
V.5 Symmetri
 operators and the Cayley transform

De�nition. Let S be a symmetri
 (not ne
essarily densely de�ned) operator on H. Denote by

CS the operator

CS = (S − iI)(S + iI)−1.

Then CS is an operator on H, whi
h is 
alled the Cayley transform of the operator S.

Theorem 32 (properties of CS). Let S be a symmetri
 operator on H and let CS be its

Cayley transform. Then

(a) CS is a linear isometry of D(CS) = R(S + iI) onto R(CS) = R(S − iI).

(b) I−CS = 2i(S+ iI)−1

; in parti
ular, the operator I−CS is one-to-one and R(I−CS) =

D(S).

(
) S = i(I + CS)(I − CS)
−1

.

(d) CS is 
losed ⇔ S is 
losed ⇔ D(CS) is 
losed ⇔ R(CS) is 
losed.

Lemma 33 (on an isometri
 operator). Let U be any operator on H, whi
h is an isometry of

D(U) onto R(U). Then

(a) 〈Ux, Uy〉 = 〈x, y〉 for any x, y ∈ D(U). In parti
ular: U is unitary if and only if

D(U) = R(U) = H.

(b) Ker(I −U) = D(U)∩ (R(I −U))

⊥
. In parti
ular, if R(I −U) is dense in H, then I −U

is one-to-one.

Theorem 34 (range of the Cayley transform). Let U be an operator onH, whi
h is an isometry

of D(U) onto R(U). Suppose that I−U is one-to-one. Then the operator S = i(I+U)(I−U)

−1

is symmetri
 and CS = U . Further, S is densely de�ned if and only if R(I − U) is dense.

Theorem 35 (Cayley transform for selfadjoint operators).

(a) Let S be a symmetri
 operator on H. Then S is selfadjoint if and only if CS is a unitary

operator.

(b) Let U be a unitary operator na H su
h that I − U is one-to-one. Then the operator

S = i(I + U)(I − U)

−1

is selfadjoint and CS = U .

Remarks.

(1) Let S and T be symmetri
 operators on H. Then S ⊂ T if and only if CS ⊂ CT .

(2) Let S be a densely de�ned 
losed symmetri
 operator on H. The 
odimensions of the

subspa
es D(CS) and R(CS) (i.e., the dimensions of their orthogonal 
omplements) are


alled the de�
ien
y indi
es of the operator S. Then:

◦ S is selfadjoint if and only if both de�
ien
y indi
es are zero.

◦ S is a maximal symmetri
 operator if and only if at least one of the de�
ien
y

indi
es is zero.

◦ S has a selfadjoint extension if and only if both de�
ien
y indi
es are the same

(i.e., if and only if there exists a linear isometry of (D(CS))
⊥
onto (R(CS))

⊥
).

(3) Let S be a 
losed symmetri
 operator on H, not ne
essarily densely de�ned. Also in

this 
ase one may de�ne the de�
ien
y indi
es. Moreover:

◦ If D(CS) = H or R(CS) = H, then S is densely de�ned.

Hen
e, also in this 
ase the �rst of the above equivalen
es holds. It easily follows that

in the se
ond assertion ⇐ holds and in the third assertion ⇒ holds. The validity of the


onverse impli
ations seems not to be 
lear.


