A FACTORISATION APPROACH TO BATES’S THEOREM

MICHAL JOHANIS

ABSTRACT. We give a proof of theorem of S. M. Bates on smooth surjections between separable Banach spaces using a factorisation
through an Orlicz sequence space. We believe that this approach is less technical and more transparent than the original proof.

It was shown by Sean Michael Bates [B] that every separable Banach space Y is a range of a C !-smooth surjection f: X — Y
from any infinite dimensional Banach space X . Moreover, if the space X has property B (defined below), then the surjection can
be C*°-smooth with all derivatives bounded on bounded sets. Independently, Petr Hijek [[H2] showed that in certain cases the
surjection can be even a polynomial. More precisely, he used the well-known fact that any separable Banach space is a quotient
of £1 and then a factorisation

T P S
X—=>l,—> 0 =Y,
where S is a bounded linear surjection, P is a polynomial, and T is a non-compact bounded linear operator. One of the key
observations is that there is a rather thin set A C £; such that S(A) still contains a unit ball and A is in the image of P o T'. The
condition for the existence of a polynomial surjection is then the existence of an operator 7" above.

Inspired by Hdjek’s approach we show that there are even thinner sets in £; still leading to a surjection (Corollary [4)), which

combined with the observation that property B gives a non-compact linear operator into an Orlicz space A (Proposition 2)) leads

to the factorisation
T @ S
X —>hy >4 —>Y,

where @ is a rather simple C*°-smooth mapping (Lemma|6). Thus we obtain a different, and perhaps easier, proof of Bates’s
theorem (Corollary 7). We do not claim that the proof is extremely short, but we believe that it is rather straightforward, transparent,
and mostly non-technical, except perhaps the “insertion” Lemma [5] which belongs to the analysis of functions of one variable. In
fact, the proof could be considerably condensed by putting all the intermediate lemmata together and disposing of the notion and
theory of Orlicz spaces altogether, but that would only obscure the main ideas that are ultimately combined, and which can be
perhaps of independent interest.

First we fix some notation. Let X be a normed linear space. By B(x, r), resp. U(x, r) we denote the closed, resp. open ball in X
centred at x € X with radius r > 0. It will be convenient to use U(x, +00) = B(x, +00) = X.If X has a Schauder basis {e, }
and x = Y 77| x,e, € X, then by supp x we denote the support of x, i.e. the set {n € N; x, # 0}. If {x,} is a sequence in X,
then x,(j) denotes the jth coordinate of x,, € X.

By D* f(x) we denote the kth Fréchet derivative of f atx and by D¥ f(x)[h, ..., hx] we denote its evaluation at the directions
hi,...,hg. By C*°(X;Y) we denote the space of C *°-smooth mappings from X to Y and by €*°(X;Y) we denote the space of
C*°-smooth mappings from X to Y that have all derivatives bounded on bounded sets.

Next we recall some basic facts about Orlicz sequence spaces fps. A function M : R — [0, +00) is called an Orlicz function
if it is even, convex, non-decreasing on [0, +00), M(0) = 0, and if M is not constant. An Orlicz sequence space /s is a linear
subspace of £ (With real or complex scalars) consisting of x € £, satisfying Y o | M(|xn|/p) < 400 forall p > 0, equipped
with the norm given by the Minkowski functional of {x € fas; Y o M(|x,|) < 1}. With this norm the space & is a Banach
space and the canonical basis vectors {e, }52 ; form a symmetric Schauder basis of /5. Further, x — > 72 | M(|x,|) is continuous
onhp and Y 2 M(|xs|) < ||x| for x € Bp,,, while Y ,2 | M(|x,|) > |x|| for x € hp, ||x|| > 1. If M is such that M(¢) =0
for some ¢ > 0, then it is called a degenerate Orlicz function. The associated space /iy is then isomorphic to ¢g. In connection
with this and Propositionwe remark that ¢ does not have property B ([Bl, cf. [HJ, Proposition 6.38]) and there is no C 2_smooth
surjection from ¢ onto £, ([H1l], see also [HJ, Chapter 6]). For more on the Orlicz sequence spaces see e.g. [LT, Chapter 4], for
their smoothness properties see [HI, Section 5.9].

Now we turn to producing the building blocks of the aforementioned factorisation.

Definition 1. We say that a Banach space X has property 8 if X* contains a normalised sequence { f,, }°2; such that for every
& > 0 there is k(¢) > 0 such that card{n € N; | f,(x)| > &} < k(e) for any x € By.

Note that the sequence { f,,} from the definition above is in particular w*-null.
A key observation that allows us to do the factorisation is the following.

Proposition 2. A Banach space X has property 8B if and only if there are a non-degenerate Orlicz function M and a bounded
linear operator T': X — hpy such that T'(Bx) contains the canonical basis of hy.
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Proof. < Denote by {(en; f,)}52, the canonical basis of hp. Note that if y € By,,, then > ooy M(| fn(»)]) < 1 and hence
card{n; |fu(y)| > 8} < 1/M(8) for each 6 > 0. Let {x,} C Bx be such that T'(x,) = e,. Notice that |T*(f,)| >

T*(fu)(n) = fu(T(x)) = fulen) = 1. Put gu = T*(f)/IT*(f) ]| Now pick any x € Bx. Then |g,(x)| = | TS50 | =

TN | < | £.(T(x))] and hence

card{n € N; |g,(x)| > &} <card{n € N; | f,(T(x))| > &} = card{n eN;

T(x)

f"( Il
T(x)

since 7y € By, -

= We may assume without loss of generality that the function & — k(¢) is positive and non-increasing. Further, according to
[HJ, Theorem 3.56] by passing to a subsequence we may assume that there is a semi-normalised sequence {x,} C X such that
{(xn; fn)}52, is a biorthogonal system. Let {sn} -1 C (0, 1) be any sequence decreasing to 0. Let g: [0, ;] — R be a function
affine on each [e,, 41, &,] and satisfying g(e,) = -5 - 1/ k(";;’_;fll ), g(0) = 0. Let M be the convex envelope of g. It is easily seen
that M can be extended to a non-degenerate Orhcz funct1on. We define T: X — £oo by T(x) = (fu(x))nen. Then T is clearly a
linear operator. Further, if x € B(0, p), then card{n € N; | f,(x)| > ¢} = card{n € N; |fn(%)| > %} < k(%), and soif p > 1,

then (putting &9 = p)

Y M fu) =Y > MAL@D =Y M-k () = 3 Men-0k(2) + 30 M-k (2)
n=1 =1 s en <l fi (D)|<en—1} n=1 Pr w=p Prnp .
1
< ;M(‘gn 1)k( ) 2;) n—1)2 < +o00.

It follows that 7" actually maps into /1ps and that it is bounded. It is clear that 7' maps the vectors {x,} onto the canonical basis
of hps. By scaling T if necessary we can achieve that the canonical basis is contained in 7'(By).
O

The following lemma, which is also behind the Open mapping theorem, is a slight modification of [HJ, Fact 6.64]; here we give
“the right” formulation, although for the factorisation we do not need its full strength.

Lemma 3. Let Y be a normed linear space over K, {yy}yer a dense subset of By, and let {A,};2, C K\ {0}. For each
y € U(0,X 02 |Anl) there is a sequence {y,}5> | of distinct elements of I such that y =Y 72| Auyy,. If I = N, then {y,}
can be chosen to be increasing.

Ay € By,foreachn = 1,..., N we can find

Proof. First we choose N € N such that R = Zn 11An

A
Yn € ' \{¥1....,¥n—1} such that | F”Ry Yy || < lNAl’L‘ll.Hence

N
-5 =‘Z =il zxnm
n=1

We proceed by induction: we find a sequence {y»};2 ., C I such that ||y =Y k1 MYy “ < min{|/\,,+1 [, }1} foreveryn > N.
Letn > N. Then z = t(y — Zz;ll )kayk) € By by the inductive assumption (or by (I) if » = N + 1) and so there is

Yn € D'\ {y1,...,¥Yn—1} suchthat |z — y,, | < min{|/\,,+1 l, %}/|/\,,| which finishes the construction. In case that I = N we
can of course always choose y, > y,—1.

N

|An]
nlnRy_nZ nYyn

=1

N

=2

< |[AN+1l. (D

O

Let X be a Banach space with a sub-symmetric Schauder basis. To each x = (x,) € X we associate a subset S, C X called
the spreading of x by Sy = {21311 Xkenys Mkjpey; CN increasing}. The next corollary is an improvement of the well-known
fact that any separable Banach space is a quotient of £;.

Corollary 4. Let Y be a separable Banach space. Then there exists a bounded linear operator T : £1 — Y such that T(Sy) D
U(0, || x||) whenever x € £y is such that supp x = N.

Proof. Let {yn} be a dense subset of By. Define T: £; — Y by T'(x) = Y o2, Xnyu. The conclusion now follows from
Lemmal[3l
O

The following lemma is an “insertion” type result that will be needed for the construction of the smooth mapping from /s
to £¢1.

Lemma 5. Let vg: [0,4+00) — [0,400), k € Ny, be non-decreasing functions positive on (0,400). There are an even

@ € C®(R) positive on R \ {0} and constants Cy > 0 such that |(p(k)(t)| < Crvur(|t]) forevery t € R and k € Ny. If moreover
lim inf 2

> 0, then ¢ can be chosen so that lim ¢(t) = +o0.
t—+o00 t—>+o00
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Proof. Without loss of generality we may assume that lim;_,o+ vg () = 0 for each k € Ny. Let ¥, € C°°(R) be non-negative,

such that supp ¥, = [# %] n € Ny, and let ¥y be constant on [1, +00). For each n € Ng we find a,, > 0 such that

an max}w(k)| < —vk( ) foreach k € {0,...,n}. 2)

1
n+2
Next we put Cy = 1 and for each k € N we find C > 1 such that

max}a 1//(")| < Ckvk( ) foreachn € {0,...,k —1}. )

1
+2
It follows that |a,, wnk) (t)| Ck v (¢) forevery ¢t > 0 and n, k € Ny: indeed, for a fixed n and ¢ < 12 all the derivatives of v,
+2 we use (IZI) for k < n and (@) for k > n. Now it suffices to put ¢(¢) = ZZ"ZO an¥y(|t]) fort € R.
Then ¢® (1) = anw,gk)(;) + an+1wn+1(t) fort € [n+2, m], and so |<p(k)(l)’ < Crui(Jt]) for t # 0. From this estimate we
also conclude by induction that ¢®) (0) = 0 for k € Ny and that ¢ € C*®(R).

Finally, suppose that moreover liminf;_, 4 ”O(t) > 0. Then we can take V¢ to be affine and increasing on [1, +00). We will
also replace (Z) for n = 0 by |ag¥o(t)| < Lvo(t) for t > 0. The rest of the proof is the same.

are zero, while for t >

O
Next we construct the main part of the factorisation.

Lemma 6. Let M be a non-degenerate Orlicz function. Then there is a mapping @ € € (hpy;£1), where the spaces are real,
with the following properties:

(i) supp @(x) = supp x for any x € hyy,

(ii) @(Sx) = So(x) forany x € hy,
(iii) limy oo D(x,)(1) = +00 whenever {x,} C hp satisfies limy, 0 X, (1) = +o00.

Proof. Without loss of generality we may assume that M (1) = 1. By Lemma5]there are an even function ¢ € C°(R) positive on
R \ {0} with lim;_, 4 o0 ¢(f) = +00, and constants C > 0 such that |¢®) ()| < CkM(kLH) for every t € R, k € Ny. We define
@: hy — £y by @(x) = (¢(xn)). Notice that Y o2 | |@(xn)| < Co Y ney M(xp) < +o0 for any x = (x,) € hp and so indeed
@ maps into £;. Moreover, @ is locally bounded, since the estimate on the right-hand side is continuous on /. The mapping @
clearly has properties (i)—(iii).

To see the smoothness of @, consider ¢ = (s,,) —, € {—1, 1y c £7. Let { f} be the canonical coordinate functionals
on hys and notice that || ;|| = 1. Then e 0o @ = Z,Ilvzl en@ o fy is clearly C®-smooth and D¥(g o @)(x)[h1,..., hi] =
Zflvzl en@®(fu(x)) - f,, (h1) -+ fu(hy) ([HIL Corollary 1.117]). Therefore, for a fixed k € N and x € U(0,k) we have

ID e 0 @)(X)| < Y01 le® (fu(x))| < Ce Yn—y M (42&) < C. Consequently, D¥~!(e o ®) is Cy-Lipschitz on U(0, k).
Since all such & form a norming set for £, it follows that ® is C*~!-smooth with the (k — 1)th derivative Lipschitz (and hence
bounded) on U(0, k), [HJ, Corollary 1.131]. As this holds for every k € N, we finally conclude that ® € €% (hyy; £1).

O
Finally, we can put all together to recover Bates’s theorem.

Corollary 7 (S. M. Bates). If X is a real Banach space with property B then for any separable Banach space Y there is a
surjection [ € € (X;Y).

Proof. Let T: X — hys be the linear operator from Proposition[2] let @ : iy — £; be the smooth mapping from Lemmal] and let
V: £; — Y be the linear operator from Corollary[d] We set f = Vo®oT.Then f € €>°(X;Y) by [HI Proposition 1.128]. Now
let {x,} C By be such that T'(x,) = e,, where {e, } is the canonical basis of sps. Put v = Z;il %en and A = {Z,(zozl %kxnk;
tnilpe, CN increasing}. Note that S,,, = T (nA) for n € N. Further, denote z, = @(nv). Then suppz, = suppnv = N,
Sz = P(Sny) = (T (nA)), and z,(1) - 400 as nv(l) — +oo. Consequently,

Y = JU(O. zall) € |J V(Sz) = | V(@(T(a)) = | ] f(na).

n=1 n=1 n=1 n=1

O

We close the paper by a few final remarks. When we write down the composition of the constructed mappings, the final formula
for the surjection is

o0
) =" 0(fa())yn.
n=1
where {y,} is a dense subset of By and f,, € X* are suitably chosen functionals so that f is onto. It is easily checked that the
derivative of f is given by Df (x)[h] = > ve | @' (fn(x)) fu(h)yn. Therefore the derivative at most points (those with sufficiently
many non-zero f,-coordinates) has infinite-dimensional range. This is in sharp contrast with the original proof of Bates, where he
explicitly stresses that his surjection is highly singular: its derivative is of rank at most 1 at every point.
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The last remark concerns non-separable spaces. The original paper contains also a non-separable version of Corollary [/ Let u
be an infinite cardinal. If X is a real Banach space with property $8,,, then for any Banach space Y of density at most u there
is a surjection f € €*°(X;Y). (We say that a Banach space X has property B, if there is A C Sx= of cardinality p such that
for every ¢ > 0 there is k(¢) > 0 such that card{ f € A4; | f(x)| > &} < k(¢) for any x € By. We note that the property B,, is
called (1)oo in the Bates’s paper and that the separable version is perhaps better known in the formulation due to E. Odell and
H. Rosenthal: the property 8 = B, is equivalent to the existence of a normalised weakly null hereditarily Banach-Saks sequence
in X*, see [B, Lemma 3.2].)

Our factorisation approach works almost verbatim also in this non-separable setting except for the crucial step in the proof of
Proposition[2] where we use [HJ, Theorem 3.56] to obtain the canonical basis in the range of 7. To replicate this step we would
need a non-separable version of [HJ, Theorem 3.56]. This version is true for > w;, but unfortunately at present we can show it
for ;i = wq only under additional set-theoretic axiom MA,,, . The details can be found in [HJ2].
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