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b. Pre-Hilbert Spaces 39

Example 3. Dy (£2). Thelinear space Dy (&), introduced in ChapterL, 1,
is a quasi-normed linear space by the quasi-norm || #|| = d(x, 0}, where
the distance 4(x, v) is defined in Chapter I, 1.

. §. Pre-Hilbert Spaces

Definition 1. A real or complex normed linear space X is called a
pre-Hilbert space if its norm satisfies the condition

flz+ ylI* + [l=—y|I* = 2(t=|f + [y [P (1)

Theorem 1 (M. FRECHET-], vON NEUMANN-P. JORDAN). We define, in
a real pre-Hilbert space X,

(3} =+l + yif = |l —¥IiY- (2

Then we have the properties:
lxx, ) =alr.y) (@€RY, 6
x+y.a=(2+02, (4
(x.%) = (. %), (6)
(%, x) = ||%]2. (]

Proof. (6) and (6) are clear. We have, from (1) and (2),
(x.2) + (3, 8) = (|| + 2P — |z — 2| + |ly + 2|F — [y — =19
B e ) R

=2 x;y,z).

If we take y = 0, we obtain (x, 2) ==i2(—;-.. z) , because (0, z) = 0 by (2).

Hence, by (7), we obtain (4). Thus we see that (8) holds for rational
numbers « of the form & = m/2*. In a normed linear space, ||ax + ¥||

- and {|ax — y|| are continuous in «. Hence, by (2}, (xx, y) is continuous in
. &. Therefore (8) is proved for every real number .

Corollary (J. voN NEUMANK-P. JorDAN). We define, in a complex
normed linear space X,

(#, %) = (=, y)l. + i(x, 1y),
where &= )/—1, (x,9); = 4{||x + y|F— iz —¥(i¥). (8)
Then, we have (4), (8) and

(xx,9) = “(x' y) (e Ch), (3’)
(#,¥) = {¥, %) (complex-conjugate number). (8"







