, OAE™) ! (6.5)
Then the inequalities (6.4) hold and hence the AFC scheme (2.10), (2.11) with the
limiter from Sec. 4 is linearity preserving.

Proof. For simplicity, we shall present the proof for d = 2. For d = 3 one can
proceed analogously. Consider a patch A; and let u € P;(R?) be any nonconstant
linear function. Let p be the line in the direction of Vu containing the vertex x;.
Then there are uniquely determined points A, B € p such that u(A) = u", u(B) =

max
U; .

and B, respectively, see Fig. 2. Since u is constant along lines perpendicular to p, the

Let ¢4 and ¢p be lines orthogonal to p intersecting the line p at the points A

patch A; is contained in the strip between the lines ¢4 and ¢p. Consequently, each
of these lines intersects A; only at points on JA; comprising at least one vertex.
Moreover, any such vertex lies on the boundary of the convex hull A{°". To find a
constant ~; for which the inequality (6.4) holds, we have to estimate the ratio

w; — u?li“ ou(xg) —u(A) |z — A

u®> —y;  u(B) —u(w;)  |B -

Since g4 contains a vertex xj, lying on dA$™, one has

|z; — Al < |z — x| < L, L |z, — x| = iy |z — ;] .

On the other hand, if Tz is a triangle whose vertices are x; and two consecutive
vertices on OA™ such that the half-line x; B intersects Ts (see Fig. 2), then

|B — $1| Z diSt(l‘i,EB),
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where Ep is the edge of Tp opposite x;. Consequently,
|B — x;| > dist(a;, 0A™Y)

which gives (6.5). |

Remark 6.1. For the patches in Fig. 1, the formula (6.5) gives the values 2, V2,
V2, 2, and 2, respectively (from the left to the right). Since the first three patches
from the left are symmetric, Lemma 6.1 shows that the formula (6.5) is not optimal
in general. The last two patches in Fig. 1 are nonsymmetric and, for the linear

max

max — ;). Thus, for these two

function u(z,y) =  + y, one obtains u; — u™® = 2 (u
patches, the formula (6.5) gives the optimal values.
This possible lack of optimality arises from the fact that we have used the
worst case scenario, this is, when the extrema of the function u are attained at the
vertices closest to, and furthest away from, x;, to derive the formula (6.5). This
reasoning about the worst case scenario is adapted to three space dimensions in a

straightforward way.

Remark 6.2. Let us briefly mention the computation of the denominator in (6.5).
First, any vertex x; € A, is shifted in the direction of the edge x;x; on the bound-
ary of the convex hull Af°™. Then one goes through all simplices 7" forming A§°™
and, denoting by E the edge (or face) of T opposite x;, one computes dist(z;, E).
This is particularly easy in the two-dimensional case: If T possesses an obtuse angle
at an end point of E, say P, then dist(x;, F) = |x;— P|. If both angles of T" at the end
points of E are non-obtuse, then dist(x;, F) = 2|T|/|E|. In the three-dimensional
case, the computation of dist(x;, E) is more involved. Nevertheless, one can replace
it by 3|T|/|E| < dist(z;, E) (and possibly increase the value of ~;). Another pos-
sibility is to replace dist(x;, JA™) by the smallest diameter of inscribed balls of
simplices forming A§™.

Remark 6.3. As already mentioned, the limiter proposed in this paper is related
to a method presented in Ref. 28. Although the methods of Ref. 28 are claimed
to be linearity preserving, it turns out that the respective proofs are not valid for

general meshes. The reason is that they rely on the validity of the inequality
Uj — Uy S Yij (umax — ul) (66)

%

for any u € P;(R?) and j € S; (with S; defined in (5.11)), where
2
i‘Z*E ik (T — x5)|, i = idr,  cp = i dx.
Vij - '|c;€ (xi — )], m /ng T, Cik /QgOVgok x

To prove (6.6), one uses the fact that m;Vu = >, cirur = >, cin(ur — u;) and
u; —uj = Vu - (2; — x;), which leads to

1
U —Uj = ﬁ Z Cik * (Z,‘ — xj) (uk — ui) . (67)
v oki
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X;

Fig. 3. Patch A; for constructing a counterexample in Remark 6.3.

If the patch A; is symmetric with respect to x;, then |ux — u;| < u® — u; for any

k € S; due to Lemma 6.1 and hence (6.7) implies (6.6). On the other hand, for non-
symmetric patches, the inequality |ug —u;| < u®* —u; may be violated. Therefore,
in general, (6.6) does not hold, as one can see from the following counterexample.
Let us consider the patch A; depicted in Fig. 3 consisting of four right-angled tri-
angles such that the vertices x1, 2, x3 have the same distance h from xz; whereas
the distance of x4 from z; is k. Then v, = 4h/(h + I/). If u € P1(R?) satisfies
ug = u"®, then u; — ug = (U™ — u;) h/h' and hence (6.6) may hold with j = 2
only if h < 3h/.

We finish this section by stating that the definition of the limiter presented in
this work introduces explicit geometric information about the mesh into the method.
This is not the standard way of defining the limiters (as the usual definitions use
only the matrix entries and the solution values), and is different from the one used in
Ref. 28, but it has been proved to be of fundamental importance to ensure linearity
preservation on general meshes.

7. Numerical Studies

The numerical studies will illustrate the properties of the AFC scheme (2.10), (2.11)
with the limiter proposed in Sec. 4 for the convection-diffusion-reaction equation
from Sec. 5. If not specified otherwise, the parameters +; from (4.1) are defined by
the formula (6.5). In addition, the results will be compared with those obtained
with the limiter from Ref. 25. The limiter from Ref. 25 can be considered as a stan-
dard limiter for algebraic stabilizations of steady-state convection-diffusion-reaction
equations.

For the sake of brevity, only results computed on a distorted mesh, see Fig. 4
(left), will be presented in detail. The mesh was constructed starting from the
Delaunay mesh depicted in Fig. 4 (right) by shifting interior nodes to the right by
half of the horizontal mesh width on each even horizontal mesh line. Therefore, for
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Fig. 4. Distorted mesh used in the simulations (left) and starting point for its construction (right).

most of the diagonal edges, the sum of the two angles opposite the edge is greater
than 57/4 and hence the mesh is not of Delaunay type. We shall characterize the
meshes by the number of edges ne along one horizontal (or equally vertical) mesh
line (thus, ne = 6 for both meshes in Fig. 4).

Results for three examples will be presented. In the first example, the order of
convergence is studied, in both the convection-dominated and diffusion-dominated
regime. The second example investigates the linearity preservation property. Finally,
a standard test problem with boundary layers and an interior layer is considered.

The nonlinear discrete problems were solved with a damped Newton’s method.

Example 7.1. Polynomial solution. Problem (5.1) is considered with Q = (0,1)2,
b=(3,2)T, c=1, uy = 0, and the right-hand side g is chosen so that, for a given
value of ¢,

u(@,y) =1002% (1 — )y (1 - y) (1 - 2y)
is the solution of (5.1).

The order of convergence of the error ej := u—uj;, measured in various norms for
the limiter proposed in Sec. 4 is presented in Table 1 for the convection-dominated
case and in Table 2 for the diffusion-dominated regime. In addition, the tables show
the consistency error di/z(uh) = dp (up;inu, inu)'/?, cf. the estimate (5.9).

Concerning the convection-dominated case, results for the limiter from Ref. 25
on a mesh of the same type can be found in Table 6 from Ref. 7. Comparing the
results, it can be seen that for both limiters the convergence orders of e;, are similar
in all three norms. We could observe that this statement holds also for other meshes,
in particular for more regular ones.

The situation is much different in the diffusion-dominated regime. Whereas the
limiter from Sec. 4 leads to errors that decay with an optimal rate, see Table 2, the
method with the limiter from Ref. 25 does not converge at all, compare Table 10
from Ref. 7. This favorable behavior of the new limiter seems to be important in
situations where the convection field is a flow field. In this case there might be
subregions of the domain in which the problem is diffusion-dominated.

We believe that the optimal convergence of the limiter proposed in Sec. 4 is
connected with its linearity preservation property on general simplicial meshes. A
similar behavior has been observed in Ref. 30, where linearity preserving limiters
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Table 1. Example 7.1, € = 10~8, numerical results for a;; from Sec. 4.

1o ord. d,ll/z(uh) ord. llenll, ord.

ne lenllo o ord. len

16 2.722e—2 1.15 1.40le4+0 0.02 9.086e—2 1.76 7.428e—2 1.21
32 1.035e—2 1.40 1.041le+0 0.43 2.287e—2 1.99 2.563e—2 1.54
64 5.099e—3 1.02 8.907e—1 0.23 6.219e—3 1.88 1.113e—2 1.20
128 2.555e—3 1.00 8.952e—1 -0.01 2.308e—3 1.43 5.240e—3 1.09
256 1.299e—3 0.98 8.99le—1 -0.01 8.409e—4 1.46 2.538e—3 1.05

Table 2. Example 7.1, ¢ = 10, numerical results for a;; from Sec. 4.

ne  lenlloq ord. lenlg  ord.  d*(up) ord. lenll,  ord.

16 1.786e—2 1.74 4.726e—1 0.87 9.284e—1 1.13 1.522e+0 0.88
32 4.218e—3 2.08 2.404e—1 0.98 3.035e—1 1.61 7.633e—1 1.00
64 1.016e—3 2.05 1.213e—1 0.99 1.077e—1 1.49 3.84le—1 0.99
128 2.545e—4 2.00 6.082e—2 1.00 3.816e—2 1.50 1.924e—1 1.00
256 6.439e—5 1.98 3.045e—2 1.00 1.36le—2 1.49 9.632¢—2 1.00
512 1.628e—5 1.98 1.524e—2 1.00 4.896e—3 1.47 4.819e—2 1.00

Table 3. Example 7.1, € = 10, numerical results for «;; from Sec. 4 and ~; replaced by ~;/4.

ne lenlloq ord. len|; o ord. d,ll/z(uh) ord. lenll, ord.

16 4.543e—2 091 5.80le—1 0.68 2.753e+0 0.32 2.05le+0 0.65
32 3.095e—2 0.55 3.939e—1 0.56 2.362e+0 0.22 1.404e+0 0.55
64 2.622¢—2 0.24 3.138e—1 0.33 2.199¢e+0 0.10 1.127e+0 0.32
128 2.428e—2 0.11 2.826e—1 0.15 2.118e+0 0.05 1.018e4+0 0.15
256  2.341e—2 0.05 2.707e—1 0.06 2.078e+0 0.03 9.756e—1 0.06
512 2.30le—2 0.03 2.660e—1 0.03 2.059e+0 0.01 9.582e¢—1 0.03

are used to approximate a diffusion problem. The theoretical justification of this
statement is not yet available, and will be the topic of our future research.
Further evidence in support of the above claim is given in Table 3. Here we
present results obtained with the limiter from Sec. 4 for parameters ~y; defined
as a quarter of the value provided by the formula (6.5). Then the method is not
linearity preserving and we observe that the errors of the approximate solutions do
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0o B N w A~ O
0o B N w A~ O

numerical solution

Fig. 6. Example 7.2, cross section of the solutions at y = 0.5.

not converge to zero.

Example 7.2. Linear solution. The data for this example were chosen to be Q =
(0,1)2, e =108, b= 2y — 2,32 + )T, ¢ = 0, and the boundary condition wu,
and the right-hand side g were set so that

u(z,y) =2z +3y
is the solution of (5.1).

This example serves for showing on the one hand the linearity preservation of
the limiter from Sec. 4 on the considered distorted mesh. On the other hand, it also
demonstrates that the limiter from Ref. 25 does not possess this property. Results
for simulations with ne = 8 are presented in Fig. 5 and for a closer inspection
also a cross-section of the two solutions is shown in Fig. 6. The limiter proposed in
Sec. 4 provides a solution which is virtually the analytical solution (the maximum
error is of the order of 107 !0, which is in accordance with the stopping criterion for
the nonlinear iteration). For the limiter from Ref. 25, the violation of the linearity
preservation is clearly visible.
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Fig. 7. Example 7.3, solutions obtained with the limiter defined in Sec. 4 (left) and the limiter
from Ref. 25 (right).

e

Fig. 8. Example 7.3, solutions obtained with the limiter defined in Sec. 4 (left) and the limiter
from Ref. 25 (right). Both solutions respect the discrete maximum principle. The solution with
the proposed limiter shows a sharper interior layer, especially at the bottom. A slight smearing
can be observed along the boundary layer at y = 0 for the limiter from Ref. 25.
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Example 7.3. Solution with layers. The final example considers a standard test
problem defined in Ref. 19. This problem is given by Q = (0,1)2, ¢ = 1078, b =
(cos(—m/3),sin(—7/3))T, ¢ =0, g = 0, and the boundary condition

0 forz=1ory<0.7,

wien) ={]

Note that the boundary condition from Example 7.3 can be easily changed to an
infinitely smooth function that coincides with wu; from Example 7.3 at all boundary

else.

vertices of the mesh used for the computations presented in this section. Then
Example 7.3 also formally fits into the framework considered in Sec. 5.

The solutions computed with both limiters are presented in Figs. 7 and 8. It
can be observed that both definitions of the limiters provide an acceptable solution.
They obey the DMP and all boundary layers are sharp. A close look at the interior
layer, in particular at the bottom, shows that the layer of the solution computed
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with the limiter from Sec. 4 is a little bit sharper. Also, a slight smearing of the
boundary layer at y = 0 is visible for the limiter from Ref. 25.

8. Conclusions and Outlook

This paper proposed a new limiter for algebraic stabilizations of steady-state
convection-diffusion-reaction equations within the framework of finite element meth-
ods. The main goal of the construction of the new limiter was that the resulting
scheme should obey the DMP and it should possess the linearity preservation prop-
erty on general simplicial meshes. Both properties could be achieved and proved.
The definition of the new limiter does not only rely on algebraic data but also re-
quires some geometric information (on the local mesh), like the limiter of Ref. 2.
We think that the enrichment of algebraic stabilizations with geometric information
is in general a promising approach for designing stabilized methods. In contrast to
the limiters of Refs. 2 and 5, the new limiter does not depend on any user-chosen
parameter (like the exponent p in case of Refs. 2, 5) controlling the amount of
numerical diffusion added to the method, which makes the present approach more
practical.

The numerical studies showed an optimal order of convergence in the diffusion-
dominated regime, which is not present for the limiter from Ref. 25. As already
mentioned, we believe that this behavior of the new limiter is somehow connected
to the linearity preservation, but the proof is open. A further topic of our future
work will be the analysis, and possibly improvement, of algebraic stabilizations for
time-dependent problems.
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