ROVNICE SE SEPAROVANYMI PROMENNYMI
1. Naleznéte maximdlni feSeni rovnice y' = y prochézejici bodem (0, 1).
2. Pro diferencidlni rovnici yy’ + zy? = x naleznéte
(a) vSechna maximéln{ FeSen, (b) maximdlni feSeni prochdzejici bodem (1, 0).
3. Pro diferencidlni rovnici 3’ = y—2 naleznéte
(a) vSechna maximaln{ feSenf, (b) maximélni FeSeni prochdzejici bodem (1, 3),
(c) vSechna maximaln{ feSeni, kterd jsou na svém defini¢nim oboru omezena.
4. Pro diferencidlni rovnici y' = — (11++yw22)$
(a) véechna maximalni feeni, (b) maximalni Feseni prochazejici bodem (0, 1).

naleznéte

5. Naleznéte Fesenf rovnice y' = {/y2, které spliiuje y(—2) = —2 a y(0) = 1.
6. Naleznéte vSechna maximalni feSeni rovnice 3’ = “%%. UrCete mnozinu vSech bodt v R2, kterymi
procham pravé jedno feSeni definované na celém R.

7. Reste rovnici y (2 — e®) = —3e® tan y cos? y. Pro kterd A existuje Fesen{ s vlastnost{
lim y(z) - lim y(z)=A?
T—+00 T——00

NAJDETE VSECHNA MAXIMALNI RESEN NASLEDUJICICH ROVNIC

8. yy' = l_yh 9.2y +y=9y? 10.9' =10 1l.e¥(1+y)=1
12. 4 + }:zz =0,z € (—1,1) (*na zbylych intervalech) 13. y'sinz =ylny, y(3) =1
2
4. y' = 4%, y(0)=1 15. y—=zy' =b(1+2%/),y(1)=1 (b€ R)
VYSLEDKY A NAVODY. 1. y(z) =e% z € R 2. (a) singuldrnf fefeni y} = 1 na R, y3 = —1

na R; yi(z) =sgnz-vV1—e* naR y?(x) = —sgnz-vV1—e 2 naR; yl(z) =vV1—ce*, x€
(\/10@’ +OO), yg(x) =—-V1l- Ce_:CQ’ S (\/@’ +OO), yg’(.’lj') =v1l- Ce_w2’ S (—OO, _\/@)a
yiz) = —V1—ce ®*, z € (—o00,—/loge) pro ¢ > 1; yl(z) = V1 —ce * na R a y%(z) =
—V1—ce = naRproc<0ace(0,1). (b) Takové Fesen{ neexistuje 3. (a) ¥ = 0 na (0, +00),
y$ = 0 na (—oo, 0); dalsf FeSeni ddna vzoreckem yl (z) = =, ¢ € R\ {0}, j = 1,2, 3 definovéna na
intervalech: pro ¢ >0 y! na (—00,0), y2 na (0,1), y3 na (2, +00); pro ¢ < 0 ! na (—oo, 1), y2 na
>0), 92 na (0,+00). (b) y2,(2) = 15, = € (0,00). (c) Omezend jsou yg, Y3, ys pro ¢ > 0, y2 pro
c<0. 4.(a)yl(z) =tg(c—1log(1+2?)), z € (y/exp(—m + 2¢) — 1, \/exp(m + 2¢) — 1), y2(z) =
tg(c — %log(l + 2%)), z € (—y/exp(m + 2¢) — 1, —y/exp(—m + 2¢) — 1) pro ¢ > Z; y.(z) = tg(c —
slog(1+22)), z € (—y/e xp(7r—l—2c —1,y/exp(r +2c) —1) proc € (-=%,%). (b) y=(z) = tg(% -

Tlog(l + 2?)), = € (—\/exp(%ﬂ) —1,4/exp(37) —1). 5. Takové feSeni neexistuje. Vsechna

o . 0 x € (—o0,(]
maximdlni fesSeni jsou: y; = 0 na R; y,. = 3 5 proc € R y., =
Gz - )} z€(etoo)
0 z € (¢, +o0]
5 pro c € R;
(§(z—¢)s z € (~o0,¢)

wlout

(3(z—c))s @€ (—o00,0)

Yed =14 0 z € [c,d] proc,de R, c<d. 6.y.=log(sinz+c),z €R, proc>1;
(5(z —d)) € (d, +o0)

k _ . _ . . _ . 2
yr =log(sinz + ¢), x € (2km — arcsinc, (2k + 1)7 + arcsince), k € Z, pro ¢ € (—1,1]; {(z,y) € R* |
arctg(a(e® — 2)3) + kr  x € [log2, +00)
arctg(b(e® — 2)3) + kr 1z € (—o0,log?2)
pro a,b € R a k € Z. Hledanou mnozinou je interval (—m, 7). 8. y. = /3(x —22+¢), z € R,

2
pro ¢ < —z; yl’f/4:—€’/§-(x—%)3,a:€(— 00, 1); nebo z € (3,00); Y223 = {/3(x — 22 +¢),

x € (—o0 ,2—%\/14—40) neboxe(———\/1+4c,§—|— 2vV/1+4c), nebo z € (3 + 1v/1+ 4c, 00),
proc>—%  9.yy=1,2€R yoo =0, z € R; y2»? _1“,336( ,E)neboxe(%,oo),pro

c 6 R\ {0}. 10. y. = —log;o(c — 10%), z € (—c>o,10g10 c),proc>0. 11.y, =0,z € R;
yl = —log(1+e*¢),z € R proc € R; y2 = —log(l —e*¢), z € (—o0,—c), proc € R.  12.

wlot

y > log(sinz + 1) nebo sinx = —1}. 7. yapi(z) = {




z-sinc++vV1—2x2-cosc z € (—1,—sine
Y_s.=-Lze(-11);ys =1z € (-1,1) yc={ 1 i xEE—sinc,l) )

z-sinc++V1—2x2-cosc x € (sing, 1)

pI‘OCG(—éﬂ',—%);yc—{ .
1 x € [—1,sinc)
€e(-1,1). 13.yo=1,z€R yf=e®2 z € ((2k— 1), (2k+ 1)7), k € Z, pro c € R\ {0}.
Reseni rovnice s po¢ateéni podminkou je yo. 14. yo =z, z € R; yL2 = —1, z € (—o0,0) nebo
€ (0,00); y2? = £tz € (—o00,1) nebo z € (1,00). Refeni rovnice s pocdteéni podminkou je
yi. 15. Prob=0: y. =cz, x € R, pro ¢ € R. Reseni rovnice s poééteéni podminkou je y.
Prob#0: yo =0, z € R y12 =b+ z € (—oo,—3) nebo z € ( 1 00). Resenf rovnice s
—b

pokud b < —1; y

» Pro c € (_gu %)3 Y-z = —T,

1—|—ba:’

pocateéni podminkou je yo, pokud b = 1; neexistuje, pokud b = —1; y!
T+b

pokud b € (—=1,1) U (1, 00).
2.

N

w




NEKTERE TYPY DIFERENCIALNICH ROVNIC,
KTERE LZE PREVEST NA ROVNICE SE SEPAROVANYMI PROMENNYMI
1.y =cos(z—y) 2.y =sin(z+y) 3.y=%5-2 4.y = %—i—% 5. vy’ = ylog ¥

6.y =ex+¥ T.yl+aly=azyy 8.zy—y=+\y2+a22 9.y = 32:2;51 10. ¢ = i’:gi}

— 2(y+2) _ Y=
11,y = 2 1g = poe

VYSLEDKY A NAVODY. 1. substituce y = x — z. 2. substituce y = z — z.  3.-8. substituce
y=uxz. 9.-11. substituci x =t + a, y = 2z + b pro vhodné a, b pievést na pfedchozi typ. 12.
substituci y? = z pfevést na piedchozi typ.

KVALITATIVNf ANALYZA RESENf AUTONOMNICH ROVNIC
NACRTNETE GRAF RESENI, ANIZ EXPLICITNE VYRESITE ROVNICI

2 3
=0 2y =0 3y =0V1-y 4y =W+ )+ 2)E+3)
"= Ysiny 7.y =+/]cosy] 8.y =sin’y

i
NN




S

9.
— 1= 7/77>// —
LINEARNI ROVNICE PRVNIHO RADU ,
1. y’: 2;’ 2.y — 2y_2x3 3.y =%-1 4.yr=y+2> 5.y +2—y— efm
6.y cosz —ysinz =sin2x T.zy +y=logr+1 8. (a’+22)y +2y=1(ac R)
— — — +1, -
9. 2z+1)y'+y=2 10.y' —ytgwx =cotgx 1l.y +ycosz =sin2zx 12.y'+ 2Ty = 3ze™*

VYSLEDKY A NAVODY. 1.y = cz? = € (—00,0) nebo z € (0,00), c € R. 2. y = z* + cz?,
z € (—00,0) nebo z € (0,0),ceR. 3.y = —zxlog|z|+cx, z € (—oc,0) nebo z € (0,00), c € R.

4. y=22+cr,z € R ceR 5.y:—#6_$2+#,x6(—oo,O)neboxE(O,oo),cER.
6.y = g‘;fjf;-l—com,xe( S+ km, 4+ km),k€Z ceR T.y=logz+ <, z € (0,00),

ceR 8. Proa=0: y—1°g|m|+c,$€(—oo,0)nebox€(0,00),CE]R; proa # 0: y =

1 1 1+sin arctg & _ — 1(,_ c
e (|a| lo 08 T-smarctg & —l—c) z € (—00,0) nebox € (0,00),ce R 9.y =3(xz—1)+ et
.’L'E(— 7_%) neb0$€(—§,OO),CER. 10'y:1+2C(1)sm log i;gg:i—i_cocsm’xe(k%’(k—i_l)%)’

k€Z,ceR 11.y=2(sinz—1)+ce 5% r € R, ce R 12.y:a:2e_‘”—|—§e_$,a:€ (—00,0)
nebo z € (0,00), c € R.

LINEARNI ROVNICE S KONSTANTNIMI KOEFICIENTY
1. y"+4y —|—4y—0 2. y”—3y'—|—2y=02 3.y" -6y +13y=0 4. y(4)+6y”+9y—0
5.y —y =S 26- V' =2 ty=mim TV ty=ter 8.y - t+y=
9.y -3y +2y = \/1__2 10. " -2y =3y =e** 11.y" -2y +5y =cosz 12.y" +y"' =z
13. " —y"—2y' = 2+ 23432241  14. y"+3y'+2y = sinz+sin 2z  15. 4y""'+1y' = 3e®+25sin 5




VYSLEDKY A NAVODY. 1.y =ce ??+dre™?® 2.y =ce®+de’® 3.y = e3*(ccos2r+dsin2r)
4.y = acos/3zx+bsiny3zr+cxrcosv3r+drsiny3zr 5.y = e®(14+e%®)arctge®+ce®+de ™, x €

R 6.y:e$-(c+da:—%10g(a:2+:c+1)+Q%Iarctng;gl),xeR 7y——cosa:10g1|Jg§:;T+

ccosx +dsinz, v € (-5 +kn,5 +kn), k€ Z 8.y =¢e"- (c—}—dm—{—\/ —$2+xar051n5),
€(-2,2) 9.y=—e"arcsine”—e** argtgh /1 — €22 +ce®+de?”, v € (—00,0) 10.y = te™+

ce™®+de3® 11.y=lcosz— Lsinz+e®(ccosz+dsinz) 12,y = -2+ i3 +a+br+ce™®
13. y—(——%)eh—éx‘l—%x?’ Sp?— Iz +a+be® + e 14.y_—%s1n2:1:—230cos2a:—

icosal:+ 1sma:-l—ce T 4 de2® 15.y:%ew—xsin%+a+bcos§+csm

LINEARNf ROVNICE - SNIZOVAN{ RADU, VARIACE KONSTANT
2
1. y”—m2+1—}— a2 =0 2. y' — 2%y + (2 -1y=0 3. y”—i—g =5 4.y’ -y 4oy =
5. y”—%y'+z—2y=$3 6. Z/’I‘l‘l;mle‘i‘ =0 7.y +

logxz

VYSLEDKY A NAvoDY. 1. FStvoiiy; = z (Ize uhodnout) ays = zlog(z+vz? +1)—Vz2 4+ 1 (na
R). 2. FS tvoif y1 = e® (Ize uhodnout) a y, = e [ €3 s =6) gt (na R). 3. FS tvoii y; = 22 a
y2 = L (uhodnout lze kterekohv z téchto dvou feSeni), partikuldrni FeSenf je napf. yo = 222 log|z|
(z variace konstant vyjde 2z?log|z| — 222, pfitom —32? je FeSenfm homogenni rovnlce) Vse
na (—oo,0) nebo na (0,+oo). 4. FS tvoif y; = 22 (lze uhodnout) a y, = 2 f e /24t (na
(0, 400); na (—oc,0) ve vzorci pro ys bude ffl) 5. FS tvoii y1 = = a yo = z°, partikuldrni
fesen{ je napf. yo = ;z° 10g|:c\ Vse na (—o00,0) nebo na (0,400). 6. FS tvoii y; logz (lze
uhodnout) a ys = logz [ tiog 2t dt (na (1, +oo) na (0,1) bude ve vzorci pro ys f1/2 7. FS
tvoif 4, = logz (Ize uhodnout) a y, = [ 10 ;- dt (na (1,4+00); na (0,1) bude ve vzorci pro y»

Jiy2):

EULEROVY ROVNICE ,
Loz?y" —9zy' + 21y =0 2.2%" +ay' +y=2 3.y -L 4+ % =2
4. 229" — 22y +y+2—223=0 5.2%Y" 42y —y=0 6. z2y® +623y" — 62y + 12y = 22

VYSLEDKY A NAVODY. 1. az3+b2” 2. 1z + acoslog|z|+ bsinlog|z| 3. zlog®|z|+ az +
bxlog|:c| 4 :L‘3+1:+$10g|a:| +azr+bz? 5. az+brloglz|+crlog’ (7] 6. j2°log x|+ az? +
L+ c\x

EXAKTNf ROVNICE, BERNOULLIHO ROVNICE
1. 2zyy’ + 92 =0 2. (z+2y)y' +y+322=0 3.3zy% +2x+9y3=0
4. 4x3e™ Y 4+ pte®™tV 4 22 4 (zte™Y + 29)y' =0, y(0) = 1.
5. 2zsiny + y3e® + (2% cosy + 3y%e®)y' =0 6. y* + 2ye® + (y +e%)y =0
7.1+ (1 +zy)e® + (1 + %)y’ =0 8. 2zxcosy + 3zy + ( —z?siny —y)y' =0, y(0) =2
9. 322 +4zy+ 2y +222)y’ =0,y(0) =1 10. 3zy + 9>+ (z®> +zy)y' =0, y(2) =1
11. ye® cos 2z — 2e™¥ sin 2z + 2z + (xe®Y cos 2z — 3)y' = 0, y(O) 0
12. 2y’ +y = y?logz  13.y'+2zy =223%y° 14. ¢+ %+% =0,y(1)=3. 15.3zy' -2y = o

16. 8zy' —y = _ys\/lm 17. 22y + 223y = y2(1 + 23: )

w




VYSLEDKY A NAvOoDY. (Vysledky jsou uvedeny bez defini¢nich obortii — v nékterych piipadech
je tvar definicntho oboru ziejmy, jindy nelze jednoduSe explicitné vyjadfit.) 1. zy? = ¢ 2.
zy+y?+23=c 3.zl +22=c 4.2%eV+22+9y2 =1 5. 22siny+ye® =c 6.
1y%e® 4+ ye?® = c (integratnf faktor e*) T.z+y+e® =c 8. 2%y +2%cosy—3y2 =2 9.
34+ y?+ 2222 =1 10. 23y + %$2y2 = 10 (integra¢ni faktor z) 11. e*¥cos2z — 3y + 22 =1

— 1 2 __ 1 _ 1 1
12. y(.Z') = m 13. Yy = —W 14. y($) = m, T € (Tog?)’—i_oo) 15.
y3 = 23 + ca? .y :\/ﬁ+c \:c| 17.%=1+%+262$I—67 dz

SOUSTAVY LINEARNfCH DIFERENCIALNICH ROVNIC

1.2 +y=0,2 -y =32+y 2.2 =—z24+y+e*,y=z—y+e* 3.5z -2 +4z—y=e"7,
2 +82—-3y=57" 4.243z24y=0,y —2z+y=0,y0)=20)=1 5.2 =y-—"7z
Y +224+5y=0 6.2 =2y—5z+e*, ¢y =z2—6y+e 2 T.2+y+z=¢%2+y"' =1
8. v =w+v—u, vV =wt+u—v,w =u+v+w, (u0)=1,0v0)=w0)=0) 9.u =v+w,
v’:u-i—w,w’:u—l—v,(u(O)z—l,v(O)zl,w(O)zO)

RESTE SOUSTAVY Yy’ = Ay + b(x), KDE

010 1 26 —15 e® 7 -12 6
10. A= (—440),1)(3:): (az) 11. A= <11 _5),b(a:): (J) 12. A= (10—1910)
—212 T 12 —6 e” 12 —24 13
1 -303
3 00 sin x 1 —-11
-2 -6 013
13.A:<22—1>,b 14.A:<:;i§) 15.A:<0_313>

114 ) —1-40 8
3-11 —7 —-12-12
9 -3 -7-1 —-12-11
( 4—8) 18‘A_(02—11>
2 —4 —-22 0 2

3—-10 0

1100
o (1320)

4-13 -1

VYSLEDKY A NAVODY. = 3B-der  AtBe—3e o = A3Ber | 3443Be-3z g , =

e +de 2 + ¢, y = e® — de 25” +c 3.z2=-2e"+ce® +de 2, y = 36 + 3ce® + 2de2®
4. z = —(c+ d)ze ?® +de ?*, y = (c + d)xze™>® + ce~?%, s poc. podm. t 2z = —2xe 2% 4 e 2%
Yy = 23:6_2”“ +e 2 5. 2= (c—d)e *sinx + de_ COST, Y = ce %% cosz + (¢ — 2d)e % sinz
6. 2= e+ 1e 2+ 2(c+de —L(2c—d)e ™, y = 406 +1—Oe_2w—|— (c+ d)e ™ + 3(2c —
de ™ T. z(a:) =e®— 13 Mgl totdr, y=—e"+ 24:13 +a+br+ bgcazg’—l— dy?2 8.u=

6
a+b c —z+a+b—|—2c 2:c+ —b —23:’ v = a—l—b c —a:+a+b+2c 2:c+ —a —23:’ w = c—c?l’,—b —m+a+b+2ce2a:’
spocpodm ,u,_%e—x_l_lmc_{_l—2:1:’,1)_%—:1:_}_12:6_;6—2:1:’,11)_ 1—m+12x 9.
u = a—|—g+c 2z b—i—c3 Qae—a:’ v = a+g+c 2z a—l—c3 2b —a:’ w = a+§—|—ce2:ﬂ o a+173 2ce S pOC. podm.
— - = _ _ (=3 2 3., .2 2z 2, 2
u=-—-e " v=e%w=0 10.y=(2E+e*(bz+c),—5+e**(2bz+b+2c), —2ELEE2 427 (br+

a+c)),abceR 11. y = (e7*(=1+ 6¢ + 6bx), e *(15a + 2bx + b + 2¢),e % (a + 2bx + 2¢)),
a,b,c € R. 12. y = (6be™" + 6ce®,10ae™" + (3a —|— 9c)e®, 3be~" + (6a + 3c)e”), a,b,c € R.

_ (_1 _ 3 _ Sw 73 . 2 43 .
13. y = ( COS T sinz — 2a - €3, & cosz + S sinz + €37 - (az? + br + ¢), — 555 COS T

s sin @ + 610 - (—ax? 2 [ (2a + b)xz — 4a — b — ¢), a, bméoe R. 14. y = ((a + 3b)e®sinz + (3a —
b)e® cos z, (2a+b)e® sin z+ (a—2b)e® cos x +ce®, (2b— a)e sinz+(2a+b)e® cos x +cel®),a,b,c € R.
15.y = (e"’(ba:2+cw+d),ew(%me—%(M)—c)x——b——c-{— d, e (a+bz?+cz+d), e*(3ba®— 1 (2b—c)z—
2b—3c+3d), a,b,c,de R 16.y = (e2*(cz+d), e** (cx—c+d), e*” (ax—l—b) e**((a+c)z—za+b+d),
a,b,ec,de R 17.y = (cz+d, (3c—ga)33+7a——b c+3d, ax+b, —ax——a—}— b), a,b,c,de R, 18.
y = (e®(acosz+bsinz)+ccosz+dsinz, 2e?((a+b) cosz+(b—a) s1na;)—|—c cos z+dsinz, e®(a cos z+
bsinz) + (¢ — d) cosz + (¢ + d) sinz, e®(acosz + bsinz)), a,b,c,d € R.

PRO NASLEDUJICI SOUSTAVY NAJDETE STACIONARNI RESENI A ROZHODNETE O JEJICH STABILITE

1.2/ =2—22 22y, 9 =2y —2y%>—3zy. 2.2 = —PBzy+upu y =pBzy—~yy. 3.u =au—buv,

vV =—cv+duwv, v =w+u2+02 4ou =—u—w? v =—v—vv,w =1—w+ul
5.y =zsinmy, 2 =z2y2—2. 6. v =u—0v2 v =u—-v,w =€e¥—u. 7.2 =z-2°—2y2

v =2y—1y® —yzt. 8.2 =tglz+y), Y =2+2> 9.2 =eV—2zy =e*—y.




