CHARACTERISATION OF REFLEXIVITY BY EQUIVALENT RENORMING

PETR HAJEK AND MICHAL JOHANIS

ABSTRACT. A new rotundity property of Day’s norm on co (") is introduced. This property provides in particular a renorming characteri-
sation of the class of all reflexive Banach spaces.

Renorming characterisation of various classes of Banach spaces is important and useful for applications. To give a few examples,
the most spectacular result in this area is certainly the Enflo-Pisier characterisation of super-reflexive spaces as those admitting
uniformly rotund norm [E] (or even having power type modulus of uniform convexity [P]). A beautiful characterisation of spaces
admitting uniformly Gateaux smooth (UG) norm as those for which (Bx*, w*) is a uniform Eberlein compact was obtained in
[EGZ]| (see also a subsequent paper [FGHZ]).

Restricting to separable Banach spaces allows more results (not valid in the general case), for example Fréchet smooth or
weakly uniformly rotund (WUR) renorming characterises spaces with a separable dual (Asplund spaces). A good source of other
results and references on the subject is G. Godefroy’s article in [JL], or [DGZ]].

In the present note we are interested in renorming characterisation of reflexivity. Let us give a brief account of the known facts.
The fundamental LUR renorming of the WCG spaces ([T]]) together with the standard duality gives the well-known fact that X is
reflexive if and only if there is an equivalent norm such that the dual norm on X* is Fréchet differentiable. On the other hand,
Milman in [M]] introduced the notions of 2-rotund (2R) and weakly 2-rotund (W2R) (see below for these definitions). He states
(without proof) that separable reflexive spaces are precisely the W2R renormable and asks whether reflexive spaces with LUR
norm (this condition is redundant due to [T]) are 2R renormable. The last problem was settled positively for separable spaces by
Odell and Schlumprecht [OS]], but the general case remains open.

The main result of this note (Theorem 3)) implies a characterisation of reflexive spaces as those admitting a W2R renorming.
We also give examples showing that LUR renorming of a reflexive space is not necessarily W2R and vice versa.

First let us fix some notation. For a finite set A we denote the number of elements of A by |A|. Given x = (x(y))yer € co(I")
and A C I', x |4 denotes the vector defined as x [4(y) = x(y) fory € Aand x P4(y) =0fory € I' \ A.

Definition. We say that a norm ||-|| on a Banach space X is 2-rotund (2R) (resp. weakly 2-rotund (W2R)) if for every {x,} C Bx
such that
lim  |[xp + xp|| =2
m,n—00

there is an x € X such that lim x, = x in the norm (resp. weak) topology of X.
n—o0o

It is well-known (see e.g. [DGZ, 11.6.2]) that the definition can be equivalently restated as
Fact 1. A norm ||-|| on a Banach space X is 2R (resp. W2R) if and only if for every {x,} C X such that

. 2 2 2
im 2 [xml|” 4 2 [|%a[|” = [Xm + xal|” = 0 Q)
m,n—00
there is an x € X such that lim X, = x in the norm (resp. weak) topology of X .
n—oo
This formulation is more convenient to use because it is homogeneous.
Using Smulyan’s criterion we immediately obtain

Fact 2. Ifa norm ||-|| on a Banach space X is 2R then its dual norm ||-||* is Fréchet differentiable with all its derivatives contained
in X C X**. Ifanorm ||-|| on a Banach space X is W2R then its dual norm ||-|* is Géteaux differentiable with all its derivatives
contained in X C X**.

Note however, that the norm dual to a W2R norm need not to be Fréchet differentiable as Example E] will show.
Recall that for an arbitrary set I", Day’s norm on ¢ (1) is defined by

n 1/2
Ix) = sup{(zrkx%yk)) ; (yl,...,m;,
k=1
where the supremum is taken over all n € N and all ordered n-tuples (y1, ..., yn) of distinct elements of I". Recall further that a
norm ||-|| on a Banach space X is called locally uniformly rotund (LUR) if lim |x, — x| = O whenever x,, x € X are such that
n—>0o0

lim 2 ||x||® 4+ 2 |[xall* = |x + xx||* = 0. It is well-known that Day’s norm is LUR ([R]), cf. [DGZ, 11.7.3]).
n—>oo
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Theorem 3. Ler I" be an arbitrary set and ||-|| be Day’s norm on co(I'). Let {x,} C co(I") satisfy (I). Then {x,} has a weak
cluster point x if and only if lim x, = x (in the norm topology).
n—>00

Proof. Every weak cluster point of {x,} is a weak limit of some subsequence of {x,}. (Indeed, {x,} Y co(lJ supp x,,) which

has separable dual, and as mw is bounded (see below), it is metrisable.)

Notice further the following easy observation: If a norm ||-|| on a Banach space X is LUR and {x,} C X satisfies (I)) and has a
cluster point x (in the norm topology) then already x,, — x (in the norm).

Since obviously any subsequence of {x,} also satisfies (I), by the facts mentioned above we may assume that x, — x weakly
and we have to find a subsequence of {x, } norm converging to x.

Let ||-[| o denote the canonical norm on co(I”). Let {&y } be the support of x,, enumerated so that |xn (ai’)| > |xn (oeg’)| >
and {B""} be the support of (X, + x,) enumerated so that | (X + x,)(B1"")| = |(xm + x4)(B5")| = -+ . Note that we may
and do assume that 8" = ;"™ k € N.

From the definition of Day’s norm

EA& 24 “xzeg) = 24 “x2 () ©)
for any sequence {yx} C I". Hence
2 w1 + 2% )1 = xm + xal> = 2D 47552 (@) +2) 47 x2 (@) = D 47 (o + xa)? (B
=2 47, (ﬁ,’f’”) +2) 4GB = Y4 o 2B )
=Y 4 (em (B — xn(BP)°

AS 2 [JxmI? 4 2 [[xn ) = [|xm + x0])* = (Il | — ||x,,||)2 > 0, (I) implies that {|x,|} is Cauchy and hence {||x| o} is
bounded. Therefore by passing to a suitable subsequence we may assume that there is 7 € £, such that |x,, (az)| — z(k), k € N.
Notice that z(1) > z(2) > --- > 0. The vector z represents the asymptotic “shape” of the vectors x;,.

We claim that z € ¢y. If this is not the case then there is a C > 0 such that z(k) > C for k € N. Then there is a finite A C I
such that |[x P p\4llee < %. By (@) and () there is mo € N such that

C2
24_k(xm(ﬂ]'€"’") — )C,,(,B,'C"’"))2 < 4_|A|_1E form,n > my. 4)
k

Since ‘xn(al"A|+1)| — z(|A| + 1) > C, there is ny > myq such that ’an («
|xn1()/)| > C. Next we find a finite B C I" such that

\';11|+1)‘ > C. Thus we can choose y € I" \ A for which

C
X7, P r\Blloo < 3 )

This implies that y € B \ A. Using the weak convergence we choose n, > mg such that || (Xn, —x) B ||c>c> < %. Therefore we
have

C
Iotms Povalloo < ©
and so |xn2 (y)| < %. Further,
3
|xn1 )+ xnz(V)| > _C- (7N

We find the smallest ko € N for which ;"> ¢ A. It follows that ko < |A| + 1 and

|Gy + %) (B1™)| 2 [Gony + ) )], ®)
Now either 8> € B \ A and we can use (§), (7) and (8) to obtain

ey (Bgy ™) = xna (B )| = [ (Bieg™) + s (Beg ™) = z|xn2(ﬂ’“ ")

0

1 C
z |xn1 (V) + xnz(V)| 2|xnz(ﬂzl n2)| = _C -5 =z —,
4 2 4
or ﬂz(‘) "2 ¢ '\ (B U A) and we use (8)), (7) and (3)) instead to get the same conclusion. Finally
C2

D4 (B =y (B))” 2 47 (o, (By ™) — oy (B ™) = 47
k

which contradicts ().
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Now we stabilise the supports of the vectors x,. By (3),

0=2> 47k 5@ + 224—" 2ep) =>4 om + x)2 (B
— (24BN 2 A BE = Y A7 o ) 2B
< 2o lI* + 2 [1xnl* = lotm + xa 1%,
which together with (2)) and () gives
im (4@ - Y4 aerm) =0, ©
But, forevery j € N
(o)
24 kx2(ak)_Z4 kXZ(IBZ’lﬂ) Z( 4*(k+l)) (ZXZ(an)_sz(Ian )
k=1 k=1 i=1
47 -4 UH)) (xrzz(“}?) - xrzl(a;l+l)) )

(10)

v

unless {of'; 1 <i < j}={p""; 1<i<j}

Indeed, if {o; 1 <i < j} # {B"": 1 =i < j} then x2(@) + x2(e) + -+ x2(a_)) + x2(a, ) = YT x2(B"").

If z(1) = O then easily || X[ oo < ]xn(oe’f)} — z(1) = 0. Otherwise choose 0 < ¢ < z(1). As Z € ¢o we can find k; € N such
that z(k; + 1) < ¢ and z(k;) > &. Put § = 1(z(k1) — z(k1 + 1)). There is n3 € N such that ||x, ()| — z(k)| < min{s, &}
forn > nyand 1 < k < ky + 1 and thus |xn(a£1)| — |x,,(oe,’zl+1)| > § for n > n3. By putting this fact together with
(T0) and (@) we obtain m; > nj such that {of; 1 < k < ki} = {B;"": 1 < k < ky} form,n > m;. Because we have
s 1<k <kiy =" 1<k <kiy={B"" 1<k <k} ={af; 1 <k < ky}formn > m,the sets
{ay; 1 <k <k} are equal for n > m; and we denote this set by E.

The definitions of E, n3, and ky in the previous paragraph give ||x, [ r\E [loo < |Xx (aZ1+1)| <z(k1+1)+e < 2¢eforn > m;y.
This together with the weak convergence implies ||x ' r\E|loo < 26 and so [[(x—x») I M\Ellco < X T M\Ellco + 1Xn T M\Ellco < 4€
for n > m;. Finally, using the weak convergence again, pick ng9 > m; such that |(x —x,) |, < & forn > ng. Then

% = Xnlloo = max{[|(x =xa) [Elloo » [I(x = Xn) P r\E lloo} < 4& forn > no.
|

Corollary 4. Let (X, |-|) be a Banach space such that there is a one-to-one bounded linear operator T : X — co(I") for some I.
Then there is an equivalent norm ||-|| on X such that any sequence {x,} € X satisfying (1) has at most one weak cluster point.

Proof. Define a norm on X by ||x|* = |x|* + ||Tx||%), where ||-|| p is Day’s norm on ¢y (I"). Clearly it is an equivalent norm
on X. Let {x,} satisfy (I). Similarly as above it follows that lim,; »—cc 2 ||Txm||2D + 2 || T xp ||2D — T xpm + Txp ||2D = 0 and
s0 {T'x,} satisfies (T) in the norm ||-|| ,. We can apply Theorem [3]to the sequence {7 x,} and since 7' is w—w-continuous and
one-to-one, {x,} cannot have more than one weak cluster point.

O

Corollary 5. Let X be a Banach space. Then X is reflexive if and only if it admits an equivalent W2R norm.

Proof. The “if” part follows easily from James’ theorem: Let ||-|| be a W2R norm on X . Fix any f € X* \ {0}. Choose x, in By
such that £(x,) = || £]. Then 0 < 2 x> + 2 |xn |* = [Ixm + xnll*> < 4= || f17? f(Xm + xn)* — 0. Thus there is x € X
such that x,, — x weakly, hence f(x) = lim f(x,) = ||.f| and by James’ theorem X is reflexive.

Alternatively (as non-separable James’ theorem is rather hard) we can use Fact[2]to see that for any F' € X** that attains its
norm we have F' € X and then by the Bishop-Phelps theorem X is reflexive.

The “only if” part:

It is very easy to construct an equivalent W2R norm on a separable reflexive X . Let |-| be the original norm on X, { f;} be a
countable subset of By+ that distinguishes points of X. Define a new norm by

o0
Il =[x + Y 27F fe(x)?.
k=1
Clearly it is an equivalent norm on X . Observe that since X is reflexive, to show that ||-|| is W2R it only suffices to show that
for any sequence {x,} satisfying (I)) and such that x,, — x € X weakly and x2,+; — y € X weakly, we have x = y. Indeed,
as 2 [|xm |12 + 2 1% 1> = [1xm + xnlI> = (1Xm | — | xn ||)2 > 0, any sequence {x,} satisfying () is bounded and hence relatively
weakly compact and so we only need to show that it has only one weak cluster point.
Let {x,} satisfy (I, x2, — x € X weakly and x5,4+1 — y € X weakly. As

21x2n 411 4 2 1x2n 1> = Ix2n41 + X2n | = 2|x2041 1% + 2 [x20]> = |x2n11 + X20 ]
+ Zz_k (2/k (2n1)% + 2 /i (x¥20)* — fu (X2n41 + X20)°)
2 _ 2
> (Ix2nt1] = 1x2nl)” + D 27 (fiCr2n1) — fi(x20))” 2 0
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and all the summands in the last term are non-negative, (I) implies 0 = lim fx(x2n+1) — fi (X2n) = fx(¥) — fr(x) for any
k € N. Therefore x = y. e
In a general case of X non-separable we can use the renorming from Corollary [] (The existence of the required operator is
well-known, see e.g. [DGZ, VI.5].) The weak compactness of By implies that this renorming is W2R.
O

The following two examples show that Troyanski’s construction of the LUR norm on a reflexive space is neither sufficient
for nor overcome by W2R renorming. Recall that a norm ||-|| on a Banach space X is said to be midpoint locally uniformly
rotund (MLUR) if given sequences {x,}, {y»} and x in X we have lim |x, — y,| = 0 whenever ||x,| < ||x|l, |vall < ||x|| and

n—00

lim |lx, + y» — 2x| = 0. Itis easy to show that if all of the points of S(x,.) are strongly exposed then ||-|| is MLUR. Hence if
n—>o0
|||l is LUR or ||-||* is Fréchet differentiable then |-|| is MLUR.

Example 6. There is an equivalent norm ||-|| on £y such that it is W2R but not MLUR (and thus neither |-|| is LUR nor ||-||* is
Fréchet differentiable).

Proof. Let |-||, be the canonical norm on £, and let us define the new norm by

o0
s y
X[ = (max {[lx]l,. 2 [x1]})” + > 27 %7

=2

This is clearly an equivalent norm.

Let us denote the i th coordinate of a vector x, € €5 by x, (7). In view of the construction of the W2R norm on a separable reflex-
ive space in the proof of Corollary[3)it remains to show that if {x, } satisfies (I), x2, — x € £, weakly and x2,41 — y € { weakly
then x(1) = y(1). By passing to a subsequence we may assume that either always || X2, + X2n+1ll5 = 2 |X22(1) + x24+1(1)] or
always 2 [x2,(1) + X241 (1)| > ||x2n + X2n41]|,. In the first case

2 1xX2nt1 1% + 2 X202 = X201 + X2u ||
2 2
= 2(max {[|x2n41l + 2 [x2n4+1(D[})” + 2(max {[|x2n 15 . 2 [x20 (D]})” = [X2n41 + X2u 15

+2 2701 ()7 +2) 27 x> = D27 (xan g1 (i) + G

i=2 i=2 i=2

> 2 [|x2ns1llz + 2 1x20ll3 = %2041 + X203 = 0
and the uniform rotundity of |-||, implies x = y. In the second case similarly
2 [x2n 4117 + 2 [1x2n ) = x2n41 + 2200 = 2+ 402041 (D + 2 4220 (D = 452041 (1) + x20 (D]
2
= 4(x2n+1(1) - x2n(1)) > 0.

Thus obviously x (1) = y(1) and we can conclude that [|-|| is W2R.

Now put X, = ey + en, Jn = €1 — e, Xp = ”g—:”, Vn = ”;3’;” and x = . Then, |%,| = [|J.]l = (4 + 27M1/2 5 2 and
|Xn + yu —2x| = ”%1” —e H — 0, but || x, — yul|| = 2”!51””” > % and so ||-|| is not MLUR.
O

Example 7. There is an equivalent norm ||-|| on £, such that it is LUR but not W2R.

Proof. Let us define the norm on £, by

Wy = (l + sl + )+ ——

Il = sup {x17,}.
1<i<j
This is clearly an equivalent norm.
We claim that locally (away from the origin) the supremum can be taken over a finite set. To see this fix any x € £, \ {0}. We
have to distinguish two cases.
If we can choose k > 1 such that x; # 0 then there is iy such that |x;| < % fori > iy and if we denote by m(y) € N

the largest indzex for which |y,;(,)| = max{|y;|, i > 1} then clearlyzm(y) < é’o for any y € {, such that ||[x — y|, < |x—3"‘
. 4 . .
Lete = ﬁ%"m and find jo such that 8 || x|, (|xj| + 8) + @ < %0%" for j > jo. Then for any y € £, such that
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[x — yl|l, < min {lx"‘ 8} we have

1 1
12, = 003 + 2(yavil + vy | + [yivi]) + m(yf + 245D <13+ 20l il + 41yl |yi] + T lyll5
< 2 3 , 4 2 2 13 for i > i
< 9113 + 2101l [ymey | + 8 l1xll> (7] + ) + . Xz < 1yllz +21y1l [yme | + 34 or j > Jo.
On the other hand,
22 112 42 1 5 1 5 1 x}
V1= = 1y12 + 2 [y1l[ymon | + mym(y) > 915 + 21| Ymen] + —yk > 1915 + 211l ymo | + —7
2 2
In the second case we have x; = 0 fori > 1 and x; # 0. Let ¢ = %%‘24”1)6”2 and find jo such that 12 || x|, e + 4”7¢ < é%

for j > jo. Then for any y € £, such that ||x — y||, < min {%, 8} we have for j > jg

iy < ||Y||2+2||)’||238+T”J’||2 ||y||2+12||x||28+

d <4 iE
Iy 2 2 1

2
X1
+

On the other hand, ||y | = [ly[5 + 1y? > [Iy[3 +

Because
1 2
2 2
x|y, = x5 4+ (xr] + x|+ |x;])" +(1— Ex,
| |z,] i ] ” “2 (l 1| | l| i]|) ( i ]) k

k;ét j
it is clearly a LUR norm for each 7, j and thus ||-|| is also LUR as it is locally a maximum of a finitely many LUR norms.
Now define a sequence {x, } by x», = %(el +e2,) and X2, 41 = e2,+1. We can easily compute that || x5, ||2 =1+ m -1,

Ix2n41l? =1+ 2n1+3 — I, and

ler + em+e" > =4+ 2(m+n) — 4 for m, n even,
[%m + Xn | = ||em+€n|| _4+m+n—>4 for m, n odd,
||el+em +en]? =4+ —4 for m even, n odd.

2(m+n)
But since x5, — 5 weakly and x2,41 — 0 weakly, the norm ||-|| is not W2R.

Still there remains quite an interesting problem: Does every (non-separable) reflexive Banach space admit a 2R norm?
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