
4.6. Implicit function theorem.

Theorem 4.18 (implicit function theorem – basic version). Let G ⊂ R
n+1 be an open set,

F : G → R, x̃ ∈ R
n, ỹ ∈ R, [x̃, ỹ] ∈ G. Suppose that

(1) F ∈ C1(G),
(2) F (x̃, ỹ) = 0,

(3)
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∂y
(x̃, ỹ) 6= 0.

Then there exist a neighborhood U ⊂ R
n of the point x̃ and a neighborhood V ⊂ R of the

point ỹ such that for each x ∈ U there exists unique y ∈ V with the property F (x, y) = 0. If we
denote this y by ϕ(x), then the resulting function ϕ is in C1(U) and

∂ϕ

∂xj
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for x ∈ U , j ∈ {1, . . . , n}.

If, moreover, F ∈ Ck(G) for some k ∈ N ∪ {∞}, then also ϕ ∈ Ck(U)

Theorem 4.19 (implicit function theorem – advanced version). Let m,n ∈ N, k ∈ N ∪ {∞},
G ⊂ R

n+m be an open set, Fj : G → R for j = 1, . . . , m, x̃ ∈ R
n, ỹ ∈ R

m, [x̃, ỹ] ∈ G.
Suppose that

(1) Fj ∈ Ck(G) for each j ∈ {1, . . . , m},
(2) Fj(x̃, ỹ) = 0 for each j ∈ {1, . . . , m},

(3)
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6= 0.

Then there exist a neighborhood U ⊂ R
n of the point x̃ and a neighborhood V ⊂ R

m of the
point ỹ such that for each x ∈ U there exists unique y ∈ V with the property Fj(x,y) = 0
for each j ∈ {1, . . . , m}. If we denote coordinates of this y by ϕj(x), j = 1, . . . , m, then the
resulting functions ϕj are in Ck(U).

Remark. The symbol in the condition (3) of Theorem 4.19 is calleddeterminant. The definition
will presented in the next chapter.

Form = 1 we have
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Form = 2 we have
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= ad− bc, a, b, c, d ∈ R.


