
4. FUNCTIONS OF SEVERAL VARIABLES

4.1. Rn as a metric and linear space.

Definition. The setRn, n ∈ N, is the set of all orderedn-tuples of real numbers, i.e.

R
n = {[x1, . . . , xn] : x1, . . . , xn ∈ R}.

Forx = [x1, . . . , xn] ∈ R
n, y = [y1, . . . , yn] ∈ R

n andα ∈ R we set

x+ y = [x1 + y1, . . . , xn + yn], αx = [αx1, . . . , αxn].

Further, we denoteo = 0 = [0, . . . , 0] – theorigin.

Definition. Euclidean metric on R
n is the functionρ : Rn ×R

n → [0,+∞) defined by

ρ(x,y) =

√

√

√

√

n
∑

i=1

(xi − yi)2.

The numberρ(x,y) is calleddistance of the point x from the point y.

Theorem 4.1(properties of Euclidean metric). Euclidean metric ρ has the following properties:

(i) ∀x,y ∈ R
n : ρ(x,y) = 0 ⇔ x = y,

(ii) ∀x,y ∈ R
n : ρ(x,y) = ρ(y,x), (symmetry)

(iii) ∀x,y, z ∈ R
n : ρ(x,y) ≤ ρ(x, z) + ρ(z,y), (triangle inequality)

(iv) ∀x,y ∈ R
n, ∀λ ∈ R : ρ(λx, λy) = |λ| ρ(x,y), (homogeneity)

(v) ∀x,y, z ∈ R
n : ρ(x+ z,y + z) = ρ(x,y). (translation invariance)

Definition. Let x ∈ R
n, r ∈ R, r > 0. The setB(x, r) defined by

B(x, r) = {y ∈ R
n; ρ(x,y) < r}

is calledopen ball with radius r centered at x.

Definition. Let M ⊂ R
n. We say thatx ∈ R

n is aninterior point of M , if there existsr > 0
such thatB(x, r) ⊂ M . The set of all interior points ofM is called theinterior of M and is
denoted byIntM . The setM ⊂ R

n is open in R
n, if each point ofM is an interior point ofM ,

i.e., if M = IntM .

Theorem 4.2(properties of open sets).
(i) The empty set and R

n are open in R
n.

(ii) Let sets Gα ⊂ R
n, α ∈ A 6= ∅, be open in R

n. Then
⋃

α∈A Gα is open in R
n.

(iii) Let sets Gi, i = 1, . . . , m, be open in R
n. Then

⋂m

i=1
Gi is open in R

n.

Definition. Letxj ∈ R
n for eachj ∈ N andx ∈ R

n. We say that a sequence{xj}∞j=1
converges

to x, if limj→∞ ρ(x,xj) = 0. The vectorx is calledlimit of the sequence {xj}∞j=1
.

Theorem 4.3(convergence is coordinatewise). Let xj ∈ R
n for each j ∈ N and x ∈ R

n. The
sequence {xj}∞j=1

converges to x if and only if for each i ∈ {1, . . . , n} the sequence of real

numbers {xj
i}

∞

j=1
converges to the real number xi.



Definition. LetM ⊂ R
n andx ∈ R

n. We say thatx is aboundary point of M , if for eachr > 0
we haveB(x, r) ∩M 6= ∅ andB(x, r) ∩ (Rn \M) 6= ∅.

Boundary of M is the set of all boundary points ofM (notationbdM).
Closure of M is the setM ∪ bdM (notationM ).

A setM ⊂ R
n is said to beclosed if it contains all its boundary points, i.e., ifbdM ⊂ M ,

i.e., if M = M .

Theorem 4.4(characterization of closed sets). Let M ⊂ R
n. Then the following assertions are

equivalent:

(1) M is closed.
(2) R

n \M is open.
(3) Any x ∈ R

n which is a limit of a sequence from M belongs to M .

Theorem 4.5(properties of closed sets).
(i) The empty set and R

n are closed in R
n.

(ii) Let sets Fα ⊂ R
n, α ∈ A 6= ∅, be closed in R

n. Then
⋂

α∈A Fα is closed in R
n.

(iii) Let sets Fi, i = 1, . . . , m, be closed in R
n. Then

⋃m

i=1
Fi is closed in R

n.


