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STEFANIA D’ ALESSANDRO, PETR HAJEK, AND MICHAL JOHANIS

ABSTRACT. We give a corrected proof of the main Lemma 2 from the paper in the title (our Corollary[7).

1. INTRODUCTION

The paper [H]] was concerned with the problem of describing the closure (in the topology of uniform convergence on the unit
ball) of the algebra «, (X ) of polynomials generated by all polynomials of degree at most n on the Banach space X . Of course, if
X is finite-dimensional, then this situation is covered by the classical theorem of Stone and Weierstral3, so our interest lied with the
case of infinite-dimensional Banach spaces X. This natural problem was suggested to us by Richard Aron, but its origin can be
traced back to Shilov ([A1l], [A2], [S]), and some early partial results on it were obtained in [NS].

The principal tool for obtaining our results in [H] was the finite-dimensional quantitative Lemma 2, which was obtained as a
by-product of a new theory of algebraic bases for algebras of sub-symmetric polynomials on RY.

Unfortunately, the arguments in [H|| contain a serious gap, which was recently spotted by the third one of the present authors.
More precisely, the power series on top of page 213 should have been correctly centred at the point (x?, ..., x2), rather than at the
origin. It is not clear to us at the present moment if this problem can be fixed, and so the theory of algebraic bases developed in [H]
remains to be only a conjecture.

In the present note we give a different proof of the above mentioned lemma, which corresponds to our Corollary [/} As a result,
all the infinite dimensional applications stated in [HI, as well as in several papers by various authors which have relied on our
previous work (e.g. [DDI], [DG]) remain valid. In fact, the strongest results concerning polynomial algebras are contained in the
paper [DAHI], which is also based on the lemma in question.

For more detailed introduction to the subject and more references we refer to [DAH]. Let us now proceed with the corrected
proof of Corollary

2. PROOF OF THE MAIN RESULT

By Ny we denote the set N U {0}, i.e. the non-negative integers. The canonical basis of R"V will be denoted by {e; }]NZI. By

Df (x) we denote the Fréchet derivative of the function f at the point x. By £ (“RY), £¢(RV), and £ (RV) we denote the space
of real d-homogeneous polynomials, polynomials of degree at most d, and all polynomials on R¥, respectively. We say that a
polynomial P € £ (RY) is sub-symmetric if

whenever 1 <k < N,x1,...,xx €R,and1 <n; <---<ngp <N.
Let n € N. For a multi-index « = («,...,,) € Nj we denote its order by |a| = )
multi-indices of length k and order d € Ny by

d(n,d) = {(x €{0,...,d}"; || = d}.
Forn,d € N wedenote I (n,d) ={a € d(n,d); ¢j >0,j =1,...,n}and J*(d) = Uj=1 It (n,d).
Givenk,N € N,k < N,and o € ¥ (k,d) we define P € P(“RV) by

PYx)= Y x¥x%k (1)

I=pi<-<pr =N

n

j=1;j. Further, we denote the set of

For N > d the polynomials { P¥; o € 4 (d)} form a linear basis of the space of sub-symmetric d-homogeneous polynomials on
R . An important special case of these polynomials are the power sum symmetric polynomials s,IlV (x) = P(Ir\,l) (x) = x{ +---+xh.

Our main result concerns the properties of sub-symmetric polynomials, however in its proof we need to work also with partial
derivatives of the polynomials P} and for this reason we consider also the polynomials PN given by the formula (T) where
o € J(k,d), k < N, using the convention that x® = 1 for every x € R. We denote by H™X(R") the subspace of £"(RY)
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generated by the polynomials Pofv s € Ujzo U,le d (k, d). For formal reasons we also put Poﬁv =0ifk > N and P(I;’ =1,

both even for N = 0, further 4(0,0) = {()}, and R® = {0}. Note that these definitions are consistent with (), using the
convention that a sum over an empty set is zero and a product over an empty set is equal to 1.

The following fact describes an important relation between the restriction of PM to the first N coordinates and P.Y. Note that
for M > N we consider canonically R" as a subspace of RM .

Fact1. Let M, N,k,d € No, N < M, and a € J(k,d) be such that oy, > 0 and a1 = -+ = ax = 0 for some 0 <m < k.

Then
k
M —N
Palw(x) = Z ( k_] )P(Izl,...,aj)(x)

j=m
for every x € RN . Conversely,
k .
(M —-N+k—-j—1
N k M
P =y e (NN T

Jj=m

for every x € RV,

Proof. The first relation follows from the following (recall that x € R¥ ie. x N+1 = -+ = xp = 0 as per the aforementioned
convention):
My = AL x¥m — a1 Ly
Py (x) = Z Xo1 Xom = Z Xo1 Xpm
1<pi<=<pr<M 1<p1<=<pr<M
pom=<N
k k
M —N
- a1 O — N
-y X ey =2 (V)R @,
j=m 1=<p1<-<px<M Jj=m
pj=N<pjti

The second relation can be proved by induction on k — m. For k —m = 0 it follows immediately from the first one. For the
induction step we use the first relation together with the inductive hypothesis to obtain

k—1

M—N
Pév(x):Py(x)_Z(k_j )P(J‘:‘II ~~~~~ Otj)(x)
j=m
k—1 J .
==Y () e (M T R e
j=m —J I=m J =
S(E L (M-N\(M-N+j-1-1
:P"fw(x)_z(z(_l)j_l(k—j)( j—1 ))P‘g‘ """ o)
I=m \ j=I

and the result now follows from the identity Zf= [(=1)7 7 (Ag:jv )M _th’l'_l -1

summands, this is equivalent to 211]\4:—0N (—Dk—t—p(M ;N )M _letk]\?i}p -1

t— (M _AN,[tl]‘V__ll_’_l) of degree M — N — 1 ([E], or [HK] for a more recent proof).

) = 0. Adding or removing a couple of zero

) = 0, which is the Fréchet formula for the polynomial

|

It is very important to notice that the previous fact covers all the special cases like N <k < M,k > M, N =0,m = 0,
or k = 0. Observe also that in particular in the sub-symmetric case (i.e. @ € 47(d)) we have PM }gn = PX. Hence for
sub-symmetric polynomials the superscript N can be dropped. We will use this simplification for the polynomials s = s,.

The next fact deals with the situation when we fix the first N' coordinates of P,

Fact 2. Let N.d € No, M,k e NN < M,k < M, « € d(k,d), and y € RN. Then the polynomial (x1,...,Xp-n)

Pof”(yl,...,yN,xl,...,xM,N) belongs to Hd’mi“{k’M_N}(]RM_N).
Proof.
k
M _ L% % e
P, (yl,...,yN,xl,...,xM,N)—Z Z Yor " Yo Xpl N X pe—N
J=0 1=<p1<-<px<M
pPi=N<pjti1
_ N M—-N
- Z P(Otl ~~~~~ aj)(y)P(aj+1 ,,,,, Ol/c)(xl""’xM_N)'
0<j<k

k—(M=N)=<j=<N
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Letk,d e Na e d(k,d),k < N,x e RN and1 </ < N.Then

k k
8PN ad o 1
a — a0k | — . j—1 %L G+l
ax; (x) = 9x; Z Z Xpi Yoo | = Z &j Z xPl XXy Yoj+1 Yok

J=1 1=<p;<=<pp<N Jj=1 1=py<~<p;_1<l
pj= @;>0 I<pjii<-<pr<N (2)
_ -1 o) N-I
_E oz]P(al ..... aj_l)(xl,...,xl_l)xl P(aj+1 ..... ak)(x1+1,...,xN).

a;>0

These partial derivatives have the following useful property:

Fact3. Letk,d,N € N,a € d(k,d), k < N. Then Y1, e Hi-LkRN).

Bx
Proof.

N N k
opN -1
o _ . o oj—1 O Aj+1 Lo
E o, (x) = E E aj E Xpp " Xoia X Xpjyr Xy
=1 j=1 1§p1<~~~<p/’_1<l
a;>0 l<pjy1<=<px<N

k N k
_Z Z Z @j—1 &=l %41 _E:
- (X] ﬂl xpj 1 Pj xPj-H Ol] P(otl ..... i 1Otj—l a4 Otk)( )
j=1 I=1 1<p1<-<pr <N j=1
Ctj>0 pj_l Otj>0

O

We note that this fact does not hold with 4T (k, d) and the space of sub-symmetric polynomials in place of d(k,d) and
H2~Lk(RN), and this is the sole reason for considering the larger spaces H™X (RN).

N N
For each x € RY we naturally identify DPN (x) with the vector (331;"‘ ey %i‘;‘v (x)) e RV,

Fact4. Let M, N,k,d € N, M >N,aedk,d),k <N,and x € RN, Then DPOfV (x) is a linear combination of vectors

8P pM k

DPY () by = (FE(0), . (1)) € RY, B e Uy d0m. ).

Proof. Let1 <m < kbesuchthata, > 0andopmy; =+ =ax =0.Fix1 </ < N.Ifa; > 0, then m > j and hence by

Fact[T]

k
P(]ijl ..... ak)(X]+1,...,XN) = ZCSP(Igj:-ll ..... as)(XH_l,...,XN,O,...,O),

S=m

where ¢ = (—1)F—* (M_thlz_s_l). Therefore using ([2) and the fact that sy = --- = o = 0if m < s < k we obtain
k k M

aPN 1 _ WP... ,
= ( ) = Z o P(al’ a_/__l)(xl,...,xl_l)x;x" Z CsP(ZI,-Jrll,,,,,as)(lerl»---,XN’Ow--»O) = ch%(x),
s=m s=m
a, >0

from which the statement follows.

We will also make use of the following version of the Lagrange multipliers theorem.

Theorem 5. Let G C R” be an open set, f € CY(G), F € CY(G;R™), and assume that F has a constant rank. If the
function f has a local extremum with respectto M = {x € G; F(x) = 0} ata € M, then Df(a) is a linear combination of
DFi(a),...,DFy(a), where Fy, ..., Fy are the components of the mapping F.

Proof. Letk = rank F(x) forx € G. Since DF is continuous, we may without loss of generality assume that DF; (x), ..., DFy(x)
are linearly independent for each x € G. From the Rank theorem it follows that there are C'-smooth functions g; of k variables,
J =k +1,...,m, and a neighbourhood U of a such that Fj(x) = gj(Fl(x), ...,Fk(x)) foreachx eU,j=k+1,....m
(see e.g. [Z, Proposition 8.6.3.1]). Notice that g;(0,...,0) = g; (F1 (a),..., Fk(a)) =Fij(a)=0,j =k+1,...,m. Therefore
MNU={xeU; Fi(x) =0,..., Fr(x) = 0} and we may use the classical version of the Lagrange multipliers theorem

O

Now we are ready to prove the key lemma.

Lemma 6. For every n,K € N there are N € N and u,v € RN such that P(u) = P(v) for every P € H"XRYN) but
Sn+1(U) # Sp41(v).
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Proof. The proof is based on the observation that Z;V=1 BSB’;J[” (x) = (n + 1)s,(x), which together with Fact |3|leads to an
inductive proof. For each fixed K € N we prove the statement by induction on n. So fix K € N and denote M(n) =
Ui<d<n Ui<k<k 4k, d). The space H™X(R¥) is generated by a constant function and polynomials P, € M(n). Forn = 1
the functions P, & € M(n) are linear and so there is N € N large enough such that (1), M(n) Ker PN contains a non-zero
element u. Then it suffices to take v = 2u.

The inductive step from n — 1 to n will be proved by contradiction. So assume that for each N > K and each u,v € RV
satisfying PN (u) = PN (v) for all @ € M(n) we have s,41(u) = $,4+1(v). Now let FV: RV — RIMMI be the mapping
whose components are the polynomials PY, o € M(n) in some fixed order and let A  (x) be its Jacobi matrix at x € R¥, i.e.
An(x) = (% (x)) weM(n) - Note that the number of rows of the matrix of functions A x does not depend on N. Thus there is

I=1,..M
N > K and y € RY suchthatrank Ay (y) = r = maxyss g xerM Tank A pz (x).

By the inductive hypothesis there are M > N and g,h € RM~N such that P(g) = P(h) for all P € H" LE@RM-N)
but 5,(g) # su(h). If we denote by Aps(x) |y the matrix consisting of the first N columns of the matrix Aps(x), then r =
rank Ay (y) < rank Apr(y) Py < rank Aps(y) < r, where the first inequality follows from Fact Let w{”, ...,wM be the
rows of Ajps such that w{” (6219 wﬁ” (y) v are linearly independent. Using the continuity of the entries of Ay it is
easy to see that there is a neighbourhood U C RM of y such that for each x € U the vectors w™ (x) [y, ..., wM(x) I n
are linearly independent and so they form a basis of the space spanned by the rows of 4 (x) [ x. Clearly the same holds for
w{”(x), e, wf”(x) and Az (x).

Fix an arbitrary z € U and put S = {x € U; PM(x) = PM(z),a € M(n)}. By our assumption s, is constant on S and
so Theorem [5]implies that Ds,41(z) is a linear combination of the rows of A4 (z). It follows that for each z € U the vector
Dsp+1(2) is a linear combination of wM (z),..., wM(z).

Next, we putu = y + ¢ ZJMZ_IN gjen+j,v=y+c ZJMZ_lN hjen 4 for some suitable ¢ # 0 so that u, v € U. Notice that
since H"~1K(RM=N) is generated by homogeneous polynomials, we still have P(cg) = P(ch) forall P € H"-LKRM-N)

but s,(cg) # sy(ch). For a fixedw € M(n) and 1 </ < N consider the polynomial P(x) = %(yl, e s VNS X1 e s XM—N)-

ax;
Then by (2) and Factwe have P € H" LE(@RM~N) and so P(cg) = P(ch). Therefore

wl @ty =wf @y, j=1....r (3)
We have Ds,4+1(u) = Z_;Zl Aj w]M (u) and Dspq1(v) = Z]r-zl Wi wJM (v) for some A;, u; € R and of course the same holds
when we restrict to the first N coordinates of all of these vectors. But since Ds,41(u) [xy = (n+1)(y7,..., yy) = Dspy1(v) I'w,
combined with (3)) and the fact that w{"’(u) PNy eens wﬁ” (#) I'w are linearly independent we obtain ;; = Aj, j = 1,...,r. Finally,
. M M M—N n—1,K mM-Ny
from Factand Factlt follows that x = 3,2 wi (y + 3570, xjen+j), € H" V(R ), j =1,...,r. Therefore
M s r M r M M s
+1 +1
(14 Dsn0) = 352200 = 3 & ) wi G =32y 3 wi ) = 3 25 w) = (14 Dsa v).
1=1 j= 1=1 j= =1 =1

Since s, (1) = s,(¥) + sn(cg) and s, (v) = 5,(y) + sn(ch), we get s,(cg) = sn(ch), which is a contradiction.
O

Recall that an algebra of polynomials on R¥ is a subspace of £ (R™) that is closed with respect to pointwise multiplication.
Given an algebra A C P(RY) we say that the set B C - generates the algebra + if for every p € s there is a subset
{b1,...,bx} C B and a polynomial P € P (R¥) suchthat p = P o (by,...,by).

Corollary 7. For everyn € N there exist N € N and ¢ > 0 such that for every M > N

sup |p(x) = snt1(x)| = &
XEBZ{W

for every p from the algebra generated by the sub-symmetric polynomials on RM of degree at most n.

Proof. Applying Lemma@to K = nweobtain N € N and u,v € B‘iv such that P(u) = P(v) for every P € H""(RN)

but s,4+1(U) # Sp+1(v). We put e = %|sn+1(u) —Sp+1(v)|. Let M > N. Since all sub-symmetric polynomials from £ (RY)
are contained in H"™"(R"), from the remark after Fact [1it follows that in particular P(x) = P(v) for every sub-symmetric
P € P"(RM). We conclude that p(u) = p(v) for every p from the algebra generated by the sub-symmetric polynomials from
P"(RM). The statement now easily follows.

O
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