
XI.3 Hartogs extension theorem and domains of holomorphy

Proposition 11. Let n ∈ N, n ≥ 2. Let G ⊂ Cn−1
be a domain,

z ∈ C and r > 0. Set 
 = G×U(z, r). Let V ⊂ 
 be a domain satisfying

the following two 
onditions:

• There exists s ∈ (0, r) su
h that 
 \ V ⊂ G× U(z, s).

• There exists a nonempty open set H ⊂ G su
h that H×U(z, r) ⊂
V .

Then any holomorphi
 fun
tion on V 
an be extended to a holomorphi


fun
tion on 
.

Lemma 12. Let n ∈ N, n ≥ 2, and let 
 ⊂ C
n
be a domain. Denote by

p the proje
tion of Cn
onto Cn−1

de�ned by deleting the last 
oordinate.

Then for any 
ompa
t set K ⊂ 
 and any x ∈ p(
) there exists a 
y
le

� in C and a polydis
 P(x, r) ⊂ p(
) satisfying the following properties:

(i) ∀y ∈ P(x, r) ∀z ∈ C : (y, z) ∈ Cn \ 
 ⇒ ind

�

z = 0.

(ii) ∀y ∈ P(x, r) ∀z ∈ C : (y, z) ∈ K ⇒ ind

�

z = 1.

Theorem 13 (Hartogs extension theorem). Let n ∈ N, n ≥ 2. Let


 ⊂ Cn
be a domain and K ⊂ 
 be a 
ompa
t set su
h that 
 \ K is


onne
ted. Then any holomorphi
 fun
tion on 
 \K 
an be extended to

a holomorphi
 fun
tion on 
.

De�nition. A domain 
 ⊂ Cn
is said to be a domain of holomorphy,

provided there exists a fun
tion f holomorphi
 on 
 su
h that whenever

x is a boundary point of 
 and P(x, r) is an arbitrary polydis
 
entered

at x, then there does not exist any fun
tion g holomorphi
 on P(x, r),

whi
h agrees with f on at least one 
omponent of 
 ∩ P(x, r).

Remark: Any nonempty domain in C is a domain of holomorphy.

Theorem 14. A domain 
 ⊂ C
n
is a domain of holomorphy if and

only if for any 
ompa
t set K ⊂ 
 the set

^K = {x ∈ 
 : ∀f : 
 → C holomorphi
 |f(x)| ≤ sup

y∈K

|f(y)|}

is again 
ompa
t.

Corollary. Any nonempty 
onvex open set in Cn
is a domain of holo-

morphy.


