5.3. Determinants.

Definition. Let A € M(n x n). The symbolA;; denotes th¢n — 1)-by-(n — 1) matrix, which
is created fromA by omitting thei-th row and thej-th column.

Definition. Let A = (a;;); j—1..». Determinanof the matrixA is defined by

aip if n =1,
det A = . .
¢ {Zn (—1)’+1ai1 det Ail if n>1.

i=1

For det A we will use also the symbol

apr a2 ... Qip
21 A29 ... Q9pn
Ap1 Ap2 ... Qpp

Remark.Let A € M(n x n). If the matrixA has a zero row or a zero column, thén A = 0.

Definition. Let A = (a;;); j=1.,. We say that\ is anupper triangular matrixf we havea;; = 0
fori > j,i,7 € {1,...,n}. We say that\ is alower triangular matrix if we havea;; = 0 for
i<j,i,j€e{l,...,n}

Theorem 5.9 (determinant of a triangular matrix).et A = (a;;);=1., be an upper (lower,
respectively) triangular matrix. Then we have
det A = 11 - A9y "+ Apn -

Theorem 5.10.Letj,n € N, j < n, and matricesA, B, C € M(n x n) coincide at each row
exceptj-th row. Letj-th row of A be equal to the sum gfth rows of B and C. Then we have
det A = det B + det C.

ail <o Qln ail .. Qln ail <o Qln
aj—1,1 -+ Qj—1,n aj—1,1 - Qj—1,n aj—1,1 -+ Gj—1,n
u1+vy ... untuvn | = ul Un —|— V1 Un
aj+1,1 - G+l aj+1,1 - Qi+l aj+1,1 - Gjtln
an1 ann an1l <o Qnn an1 «o Qnn

Theorem 5.11(determinant and elementary row transformatioh&t A, A’ € M (n x n).
(i) Let A’ be created fromA such that we interchanged two rows An(i.e., we applied an

elementary row transformation of the first kind). Then weehdy A’ = — det A.
(i) Let A’ be created fromA such that a row inA is multiplied byA € R. Then we have
det A’ = \det A.

(iii) Let A’ be created fromA such that we added a multiple of a row Afto another row
of A (i.e., we applied an elementary row transformation of thedtkind). Then we have
det A’ = det A.

Corollary 5.12. Let A A’ € M(n x n) and A’ be created fromA applying a transformation.
Thendet A’ # 0 if and only ifdet A # 0.

More precisely, for any transformatidhfi of n-by-n matrices there isx € R \ {0} such that
wheneveA, A’ € M(n x n) andA’ is created fromA using7’, thendet A’ = « - det A.



Theorem 5.13(determinant and invertibility)Let A € M(n x n). ThenA is invertible if and
only if det A # 0.

Theorem 5.14(determinant of product)Let A, B € M (n x n). Then we have
det AB = det A - det B.

Remark.The analogue of Theorem 5.10 holds also for columns in placeves. The analogue
of Theorem 5.11 holds also for elementary column transfdons. The analogue of Corollary
5.12 hold also for column transfromation. (The proof of thalague of Theorem 5.11(i) is a bit
more complicated.)

Theorem 5.15(determinant of a transposd)et A € M (n x n). Then we havdet AT = det A.
Theorem 5.16(Laplace’s formula) Let A = (a;;)i j=1.., k € {1,...,n}. Then

det A = Z(—l)”kaik det A,
i=1

det A =) "(—1)"Vay; det Ay;.
j=1



