DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 99 – 108

Ricci generalized pseudo-parallel immersions

C. Murathan, K. Arslan, R. Ezentaş

Abstract. In the present study we consider the isometric immersions f : M^n −→ N^{n+d}(c) satisfying the curvature condition _ R(X, Y )·h = L_hQ(S, h) . We call these type of immersions Ricci generalized pseudo-parallel. We have shown that, if f is Ricci pseudo-parallel with H(p) = 0 and L_h(p)τ (p) − nc ⩾ 0, then the point p is a geodesic point, i.e. the second fundamental form of M^n vanishes at p.

1. Introduction

Let (M, g) be a semi-Riemannian manifold of class C^∞ and dimension n ⩾ 3. We denote by ∇ and R the Levi-Civita connection and the Riemannian curvature tensor of (M, g), respectively. A manifold (M, g) is said to be semisymmetric [23] if R(X, Y ) · R = 0 holds on M. Every locally symmetric manifold (∇R = 0) and every 2-dimensional Riemannian manifold are semisymmetric. The converse statement is not true. The first notes about semisymmetric Riemannian manifolds and some new examples appear in the works by E. Cartan, A. Lichnerowicz, R. S. Couty and N. S. Sinjukov. In [21] K. Nomizu asked the question if there exist complete, irreducible and simply connected Riemannian manifolds of dimension n ⩾ 3 satisfying R(X, Y )· R = 0 and not locally symmetric. The first such example was constructed by H. Takagi in [26].

A systematic study of Riemannian semisymmetric manifolds was started first by Z.I. Szabó ([23] , [24]) and O. Kowalski [12], later by E. Boeckx, L. Vanhecke and others. See [3] for a survey. In the semi-Riemannian case this topic was studied, among others, by A. Derdzinski and W. Roter [9].

A semi-Riemannian manifold (M, g) is pseudosymmetric [7], if and only if R·R = L_RQ(g, R) holds on M where L_R is a function. (The present notation and similar notations in the following lines are explained in more details in the next section). Because the property to be semisymmetric is written, in this notation, as R · R = 0, every semisymmetric manifold is pseudosymmetric. The converse statement is not true ([7]).

Let M^n and N^{n+d}(c) be an n-dimensional Riemmannian manifold and an (n+d)- dimensional space form, respectively. An isometric immersions f : M^n −→ N^{n+d}(c) is called semi-parallel (see [5] and [16]) or semisymmetric (see [13] and [14]) if the condition^_R · h = 0 holds, where h is the second fundamental form of M, where^_R

2000 Mathematics Subject Classification. 53B20, 53B25, 53B50.

Key words and phrases. Pseudosymmetry type manifolds, semisymmetric manifolds, hypersurfaces.

This paper is in final form and no version of it will be published elswhere. 99

denotes the curvature tensor belonging to the connection ∇. The classification of semi-parallel hypersurfaces in N^{n+1}(c) was given by Deprez for c = 0 in [6] and by Dillen for c ≠ 0 in [10], (see also [19]). Intrinsically, every semi-parallel submanifold is a semisymmetric Riemannian manifold. Geometrically, semi-parallel submanifols are characterized as the second order envelopes of the parallel ones (see [15]). For the corresponding theorem some generalizations have been given in [17], [18].

In [8], the authors obtained some results in hypersurfaces in 4-dimensional space form N^4(c) satisfying _ R · h = LQ(g, h). The hypersurfaces satisfying this condition are called pseudo-parallel (see [1] and [2] ) or extended semi-parallel (see [22]). In [2] it has been shown that a pseudo-parallel hypersurface of a space form is either quasiumbilical or a cyclic of Dupin. All Cartan hypersurfaces in S^4(c) are the examples of pseudosymmetic hypersurfaces which are not pseudo-parallel.

In [1], Asperti et. all considered the isometric immersions f : M^n −→ N^{n+d}(c) satisfying the pseudo-parallelity condition^_R · h = L_hQ(g, h). They have shown that if f is pseudo-parallel with H(p) = 0 and L_h(p) ⩾ 0 then the point p is a geodesic point of M, i.e. the second fundamental form vanishes identically, where H is the mean curvature vector of M.

In [20] we considered the Ricci generalized pseudo-parallel hypersurfaces, i.e. the hypersurfaces satisfying the condition^_R · h = L_hQ(S, h).

In the present study we generalized our results for the case when M^n is a submanifold in the space form N^{n+d}(c). We prove that if the isometric immersion f : M^n −→ N^{n+d}(c) is Ricci pseudo-parallel with H(p) = 0 and L(p)τ(p) − nc ⩾ 0, then the point p is a geodesic point, i.e. the second fundamental form vanishes at p.

The authors would like to thank to Professor O. Kowalski for his valuable comments on a preliminary version of this paper.

2. Basic Concepts

Let (M, g), n ⩾ 3 be a connected semi-Riemannian manifold of class C^∞. We denote by ∇, R, S and κ the Levi-Civita connection, Riemann curvature tensor, the Ricci tensor and scalar curvature of (M, g) respectively. The Ricci operator S is defined by g(SX, Y ) = S(X, Y ), where X, Y ∈ χ(M), χ(M) being Lie algebra of vector fields on M. We next define endomorphisms R(X, Y ) and X ∧_A Y of χ(M) by (1) R(X, Y )Z = ∇_X ∇_Y Z − ∇_Y ∇_X Z − ∇_{[X,Y ]}Z,

(2) (X ∧_A Y )Z = A(Y, Z)X − A(X, Z)Y,

respectively, where X, Y, Z ∈ χ(M) and A is a symmetric (0, 2)-tensor. The Riemannian curvature tensor R and the (0, 4)-tensor G of (M, g) are defined by

(3) R(X_i, X_j , X_k, X_l) = g(R(X_i, X_j )X_k, X_l),

(4) G(X_i, X_j , X_k, X_l) = g((X_i ∧_g X_j )X_k, X_l)

respectively. Now, for a (0, k)-tensor field T , k ⩾ 1 and a (0, 2) -tensor field A on (M, g) we define the tensors R · T and Q(A, T ) by

(R · T )(X_1, ..., X_k; X, Y ) = −T (R(X, Y )X_1, X_2, ..., X_k) (5) −... − T (X_1, ..., X_{k−1}, R(X, Y )X_k),

Q(A, T )(X_1, ..., X_k ; X, Y ) = −T ((X ∧_A Y )X_1, X_2, ..., X_k ) −... − T (X_1, ..., X_{k−1}, (X ∧_A Y )X_k), (6) respectively. Putting into the above formulas T = R, or T = S, respectively, and A = g, or A = S, respectively, we obtain the tensors R · R, R · S, Q(g, h), Q(g, R), Q(S, h) etc.

Let f : M^n −→ N^{n+d}(c) be an isometric immersion of an n-dimensional Riemannian manifold M into (n + d)-dimensional space form N^{n+d}(c). We denote by ∇ and ~∇ the Levi-Civita Connections of M and N^{n+d}(c) respectively, and by N(M) its normal bundle. Then for vector fields X, Y which are tangent to M, the second fundamental form h is given by the formula h(X, Y ) = ~∇_X Y − ∇_X Y. Furthermore, for ξ ∈ N(M), A_ξ : T M −→ T M will denote the Weingarten operator in the ξ direction, A_ξX = ∇^⊥_X ξ − ~∇_X ξ, where ∇^⊥ denotes the normal connection of M. The second fundamental form h and A_ξ are related by ~g(h(X, Y ), ξ) = g(A_ξ X, Y ), where g is the induced metric of ~g for any vector fields X, Y tangent to M. The mean curvature vector H of M is defined to be H = 1 n T r(h).

The covariant derivative ∇h of h is defined by

(7) (∇_X h)(Y, Z) = ∇^⊥_X (h(Y, Z)) − h(∇_X Y, Z) − h(Y, ∇_X Z),

where, ∇h is a normal bundle valued tensor of type (0, 3) and is called the third fundamental form of M. The equation of Codazzi implies that ∇h is symmetric hence

(8) (∇_X h)(Y, Z) = (∇_Y h)(X, Z) = (∇_Z h)(X, Y ).

Here, ∇ is called the van der Waerden-Bortolotti connection of M. If ∇h = 0, then f is called parallel, [11].

The basic equations of Gauss and Ricci are;

(9) R(X, Y, Z, W ) = cg(X ∧Y (Z), W )+g(h(X, Y ), h(W, Z))−g(h(X, Z), h(Y, W ))

(10) ~g(R^⊥(X, Y )ξ, η) = g([A_ξ , A_η ]X, Y ); ξ, η ∈ N(M).

Here R^⊥ is the curvature operator of the normal connection defined by

R^⊥(X, Y )Z = ∇^⊥_X ∇^⊥_Y Z − ∇^⊥_Y ∇^⊥_X Z − ∇^⊥_{[X,Y ]}Z.

An isometric immersion f (or the submanifold M) is said to have flat normal connection (or trivial normal connection) if R^⊥ = 0. If M has flat normal connection then shortly we call it to be normally flat. The relation (10) shows that the triviality of the normal connection of M into space form N^{n+d}(c) (and more generally, for submanifolds in a locally conformally flat space) is equivalent to the fact that all second fundamental tensors mutually commute, or that all second fundamental tensors are mutually diagonalizable, [4].

For an orthonormal frame field {e_1, e_2, ..., e_n} of M, the Ricci tensor S is defined by (11) S(X, Y ) = n� k=1 g(R(e_k , X)Y, e_k).

Consequently, by the use of (9) the equation (11) turns into

(12) S(X, Y ) = (n − 1)cg(X, Y ) + n� a=1 T rA_ag(A_aX, Y ) − n� a=1 g(A_aX, A_aY ).

The second covariant derivative ∇^2h of h is defined by

(∇^2h)(Z, W, X, Y ) = (∇_X ∇_Y h)(Z, W ) = ∇^⊥_X ((∇_Y h)(Z, W )) − (∇_Y h)(∇_X Z, W )

(13) −(∇_X h)(Z, ∇_Y W ) − (∇_{∇X Y} h)(Z, W ).

Then we have (∇_X ∇_Y h)(Z, W ) − (∇_Y ∇_X h)(Z, W ) = (^_R(X, Y ) · h)(Z, W )

(14) = R^⊥(X, Y )h(Z, W ) − h(R(X, Y )Z, W ) −h(Z, R(X, Y )W ).

where _ R is the curvature tensor belonging to the connection ∇.

3. Ricci Generalized Pseudo-parallel Immersions In the present section we consider Ricci generalized pseudo-parallel submanifolds in real space forms.

Definition 1. An isometric immersion f : M^n −→ N^{n+d}(c) is Ricci pseudoparallel if there exists a real valued function L_h on M such that (15)^_R · h = L_hQ(S, h) holds for all p ∈ M and X, Y ∈ T M, where^_R denotes the curvature tensor belonging to the connection ∇ and Q(S, h) is the tensor field defined by

Q(S, h)(X, Y, Z, W ) = [(X ∧_S Y )h](Z, W )

(16) = −h((X ∧_S Y )Z, W ) − h(Z, (X ∧_S Y )W ).

We prove the following result;

Theorem 1. Let f : M^n −→ N^{n+d}(c) is a Ricci pseudo-parallel immersion, then R · R = L_h[Q(S, R) − cQ(S, G)].

where the (0,4)- tensor G is defined by G(X, Y, Z, W ) = g((X ∧ Y )Z, W ).

Proof : First, we observe that by (5) the tensor R(U, V ) · R can be written as (R(U, V ) · R)(X, Y, Z, W ) = −R(R(U, V )X, Z, W ) − R(X, R(U, V )Y, Z, W ) −R(X, Y, R(U, V )Z, W ) − R(X, Y, Z, R(U, V )W )

So, by the use of (9), we get (R(U, V ) · R)(X, Y, Z, W ) = −c{g((X ∧ Y )Z, R(U, V )W ) + g((X ∧ Y )R(U, V )Z, W ) +g(([R(U, V )X] ∧ Y )Z, W ) + g((X ∧ [R(U, V )Y ])Z, W )} +g(h(X, Z), h(R(U, V )W, Y ) + h(W, R(U, V )Y )) −g(h(Y, Z), h(R(U, V )X, W ) + h(X, R(U, V )W ))

(17) +g(h(W, Y ), h(R(U, V )X, Z) + h(X, R(U, V )Z)) −g(h(X, W ), h(R(U, V )Y, Z) + h(Y, R(U, V )Z)).

Furthermore, making use of (9), (10) and (14), the Ricci pseudo-parallelity condition (15) turns into

R^⊥(U, V )h(X, Y ) = h(R(U, V )X, Y ) + h(X, R(U, V )Y ) −L_hS(V, X)h(U, Y ) + L_hS(U, X)h(V, Y )

(18) −L_hS(V, Y )h(X, U) + L_hS(U, Y )h(X, V ).

Substituting (17) into (18) and using again equation (9), we obtain (R(U, V ) · R)(X, Y, Z, W ) = L_h{−g(R(X, Y )Z, (U ∧_S V )W ) −g(R((U ∧_S V )X, Y )Z, W ) −g(R(X, (U ∧_S V )Y )Z, W ) −g(R(X, Y )(U ∧_S V )Z, W )

(19) +cg((X ∧ Y )Z, (U ∧_S V )W ) +cg([(U ∧_S V )X] ∧ Y )Z, W ) +cg((X ∧ [(U ∧_S V )Y ])Z, W ) +cg((X ∧ Y )(U ∧_S V )Z, W )}.

Consequently, by the use of (6) after some computations we get

(R(U, V ) · R)(X, Y, Z, W ) = L_h[Q(S, R) − cQ(S, G)](X, Y, Z; V, W ). Our theorem is thus proved.

Theorem 2. If the isometric immersion f : M^n −→ N^{n+d}(c) is Ricci pseudoparallel with H(p) = 0 and L(p)τ(p) − nc ⩾ 0, then the point p is a geodesic point, i.e. the second fundamental form vanishes at p.

Proof : Let f : M^n −→ N^{n+d}(c) be an isometric immersion. We choose a local orthonormal frame field {e_1, e_2, ..., e_n, e_{n+1}, ..., e_{n+d}} adapted to f. Then for 1 ⩽ i, j ⩽ n the components of the second fundamental form h are given by (20) h^α_{ij} = g(h(e_i, e_j ), e_α).

Similarly, the components of the first and the second covariant derivative of h are given by (21) h^α_{ijk} = g((∇_{ek} h)(e_i, e_j ), e_α) = ∇_{ek} h^α_{ij} , and h^α_{ijkl} = g((∇_{el} ∇_{ek} h)(e_i, e_j ), e_α)

= ∇_{el} h^α_{ijk}

(22) = ∇_{el} ∇_{ek} h^α_{ij} respectively. If f is Ricci pseudo-parallel, then by definition, the condition (23) _ R(e_l, e_k) · h = L_h[(e_l ∧_S e_k)]h is fulfilled where (24) [(e_l ∧_S e_k)h] (e_i, e_j ) = −h((e_l ∧_S e_k)e_i, e_j ) − h(e_i, (e_l ∧_S e_k)e_j ) for 1 ⩽ i, j, k, l ⩽ n.

Substituting (2) into (24), we get

[(e_l ∧_S e_k)h](e_i, e_j ) = −S(e_k, e_i)h(e_l, e_i) + S(e_l, e_i)h(e_k, e_i) −S(e_k, e_j )h(e_l, e_i) − S(e_l, e_j )h(e_k, e_i).

(25) By (14) we have (26) ( _ R(e_l, e_k) · h)(e_i, e_j ) = (∇_{el} ∇_{ek} h)(e_i, e_j ) − (∇_{ek} ∇_{el} h)(e_i, e_j ).

Making use of (20), (22), (25) and (26), the Ricci generalized pseudo-parallelity condition (23) turns into (27) h^α_{ijkl} = h^α_{ijlk} − L_h{S_{ki}h^α_{lj} + S_{li}h^α_{hj} − S_{kj}h^α_{kj} − S_{lj}h^α_{ki}} where S(e_i, e_j ) = S_{ij} and 1 ⩽ i, j, k, l ⩽ n, n + 1 ⩽ α ⩽ n + d.

Recall that the Laplacian Δh^α_{ij} of h^α_{ij} is defined by

(28) Δh^α_{ij} = n� i,j,k=1

h^α_{ijkk}.

Then we obtain

(29) 1 2 Δ(‖h‖^2) = n� i,j,k=1

n+d�

α=n+1

h^α_{ij} h^α_{ijkk} + � �∇h � �^2 ,

where

(30) ‖h‖^2 = n� i,j,k=1

n+d�

α=n+1

(h^α_{ij} )^2, and (31) � ∇h �_2 = n� i,j,k=1

n+d�

α=n+1

(h^α_{ijkk})^2,

are the square of the length of second and the third fundamental forms of M, respectively. In addition, making use of (20) and (22), we obtain h^α_{ij} h^α_{ijkk} = g(α(e_i, e_j ), e_α)g((∇_{ek} ∇_{ek} h)(e_i, e_j ), e_α) = g((∇_{ek} ∇_{ek} h)(e_i, e_j )g(h(e_i, e_j ), e_α), e_α)

(32) = g((∇_{ek} ∇_{ek} h)(e_i, e_j ), h(e_i, e_j )).

Therefore, due to (32), the equation (29) becomes

(33) 1 2 Δ(‖h‖^2) = n� i,j,k=1

g((∇_{ek} ∇_{ek} h)(e_i, e_j ), h(e_i, e_j )) + � �∇h � �^2 .

Further, by the use of (23), (25) and (26), we get

g((∇_{ek} ∇_{ek} h)(e_i, e_j ), h(e_i, e_j ) = g((∇_{ek} ∇_{ei} h)(e_k, e_j ), h(e_i, e_j )) = g((∇_{ei} ∇_{ek} h)(e_j , e_k), h(e_i, e_j )) −L_h{S(e_i, e_j )g(h(e_k , e_k)h(e_i, e_j ))

(34) −S(e_k, e_j )g(h(e_k , e_i), h(e_i, e_j )) +S(e_k, e_i)g(h(e_j , e_k), h(e_i, e_j )) −S(e_k, e_k)g(h(e_k , e_j ), h(e_i, e_j ))}.

Substituting (34) into (33), we have 1 2 Δ(‖h‖^2) = n� i,j,k=1

g((∇_{ei} ∇_{ej} h)(e_k, e_k), h(e_i, e_j ))

−L_h{S(e_j , e_i)g(h(e_k , e_k), h(e_i, e_j )) −S(e_k, e_j )g(h(e_i, e_k), h(e_i, e_j ))

(35) +S(e_k, e_i)g(h(e_j , e_k), h(e_i, e_j )) −S(e_k, e_k)g(h(e_j , e_k), h(e_i, e_j ))} + � �∇h � �^2 .

Thus, making use of (12), we obtain n� i,j,k=1

S(e_j , e_i)g(h(e_k , e_k), h(e_i, e_j )) = n� i,j,k=1

n+d�

α=n+1

S(e_j , e_i)g(A_αe_k, e_k)g(A_αe_i, e_j )

= n� i,j,k=1

n+d�

α=n+1

S(e_j , e_i)T r(A_α)g(A_αe_i, e_j ),

(36) and n� i,j,k=1

S(e_k, e_j )g(h(e_i, e_k), h(e_i, e_j )) = n� i,j,k=1

n+d�

α=n+1

S(e_k, e_j )g(A_αe_i, e_k)g(A_αe_i, e_j )

= n� i,j,k=1

n+d�

α=n+1

S(e_k, e_j )g(A_αe_k, e_i)g(A_αe_j , e_i)

= n� j,k=1

n+d�

α=n+1

S(e_k, e_j )g(A_αe_k, A_αe_j)

(37)

= n� j,k=1

n+d�

α=n+1

[(n − 1)cg(e_k , e_j )g(A_αe_k, A_αe_j )]

+ n+d�

α=n+1

T rA_αg(A_αe_k, e_j )g(A_αe_k, A_αe_j )

− n+d�

α=n+1

g(A_αe_k, A_αe_j)g(A_αe_k, A_αe_j ).

Furthermore, by definition

‖h‖^2 = n� i,j=1

g(h(e_i, e_j ), h(e_i, e_j )), and τ = n� k=1 S(e_k, e_k),

where τ is the scalar curvature of M. Hence, we can write

(38) n� i,j,k=1

S(e_k, e_k)g(h(e_i, e_j ), h(e_i, e_j )) = τ ‖h‖^2 .

Moreover, substituting (36)-(38) into (35), we get

(39) 1 2 Δ(‖h‖^2) = n� i,j,k=1

g((∇_{ei} ∇_{ej} h)(e_k, e_k), h(e_i, e_j ))

−L_h{ n� j,k=1

n+d�

α=n+1

S(e_i, e_j )T r(A_α)g(A_αe_i, e_j ) − τ ‖h‖^2} + � �∇h � �^2 .

If we take H^α =

�_n

k=1 h^α_{kk} the equation (39) reduces to 1 2 Δ(‖h‖^2) = n� i,j=1

n+d�

α=n+1

h^α_{ij} (∇_{ei} ∇_{ej} H^α)

−L_h{ n� i,j=1

n+d�

α=n+1

S(e_i, e_j )T r(A_α)g(A_αe_i, e_j ) − τ ‖h‖^2} + � �∇h � �^2 .

B. Y. Chen has shown in, [4], that 1 2 Δ(‖h‖^2) = n� i,j=1

n+d�

α=n+1

h^α_{ij} (∇_{ei} ∇_{ej} H^α) + nc(‖h‖^2 − n ‖H‖^2)

− n+d�

α,β=n+1

{[T r(A_α ∘ A_β)]^2 + ‖[A_α, A_β ]‖^2

+H^βT r(A_α ∘ A_β ∘ A_α)} + � ∇h �_2 . where

(40) ‖H‖^2 = 1 n^2 n+d�

α=n+1

(H^α)^2.

Hence comparing the last two equations, one can get

0 = nc � ‖h‖^2 − n ‖H‖^2 � + L_h � � � n� i,j=1

n+d�

α=n+1

S (e_i, e_j ) T r (A_α) g (A_αe_i, e_j ) − τ ‖h‖^2 � � � − n+d�

α,β=n+1 � [T r (A_α ∘ A_β)]^2 + ‖A_α ∘ A_β ‖^2 + H^βT r (A_α ∘ A_β ∘ A_α) � .

Now, if H(p) = 0 then by (40), we have H^α = 0 at every point p of M, which easily implies T r(A_α) = 0. So

‖h(p)‖^2 {L_h(p)τ(p) − nc} + n+d�

α,β=n+1

{[T r(A_α ∘ A_β)]^2 + ‖[A_α ∘ A_β ]‖^2} = 0.

If L_h(p)τ(p) − nc ⩾ 0 then T r(A_α ∘ A_β) = 0. In particular, ‖A_α‖^2 = T r(A_α ∘ A_α) = 0, hence h(p) = 0. This completes the proof of our theorem.

Acknowledgements. This paper is supported by the Uludag University research found (No:F-2003/98). The authors would also like to thank the anonymous referee for valuable comments and suggestions.

References

[1] Asperti, A. C. ,Lobos, G. A. and Mercuri F., Pseudo-paralel immersions in space forms.

Math. Contemp. 17 (1999), 59-70.

[2] Asperti, A. C. ,Lobos, G. A. and Mercuri F., Pseudo-parallel immersions of a space forms. Adv. Geom. 2(2002) 17 (1999), 57-71.

[3] Boeckx, E., Kowalski, O. and Vanhecke, L., Riemannian Manifolds of Conullity Two.

World Sc., Singapore, 1996.

[4] Chen, B.Y. Geometry of Submanifolds, Dekker 1973.

[5] Deprez, J., Semi-Parallel Surfaces in Euclidean space, J. Geom., 25 (1985), 192-200. [6] Deprez, J., Semi-Parallel Hypersurfaces, Rend. Sem. Mat. Univers. Politecn. Torino, 44 (1986), 303-316.

[7] Deszcz, R., On pseudosymmetric spaces, Bull. Soc. Belg. Math., Ser. A, 44 (1992), 1-34. [8] Deszcz, R., Verstralen, L. and Yaprak, S., Pseudosymmetric hypersurfaces in 4- dimensional space of constant curvature, Bull. Ins. Math. Acad. Sinica, 22 (1994), 167-179.

[9] Derdzinski, A. and Rotter W., On conformally symmetric manifolds with metrics of indices 0 and 1, Tensor, N. S. 31 (1977), 256-259.

[10] Dillen, F., The classification of hypersurfaces of Euclidean space with parallel higher fundamental form, Math Z. 203 (1990), 635-642.

[11] Ferus, D., Immersions with parallel second fundamental form , Math. Z. 140 (1974), 87-93.

[12] Kowalski, O., An explicit classification of 3-dimensional Riemannian spaces satisfying R(X, Y ) · R = 0, Czechoslovak Math. J. 46 (1996), 427-474, (Preprint 1991).

[13] Lumiste, Ü., Decomposition and classification theorems for semi-symmetric immersions, Proc. Estonian Acad. Sci. Phys. Math. 36 (1987), 414-417.

[14] Lumiste, Ü., Classification of there-dimensional semi-symmetric submanifolds in Euclidean spaces , Acta comment. Univ. Tartuentis 899 (1990), 29-44.

[15] Lumiste, Ü., Semi-symmetric submanifolds as the second order envelope of symmetric submanifolds , Proc. Estonian Acad. Sci. Phys. Math. 39 (1990), 1-8.

[16] Lumiste, Ü., Isometric semi-parallel immersions of two-dimensional Riemannian manifolds into pseudo-Euclidean spaces , New Developments in Differential Geometry, Budapest 1996 (J.Szenthe, ed), Kluwer Ac. Publ., Dordrectht, 1999, pp. 243-264.

[17] Mirzoyan, V. A., s-semi-parallel submanifolds in spaces of constant curvature as the envelopes of s-parallel submanifolds, J. Contemp. Math. Analysis, 31 (1996), 37-48.

[18] Mirzoyan, V. A., On generalizations of Ü.Lumiste theorem on semi-parallel submanifolds, J., Contemp. Math. Analysis, 33 (1998), 48-58.

[19] Mirzoyan, V. A., Classification of Ricci-semiparallel hypersurfaces in Euclidean spaces . Sbornik. Math, 2002, 191: 1323-1338.

[20] Murathan, C., Arslan, K. Ezentaş R., Ricci generalized pseudo-parallel hypersurfaces in real space forms. in print.

[21] Nomizu K., On hypersurfaces satisfying a certain condition on the curvature tensor.

Tohoku Math. J. 20 (1968), 46-59.

[22] Özgür, C., Arslan, K. and Murathan, C., On some class of Hypersurfaces in the Euclidean Space, Communication, de la Facultĕ des Sciences de l’ Universite d’Ankara Series A1 51 (2002).

[23] Szabó Z. I., Structure theorems on Riemannian manifolds satisfying R(X, Y ) · R = 0, I, Local version, J. Diff. Geo. 17 (1982), 531-582.

[24] Szabó Z. I., Structure theorems on Riemannian manifolds satisfying R(X, Y ) · R = 0, II, Global version, Geom. Dedicata 19 (1985), 65-108.

[25] Szabó Z. I., Classification and construction of complete hypersurfaces satisfying R(X, Y ) · R = 0, Acta Sci. Math. 47.

[26] Takagi H., An example of a Riemannian manifold satisfying R(X, Y ) · R = 0 but not (∇R = 0). Tohoku Math. J., 24 (1972), 105-108.

Cengizhan Murathan, Kadri Arslan & Rıdvan Ezentaş Department of Mathematics Uludağ University 16059 Bursa, Turkey

e-mails: cengiz@uludag.edu.tr, arslan@uludag.edu.tr, rezentas@uludag.edu.tr