7. INFINITE SERIES
7.1. Basic notions.

Definition. Let {a,} be a sequence of real numbers.

e Symbol)"> , a, is called arinfinite series

e The element,, is calledn-th membenf the series "~ | a,,.

e Form € N we set

Sm=0a1+as+ -+ ap.

The numbes,,, is calledm-th partial sumof the seriesy >, a,,.

e Thesumof infinite seriesy_ " | a,, is defined as the limit of the sequenfs, }, if such a
limit exists.

e The sum of the series is denoted by the syn}bgt | a,,.

e \We say that a seriesonvergesif its sum is a real number. In the opposite case, we say
that the seriediverges

Theorem 7.1(necessary condition)f a series) | a,, converges, thelim a,, = 0.

Remark.Suppose that € R and a serie$ ° , a,, converges. Then the serigs ~ , «a,, con-
verges and ithold3" >  aa, = ad " a,. If Y 2 a, and>_ ~ b, converge, then the series
> (an, + b,) converges and itholds~ | (a, +b,) =Y oo an+ > ey ba.

7.2. Series with nonnegative members and absolute convergence.

Remark.Let) >  a, be a series with nonnegative members (ug.> 0 for eachn € N). Then
this series has a sum — either it converges or it has-som

Theorem 7.2.Let> "  a, and) > b, be series satisfying < a,, < b, for eachn € N.
(i) If >°>° , b, converges, theh ~  a, converges.
(i) If >°>°  a, diverges, thery >, b, diverges.

Theorem 7.3. Let {a,} be a sequence of real numbers)[¥” , |a,| converges, theh " ", a,
converges.

Definition. We say thaty"~ | a, is absolute convergentf >~ | |a,| converges. Iy  a,
converges but not absolutely, thgn’™” | a,, convergesionabsolutely

Remark.Let |a,| < b, for eachn € N. If the seriesy - , b, converges, theh "> | a,, conver-
ges.

Theorem 7.4(limit test). Let) ">, a, and} >~ b, be series with nonnegative members.
() Let

exists finite. Ify > , b, converges, thed_ | a,, converges.
(i) Let
lim 2 = ¢ ¢ (0, 4+00)
n—oo b, ’ '

Then) > | a, converges if and only i§ > , b, converges.



Theorem 7.5(Cauchy test)Let>" | a, be a series. The we have
(i) If lim {/]a,| < 1, then)_ > a, is absolutely convergent.
(ii) If lim {/]a,| > 1, then>" >  a, diverges.
Theorem 7.6(d’Alembert test) Let )" | a,, be a series with nonzero members. Then we have

(i) If lim |@,41/a,| < 1, then} >, a, is absolutely convergent.
(i) If lim |a,41/a,] > 1, thend >  a, diverges.

Theorem 7.7.Leta € R. The serie$ | 1/n* converges if and only ik > 1.
7.3. Alternating series.

Theorem 7.8(Leibniz). Let)" ~  (—1)"a, be a series. Assume
e a, > a,. > 0foreveryn € N,
e lim, . a, =0.

Then) >~  (—1)"a, converges.



