4. FUNCTIONS OF SEVERAL VARIABLES
4.1. R" as a metric and linear space.
Definition. The setR", n € N, is the set of all orderegd-tuples of real numbers, i.e.
R"={[x1,...,2) i 21,..., 2, € R}
Forex = [zy,...,2,] € R", y = [y1,...,y,] € R"anda € R we set
xT+y=[r14+y, .., Ty +Ynl ax = [azy, ..., qr,).
Further, we denote = 0 = [0, ..., 0] —theorigin.

Definition. Euclidean metric on R™ is the functionp: R™ x R™ — [0, +00) defined by

The numbep(x, y) is calleddistance of the point « from the point y.

Theorem 4.1(properties of Euclidean metricluclidean metric p has the following properties:
() Ve,y e R": p(z,y) =0z =y,

(ii) Vz,y € R": p(z, y) = p(y, ), (symmetry)
(ili) Ve, y,z € R": p(x,y) < p(x, 2) + p(z,y), (triangle inequality)
(iv) Ve, y € R", VA € R: p(Ax, \y) = |A| p(z, y), (homogeneity)
(V) Ve,y,z € R": p(x + z,y + 2) = p(x, y). (trandlation invariance)

Definition. Letx € R", r € R,r > 0. The setB(x, r) defined by
B(z,r) ={y € R"; p(z,y) <r}
is calledopen ball with radius r centered at .

Definition. Let M C R". We say thate € R" is aninterior point of M, if there exists- > 0
such thatB(x,r) C M. The set of all interior points o/ is called theinterior of M and is
denoted byint M. The setM C R™isopenin R", if each point of)M is an interior point of}/,
i.e.,if M =1Int M.

Theorem 4.2(properties of open sets)
(i) The empty set and R™ areopenin R".
(ii) LetsetsG, C R", o € A # (), beopeninR". Then ., G isopeninR".
(iii) LetsetsG;, i =1,...,m, beopeninR™. Then(.", G, isopenin R".
Definition. Letz’ € R" for eachj € N andz € R". We say that a sequen¢e’ } 52, converges
toz, if lim; ., p(z, 27) = 0. The vectorr is calledlimit of the sequence {x7}32,.

Theorem 4.3(convergence is coordinatewisd)et 7 € R" for each j € N and z € R"™. The
sequence {x’}32, converges to « if and only if for eachi € {1,...,n} the sequence of real

numbers {z’ }32, convergesto the real number ;.



Definition. Let M C R™ andxz € R". We say thair is aboundary point of M, if for eachr > 0
we haveB(x,r) N M # @ andB(xz,r) N (R™\ M) # 0.

Boundary of M is the set of all boundary points éf (notationbd M).

Closure of M is the setM U bd M (notation)/).

A setM C R"is said to beclosed if it contains all its boundary points, i.e.,lifd M C M,
i.e., if M = M.

Theorem 4.4(characterization of closed setd)et M C R™. Then the following assertions are
equivalent:
(1) M isclosed.
(2) R™\ M isopen.
(3) Any x € R™ whichisalimit of a sequence from M belongsto M.
Theorem 4.5(properties of closed sets)
(i) The empty set and R™ are closed in R™.
(i) Letsets F,, C R", v € A # (), beclosedinR". Then (), , F isclosed inR™.
(iii) Letsets Fj, i = 1,...,m, beclosedinR"™. Then | J", F; isclosedin R™.



