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1 Kuzelosecky (opakovani SS — klasifikace, mnoziny bodu
danych vlastnosti)

Uloha 1.1 Uréete rovnici kruznice, kterd prochdzi body A = [1,3] a B = [—3,1] a jeji stied

leZi na primce p: 2x —y—8=0.

Uloha 1.2 Klasifikujte kuZelosecky dané obecnou rovnici, urcete charakteristické pruky

a nacrtnéte obrazek.

a) 202 +3y> +122 — 6y +9=0
b) 22 +4x+2y+2=0
c) 2 —4dy? +4r —4y+2=0

Uloha 1.3 Napiste rovnice tecen z bodu M k dané kuzelosecce (urcete soutadnice bodu do-
tyku,).

a) M =10,0], 2 +2y?> —8x + 4y + 12 =0
b) M=1[1,-1], 9> —4x+2y+9=0

Uloha 1.4 Napiste rovnici hyperboly, wvite-li, Ze jeji asymptoty ai, as maji rovnice
ar: y=2(x—3) aaz: y=—2(x—3) a jedno ohnisko je E = [—2,0].

Uloha 1.5 Napiste rovnici elipsy, kterd md osy rovnobézné s osami soutadnic, dotykd se
osy x i osy y a jeji stred je v bodé S = [4,—2].

Uloha 1.6 Napiste rovnici paraboly, kterd prochdzi bodem L = [4,5], jeji osa md rovnici

primky.

Uloha 1.7 Je ddna primka p a bod M, |Mp| = 6. Vysetiete mnoZinu vsech stiedu kruznic,
které prochdzeji bodem M a dotykaji se primky p.

Uloha 1.8 Vysetiete mnoZinu stredu vsech kruznic, které se dotykaji dané kruznice k (S, 5)
a prochdzeji bodem M, pro ktery plati |SM| = 3.

Uloha 1.9 Vysetrete mnozinu stiedu vsech kruznic, které se dotykaji dané kruznice k(S,2)
a prochdzeji bodem M, pro ktery plati |[SM| = 6.



Resent.

1.1
k: (x—m)2+(y—n)2 =72
S =[m,n], r="
1) Hleddme osu usecky AB.
(B—A4)=(-4,-2)~(2,1) = 7lo,p
A+ B
o=2T8 1y
2
0AB : 2c+y+c=0
O€coyup: 2-(-1)+2+4+¢=0
c=0
oA oap: 2x+y=0
2) Hleddme stfed S.
i 2z—-x—-8=0
D r—x )+
oap: 2x+vy =0
dor = 8 r=2 —— y=—4
S =[2,—4]
3) Hleddme polomér kruznice.
r=|SA| = [SB]
1S4 = /2= 1)+ (4 - 3) = V50
ki (z—2)°4 (y+4)°> =50
1.2 a)

Upravime na Ctverec.

222 +3y> + 122 — 6y +9 =0

2 (2% +62) +3y* —2y+9=0
2432 -18+3(y—1)*=3+9=0
2(z+3)>+3(y—1)%=12

(37‘*('53)24_(9—41)2 _q

elipsa




S =[-3,1]
a=V6
b=2

Upravime na ¢tverec.
2?4 +2y+2=0

(z+2)°—44+2y+2=0
(z+2)% = —2y+2

(z+2)°=-2(y-1)

parabola

—2p=-2 = p=1

V= [-2,1]

o: xT=-2

Upravime na Ctverec.

22—y A —dy+2=0

1 2
(x+2)244<y+2> +1+2=0

(m+2)2—4(y+1)2:1

2

(z+2° (w+3)" |
1

1
4

hyperbola

TS Q& = = &
I

32,1
3+ v2,1]
36,1
3+ V6,1

(-3,
-3,

3]
]

Y




1 [ Vs 1
=|-2,—= EFE=|-2—— ——
S { ’ 2} 27’ 2]
- o1
=1 F=|-2+—"—, —=
a + 5 5
1 1
2 ’ 2]
1
62:a2+b2:>€:£ B = _1’_2:|
1
0 = ——
1 Yy 9
09: xT=-2
Asymptoty:
b
y=xt—(z—m)+n
a
1
y=F5(@+2) 5
loilery
YTy T\
1 n 1 3
ai : =—r+ = as : =—=z— =
1 Y B 5 2 Yy 9 9

1.3 a) Upravime na Ctverec.

2?2+ 2% —8r+4y+12=0
(r—4)? 16 +2(y+1)>—2+12=0
(x—4)°*+2(@y+1)%*=6 /:6
z —4)> +1)?
( )+(y )

=1 = elipsa

6 3
—4 —4 1 1
Rovnice teény ¢t v bodeé T = [xo, yo): (@ )6(330 )+ v+ )?Ey0+ ):1
—4 —4 1 1
Mect- (o )+ (yo + ):1
6 3
—4)? 1)2
Tet: (@o=4" ot _,
6 3
M: —4xg+16+2y+2=6 T: a24+29% —8xo+4yo+12=0

—4dxg+2yg+12=0
Yo = 2xg — 6

2242 (200 — 6)* —8xg +4 (29— 6) +12=0

22 4 8x2 — 48w + 72 — 8o+ 8x9 — 24 +12=0
9xg — 4829 +60=0 /:3

39 — 1620 + 20 = 0



D =256 — 240 = 16

xT =
01,2 6 2 — yo,=2-2-6=—2
10 2
T = |:373:| Ty = [27_2]

tli =1
6 3
2 10
_Z —4 — 1) =
@0+
2 8 10 10
22+ 8+ 10y + 10 = 18
t1: z—5y=0
—4)(2—-4 (241
L. G-9e-9, Gy

6 3
—2(x—4)—-2(y+1)=6
r—4+y+1=-3
to: x4+y=0

M

Druhy zpusob feSeni:

Pifmka prochdzejici poc¢dtkem (az na osu y, ale lze snadno ovérit, ze ta nebude
te¢nou) ma rovnici y = k - z.

Tecna mé s kuzeloseckou pravé jeden spoleény bod. Dosadim-li do rovnice
kuzelosecky y = k - x, hleddm takova k, pro néz je diskriminant nulovy — na-
lezneme hodnoty k1 = —1 a ko = %

b) Upravime na ¢tverec.
v —4r+2y+9=0

(y+1)2—1-42+9=0
(y+1)> =4(x —2) = parabola



Rovnice te¢ény ¢t v bodé T' = [zo,yo]: (y+1) (yo+1) =2(x —2) +2(z9 — 2)

Met: (=14+ 1) (yo+1)=2(1—2)+2(x—2)
0=—2+4+2 (20— 2)
1:0:3

Tet: Yo —4ro+ 2y +9=10

Yo — 1242y +9=0
Y +20—3=0

t1: (y+1)(1+1)=2(x—-2)+2(3-2)
y+1l=ax-2+1
t1: y=x—2

to: (y+1)(-3+1)=2(x—-2)+2(3-2)
—(y+ )—x—2+1 T
o y=



14

Obecnd rovnice hyperboly:

2 2

(x—m)” (y—n)

a? b2

Obecné rovnice asymptot:

(v—m) == (& —m)

_ -1

e=|ES| =5
e? =a®+b?
52 = a? + b? a?+v2=25
R N
g_2 b:4a
a’® + 4a® = 25
b? =20 =5
_9)2 2
h: (z—3) N
5 20
1.5
5= 4,2 -9’ W+’
— a=4,b=2 16 4




2=a? - — e=2V3

E-= [4—2\/3,—2]
F= [4+2\/§}
01: y=-2

0o9: x=4

1.6

1.7

10



X =[x,y
|IMX|=|Xp|

22+ (y — 6)° = |y|
2t +(y—6)° =y
2?4+ y% — 12y + 36 = 42

22 =12 (y — 3)

parabola

fidici piimka: d=p
ohnisko: F =M

v =0,3]
p

Il
o

1.8

Zvolime: k: z24+y*=25
M = [3,0]
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X = [z,y]

IMX|=5—|SX]|

V=32 =5 Vit P

(x—3)%+ ¢y =25 — 1022 + 2 + 2% + ¢

—6x+9-25=—10y/22+1% /:(-2)
3x+8=>5Vz2+y? /?

922 + 48z + 64 = 2522 + 2512
1622 — 48z + 25y — 64 = 0

2
16(90—2) — 36425y =64 /:100

2
v
4

elipsa

IMX|+|SX|=5

5 3
a=g Sel. [2,0] = Ssum
b=2 E=10,0]=S5
e:; F=[30=M

1.9
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Zvolime: k: 249°=4
M = [6,0]

X = [z,y]

(I): |MX|=|SX|—2...vnéjsl dotyk
(II): |MX|=|5X|+2...vnitinf dotyk

V=62 42 = Vet ry2 -2 P
(=62 +y> =22 +y? —4/22 + 42 +4
22— 1204+ 36+y2 =22 + 2 +4—4y/22 + 42
122 — 32 = 4/22 + 2
3z —8=+22+y2 /?
9z — 48z + 64 = 22 + 1/
822 —y? — 482+ 64 =0
8(x—3)*—72—19y% = —64
8(z—3)°—y*=8 /:8

(z—3)

2
v
1 8

hyperbola
ISX]—[MX]| =2

a=1 Shyp. = [3,0] = Ssm
b=2V2 E=[0,00=S
e=3 F=[6,00=M

Poznamka: Pfivypoctu jsme provadéli neekvivalentni ipravy. Snadno ale nahlédneme,
ze kazdé z rovnic (I) a (II) odpovidd jedna vétev hyperboly.

O]
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2 Klasifikace kuzelosecek pomoci otaceni soustavy souradnic

Uloha 2.1 Klasifikujte kuZelosecky dané obecnou rovnici, urcete charakteristické pruky
a nacrtnéte obrdazek.

a) 42% + 4zy + y* — 100y + 500 = 0
b) 52% — 6y + 5y? — 32 =0
c) 1622 — 24y + 9y% — 902 — 120y + 525 =0
d) 72% + 18zy + Ty? — 322 — 24y + 16 =0
e) 22 +ay+2y°2=0
f) 2? —day +4y? + 62 — 12y +9=0
g) 4% —dry+y? +4r -2y -3 =0
Uloha 2.2 Urcete mnozinu {X € Eq;|XF| = 2|Xp|}, je-lip: 2+2y—3=0aF=[2,—1].
Resend.
2.1 a) Urcime, o jaky uhel je tfeba otocit soustavu soufadnic, aby osy kuzelosecky byly
rovnobézné se soufadnicovymi osami.

a=4
2b=4 = b=2
c=1

b-tg?a+(a—c)-tga—b=0
2-tg?a -3 -tga—2=0

D=9-4.2.(—2)=25

—3+5 {;
th&LQ = =

4 -2 ad (0,%)
; 1 N sin «v 1 . sin? o 1
o = — = — - = —
& 2 cosa 2 cos2a 4
1 4
sin?a = - cos® a cosla = —
4 5
1 2 2v5
Sinza:*(l—silﬂa) Cosazizi
4 V5 5
5sinfa =1
1
.. 92 _ 1
sin a—5
. 1 V5
sinad = — = —
/5 5

Dosadime do vzorce.

x=1a cosa —y sina

(2.1)

y=2a'sina+1 cosa

— 2;/5_ / \égz\gg (Qx/—y/)
(2.2)
V5 2V5 V5
y=a' ?‘FCUI'T:?'(“;/‘FQ?JI)



Dosadime do puvodni rovnice.

5 / 2 5 / / / / 5 / N2
4~%(2x—y) +4-%(2m—y)($ +2y)+%(x +2y')
V5

—100- “= (2" +2y') + 500 = 0

(S Y

4 1
(4:0'2 — 42’y + ylz) + 5 (293/2 + 32"y — 23/2) + 5 (:10/2 + 42’y + 4y’2)
—20V52" — 40v5y +500=0 /-5
162" — 162"y + 4y 4 822 + 122"y — 8y* + 2% + 42y + 49/?

—100V52" — 2005y’ 4 2500 = 0
252" — 100v/52’ — 200v5y' + 2500 =0 /:25

2% — 452’ — 8y +100 =0

2
(x' _ 2\/5) — 20— 85y +100 = 0

2
(x’ _ 2\/5) — 80 + 85y

(m’ - 2\/5)2 — 85 (y’ . 2\/5)

parabola
v/ — [2\/5;2\/5} F = [2\/5;4x/5}
2p=8V5 = p=4V5 d: 3y =0
oy o: 2'=2/5
Uréime prvky puvodni paraboly.
)
22) \5f<2'2\/5_4\/5)20
F' = [2vav5] & Y —  F=1[0;10]
- xz‘f(z-zx/?)—zx/ﬁ) =9
V= [2\/5; 2\/5} : Y — V=26
y:—<2x/5+2-2\/5) —6
)
7 = \gg (2 +y)
2.3
5 (2.3)
y =5 (—z +2y)



d - / (2.3)

y' =0 0= (—z+2y) = d: —x+2y=0

5

o: =2/5 25 = (2z +y) = o0: 2x+y—10=0

al% s

Poznamka 2.3 Rownice dostanu tak, Ze z vyjddrim x', y' nebo si
uvédomime, Ze se jednd o otoceni o uhel —ca.

’ Y
-
\/ | \\‘V
i v 1
F ) B e o

b) Uréime, o jaky thel je tFeba otocit soustavu soutradnic, aby osy kuzelosecky byly
rovnobézné se souradnicovymi osami.

a=2>5
2b=—-6 — b=-3
c=25

b-tg?a+(a—c) tga—b=0

—3-tg?a+0-tga+3=0
tg?a =1

¢ _ 1

711 a¢(0T)
V2 V2
2

7r
tga:1:>a:Z:>sina: A cosa = —-

Dosadime do vzorce ([2.1]).

V2

2

7 (2.4)
2

16



Doadime do ptuvodni rovnice.

(a;'—y')Q—G-é(x’—y') (x/+y/)+5-%(x’+y')2—32:0 /-2

($/2—2x,y/+y/2)—6(1’/2—3//2)+5(.%"2+21'/y/—|-y/2)—64:0
4% +16y% —64=0 /:4
2?2 +4y%-16=0

N —

5.
)

a? +4y” =16 /:16

/2 y/2
T S |
16 + 4
elipsa
' = [0;0] Al = [~4;0]
= B’ =[4;0]
b=2 o' =1[0; 2]
e=+Va2-b2=2V3 D' =10;2]
oj: 3y =0 E = {—2\/3; O]
dy: =0 F' = [2\/?7; 0}
Uréime prvky puvodni elipsy.
' = [0; 0] £ S = [0; 0]
Al = [~4;0] A= _—Q\f; —2\@}
B = [4;0] £ B = [2v2;2V2]
O = [0; —2] £ C=[vz; —\/5]
D' =[0;2] i D=[-v2v?
B = [-23;0] D E = [-V6; -]
F' = [2v3;0] K F = |V6; V|
2
= \2[ (z+vy)
2.5
e (2.5)
y =5 (—z+y)
. 2
oh: y=0 E3) Oz\g(—x—i-y) = or: z—y=0
. 2
oh: =0 E2) Oz\g(a:—i—y) = o2: x4+y=0

—
N



D/

0/1 fﬁ o

O/

0 h 02
c¢) Urcime, o jaky uhel je tfeba otocit soustavu soufadnic, aby osy kuzelosecky byly
rovnobézné se soufadnicovymi osami.

a=16
2b=-24 — b=-12
c=9

b-tg?a+(a—c)-tga—b=0

—12-tg?a—T7-tga+12=0

D =49 —4-(—12)-12 = 625 = 25°

—7425 —8__3 0,2
tga172:424 :{3224 ) 1 a¢(0,5)
o 24— 3
; 4 . sin? o 16
o= — = —
& 3 cos? o 9
.2 .2 2 9
sin a:—(l—sm a) cos“ o= —
9 25
25 -sin’a = 16 cosaz%
16
) _ 1o
sin“ o = o
. 4
sinoe = —
5
Dosadime do vzorce (2.1)).
1
=" (3x’ - 4y’)
> (2.6)
y=<- (42" +3y)

18



Dosadime do puvodni rovnice.

1 / "2 1 / / / /
16-2—5(33: — 4y') —24-%(395 —4y') (42’ + 3y')

19. % (4$/+3y/)2 —90. % (3%” —43//) —120 - % (4x/ —|—3y') +525=0

16 (92 — 242’y + 16y*) — 24 (122 — 72y’ — 12y?)
+9 (162" + 242’y + 9y'%)* — 450 (32 — 4y') — 600 (42’ + 3y') + 13 125 =0

1442" — 3842'y' + 256y — 288z + 1682y + 288y
+1442" + 216"y’ + 81y"? — 1 3502" + 1 800y’ — 2 400z’ — 1 800y’ 4 13 125 = 0

6252 — 3 7502’ + 13 125 =0

y? — 62 +21=0

parabola
r |7, / .
1% 5 0 F' = [5;0]
2p=6 = p=3 d x
0/ H x/ 0/ . / —
Yy y
o' x’ /
% % % % ‘ x
i - i % % : :
s (; 1
T 1 d
d 1

19
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Uréime prvky puvodni paraboly.

F' = [5:5] E9) F=[3:4]
7 25) 21 14
’r I
vl =[5
, 1
x :g'(3x+4y)
o (2.7)
Yy :g-(—4x+3y)
d 2 =2 £ d: 3x+4y—10=0
o: Yy =0 £ o: —4x+3y=0

d) Uréime, o jaky thel je tFeba otocit soustavu souradnic, aby osy kuzelosecky byly
rovnobézné se soufadnicovymi osami.

a="17
26=18 — b=9
c=7

b-tg?a+(a—c) tga—b=0

9-tg?2a+0-tga—9=0

T \/5
tga:1:>oz:1:>sma:—/\coscx:7
Dosadime do vzorce ({2.1]).
2
=) o
2.8
V2o
v="73 +y)

Dosadime do puvodni rovnice.

1 1 1
7§($'—y,)2+18§(1"—y,) ($,+y,)+7§($,+y,)2

2 2
32-\2[(x'y') 24-{(x’+y’)+16:0 /-2
7 (:E/Q — 2y + y/2)2 +18 (x/2 - y/2) +7 (:E/Q 12’y + y/2)2
=32v2 (2 —y) —24v2 (' +¢/) +32=0
72? — 142"y + Ty'? + 182" — 18y + T’ + 142’y + Ty?
—32v/22" + 32v2y' — 2422 — 24/ 2y +32 =0

3222 — 4y/* — 56v22' +8V2y +32=0 /:4

822 — y'? —14v22' +2v2y +8 =0

20



7
8<m'2—4\/§x'>—(y'2—2\/§y’)+820
7 ~\? 49-2 2
8<m’—8\@> i —(y'—\/ﬁ) +2+8=0

s(v-1va) - (v -va)' =

9 - 9 =1
32 1
hyperbola
2 V2
S — [7;\@] A = \[;\[2]
8 2
2 [ 5v/2
a:—?)\[ B = 75\[;\/5
8 4
3 [ V2
=2 E = |-Y2V2
- 2]
1 2 r
62:a2+b2:§2:>e:9\8f F = 2\/5;\@}
V2
o Y =V2 0f : x’:\S[
, b
asymptoty: Yy —n= if
% 7
o _ _
Y — V2 j:s.f (az 8\/§>
7
u'172: Yy —V2= :|:2\f< 8\/§>
Uréime prvky puvodni hyperboly.
- |72 g [ 115
8’ 8 8
V2 e 53
B =|-Y2.\ E=|-2.°
V2 [ 4’4]
F' = [2v3v2 E3) F =13
A — 5\/5\/5 23) A (L9
4’4
V2 3 13
B =|Y2\2 = |-z
5 V2 [ 2’2]

21



:L':?'(Zb-i-y) 29)
y’=?~(—w+y)

o Y =v2 R \f(—x—ky): 2 = o01: z—y+2=0
o : x’:7g/§ £ ?(m—i—y):?\f = o0y: 4drx+4y—-7=0
Uiy Y — 2—:|:2\/§<x’—7\8/§)

I e
f(—wy)—x@:ﬂﬂ(@wy)fﬂ /2

V2(—z+y)—2vV2=4(x+y) -7
uy (4+\/§>x+(4—ﬁ)y+(—7+2\/§)=0

V2(—z+y)—2V2=—4(z+y)+7
s (—4+\f2)x+(—4—\/§)y+(7+2\/§):0

N
€ 02

0

e) Urcime, o jaky uhel je tfeba otocit soustavu soufadnic, aby osy kuzelosecky byly
rovnobézné se soufadnicovymi osami.

a=1
1
20=2 — b= -
2
c=2

22



b-tg?a+(a—c)-tga—b=0

1 1
§~tg2a—1-tga—§zo /-2

tg?a—2-tga—1=0

D=4-4-1-(-1)=8
212\/52{1+\/§

tgay o =

> “l1-vE ag(03)

i 2

2
tga=1+v2 = 2 a:(1+\/§)

cos? o
2—+/2
sin a-( —l—\[) (1—sm a) cos® o = 4\[
2—4/2
(4+2\f> sin2a =3 +2v2 cosa = 4\f
L, 34+2V2 2442
sin“ a0 = =
442v/2 4
. /242
sina =
4
Dosadime do vzorce (22.1]).
2_\/§/ 2+\/§/
T = T — Yy
4 4
(2.10)
2+\/§/ 2_\/5/
Y = 1 xr + 1 Y

23



Dosadime do puvodni rovnice.

\/5, \/5,
Yy
/2_ /2+\f 2413, ﬂ,
4 Yy
2
2 2 2—142
+2- +\[w’+ \fy' =0
4 4
2_\/§x/272' 4_2x’y'+2+ﬂy'2
4 16 4
2_\/§2+\/§$/2—2\/§— 2+\/§2_\/§/2
4 4 4 4 T
2—v2 4 —2 2 2
+2f$/2+4 16$,y/+2'—i_4\/7y,2:0

64+V2 o 6-V2 5  [4—2 ,  [4—-2 ,
- 22 =0 /-4
A Vi T Vi To /

(3+\f2)x’2+<3—\/§>y'2:0
A? 4+ B?=(A+iB)-(A—iB)

dvé imaginarni pfimky s redlnym prusecikem

3+\@+zy

=

Uréime puvodni piimky a jejich prusecik.

S" =10;0]

S = [0:0] S = [0:0]

x_\/z—f \/2+f
(2.11)

o f2EVR oL [2=V2
v'=-\—4 Y

24



P x'\/3+\f2+iy'\/3—\/§:0

4 &1
pr: x<\/4—\/§—i\/4+x/§>+y<\/8+5\/§+z'\/8—5\/§) =0

ph: 23+ V2—iy\/[3-V2=0

4 e
pa : x<\/4—\/§+z'\/4+f2>+y(\/8+5f2—z‘\/8—5\/§> =0

f) Uréime, o jaky thel je tfeba otocit soustavu souradnic, aby osy kuzelosecky byly
rovnobézné se souradnicovymi osami.

a=1
2=—-4 = b=-2
c=4

b-tg?a+(a—c)-tga—b=0

—2-tg?2a—3-tga+2=0

D=9—-4.(-2)-2=25

3+5 -2 ad(0,%
tgan2 = ) :{1 #(0:3)
2
o2 o — sin? 1
& cos2a 4
1 4
sinQOzZZ(l—sin a) cos2oz:g
> sin? ! cos 2v/5
—-sin“a = - oa=—
4 4 5
sinQazl
5
sina—ﬁ
5
Dosadime do vzorce ([2.1)).
5
x:\g(2x'—y’)
(2.12)
Vo o
v=5 @+
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Dosadime do puvodni rovnice.

520 —y) 45 () (4 2) 4 (0 )
+6-\gg(2x'—y’)—l2-\gg

(41:/2 _ 4$/y/ _|_y/2)

(2 +2/)+9=0 /-5

_4 (2xl2 +3m/y/ _ 2y/2) +4 (ZU/Z +4x/y/ +4y/2)

+6v5 (22" —y') —12V5 (2/ +2y/) +45=0

4%”2 _ 4$/y/ + y/2

— 82" — 122"y + 8y + 42 + 162"y + 16y

+12v52" — 6v5y' — 1252’ — 245y +45 =0

25y"2 —30v/5y +45=0 /-5

5y — 6V5y +9 =0

D=36-5-4-5-9=180—180 =0
, 6V 3V5

Y1270 T 75

2
5<y/—3\5/5> =0

dvojnésob pocitand primka

p/ . y/ _ 3v5
' )
Uréime puvodni piimku.
)
r = \5f 2z +y)
2.13
5 (2.13)
y=—" (—z + 2y)
3v5 . 3V5 9
v oy = Vb @D f_i-(—:c—l-Qy) = p: x—2y+3=0
5 5) 5
puvodni rovnice: (x —2y+ 3)2 =0
y Y p
p/
| | | | | | I, | | | | :I/.
T T T T T T / T T T T
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g) Uréime, o jaky thel je tfeba otocit soustavu souradnic, aby osy kuzelosecky byly
rovnobézné se soufadnicovymi osami.

a=4
20 =—-4 = b=-2
c=1

b-tg?a+(a—c)-tga—b=0

—2-tg?a+3-tga+2=0

D=9-4.(-2)-2=25

~345 -+ a¢(0,%
tga o = 4 :{22 ¢( 2)
9 sin?
tgfa =2 = ;=4
cos?
2 ) 2 1
sin a:4(1—s1n a) cos 0425
5-sinfa =4 cosa:\g5
4
2 2
sin“ o = 5
: 2V5
sinae = —
5
Dosadime do vzorce (2.1)).
5
T = \5f (x/ - 2y/)
(2.14)
\/5 / /
Dosadime do puvodni rovnice.
1 1 1
4- = (a/ — 2y’)2 —4- = (' —2¢) (22" + o) + R (2x'+y/)2
5 5
+4-\5f(x’2y’)2-\5[(2m/+y’) -3=0 /-5

4 (:v'2 — da'y + 4y'2) —4 (2:1:’2 — 32’y — 2y’2) + (43;’2 + 4y + y'Q)
+4V5 (2 —2y) —2V5 (22" + /) =15 =0

4x/2_16$/y/+16y/2_8$/2+12$/y/+8y/2+4$/2+4x/y/+y/2

+4v/52" — 8V5y — 452’ — 25y — 15 =0
25y"2 — 105y —15=10

5y —2v5y —3 =0
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D=4-5-4-5-(=3)=280
, _Mﬂ:wﬁ_{?’?
Y= "5 =

S

10

5

(20 9)-

dvé rovnobézné piimky

/ / 3\/5 / / \/5
by - y=75 Py - yz—?
Uréime rovnice puvodnich piimek.
5
T = \5[ (x4 2y)
2.15
5 (2.15)
y =5 (—2z+y)
3V5 215) 3V )
P y’:\( \!:\5[-(—2a:+y) = p1: 20—y+3=0
5 ) 5 5
puvodni rovnice: 2r—y+3)2xr—y—1)=0
y
Y V
Pl - |
/ I I I I I I L
T T T T T T T
Ph |
P 1)2/
2.2 Uréime obecnou rovnici.
X = [z;9]
XF|=2-|Xp)
+ 2y — 3|
224 (yir1)2=2. T3
Ve -2+ @+1) =
2 _ 2
(x—22+ (y+1) =22 EFW=I g 3)

5(2 +dz+4+y* +2y+1) =4 (22 + 4% + 9+ 4oy — 62 — 12y)
522 — 202 + 20 + 5y + 10y + 5 = 422 + 163> + 36 + 16zy — 242 — 48y
22 — 162y — 11y? + 4z + 58y — 11 =0
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Urcéime, o jaky thel je tfeba otocit soustavu soutadnic, aby osy kuzelosecky byly rov-
nobézné se souradnicovymi osami.

a=1
2b=-16 — b= -8
c=—11

b-tg?a+(a—c)-tga—b=0

—8-tg?a+12-tga+8=0 /:(—4)
2-tg?a—3-tga—2=0

tgoz:2:>sinoz:2\5/5 A cosa:?
Dosadime do vzorce .
T = \gg(x—2y) 210
Y= \25(2:13 +y)

Dosadime do obecné rovnice.

% (¢ —2¢)2 =16 (2 —2¢) (22" +¢/) — 11

)
it

(256 +y)

Q| =
oﬂ

(2" —2¢) +58- —(2w+y)—11:0 /-5

“|%

+4v/5 (2" — 2/) +58V5 (22" +y/) =55 =0
2 Aty + 4y? — 322" + 48a"y + 32y — 44a? — 442’y — 11y
+4v/52" — 85y + 116v/52" + 58V5y’ — 55 = 0

—752"% + 25y% + 120v/52’ + 505y —55=0 /:5
—152"% + 5y2 + 2452’ + 10V5y — 11 =0

2
45 5 2
—15(5—{) +15- —+5(’+J§) _95-11=0

25

2
15 (x'—4\5/5> +5(y’+\/5)2:—12 /:(—12)

(#-%) wive’

4
5

5

hyperbola
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_ 2 _ 28
N
2v3  2V15
b = — = —
V5 5
4
e=VarE=
o Yy =-V5
Uréime prvky pavodni hyperboly.
' -
S = ﬁ;—\/g
5
A = 72\/5;—\/5
5
B' = %;—\/5
5
E'=10;—V5
F' = —8\/5;—\[5
5
7 =
y =
oii Y =-V5
/ / 4\/5
Oy . xr = T

30

A=
B =
E = |0

F =

(e

(216)
A

g

(TS}
E

2106)
F

(z +2y)

(=2 +y)

(2.17)

20 —y—5=0

T+2y—4=0
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3 Klasifikace kuzelosecek metodou invariantu

Uloha 3.1 Metodou invariantii uréete osy elipsy 922 — 4xy + 6y* + 62 — 8y + 2 = 0.
Uloha 3.2 Urcete asymptoty hyperboly 5x® + 12xy — 22z — 12y — 19 = 0.
Uloha 3.3 Naleznéte vrchol a osu paraboly 1222 — 12xy + 3y% — 26z + 8y — /5 = 0.

Uloha 3.4 Metodou invarianti klasifikujte kuZelosecku zadanou obecnou rovnici a urcete jeji

charakteristické proky.

a) 1322 + 13y + 102y + 422 — 6y — 27 =0
b) 1122 + 4y? + 24wy + 462 + 32y + 19 =0
c) 922 + y? + 6wy + 62 +22y —20=0

Resent.
3.1
9 -2 3
K=|-2 6 —4 det K = —50 # 0 = regularni kuzelosetka
3 -4 2
9 -2 .
A= 9 det A =50 >0 = elipsa
Stied je feSenim soustavy rovnic sestavené z prvnich dvou fadkt matice K E]
1
9z —2y+3=0 /-3 T=7%
Tyt / )+ —  Br+5=0 — g
—2x+6y—4=0 _3
y =
5
13
S=|—2;=
5

Osy elipsy prochazeji stredem, jejich sméry urcuji vlastni vektory.
Vlastni ¢isla:
|A—AE| =0

’9—>\ )

J— _ — — — 2_
5 6—>\‘_(9 A)(6—A) —4 =A% 15X + 50

—(A=5)(A—10)=0
M=5
A2 =10

Vlastni vektory:

M =5 (_;‘ ‘f) : (gy) - (8) 5 = (vevy) = (1;2)

-1 -2 -1 -2 R
)\2:10. (_2 _4>N< 0 0> 1)2—(2, 1)

'Pozndmka pro studenty deskriptivni geometrie: St¥ed S je vlastni pdl nevlastni pifmky, tj. je poldrné
sdruzen s kazdym nevlastnim bodem, tedy napiiklad i s body (1;0;0) = X a (0;1;0) =Y.
Plati STKX =0, STKY =0, kde S = (z,y,1).
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i=(1;2) = m=(2-1) = 2<x—<—;>>—1(y—§>—

3.2
5 6 -—11
K= 6 0 —6 det K = 1296 = 362 # 0 = reguldrn{ kuzelosecka
-1 -6 -19
5 6
A= (6 0) det A= —36 <0 = hyperbola

Asymptoty jsou teny v nevlastnich bodech, musime tedy najit nevlastni body hy-
perboly. V homogennich soufadnicich jsouto body X = (z0;y0;0) (pficemz (zo; o)
je vektor ukazujici do daného nevlastniho bodu). Jsou to body hyperboly, tj. spliuji
nasledujici rovnici.

XT K- X=0
A x0>:0
(»’Uo yo) (yo

523 + 12x0yo = 0
xo (5w + 12y0) = 0

xo=0Ayo € R\ {0} tj. napt. bod M; = (0;1;0) = 51 =(0;1)
12
L0 = ==Y tj. napt. bod My = (—12;5;0) =  $3=(-12;5)

Vektory s1 a s$3 jsou vektory sméfujici do nevlastnich bodi, tj. smérové vektory prvni
a druhé asymptoty.

Dva zptisoby hledani asymptot:
i) Najdeme stied, zndme smérové vektory, asymptoty prochazi stiedem.

5 611 =1
(6 06) — =1 = S =[1;1]

s1=1(0;1) = up: x=1
$5 = (—12;5) = ny=(5;12) 5(x—1)+12(y—1)=0

=
— ug: odr+ 12y —17=0
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ii) Hleddme asymptoty jako teény v nevlastnich bodech.
Rovnice te¢ny kuzelosecky v bodé M:

XT . K-M=0
(nebo MT . K - X =0)

XT . K-M =0

5 6 —11 0
(x Y 1)- 6 0 —-6]-11]=0
-11 -6 -19 0

6x—6=0 /:6

up: x=1
MY K-X=0
) 6 —11 x
(<12 5 0)- 6 0 —6|-{y]=0

—-11 -6 -19 1
—30z — 72y +102=0 /:(—6)
ug: dbr+12y—17=0

3.3
12 -6 —13
K= -6 3 4 det K = —75 # 0 = regularni kuzelosecka
-13 4 =5
A= (_12 _§> det A=0 = parabola

Sméry osy paraboly a jeji vrcholové teény jsou uréeny vlastnimi vektory.

Vlastni ¢isla:

|A—AE| =0
12-X —6| o
‘_6 3_)\‘_(12—)\)(3—>\)—36—)\ 15
=A(A—=15)=0
A =15
Ay =0

Nulové vlastni ¢islo urcuje smér osy paraboly.

Vlastni vektory:

-6 —12 0 0

12 —6 2 —1\ . )
Ao =0: (—6 3> ~ (0 0) 03 = (1;2) (smér osy)

Dva zptsoby hledani osy a vrcholu:

A =15 (_3 _6> ~ <1 2) 7 =(2;—1)  (smér vrcholové te¢ny)
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i) Pfes rovnici

(1
(x Y 1)-K- ug | =0,
0
kde (u1;ug) je smér vrcholové tecny.
12 -6 —13 2
(z y 1)-| -6 3 41-1-1]=0
-13 4 —/5 0

Vrchol je prusecik osy s parabolou.

y=2xr—2

120% — 122 (22 — 2) + 3 (22 — 2)? — 262 + 8 (22 —2) — V5 =0
72 (12 - 24+ 12) +2(24 - 24— 26+ 16) + (12— 16 = v/5) = 0

102 —-4—+v5=0

4+
10
4+Vh
="
Vo | 4tV5 14445
10 5

ii) Najdeme vrcholovou te¢nu ty jako piimku sméru vi, kterd mé s parabolou jediny
spoleény bod — vrchol. Osa pak prochézi vrcholem ve sméru vs.

01 = (2;—1) = n = (1;2) = ty: z4+2y+c=0
Hleddme jednobodovy prunik tecny a paraboly:

r=-2y—c

12(=2y —¢)* —12(=2y — )y +3y*> — 26 (—2y — ) + 8y — V5 =0
(48 4+ 24+ 3) y? + (48c + 12¢ + 52+ 8) y + (1262 + 26c — V5) =0

7592 + (60 + 60¢) y + (1202 +26c — \/S) —0

D=(60(1+c¢)*—4-75- (1202+26c— \/5>
= —600c 4 3600 + 300v/5

:300(—204-124-\/5) =0 0212—;\/5
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60(1+12§‘/5) 14+ /5
V= 2.75 5
r=—2 —c——_4+\/5
- 10
o | 4tV5 14445
B 10 ' 5
Vrcholova tecna ty:
12 5
x+2y++2\[20
ty: 224+4y+12+vV5=0
Osa paraboly o:
no=1(2,—-1) A Ve€Eo
2 —y+c=0
445 14+5
2| - — |- = .
( 10) ( : >+c0/5
—4—V5+14+4+V5+5c=0
5¢=—10
c= -2
o: 2z—y—2=0
3.4 a)
13 5 21
K= 5 13 -3 det K = —10 368 # 0 = regularni kuzelosecka
21 -3 27
A= 135 det A =144 > 0 = elipsa
5 13
Vlastni ¢isla:
|A—AE| =0
13— 5 . 2 g2
5 13—)\‘_(13 AT =5

= (13- A—5) (13— A+5)
—(8—A)(18—X) =0

A =38
A2 =18
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Vlastni sméry:

13-8 5 5 5 S 1.
AL =8: ( 5 13—8>N<5 5> v = (15 -1)
13— 18 5 -5 5 2 (1.
A= 18 < 5 13—18>N< 5 —5) v2 = (1)
Stred elipsy:

13 5 |-21 35 121 =2 o gy
5 13| 3 0 144 | 144 -1 T

Rovnice elipsy:

det K
A 2 A 2 —
127+ A2y +detA 0
822 +18y2—72=0
22 42
ztm =1
8 18
22 2
2=l
Prvky elipsy:
a
b=
e=+v9—4=15
A7B S*a- vj - [_27 1} + (37 _3>
||vi]| 2 V2
2 2
2 2
2 2
B = —2+3\[,1—3\[]
2 2
) 2 2
C,D: S+b-— —[—2;1]i<;>
||3]| V2 V2
2 2
C=|-2-—F;1-—
-7
2 2
D=|-24+—F;14+—
e
E.F S+e- Uj =[-2;1] = EQ—Q
|[vi]| V2T V2
5 5
E=|-2—-4/=1 5
2’ + 2
5 5
F: _2 71_ —
+ 2’ 2]




Il Il x
0
11 12 23
K=1|12 4 16 det K = 2000 # 0 = regularn{ kuzelosecka
23 16 19
A= <£ 1?1) det A= —100 < 0 = hyperbola
Vlastni ¢isla:
|[A—AE| =0
m—x 12| )
’ 19 4_)\’(11—)\)(4—/\)—12
=A% — 15\ — 100
=(A=20)(A+5)=0
A1 =20
A2 =—b
Vlastni sméry:
11-20 12 -9 12 o
=20 < 12 4—20)N<12 —16) Ui = (43)
o 145 12 16 12 e
Az =5 ( 12 4+5) (12 9) v = (3 —4)

Stied hyperboly:

11 12| -23 oz -2y ow=-1 S = [=1;—1]
12 4 |-16 -25 0] 25 y = 7
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Rovnice hyperboly:

det K
C2 o

A 4+ Aoy? +

detA
2022 — 542 —20=0
2 2
Y
12 22

Prvky hyperboly:

U1 4 3)
AB: S+a-— — 1.1+ (=
o = 10 (55
1 2
A: _ . _ =
53]
p-|- 28
55
E,F: S+a- 2 =[-1;,-1+ —4\/5;—3*/5
[[vi]] 575
E = f1+%;f1+%
5 5
4

Asymptoty:
Nevlastni body (sméry):

To
x -A- =0
( 0 yo) <yo>
11 12 xo
T . . =0
o w2 15 (0)
1123 + 4y3 + 24x0y0 = 0

Zvolme xg = 1, pak:

2442424411 {—; => §i = (2 -1)
- - 1

Yo 5.4

Asymptoty prochézi stiedem:

S =[-1;-1]
ni = (152)
12 = (11;2)
ap: (x+1)+2(y+1)=0 = ar: z+2y+3=0

az: 1l(z+1)4+2(y+1)=0 = az: 1llz+2y+13=0
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9 3
K=13 1 11 det K = —900 # 0 = regularni kuzelosecka
3 11

|

—20
9 3
A= <3 1> det A =0 — parabola
Vlastni ¢isla:
|[A—AE| =0
99—\ 3
3 1_)\’—(9—)\)(1—)\)—9

= )\— 10X
=A(A—-10)=0
A1 =10
A =0

Vlastni sméry:

9-10 3 -1 3\ - .
)\1—10. ( 3 1_10>N< 3 _9> U1—(371)

A2 =0: (g ?) v3 = (1;—3) (smér osy)
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Vrchol:
Vrcholova tec¢nas:

s, =1 = (3;1) ng, = (1;-3) ty: z—=3y+c=0
Hleddme jednobodovy prunik teény a paraboly:

r=3y—c

9By — )+ +6(By—c)y+6By—c)+22y—20=0
100y* + (—60c + 40) y + (9¢* — 6¢ — 20) =0

D =100 (4 — 6¢)> —4-100 - (9¢* — 6¢ — 20)
=4-100- (—6¢ + 24)
=40%(4 —¢)

D=0 <<= c=14
v: x—3y+4=0

_60-4—40
- 2.100
r=3-1—-4=-1

V =[-1;1]

Orientace paraboly:

D >0 (2 kofeny) <= c<4

parabola lezi ,pod* te¢nou ty

Rovnice paraboly:

My? =29z
—detK —900
= = =310
P \/ M 10
10y? = 2-3V10z
3
2
=2 —x
Y V10
. 3
V10

Osa paraboly:

n,=1(3;1) AN Ve€Eo
o: 3rx+y+2=0
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Ohnisko paraboly:

p U3
F=V+-.—2
2 |||
3 (1;-3)
=-L1l+—-
[ ] v 10 149

Ridici ptimka:

Prochézi bodem D:
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