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Notation

We denote by:

OR, the class of all ordinals.
R, an associative ring with 1.
Z(R), the center of R.
I(RR) (I(RR)), the lattice of left (right) ideals of R.
R-Mod, the category of left R-modules.

For each M,N ∈ R-Mod,
HomR(M,N), the abelian group of all homomorphisms
f : M → N.
EndR(M), the ring of all endomorphisms f : M → M.
ExtR(M,N), the abelian group of all equivalence classes of
extensions of N by M.
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Preradicals
Definition

Definition
A preradical over the ring R is a functor σ : R-Mod → R-Mod
such that:

1 σ(M) ≤ M for all M ∈ R-Mod.
2 For each f ∈ HomR(M,N), f (σ(M)) ≤ σ(N).

The class of all preradicals over R is denoted by R-pr.
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R-pr as a complete (big) lattice

Let σ, τ ∈ R-pr.

Order: σ � τ if, for every M ∈ R-Mod, σ(M) ≤ τ(M).
Join: (σ ∨ τ)(M) = σ(M) + τ(M).
Meet: (σ ∧ τ)(M) = σ(M) ∩ τ(M).

Remark: R-pr has joins and meets for arbitrary subclasses.

Least element: zero functor, denoted by 0.
Greatest element: identity functor, denoted by 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr as a complete (big) lattice

Let σ, τ ∈ R-pr.

Order: σ � τ if, for every M ∈ R-Mod, σ(M) ≤ τ(M).

Join: (σ ∨ τ)(M) = σ(M) + τ(M).
Meet: (σ ∧ τ)(M) = σ(M) ∩ τ(M).

Remark: R-pr has joins and meets for arbitrary subclasses.

Least element: zero functor, denoted by 0.
Greatest element: identity functor, denoted by 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr as a complete (big) lattice

Let σ, τ ∈ R-pr.

Order: σ � τ if, for every M ∈ R-Mod, σ(M) ≤ τ(M).
Join: (σ ∨ τ)(M) = σ(M) + τ(M).

Meet: (σ ∧ τ)(M) = σ(M) ∩ τ(M).

Remark: R-pr has joins and meets for arbitrary subclasses.

Least element: zero functor, denoted by 0.
Greatest element: identity functor, denoted by 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr as a complete (big) lattice

Let σ, τ ∈ R-pr.

Order: σ � τ if, for every M ∈ R-Mod, σ(M) ≤ τ(M).
Join: (σ ∨ τ)(M) = σ(M) + τ(M).
Meet: (σ ∧ τ)(M) = σ(M) ∩ τ(M).

Remark: R-pr has joins and meets for arbitrary subclasses.

Least element: zero functor, denoted by 0.
Greatest element: identity functor, denoted by 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr as a complete (big) lattice

Let σ, τ ∈ R-pr.

Order: σ � τ if, for every M ∈ R-Mod, σ(M) ≤ τ(M).
Join: (σ ∨ τ)(M) = σ(M) + τ(M).
Meet: (σ ∧ τ)(M) = σ(M) ∩ τ(M).

Remark: R-pr has joins and meets for arbitrary subclasses.

Least element: zero functor, denoted by 0.
Greatest element: identity functor, denoted by 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr as a complete (big) lattice

Let σ, τ ∈ R-pr.

Order: σ � τ if, for every M ∈ R-Mod, σ(M) ≤ τ(M).
Join: (σ ∨ τ)(M) = σ(M) + τ(M).
Meet: (σ ∧ τ)(M) = σ(M) ∩ τ(M).

Remark: R-pr has joins and meets for arbitrary subclasses.

Least element: zero functor, denoted by 0.
Greatest element: identity functor, denoted by 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr as a complete (big) lattice

Let σ, τ ∈ R-pr.

Order: σ � τ if, for every M ∈ R-Mod, σ(M) ≤ τ(M).
Join: (σ ∨ τ)(M) = σ(M) + τ(M).
Meet: (σ ∧ τ)(M) = σ(M) ∩ τ(M).

Remark: R-pr has joins and meets for arbitrary subclasses.

Least element: zero functor, denoted by 0.
Greatest element: identity functor, denoted by 1.



Preradicals Radical Rings Z -Coinitial Rings References

Two Operations in R-pr
Idempotent and Radical Preradicals

Definition
Let σ, τ ∈ R-pr.

1 Product: (στ )(M) = σ(τ(M)).
2 Coproduct: (σ : τ )(M) is the submodule of M such that
σ(M) ≤ (σ : τ)(M) and (σ : τ)(M)/σ(M) = τ(M/σ(M)).

Definition
Let σ ∈ R-pr.

1 σ is idempotent if σσ = σ.
2 σ is a radical if (σ : σ) = σ.
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Powers of a Preradical

Definition
Let σ ∈ R-pr. For each γ ∈ OR, σγ is defined recursively as
follows:

σ1 := σ .

σγ+1 := σσγ .
If γ is a limit ordinal, then σγ :=

∧
{σβ | β < γ}.

Remarks:
For each γ ∈ OR, σγ ∈ R-pr.
If γ, η ∈ OR are such that γ < η, then ση � σγ .
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σ-length of a Module

Definition
Let σ ∈ R-pr and M ∈ R-Mod. The σ-length of M, denoted by
lσ(M), is the least λ ∈ OR such that

σλ(M) = σλ+1(M).

Remark: For each M ∈ R-Mod, lσ(M) always exists:
{σλ(M)}λ∈OR is a descending chain of submodules of M.
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Alpha and Omega Preradicals

Definition
Let M ∈ R-Mod. A submodule N of M is called fully invariant
in M (denoted N ≤fi M) if for each f ∈ EndR(M) it follows that
f (N) ≤ N.

Definition

Let M ∈ R-Mod and N ≤fi M. The preradicals αM
N and ωM

N are
defined as follows. If K ∈ R-Mod, then:

αM
N (K ) =

∑
{f (N) | f ∈ HomR(M,K )},

ωM
N (K ) =

⋂
{f−1(N) | f ∈ HomR(K ,M)}.
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Alpha and Omega Preradicals
Some Properties

Let σ ∈ R-pr.

Proposition
Let M,N ∈ R-Mod. Then:

σ(M) = N ⇔ N ≤fi M and αM
N � σ � ωM

N .

Proposition

σ =
∨
{αM

σM | M ∈ R-Mod} =
∧
{ωM

σM | M ∈ R-Mod}.

Proposition
1 σ is idempotent⇔ σ =

∨
{αM

M | M ∈ R-Mod, σ(M) = M}.
2 σ is a radical⇔ σ =

∧
{ωM

0 | M ∈ R-Mod, σ(M) = 0}.
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Radical Modules and Rings
Definition

Definition
Let M ∈ R-Mod. We call M a radical module if there exist
L ∈ R-Mod and a radical σ ∈ R-pr, σ 6= 1, such that M = σ(L).

Definition
A ring R is left radical if the regular module RR is a radical
module.
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Radical Rings
A Characterization

Proposition
For a ring R the following conditions are equivalent:
(a) R is left radical.

(b) There is a radical σ ∈ R-pr, σ 6= 1, such that Tσ = R-Mod,
where Tσ = {σ(M) | M ∈ R-Mod}.

(c) Every M ∈ R-Mod is a radical module.
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R-pr is not a Set for Left Radical Rings
Following [Mines, 1971] for Z-Mod

Theorem
If R is a left radical ring, then R-pr is not a set.

Step 1

Let σ ∈ R-pr be a radical, σ 6= 1, such that Tσ = R-Mod.
There is a sequence {Mn}n≥1 ⊆ R-Mod such that:

M1 = R,
σ(Mn+1) = Mn for each n ≥ 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr is not a Set for Left Radical Rings
Following [Mines, 1971] for Z-Mod

Theorem
If R is a left radical ring, then R-pr is not a set.

Step 1

Let σ ∈ R-pr be a radical, σ 6= 1, such that Tσ = R-Mod.
There is a sequence {Mn}n≥1 ⊆ R-Mod such that:

M1 = R,

σ(Mn+1) = Mn for each n ≥ 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr is not a Set for Left Radical Rings
Following [Mines, 1971] for Z-Mod

Theorem
If R is a left radical ring, then R-pr is not a set.

Step 1

Let σ ∈ R-pr be a radical, σ 6= 1, such that Tσ = R-Mod.
There is a sequence {Mn}n≥1 ⊆ R-Mod such that:

M1 = R,
σ(Mn+1) = Mn for each n ≥ 1.



Preradicals Radical Rings Z -Coinitial Rings References

R-pr is not a Set for Left Radical Rings
Following [Mines, 1971] for Z-Mod

Step 2

For each n ≥ 1 and for each γ ∈ OR there is Mγ
n ∈ R-Mod such

that σγ(Mγ
n ) = Mn.

...
...

...
...

Mγ
1

σγ

��

Mγ
n

σγ

��
M1 M2

σ
jj . . . Mn Mn+1

σ
jj . . .
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R-pr is not a Set for Left Radical Rings
Following [Mines, 1971] for Z-Mod

Step 3

It follows that, for each γ ∈ OR, lσ(Mγ
1 /M1) = γ.

Step 4

Thus, there exists a chain of radicals {σγ}γ∈OR such that
σγ 6= σγ+1 for all γ ∈ OR. This chain is not a set.
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Z -Coinitial Rings
Definition

Definition
Let 〈P,≤〉 be a poset. A set Q ⊆ P is coinitial in P if for any
x ∈ P there is a y ∈ Q such that y ≤ x .

Definition
Let Z be an integral domain. If Z and R are not division rings,
we call R a left (right) Z -coinitial ring if
• Z is a subring of R such that Z ⊆ Z(R).
• {nR | n ∈ Z} is coinitial in the poset I(RR)\{0} (I(RR)\{0});
that is, for each x ∈ R \ {0} there exist a ∈ R and n ∈ Z \ {0}
such that ax = n (xa = n).
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• Z is a subring of R such that Z ⊆ Z(R).
• {nR | n ∈ Z} is coinitial in the poset I(RR)\{0} (I(RR)\{0});

that is, for each x ∈ R \ {0} there exist a ∈ R and n ∈ Z \ {0}
such that ax = n (xa = n).
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A Subclass of the Class of Left Radical Rings

Theorem
If R is a countable, Z -coinitial and left hereditary ring, then R
is a left radical ring.

Step 1

ExtR(RN,R) is a non zero divisible Z -module.

Step 2

ExtR(RN,R) has a Z -torsionfree element.
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A Subclass of the Class of Left Radical Rings
Following [Mines, 1971] for R = Z = Z

Let E : 0→ R
i
↪→ M → M/R → 0 be an exact sequence.

Step 3
The following conditions are equivalent:
(a) [E ] ∈ ExtR(M/R,R) is Z -torsionfree.
(b) HomR(i ,R) : HomR(M,R)→ EndR(R) is the zero

homomorphism.

Step 4

If M/R is cogenerated by R, the following conditions are
equivalent:
(b) HomR(i ,R) : HomR(M,R)→ EndR(R) is the zero

homomorphism.
(c) ωR

0 (M) = R.
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A Subclass of the Class of Left Radical Rings
Following [Mines, 1971] for R = Z = Z

Remarks:
ωR

0 is a radical.

RN is cogenerated by R.

Step 5

It follows that R is a left radical ring.
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Some Examples

Corollary
The following rings R are countable, Z -coinitial and
left hereditary for some integral domain Z .
Therefore, R-pr is not a set:

R = Z.
All countable Dedekind domains. For example,
R = F [x ], with F a countable field.
All countable maximal Z -orders for some
Dedekind domain Z . For example, R = Λ⊕ Za,
where Λ = Z⊕ Zi ⊕ Zj ⊕ Zk and a = 1+i+j+k

2 .
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