DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 639 – 644

Covariant Hamiltonians for diffeomorphism-invariant Lagrangians on linear frame bundles

J. Muñoz Masqué, M. Eugenia Rosado

Abstract. Let γ be an Ehresmann connection on the linear frame bundle of a manifold N. The notion of torsion associated to γ is defined. The covariant Hamiltonian Λ^γ associated with a Lagrangian density on J^1(F N) is constructed and it is shown to be diffeomorphism-invariant for every diffeomorphism-invariant Lagrangian density Λ if and only if the torsion associted with γ is constant. The case of a linear connection is also studied.

1. Introduction and preliminaries

Let p: M → N be a fibred manifold over an orientable connected n-manifold N, oriented by a volume form v, with dim M = m + n. We confine ourselves to consider only coordinate systems (x^i) on N adapted to v, that is

v = dx^1 ∧ · · · ∧ dx^n.

We also set v_i = dx^1 ∧ · · · ∧ ^dx^i ∧ · · · ∧ dx^n.

Let γ be an Ehresmann (or non-linear) connection on p, i.e., γ is a differential 1- form on M with values in the vertical bundle V (p), such that γ(X) = X, ∀X ∈ V (p).

Given a Lagrangian density Λ on J^1M, we can write Λ = Lv, L ∈ C^∞(J^1M) being the Lagrangian function associated to Λ. The covariant Hamiltonian Λ^γ associated to Λ with respect to γ (e.g. see [5]) is the Lagrangian density defined by

(1) Λ^γ = � (p^{10})^∗γ − ϑ � ∧ ω_Λ − Λ,

where,

(1) p^{10} : J^1M → M is the natural projection: p^{10}(j^1_xs) = s(x), (2) ϑ is the structure form on J^1M; that is,

(2) ϑ = � dy^α − y^α_i dx^i � ⊗ ∂ ∂y^α

on a fibred coordinate system (x^i, y^α), 1 � i � n, 1 � α � m, for the submersion p, and

2000 Mathematics Subject Classification. Primary: 58E30; Secondary: 58A20, 58D19. Key words and phrases. Covariant Hamiltonian density, Hamilton-Cartan formalism, Infinitesimal contact transformations, Infinitesimal symmetries, Jet bundles, Lagrangian density, Legendre form, Poincaré-Cartan form.

This paper is in final form and no version of it will be published elswhere. 639

(3) ω_Λ is the Legendre form attached to the Lagrangian density Λ, with local expression

(3) ω_Λ = (−1)^{i−1} ∂L ∂y^α_i v_i ⊗ dy^α.

Given a subgroup G ⊆ Aut(p) of the group of all automorphisms of the fibred manifold p: M → N, a Lagrangian density Λ is said to be G-invariant if (4) � Φ^{(1)}

�_∗

Λ = Λ, ∀Φ ∈ G,

where Φ^{(1)} : J^1M → J^1M denotes the 1-jet prolongation of Φ.

When a group G of transformations of M is given, a natural question arises: Is it possible to select a class of connections γ such that Λ^γ is G-invariant for every G-invariant Λ?

For example, the solution to this question for the gauge group of a principal bundle is obtained in [1].

The goal of this paper is to provide a complete answer to the question above in the case of the bundle of linear frames, i.e., when p: M → N is π : F N → N and G = DiffN.

2. Covariant Hamiltonians on F N

Each coordinate system (x^i) on an open domain U ⊆ N induces a coordinate system (x^i, x^i_j ) on π^{−1}(U) by setting

u = � ∂ ∂x^1 � x , . . . , � ∂ ∂x^n � x � · � � � x^1(u) . . . x^1_n(u) . . ... . . x^n_1 (u) . . . x^n(u)

� � � , x = π(u),

and a coordinate system (x^i, x^i_j , x^i_{j,k}), on J^1U, defined by

x^i_{j,k}(j^1_xs) =

∂(x^i_j ∘ s)

∂x_k

(x).

Let γ be an Ehresmann connection on F N. On an induced coordinate system (x^i, x^i_j ) for π, its local expression is

(5) γ = � dx^i_j + γ^i_{jk}dx^k � ⊗ ∂ ∂x^i_j

, γ^i_{jk} ∈ C^∞(F N).

The Poincaré-Cartan form attached to Λ ([2, Definition 2.4], [10]) is defined to be the ordinary n-form on J^1(F N) given by

(6) Θ_Λ = ϑ ∧ ω_Λ + Λ,

ϑ being the structure form on J^1(F N), whose local expression, according to the general formula (2) above, is

(7) ϑ = � dx^i_j − x^i_{j,k}dx^k � ⊗ ∂ ∂x^i_j , and ω_Λ the Legendre form attached to Λ, whose local expression, according to the general formula (3) above, is

(8) ω_Λ = (−1)^{k−1} ∂L ∂x^i_{j,k} v_k ⊗ dx^i_j .

Once an Ehresmann connection γ has been chosen, according to the general formula (1), the covariant Hamiltonian Λ^γ associated to a Lagrangian density Λ with respect to γ is given by the formula (9) Λ^γ = � (π^{10})^∗γ − ϑ � ∧ ω_Λ − Λ, where π^{10} : J^1(F N) → N is the natural projection.

3. Diffeomorphism-invariant covariant Hamiltonians A Lagrangian density Λ on J^1(F N) is said to be DiffN-invariant—or even, invariant under diffeomorphisms—if (10) (φ̃^{(1)})^∗Λ = Λ, ∀φ ∈ DiffN, where φ̃ is the natural lift of φ to F N ([3, VI, §§1,2]) and φ̃^{(1)} is the 1-jet prolongation of φ̃.

If Φ_t : F N → F N is the flow of a π-projectable vector field X ∈ X(F N), then Φ^{(1)}_t : J^1(F N) → J^1(F N) is the flow of a vector field on J^1(F N), denoted by X^{(1)} and called the infinitesimal contact transformation associated to X. The map X → X^{(1)} is an injection of Lie algebras. If

X = u^i ∂ ∂x^i

+ v^i_j ∂ ∂x^i_j

, u^i ∈ C^∞(N), v^i_j ∈ C^∞(F N),

is the local expression of X, then (e.g., see [4, 6, 8, 9]) we have

(11) X^{(1)} = u^i ∂ ∂x^i

+ v^i_j ∂ ∂x^i_j

+ v^i_{jk} ∂ ∂x^i_{j,k} , where

(12) v^i_{jk} =

∂v^i_j ∂x^k

+ x^r_{s,k}

∂v^i_j ∂x^r_s

− x^i_{j,h}

∂u^h ∂x^k . A Lagrangian density Λ on J^1(F N) is said to be X(N)-invariant if (13) L_{X̃}(1) Λ = 0, ∀X ∈ X(N), where X̃^{(1)} denotes the 1-jet prolongation of X̃. If the local expression of X is

X = u^i ∂ ∂x^i

, u^i ∈ C^∞(N), then we have

(14) X̃ = u^i ∂ ∂x^i

+ x^h_j

∂u^i ∂x^h ∂ ∂x^i_j . If θ = (θ^1, . . . , θ^n) is the canonical 1-form on F N ([3, III, §2, p. 118]), then we can write (15) Λ = Lθ^1 ∧ · · · ∧ θ^n, where L is a smooth function on J^1(F N), called the canonical Lagrangian associated to Λ.

A Lagrangian density Λ on J^1(F N) is DiffN-invariant (resp. X(N)-invariant) if and only if L ∘ J^1(φ̃) = L, ∀φ ∈ DiffN (resp. X̃^{(1)}L = 0, ∀X ∈ X(N)). These results are proved in [7, §2.1]. Basically, they follow from the fact that θ is both DiffN-invariant and X(N)-invariant. Hence the problem of determining invariant Lagrangian densities is reduced to that of determining invariant Lagrangian functions. Moreover, DiffN-invariance implies X(N)-invariance and both notions are equivalent except when N is orientable and admits an orientation-reversing diffeomorphism (also see [7, §2.1]). Because of this, we consider only X(N)-invariance throughout this paper.

Let Λ^γ be the covariant Hamiltonian associated to a Lagrangian density Λ on J^1(F N) with respect to an Ehresmann connection γ. As the covariant Hamiltonian Λ^γ is a Lagrangian density, it also admits a canonical Lagrangian L^γ ∈ C^∞(J^1(F N)) defined, according to the formula (15), as follows:

(16) Λ^γ = L^γ θ^1 ∧ · · · ∧ θ^n,

where

(17) L^γ = � γ^i_{jk} + x^i_{j,k}

� ∂L ∂x^i_{j,k}

− L, γ^i_{jk} ∈ C^∞(F N).

3.1. Torsion of a first-order Ehresmann connection on F N. We define the notion of torsion associated with an Ehresmann conection γ on F N, by imitating that of a linear connection; e.g., see [3, III, §2].

Let B(v) be the standard horizontal vector field associated to v ∈ R^n (see [3, III, §2]) with respect to γ; precisely, B(v) is the only γ-horizontal vector field on F N such that π_∗(B(v)_u) = u(v) for every u ∈ F_xN, where, here, the linear frame u is considered to be a linear isomorphism u: R^n → T_xN. Then, we define the torsion of γ as being the map T^γ : F N → ∧^2(R^n)^∗ ⊗ R^n

given by T^γ (u)(v, w) = dθ(B(v), B(w))(u), u ∈ F N, v, w ∈ R^n.

Let T^γ (u)^i be the components of T^γ (u) with respect to the standard basis (v_i) of R^n, i.e., T^γ (u)(v, w) = T^γ (u)^i(v, w)v_i.

Taking the local expressions of the standard horizontal vector field associated to v_a and that of the canonical form on F N, into account,

B(v_a) = x^k_a � ∂ ∂x^k

− γ^i_{jk} ∂ ∂x^i_j � , θ^i = y^i_jdx^j , (y^i_j ) = (x^i_j )^{−1},

we obtain

(18) T^γ (u)^c(v_a, v_b) = � x^k_aγ^i_{bk} − x^k_b γ^i_{ak} � y^c_i .

4. The main results Theorem 1. Let γ be an Ehresmann connection on π : J^1(F N) → N. The covariant Hamiltonian Λ^γ associated with every X(N)-invariant Lagrangian density Λ on J^1(F N) is X(N)-invariant, if and only if the torsion associated with γ is constant.

Proof. Let L^γ ∈ C^∞(J^1(F N)) be the canonical Lagrangian associated to the covariant Hamiltonian Λ^γ . We need to prove that X̃^{(1)}(L^γ ) = 0, for every X ∈ X(N) and every invariant Lagrangian L, if and only if the torsion of γ is constant. We first recall that every X(N)-invariant Lagrangian can be written as a differentiable function of the following^1_2 n^2(n − 1) Lagrangians: (19) L^c_{ab} = (x^d_ax^e_{b,d} − x^d_b x^e_{a,d})y^c_e, a < b.

See [7, 16, section 2.2] for the details of this fact and for the geometric meaning of such Lagrangians. Hence, we only need to impose X̃^{(1)}((L^c_{ab})^γ ) = 0, ∀X ∈ X(N), and every system of indices a < b, c. From the local expression of L^c_{ab} in the formula (19), we have

(20)

∂L^c_{ab} ∂x^i_{j,k}

= (x^k_aδ^j_b − x^k_b δ^j_a)y^c_i .

Hence x^i_{j,k}

∂L^c_{ab} ∂x^i_{j,k}

= L^c_{ab}.

From (20) and (18), we obtain

(L^c_{ab})^γ = � γ^i_{jk} + x^i_{j,k}

� ∂L^c_{ab} ∂x^i_{j,k}

− L^c_{ab}

= γ^i_{jk}

∂L^c_{ab} ∂x^i_{j,k} = (T^γ )^c_{ab}, and, therefore X̃^{(1)} (L^c_{ab})^γ = X̃((T^γ )^c_{ab}), which allows us to conclude the proof. □ Corollary 1. Let γ be a linear connection on π : J^1(F N) → N. The covariant Hamiltonian Λ^γ associated with every X(N)-invariant Lagrangian density Λ on J^1(F N) is X(N)-invariant, if and only if γ is torsion free.

Proof. The torsion of a linear connection is equivariant with respect to the natural actions of GL(n; R) on F N and on ∧^2(R^n)^∗ ⊗ R^n; that is, T^γ (u · A) = A^{−1} · T^γ (u), ∀A ∈ GL(n; R).

From the theorem above, we know that the statement holds if and only if T^γ is constant; hence, T^γ (u) = T^γ (u · A)

= A^{−1} · T^γ (u), for every A ∈ GL(n; R). Accordingly, T^γ (u) is GL(n; R)-invariant; hence T^γ (u) must vanish. □

Acknowledgements. Supported by Ministerio of Ciencia y Tecnología of Spain, under grant #BFM2002–00141.

References

[1] Antonio Fernández, Pedro L. García, J. Muñoz Masqué, Gauge-invariant covariant Hamiltonians, J. Math. Phys. 41, no. 8 (2000), 5292–5303.

[2] Pedro L. García, The Poincaré-Cartan invariant in the calculus of variations, Sympos.

Math. XIV (Convegno di Geometria Simplettica e Fisica Matematica, INDAM, Rome, 1973), Academic Press, London, 1974, pp. 219–246.

[3] S. Kobayashi, K. Nomizu, Foundations of differential Geometry, Volume I, John Wiley & Sons, Inc., N.Y., 1963.

[4] A. Kumpera, Invariants différentiels d’un pseudogroupe de Lie. I, II, J. Differential Geometry 10 (1975), 289–345, 347–416.

[5] J. Marsden, S. Shkoller, Multisymplectic geometry, covariant Hamiltonians, and water waves, Math. Proc. Cambridge Phil. Soc. 125 (1999), 553–575.

[6] J. Muñoz Masqué, Formes de structure et transformations infinitésimales de contact d’ordre supérieur, C.R. Acad. Sci. Paris 298, Série I, no. 8, (1984), 185–188.

[7] J. Muñoz Masqué, M. E. Rosado, Invariant variational problems on linear frame bundles, J. Phys. A: Math. Gen. 35 (2002), 2013–2036.

[8] P. J. Olver, Equivalence, Invariants, and Symmetry, Cambridge University Press, Cambridge, UK, 1995.

[9] D. J. Saunders, The Geometry of Jet Bundles, Cambridge University Press, Cambridge, UK, 1989.

[10] D. J. Saunders, M. Crampin, On the Legendre map in higher-order field theories, J.

Phys. A: Math. Gen. 23 (1990), 3169–3182.

J. Muñoz Masqué Instituto de Física Aplicada, CSIC C/ Serrano 144, 28006-Madrid, Spain

e-mail: jaime@iec.csic.es

M. Eugenia Rosado María Departamento de Análisis Económico Economía Cuantitativa, Facultad de Ciencias Económicas y Empresariales, U.A.M., 28049-Madrid, Spain

e-mail: eugenia.rosado@uam.es and Department of Applied Mathematics ‘G. Sansone’ University of Florence Via S. Marta 3, I-50139 Florence, Italy

e-mail: rosado@dma.unifi.it