A REMARK ON SMOOTH IMAGES OF BANACH SPACES

PETR HAJEK AND MICHAL JOHANIS

ABSTRACT. Let X be a Banach space with a non-separable super-reflexive quotient. Then for any separable Banach space Y of dimension
at least two there exists a C ®°-smooth surjective mapping f : X — Y such that the restriction of f onto any separable subspace of X
fails to be surjective. This solves a problem posed by Aron, Jaramillo, and Ransford (Problem 186 in the book [GMZ])).

1. SMOOTH IMAGES

It was shown by Bates [BI] that every separable Banach space Y is a range of a C !-smooth surjection f: X — Y from any
infinite dimensional separable Banach space X . Moreover, under rather general conditions f can be chosen to be C °°-smooth. On
the other hand, it was shown in [H&1]] that if X = co and Y = {,, then f cannot be C2-smooth. In the setting of the non-separable
space X = cg(w1) it turns out ((GHM])) that the existence of C 2_smooth surjections onto £, depends on the additional axioms
of set theory. In particular, under the continuum hypothesis such surjections easily exist, while under the Martin’s axiom MA,,,
(which implies the negation of the continuum hypothesis) there are no such C2-smooth surjections.

In a recent paper of Aron, Jaramillo, and Ransford, [AJR], the following result was shown: Let I" be a set of cardinality at
least continuum ¢, and suppose there exists a bounded linear operator L: X — co(I"), such that L(X) contains the canonical
basis of co(I"). Then for any separable Banach space Y of dimension at least two there exists a C ®-smooth surjective mapping
f: X — Y such that the restriction of f onto any separable subspace of X fails to be surjective.

Of course, the result applies in particular to spaces X = co(c) or X = £,(c), 1 < p < 0o. As we have seen above, this result
holds for co(w;) if we assume the continuum hypothesis, but it fails under MA,,,, as £> cannot be a range of a C *°-smooth
surjection. It is therefore quite natural to ask what happens for X = £,(w1) spaces in this respect. The authors in [AJR]| speculate
that the result perhaps again depends on additional axioms of set theory. The problem is posed also in the recent monograph of
Guirao, Montesinos, and Zizler, [GMZ, Problem 186].

Corollaryin this note gives a solution to this problem. In particular, there is a C°°-smooth surjection f: {,(w;) — Y onto
any separable Banach space Y of dimension at least 2 such that the restriction of f onto any separable subspace of £, (w;) fails to
be surjective. Our result is in fact somewhat more general, and applies in particular to all non-separable super-reflexive Banach
spaces.

Before formulating the main theorem we recall some basic definitions on trees. A tree is a partially ordered set (7, <) with
the property that for every ¢ € T the subset {s € T; s <t} is well-ordered. For € T we denote by ¢ the set of all immediate
successors of 7,i.e.tt = {u € T; s < uifand only if s < r}. Foru € T we write u™ for the unique ¢ € T such thatu € ¢, if
such ¢ exists. If a tree has a least element, then we will call this tree rooted. We will assume that the least element of a rooted tree
is designated by 0, unless stated otherwise. The height of an element ¢ € T is a unique ordinal ht(z) with the same order type as
{s € T; s < t}. The height of the tree T is defined by sup {ht(z) + 1; ¢t € T'}. A branch of T is a maximal linearly ordered subset
and we denote by B(T') the set of all branches of T'. For an ordinal @ we denote by T, = {¢t € T; ht(t) = o} the «th level of the
tree T. For a branch b € B(T') we denote b, = b N T,. Let 4 be a cardinal. We say that T' is u-branching if card 7o < p and
cardtt < pforeacht € T.

Let u be a cardinal. We say that a subset S of a topological space X is p-Suslin in X if there is a u-branching tree 7' of
height @ and closed sets Fy C X, ¢ € T such that S = Upeg(r) Mo, Fp,. We remark that w-Suslin sets are called simply
Suslin in the classical terminology and that a classical result states that in Polish spaces Suslin sets (our w-Suslin sets) are precisely
the analytic sets, see e.g. [Kl Theorem 25.7].

Some more notation: By B(x, r), resp. U(x, r) we denote the closed, resp. open ball in a metric space centred at x and with
radius r. By £(X;Y), resp. #("X;Y) we denote the space of continuous linear operators, resp. continuous n-homogeneous
polynomials from X to Y'; for an introduction to the theory of polynomials see e.g. [HJ, Chapter 1]. If f is a mapping into a vector
space Y, then supp, f = f~1(Y \ {0}).If x, y € Y, then [x, y] denotes the segment with endpoints x and y.

Our main result is the following:

Theorem 1. Let X be an infinite-dimensional Banach space that admits a C*-smooth bump, k € N U {o0}, with each derivative
bounded on X. Let Y be a Banach space withdensY < dens X, let C C Y be convex, y; € C,and C C A C C adensY -Suslin
set. Then there is f € C¥(X:;Y) with supp, f C By such that f(X) = [0, y;] U A.
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Before proving the theorem we show some of its corollaries. For this we also need the following theorem of Felix Hausdorff,
[Hal Satz I], see also [J, Exercise 29.8].

Theorem 2. Every uncountable Polish space is a union of an increasing wi-sequence of Gy sets.

Corollary 3. Let X be a non-separable Banach space that admits a C*-smooth bump, k € N U {oco} with each derivative bounded
on X, and let Y be a separable Banach space with dimY > 2. Then there is f € C¥(X:;Y) such that f(X) =Y but f(Z) # Y
for any separable subset Z C X.

Proof. LetgeY*, g #0.Set A1 ={y€Y; g(y)>0U{0}and C ={y € Y; g(y) < 0} U {0}, and note that C is convex.
Since dimY > 2, ker g is non-trivial and by Theoremthere are Gg sets Hy C kerg, o € [2,w;) such that Hy :C: Hg for
2<a <P <wandkerg = Uae[z,wl) H,.Set A, = C U H, for o € [2,w;) and note that Uae[l,wl)Aa =Y, butif 8
is a countable ordinal, then Uae[l, p) Aa # Y. Let{By C X}ae[1,0,) be a uniformly discrete system of balls of radius 1. By
Theorem(using y1 = 0) there are mappings fy € C¥(X;Y) such that supp, fy C By and fy(X) = Ay for each & € [1, wy).
It follows that f = Zae[l,wl) fo € C¥(X:Y)and f(X) = Y. On the other hand, if Z C X is a separable subset, then Z meets
at most countably many of the balls B, and consequently f(Z) # Y.

O

To relax the assumption on the existence of a suitable bump in the previous corollary we use the following non-separable
variant of [Ha2| Theorem 4]. (We note that in the separable case the assumption is in particular satisfied if there is a non-compact
operator from X into £,, see [HJ, Proposition 3.33].)

Theorem 4. Let X be a Banach space for which there is T € £(X;{,(I")) for some infinite I' and 1 < p < oo such that
T (Bx) contains the canonical basis {ey }yer. Then for every Banach space Y of density at most card I' there exists a polynomial
surjection P € (11X Y).

Proof. Let {xy}yer C By besuchthat T'(x,) =e,,y € I', and let {y, }, e be a dense setin By. Denote m = [p] and define
Q:4,(I') > Y by 0(z) = Zyer Jfy(2)™yy, where f, are the canonical coordinate functionals. Then Q € P (",(I");Y)
by [HI, Theorem 1.29] (consider the net indexed by the directed set of all finite subsets of I"). Finally, define P € ("X;Y)
by P = Q oT. Now if y € Y, then by [HJ| Fact 6.64] there is a sequence {y,},—, of distinct elements of I" such that

- 1 - 1 - -
y =1y 00 27" vy, Putx = [lyllm 302027 xy,. Then P(x) = Q(llyllm 30202 "ey,) = 11 22520 27" vy, = v
O

The next corollary in particular solves Problem 186 from [GMZ].

Corollary 5. Let X be a Banach space for which there is T € £(X;£,(I")) for some uncountable I' and 1 < p < oo such
that T (Bx) contains the canonical basis of £,(I"). (This holds in particular if X has a non-separable super-reflexive quotient.)
Then for any separable Banach space Y with dimY > 2 there is f € C®°(X;Y) such that f(X) =Y but f(Z) # Y for any
separable subset Z C X.

Proof. By Theorem [ there is a polynomial surjection P: X — £,(I"). By Corollary 3] there is g € C°°(¢2(I"); Y) such that
g(a(I')) =Y but g(Z) # Y for any separable subset Z C £, (I"). To finish we set f = go P.

If X is non-separable and super-reflexive, then there is a bounded linear injection from X into £,(1"), see e.g. [JTZ, proof of
Lemma 2]. The existence of the operator 7 now follows from Corollary [I2Jused with = w;. As for the quotient, see the remark
preceding Corollary [12]

O

We note that for k > 1 the assumption of Corollary [3]is stronger than the assumption of Corollary [5} Indeed, if X admits a
C !>1-smooth bump, then it is already super-reflexive.
We now proceed to prove Theorem [I] This will be done with the help of the next two auxiliary statements.

Lemma 6. Let X be an infinite-dimensional Banach space that admits a function ¢ € C*(X:[0,1]), k € N U {oo}, with
each derivative bounded on X, and such that supp, ¢ C Bx and ¢ = 1 on B(0,r) for some r € (0,1). Let T be a rooted
dens X -branching tree of height w. Let no € N and {e,};2, C (0,+00) be such that e, — 0. Let Y be a Banach space

and let {y;}rer C Y be such that yo = 0 and |y, — y—| < an((g)k)n foreacht € T,,n € N, n > ng ifk € N, resp.
lve —ve—|l < eén ((ﬁ)”)n ifk = oco. Then there is f € CX(X:Y) such that supp, f C Bx and

J@) =\ eyl UL lim yp,: b € B(T)}.
teT\{0}
Proof. Note that Ty = {0}. By induction on the tree levels we find a collection {x;};er C X such that
@) U(xs, (%)") C U(x,, r(f—‘)"fl) foreachn e N,t € T,_;,and s € tT, and

(i) for each n € No the family {U (x;, (§)")}, <7, is uniformly discrete.
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Set xo = 0. Let n € N and assume that {x; };c7,_, are already defined. By [HJ| Fact 6.65] each ball B(x,, %r(ﬁ)"il), t €Ty

contains a Zr(%)"~!-separated set {x;}s¢;+. Then U (xg, 3r(5)"™1) C U (x;, r(4)"!) for each s € ™ and so (i) holds. Also,

each family {U (xs, (%)”)}S ot 18 ér(%)”‘l-uniformly discrete and combining this with (i) and the inductive hypothesis gives (ii).
Next, forn € N and x € X we set

So@) =" (e =y )e (2 (x — x0).

i=1teT;

The inner sum is locally finite by (ii) and hence f, € C*¥(X;Y) and

n
DIf(x) =" (i =y )G DIp((2) (x — x1))
i=1teT;
for each x € X and j < k + 1. In fact, since D7p((%)'(x — x;)) is non-zero only for x € U (x;.(5)") \ B(x;.r(%)), by (i)
and (ii) we see that at each x € X only one summand overall in the formula for D/, (x) can be non-zero and so we have the
following estimate:
107 () = DI = 1D = N = _max &i((5))' (s < € supe
=I+1,..., i>

forx € X,m >1>ng,l > j,and j < k+1, where C; > 01is such that DJ¢ is bounded by C;. It follows by [HI, Theorem 1.85]
that f, — f € CK(X:Y) uniformly on X.

Finally, note that ¢(X \ U(0,r)) = ¢(B(0,1) \ U(0,r)) = [0,1]. Hence, by using induction on n and properties (i)
and (i) we obtain f, (B (x;.r(%)")) = y, foreacht € T, and f(X \ G») = fu(X \ G») = Uiz Urer, = v,
where G, = U,er,, U(xt, r(%)"). On the other hand, by (i) and (ii), x € ()~ G, if and only if there is a branch b € B(T)
such that x = lim,_,s Xp,. It follows that x € U (xbn,r(ﬁ)”) for each n € N and consequently f,(x) = yp,. Therefore

S(x) =1limy o0 fu(x) = limp o0 Vb, -
O

Recall that the Lindel6f number of a topological space is the smallest infinite cardinal number p such that every open covering
of this space has a subcovering of cardinality at most p. For metric spaces the Lindelof number is equal to the density.

Proposition 7. Let (X, p) be a metric space with Lindeléf number p, U C X, let A C U be a non-empty ju-Suslin set,
and let {e,}5>; C (0,400). Then there is a rooted p-branching tree T of height w and a family {x;};er C U such that
A = {limy—0 Xp,; b € B(T)} and p(xy, x;) < & foreachu € t™,t € T, n € N.

Proof. There is a p-branching tree S of height  and closed sets F; C U, s € S such that F, C Fy ifu € s and
A = Upe B(5) Mo, Fp,. Without loss of generality we may assume that S is rooted and that &, — 0. We construct the
tree T and the family {x;};er by induction on the tree level. The members of 7" will be pairs (s,«), where s € S. We
set the least element of 7" as (0,0) and choose x(g,0) € U arbitrarily. To start the induction we also put &g = +oo. Let
n € Ny and assume that T, and x;, t € T, are already defined. Fix t = (s,a) € T,. For each u € s there is a covering of
U(xt,en) N Fy by balls U(X@,y), €n+1), ¥ € Tau such that xg, ) € U NU(xy, &5), dist(xX,y), Fu) < ﬁ, and card [, < u.
Sett™ = {(u,y); u € s,y € Iy} Then clearly cardt™ < p and p(xy, x;) < &, forany v € 7.

Now for a given x € A there is a branch b € B(S) such that x € (,—; Fp,. By induction it is easy to see that for eachn € N
there is B, € I'g,_, p, suchthat x € Fp, N U(x, g,),€n)- Put cg = (0,0) and ¢, = (by, By). Then {c,}72, is a branchin T
and clearly lim, o X, = x. Thus A C <{limn_>(>o Xg,; d € i)’(T)}.

On the other hand, suppose that ¢ € B(7) and x = lim, o X¢,,. Then ¢, = (bp, Bn) With {b,}5, being a branch in §. Since
dist(xe,, Fp,) < % and Fp, C Fp, if n > k, it follows that x € Fj,_ for each k € N and consequently x € Moy Fp,. Thus
{limn%Oo X4,; d € B(T)} C A.

O

Proof of Theorem(I] By composing the bump with a suitable smooth real function we obtain r € (0, 1) and ¢ as in Lemma 6]

Sete, = %(i)kﬂ if k € N, resp. ¢, = %(ﬁ)nz if k = co. By Propositionthere is a rooted dens Y -branching (and hence also
dens X -branching) tree T of height w and a family {y;};ez C C suchthat A = {limy—o0 yp,: b € B(T)} and [|yi—yi~| < €nt1
foreacht € T,, n > 2. By relabelling and adding a node we may assume that 7o = {0}, T = {1}, and yo = 0. By Lemmalf]
there is f € CK(X:Y) such that supp, f C By and f(X) = AU Urervioylve— ye] = [0, y1] U A.

O

2. CANONICAL BASIS OF £,(I") IN A LINEAR IMAGE

In this section we look for some sufficient conditions on the space X ensuring that there is a bounded linear operator
T: X — £,(I") such that T(By) contains the canonical basis. For p = 1 we have the following simple and certainly well-known
observation.
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Fact 8. Let X be a Banach space. Then there is T € £(X;£1(I")) such that T (Bx) contains the canonical basis {ey }yer if and
only if X has a complemented subspace isomorphic to £1(I").

Proof. < We can take the projection composed with the isomorphism and suitably scaled.
= We can use the lifting property of £; (I") once we realise that T is in fact onto. Indeed, let x,, € By be such that T'(x,) = e,.
Any y € £y(I') is of the form y = Y 7 | aney,. We can put x = Y -2 | anXy,, since the series converges absolutely. Then
T(x)=y.
O

Now we give several auxiliary technical statements leading finally to the conditions given in Corollary [12]

Let X be a normed linear space and M C X*. We say that a net {xq }oer C X is M-null if limy f(xq) = O foreach f € M.
Recall that the cofinality of an infinite cardinal u, denoted by cf u, is the smallest cardinal v such that [0, t) has a subset 4 of
cardinality v with sup A = u; u is called regular if cf u = .

Lemma 9. Let X be a normed linear space and { f,}yer C X*. For x € X we denote suppx = {y € I'; f,(x) # 0}. Let
W > w be a regular cardinal and {x4}gefo,) C X an { fy }-null net such that card supp xo < p for each a € [0, ). Then there is

a subnet {Yo }aclo,11) Of {Xa taeo,u) With disjoint supports, i.e. supp yo Nsupp yg = @ forany o, € [0, u), ¢ # B.

Proof. Since cf 4 > w, for each y € I' there is G(y) € [0, ) such that f, (xo) = 0 for o € [G(y), v). We define an increasing

F: [0, u) — [0, ) such that supp xr(y) N supp x(g) = @ whenever 0 < o < 8 < u by transfinite recursion. Put F(0) = 0. Let

B € (0,n) and put A = Uae[o,ﬂ) Supp X f (). Then card A < w since p is regular. Put 7 = sup, ¢ 4 G(y). Then again n < u by
the regularity. We set F () = max {1, sup,cfo g)(F (@) + 1)} and note that f, (xg)) = 0fory € A.
Finally, we put y, = xF(y) for @ € [0, ), which clearly defines a (Willard) subnet of {xq }aefo,u)-

O

Proposition 10. Let X be a normed linear space and T € £(X;£,(I")) for some I and 1 < p < oo. Let ) > w be a regular
cardinal. Then for each weakly null net {xq }yef0,;) C X \ ker T there is a subnet {yq }yefo,1) and S € éC(X; £, ([0, /,L))) such
that S(ya) = eq, @ € [0, 1), where {eq}aefo,u) IS the canonical basis of £, ([0, p)).

The same holds if we consider co(I") and co([0, )) instead of £,(I") and £, ([0, ).

Proof. Consider the sets [, = {a € [0, n); ,ll < T (xo)| < n}. Since cf 4 > w, there is n € N such that card I, = w. Thus by
passing to a subnet we may assume that {7 (x4 )}aefo,;) 1S semi-normalised. Since 7" is w—w continuous, {7 (X¢)}ae[o,0) is Weakly
null. By Lemma@] there is a subnet {y4 }aefo,) Of {Xa}aelo,.) Such that {T(ye)}eefo,,) have disjoint supports. Consequently
there is a bounded linear projection P: {,(I") — span{T(y)} and an isomorphism R € £(span{T (ya)}; £»([0, 1)) with
R(T(yy)) = eq. We may thenset S = Ro PoT.

|

Let X be an infinite-dimensional normed linear space and u a cardinal. For an application of Proposition [I0] we need to find a
non-trivial weakly null long sequence in X . Notice that if M C X* separates the points of X, then there is no o (X, M)-null long
sequence of length p in X \ {0} when cf u > card M. Indeed, M gives rise to a neighbourhood basis of o (X, M) of cardinality
card M and thus any o (X, M )-null long sequence of length u is eventually zero. Consequently, there is no weakly null long
sequence of length p in X \ {0} when cf & > w*-dens X * and there is no non-zero w*-null long sequence of length w; in £. In
particular, if we want to have a weakly null long sequence of length dens X in X \ {0} with dens X a regular cardinal, then the
space X has to be a DENS space, i.e. a space for which w*-dens X* = dens X.

Recall that a Banach space X is weakly Lindel6f determined (WLD) if and only if there is a one-to-one w*—pointwise
continuous bounded linear operator T : X* — £ (I") for some set I, see [AM]. Clearly, a quotient of a WLD space is again
WLD. Note also that a WLD space is a DENS space, [HMVZ, Proposition 5.40].

Lemma 11. Let X be a WLD Banach space and p < dens X a cardinal with cf @ > w. Then there is a normalised uniformly
separated weakly null net {xq}qefo,) C X.

Proof. There is a Markushevich basis {(x;; f;)}yer of X that countably supports X*, i.e. the set {y € I'; f(x,) # 0} is
countable for every f € X*, see e.g. [HMVZ, Theorem 5.37]. It follows that {X F(a)}ae[o,) is Weakly null for any one-to-one
mapping F : [0, #) — I'". Now consider the sets I}, = {y € I'; |x, || <n.| f, || <n}. Then card I, > p for some n € N. Also,
lxe — xgll = mmx(xa —xg)| = m > % fora,B € I, « # B. Hence the set {x, },cr, is bounded and has a positive
distance from the origin. Thus we may put y, = ”iﬁ for y € I, and {yy },er, satisfies the requirements.

O

Note that if X, Y are Banach spaces and Q € £(X;Y) is onto, then by the open mapping theorem after scaling Q we obtain
R e £(X;Y) suchthat By C R(By). Nowif T € £(Y;{,(I")) is such that T(By) contains the canonical basis of £, (1), then
T o R: X — {,(I") has the same property.

Corollary 12. Let X be a Banach space, |4 > w a regular cardinal, I" a set, and 1 < p < oo. Consider the following conditions:

(i) X is WLD and there is T € £(X;{,(I")) such that dens X /ker T > p.
(ii) X contains a non-zero weakly null net {xq }qe[o,u) and there is T € £(X;L,(I")) such that densker T < pu.
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If one of the above conditions is satisfied, then there is S € i(X; £, ([0, p,))) such that S(Byx) contains the canonical basis

of £ ([0 p)).

Proof. (i) Let Z = X/ ker T. According to the remark precedlng Corollary [12]it suffices to find the required operator from Z.
Let O: X — Z be the canonical quotient mapping. Define T:Z > ¢ »(I") by T(z) T(x) for some x € Q7!(z). Then
T e £(Z;£,(I")) and it is one-to-one. Also, Z is WLD with dens Z > u and hence by combining Lemma. and Proposmon.
there exists S € $(Z; £,([0, /L))) such that S(Bz) contains the canonical basis of £, ([0, ()).

(i) Since cf & > w, we may assume without loss of generality that {X4 }qe[0,,) 1S semi-normalised and contained in By . Also,
by [T}, Theorem 1.1] we may assume that {xq }qe[o,;,) i @ long Schauder basic sequence, and in particular that it is uniformly
separated. Consequently there is B < p such that x, ¢ ker T for @ > f and we may apply Proposition[10]

O

Finally, note that £, has a quotient isomorphic to £, (c) ([HMVZ| Theorem 4.22]) although it does not contain a non-zero
w*-null long sequence of length w;.
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