DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 617 – 627

Variational sequences and Lepage forms

Demeter Krupka and Jana Šeděnková

Abstract. The notion of a Lepage form, introduced by Krupka, is generalized to differential forms of arbitrary degree in higher order mechanics. It is shown that the Lepage forms can be used to find a natural representation of classes of forms in a variational sequence as globally well-defined differential forms. The resulting expressions for classes agree with Krbek and Musilová. The construction of a Lepage form is based on the interior Euler-Lagrange operator introduced by Anderson within the variational bicomplex theory on infinite jet manifolds. We give a finite order definition of this operator, and prove its invariance. The structure of Lepage equivalents of the Euler-Lagrange forms is discussed in detail.

1. Introduction

The aim of this paper is to complete some recent results, generalizing the concept of a Lepage form to forms of arbitrary degree in higher order fibered mechanics [13], i.e., on fibered manifolds over a one dimensional basis.

The Lepage forms, as well as Lepage equivalents of lagrangians for multidimensional variational problems on fibered manifolds, were introduced by Krupka [6], [7]. These forms allow us to describe the geometric structure of the first variation formula, and to introduce the global concepts such as the Euler-Lagrange form and the Noether’s current. The Lepage forms unify several interesting objects in the calculus of variations, among them the Poincaré-Cartan form, the Caratheodory form, and the so called fundamental form, and give us a generalization of these forms to higher order variational theory. They also represent a tool for generalizations of the Hamilton theory to higher order problems in fibered manifolds. In the context of the variational sequence theory, the exterior derivative of a Lepage form immediately gives the corresponding class, which turns up to be the Euler-Lagrange form.

Our main motivation for the study of possible generalizations is to achieve an analogous property for forms of degree higher than 1. In particular, we show that the exterior derivative of a Lepage 2-form will give us, as its class, the well known (invariant) Helmholtz form (see also Krupka [5] and Šeděnková [13]).

Recently, Krupková presented an extension of the notion of a Lepage form to 2- forms (in mechanics) and to (n + 1)-forms (in field theory), and applied these forms to the inverse problem of the calculus of variations in higher order mechanics, and to the order reducibility problem. She defined a Lepage form as the closed counterpart of the Euler-Lagrange form (see [10], [11]).

2000 Mathematics Subject Classification. 35A15, 58A10, 58A20, 70G75. Key words and phrases. Lepage form, lagrangian, Euler-Lagrange form, variational sequence. This paper is in final form and no version of it will be published elswhere. 617

Our definition agrees with the structure of variational sequences (Krbek and Musilová [4], Krupka [8], [9], Vitolo [16]), but is more general. We use a (finite order) modification of the interior Euler operator presented by Anderson for the variational bicomplex theory [1] (for this operator, see also Bauderon [2], Dedecker and Tulczyjew [3], Kuperschmidt [12]). We give a new simple proof of basic properties of this operator for finite order jet spaces.

2. Preliminaries

Let us introduce our basic notation (see e.g. [5], [13]). In this paper, Y is a fibered manifold over a one-dimensional manifold X, of dimension m + 1, and π is the projection of Y . We denote by J^rY the r-jet prolongation of Y , and by π^{r,s} : J^rY → J^sY , π^r : J^rY → X the canonical jet projections. J^rγ is the r-jet prolongation of a section γ of Y . Any fibered chart (V, ψ), ψ = (t, q^σ), on Y , where 1 � σ � m, induces the associated charts on X and on J^rY , (U, φ), φ = (t), and (V^r, ψ^r), ψ^r = (t, q^σ, q^σ_1 , q^σ_2 , · · · , q^σ_r ).

A differential k-form ρ on J^rY is called contact, if it vanishes along the r-jet prolongation J^rγ of every section γ. Recall that for a fibered chart (V, ψ), ψ = (t, q^σ ), we have the contact basis of one-forms (dt, ω^σ , ω^σ_1 , ω^σ_2 , . . . , ω^σ_r , dq^σ_{r+1}) on V^{r+1} = (π^{r+1,0})^{−1}V, defined by the forms

(1) ω^σ_j = dq^σ_j − q^σ_{j+1}dt, 0 � j � r.

A differential form which contains exactly k exterior factors of the form (1) is called k-contact. Every form ρ, on J^rY can be uniquely decomposed, after the canonical lifting to J^{r+1}Y , as the sum of the k-contact components p_kρ (see e.g. [8]).

A vector field Ξ on Y is called π-vertical if T π · Ξ = 0. In a fibered chart,

(2) Ξ = Ξ^σ ∂ ∂q^σ . The r-jet prolongation of Ξ is a vector field on J^rY given by

(3) J^rΞ = r∑ i=0 Ξ^σ_i ∂ ∂q^σ_i

, Ξ^σ_i = d Ξ^σ_{i−1} dt . Let Ω^r_k be the direct image of the sheaf of smooth k-forms over J^rY by the jet projection π^{r,0}. Denote

(4) Ω^r_{0,c} = {0}, Ω^r_{k,c} = ker p_{k−1}, Θ^r_k = Ω^r_{k,c} + dΩ^r_{k−1,c},

where k � 1, and dΩ^r_{k−1,c} is the image sheaf of Ω^r_{k−1,c} by d. Then for every open set W ⊂ Y , Ω^r_kW is the Abelian group of k-forms, and Ω^r_{k,c}W is the Abelian group of k-contact k-forms on W^r = (π^{r,0})^{−1}(W ). dΩ^r_{k−1,c}W is the Abelian group of forms which can locally be expressed as the differential of (k − 1)-contact (k − 1)-forms on W^r, and Θ^r_kW is a subgroup of Ω^r_kW . We get an exact sequence of soft sheaves

(5) 0 → Θ^r_1 → Θ^r_2 → Θ^r_3 → · · · → Θ^r_M → 0,

where the morphisms are the exterior derivative, and M = mr + 1. This sequence is a subsequence of the De Rham sequence (6) 0 → R → Ω^r_0 → Ω^r_1 → Ω^r_2 → · · · → Ω^r_M → Ω^r_{M+1} → · · · → Ω^r_{N−1} → Ω^r_N → 0, where N = dim J^rY = 1 + m(r + 1). The quotient sequence (7) 0 → R → Ω^r_0 → Ω^r_1/Θ^r_1 → Ω^r_2/Θ^r_2 → · · · → Ω^r_M /Θ^r_M → Ω^r_{M+1} → · · · → Ω^r_{N−1} → Ω^r_N → 0 is also exact. (7) is the r-th order variational sequence. The class of a differential form ρ ∈ Ω^r_k is denoted by [ρ]. The quotient mapping E_k : Ω^r_k/Θ^r_k → Ω^r_{k+1}/Θ^r_{k+1} is defined by (8) E_k([ρ]) = [dρ].

E_1 is the well-known Euler-Lagrange mapping, and E_2 is the Helmholtz-Sonin mapping.

A lagrangian of order r for Y is a π^r-horizontal 1-form λ on J^rY . In fibered coordinates, (9) λ = Ldt, where L is the Lagrange function. A form ρ ∈ Ω^r_1Y is a Lepage 1-form if p_1dρ is a π^{r+1,0}-horizontal. A Lepage form ρ is a Lepage equivalent of λ, if hρ = λ.

It is known that in higher order mechanics, Lepage equivalents are uniquely determined by lagrangians (Krupka [6]). We denote by θ_λ the Lepage equivalent of λ. For r = 1, θ_λ is the well-known Cartan form, if r > 1, we get the generalized Cartan form. Computing E_λ = p_1dθ_λ, we obtain the Euler-Lagrange form (10) E_λ = E_σ(L)ω^σ ∧ dt, where the components

(11) E_σ(L) = r∑ l=0 (−1)^l d^l dt^l ∂L ∂q^σ_l

are the Euler-Lagrange expressions.

3. The Interior Euler-Lagrange operator In this section, we give a new coordinate-free definition of the interior Euler- Lagrange operator. First we need the following lemma.

Lemma 1. For every 1-contact 2-form ρ on J^rY there exist a unique 1-contact, ω^σ-generated 2-form ρ_0 on J^{2r+1}Y and a unique contact 1-form ρ^′ on J^{2r}Y such that (12) ( π^{2r+1,r}

)_∗

ρ = ρ_0 + p_1dρ^′.

Proof. To prove existence, write in a fibered chart

(13) ( π^{2r+1,r}

)_∗ ρ = r∑ i=0 P^i_σω^σ_i ∧ dt.

By a direct computation,

(14) p_1d(Q^i_σ ω^σ_{i−1}) = −Q^i_σω^σ_i ∧ dt − dQ^i_σ dt ω^σ_{i−1} ∧ dt for any Q^i_σ. Applying this formula to (13), we can eliminate all terms with i � 1. We obtain

(15) ( π^{2r+1,r}

)_∗ ρ = r∑ i=0 (−1)^i d^iP^i_σ dt^i ω^σ ∧ dt + p_1d r∑ i=1 i∑ j=1 (−1)^j d^{j−1}P^i_σ dt^{j−1} ω^σ_{i−j} .

Setting

(16) ρ_0 = r∑ i=0 (−1)^i d^iP^i_σ dt^i ω^σ ∧ dt, ρ^′ = r∑ i=1 i∑ j=1 (−1)^j d^{j−1}P^i_σ dt^{j−1} ω^σ_{i−j},

we obtain (12).

To prove uniqueness, suppose that

(17) ( π^{2r+1,r}

)_∗

ρ = ρ_0 + p_1dρ^′ = η_0 + p_1dη^′,

where

(18) ρ_0 = A_σω^σ ∧ dt, ρ^′ =

2r−1∑

i=0 A^i_σω^σ_i ,

η_0 = B_σω^σ ∧ dt, η^′ =

2r−1∑

i=0 B^i_σω^σ_i .

Then from (17)

(19) (A_σ − B_σ)ω^σ ∧ dt + p_1d

(_{2r−1} ∑ i=0 (A^i_σ − B^i_σ)ω^σ_i ) = 0.

From this equation it follows that A^i_σ − B^i_σ = 0 and A_σ − B_σ = 0, proving that ρ^′ = η^′ and ρ_0 = η_0. □

Now we are in a position to introduce two operators I and J, acting on contact forms, in three steps:

(a) If ρ is a 1-contact 2-form on J^rY , we set

(20) Iρ = ρ_0, Jρ = ρ^′.

(b) Let ρ be a 2-contact 3-form on J^rY , let Ξ_1, Ξ_2 be π-vertical vector fields. We define a 2-contact 3-form Iρ on J^{2r+1}Y by

(21) i_J 2r+1_{Ξ2} i_J 2r+1_{Ξ1} Iρ = 1 2 ( i_J 2r+1_{Ξ2} I(i_J r_{Ξ1} ρ) − i_J 2r+1_{Ξ1} I(i_J r_{Ξ2} ρ) ) , and a 2-contact 2-form Jρ on J^{2r}Y by

(22) i_J 2r_{Ξ2} i_J 2r_{Ξ1} Jρ = − 1 2 ( i_J 2r_{Ξ2} J(i_J r_{Ξ1} ρ) − i_J 2r_{Ξ1} J(i_J r_{Ξ2} ρ) ) .

(c) Let ρ be a k-contact (k + 1)-form on J^rY , let Ξ_1, Ξ_2, . . . , Ξ_k be π-vertical vector fields. We define a k-contact (k + 1)-form Iρ on J^{2r+1}Y by

(23) i_J 2r+1_{Ξk} . . . i_J 2r+1_{Ξ2} i_J 2r+1_{Ξ1} Iρ = 1 k ( i_J 2r+1_{Ξk} i_J 2r+1_{Ξk−1} . . . i_J 2r+1_{Ξ3} i_J 2r+1_{Ξ2} I(i_J r_{Ξ1} ρ) −i_J 2r+1_{Ξk} i_J 2r+1_{Ξk−1} . . . i_J 2r+1_{Ξ3} i_J 2r+1_{Ξ1} I(i_J r_{Ξ2} ρ) −i_J 2r+1_{Ξk} i_J 2r+1_{Ξk−1} . . . i_J 2r+1_{Ξ1} i_J 2r+1_{Ξ2} I(i_J r_{Ξ3} ρ) − . . .

−i_J 2r+1_{Ξk} i_J 2r+1_{Ξ1} . . . i_J 2r+1_{Ξ3} i_J 2r+1_{Ξ2} I(i_J r_{Ξk−1} ρ) −i_J 2r+1_{Ξ1} i_J 2r+1_{Ξk−1} . . . i_J 2r+1_{Ξ3} i_J 2r+1_{Ξ2} I(i_J r_{Ξk} ρ) ) . Analogously, we define a k-contact k-form Jρ on J^{2r}Y by

(24) i_J 2r_{Ξk} . . . i_J 2r_{Ξ2} i_J 2r_{Ξ1} Jρ = − 1 k ( i_J 2r_{Ξk} i_J 2r_{Ξk−1} . . . i_J 2r_{Ξ3} i_J 2r_{Ξ2} J(i_J r_{Ξ1} ρ) −i_J 2r_{Ξk} i_J 2r_{Ξk−1} . . . i_J 2r_{Ξ3} i_J 2r_{Ξ1} J(i_J r_{Ξ2} ρ) −i_J 2r_{Ξk} i_J 2r_{Ξk−1} . . . i_J 2r_{Ξ1} i_J 2r_{Ξ2} J(i_J r_{Ξ3} ρ) − . . .

−i_J 2r_{Ξk} i_J 2r_{Ξ1} . . . i_J 2r_{Ξ3} i_J 2r_{Ξ2} J(i_J r_{Ξk−1} ρ) −i_J 2r_{Ξ1} i_J 2r_{Ξk−1} . . . i_J 2r_{Ξ3} i_J 2r_{Ξ2} J(i_J r_{Ξk} ρ) ) . Note that in (23) and (24), we apply alternations to all vector arguments.

For example, if k = 2 and ρ is a 2-contact 3-form on J^{r+1}Y ,

(25) ρ = r∑ i,j=0

P^{ij}_{σν} ω^σ_i ∧ ω^ν_j ∧ dt,

we have

(26) Iρ = 1 2 r∑ i,j=0 i∑ l=0 (−1)^i ( i l ) d^{i−l} dt^{i−l}

(P^{ji}_{νσ} − P^{ij}_{σν} ) ω^ν_{j+l} ∧ ω^σ ∧ dt, and (27) Jρ = − 1 2 r∑ j=0 r∑ i=1 i∑ l=1 l−1∑ k=0 (−1)^l ( l − 1 k ) d^{l−1−k} dt^{l−1−k}

(P^{ji}_{νσ} − P^{ij}_{σν} ) ω^ν_{j+k} ∧ ω^σ_{i−l}.

Theorem 1. Let k � 1, let ρ be a k-contact (k + 1)-form on J^rY . Then (28) (π^{2r+1,r})^∗ρ = Iρ + p_kdJρ.

Proof. For k = 1, Theorem 1 reduces to the Lemma 1. Supposing that the theorem is true for some k, we want to show that then (28) also holds for (k + 1)- forms.

Let ρ be a (k + 1)-contact (k + 2)-form on J^rY . Let Ξ_1, Ξ_2, . . . , Ξ_k, Ξ_{k+1}, be πvertical vector fields on Y . To compute the contractions in (c) we use the identities (29) i_J 2r+1_Ξ (π^{2r+1,r})^∗ρ = I(i_J r_Ξ ρ) + p_kdJ(i_J r_Ξ ρ),

(30) i_J 2r+1_Ξ p_kdJρ = p_{k−1}di_J 2r_Ξ Jρ = p_{k−1}i_J 2r_Ξ dJρ.

Then

(31) i_J 2r+1_{Ξk+1} . . . i_J 2r+1_{Ξ2} i_J 2r+1_{Ξ1} (π^{2r+1,r})^∗ρ = 1 k + 1

(i_J 2r+1_{Ξk+1} i_J 2r+1_{Ξk} . . . i_J 2r+1_{Ξ2} (I(i_J r_{Ξ1} ρ) + p_kdJ(i_J r_{Ξ1} ρ)) −i_J 2r+1_{Ξk+1} i_J 2r+1_{Ξk} . . . i_J 2r+1_{Ξ3} i_J 2r+1_{Ξ1} (I(i_J r_{Ξ2} ρ) + p_kdJ(i_J r_{Ξ2} ρ)) − . . .

−i_J 2r+1_{Ξk+1} i_J 2r+1_{Ξ1} i_J 2r+1_{Ξk−1} . . . i_J 2r+1_{Ξ2} (I(i_J r_{Ξk} ρ) + p_kdJ(i_J r_{Ξk} ρ))) −i_J 2r+1_{Ξ1} i_J 2r+1_{Ξk} . . . i_J 2r+1_{Ξ2} (I(i_J r_{Ξk+1} ρ) + p_kdJ(i_J r_{Ξk+1} ρ))) = i_J 2r+1_{Ξk+1} . . . i_J 2r+1_{Ξ2} i_J 2r+1_{Ξ1} Iρ +hdi_J 2r+1_{Ξk+1} . . . i_J 2r+1_{Ξ2} i_J 2r+1_{Ξ1} Jρ = i_J 2r+1_{Ξk+1} . . . i_J 2r+1_{Ξ2} i_J 2r+1_{Ξ1} (Iρ + p_{k+1}dJρ).

Omitting contractions, we get (28). This completes the proof. □

Note that an equivalent definition of the operator I can be given by the following formula

(32) i_J 2r+1_{Ξk} . . . i_J 2r+1_{Ξ2} i_J 2r+1_{Ξ1} Iρ = 1 k ( i_J 2r+1_{Ξk} I(i_J r_{Ξk−1} . . . i_J r_{Ξ2} i_J r_{Ξ1} ρ) −i_J 2r+1_{Ξk−1} I(i_J r_{Ξk} i_J r_{Ξk−2} . . . i_J r_{Ξ2} i_J r_{Ξ1} ρ) − · · · − i_J 2r+1_{Ξ2} I(i_J r_{Ξk−1} . . . i_J r_{Ξ3} i_J r_{Ξk} i_J r_{Ξ1} ρ) −i_J 2r+1_{Ξ1} I(i_J r_{Ξk−1} . . . i_J r_{Ξ2} i_J r_{Ξk} ρ) ) . From k-contact (k + 1)-forms, we extend the operator I to all (k + 1)-forms ρ on J^rY . We set

(33) Iρ = Ip_kρ.

We get an R-linear mapping I : Ω^r_kY → Ω^{2r+1}_k Y , which we call the interior Euler- Lagrange operator. Main properties of I can be summarized as follows.

Theorem 2. Let π : Y → X be a fibered manifold over one-dimensional base X. Let k � 0.

(a) For every open set V ⊂ Y and every ρ ∈ Ω^r_{k+1}V , Iρ lies in the same class as (π^{2r+1,r})^∗ρ.

(b) I^2 = I (up to the canonical jet projection).

(c) For every open set V ⊂ Y , the kernel of the mapping I : Ω^r_{k+1}V → Ω^{2r+1}_{k+1} V coincides with Θ^r_{k+1}V .

From (c) it follows that the image of Ω^r_{k+1}V by I, I(Ω^r_{k+1}V ) ⊂ Ω^{2r+1}_{k+1} Y , is canonically isomorphic with the quotient group Ω^r_{k+1}V/Θ^r_{k+1}V . If ρ ∈ Ω^r_{k+1}V , we call the form Iρ the canonical representative of ρ.

Anderson [1] defines the interior Euler operator by means of the theory of differential operators on the infinite jet prolongation of a fibered manifold. Similar approach is used by Krbek and Musilová [4] for finite prolongations. On the contrary, in our definition only the concept of the Lie derivative on finite order prolongations is needed, and the standard rules for computation with Lie derivatives are applied. Formally, both definitions give the same result.

4. Lepage forms In this section, we introduce Lepage forms, and Lepage equivalents of the canonical representatives of differential forms.

Let k � 0. A form ρ ∈ Ω^r_{k+1}Y is called a Lepage form, if (34) p_{k+1}dρ = Idρ.

Let β ∈ Ω^s_{k+1}/Θ^s_{k+1} be a class, i.e., let β = Iη for some η ∈ Ω^s_{k+1}. A form ρ ∈ Ω^r_{k+1} is said to be a Lepage equivalent of β, if ρ is a Lepage form, and (35) p_kρ = β.

The meaning of a Lepage form consists in a generalization of formulas (10), (11), Section 2. For k = 0, this definition reduces to the original one (Krupka [6], [7]); in this case, p_1dρ is the Euler-Lagrange form. For k = 1, p_2dρ is the Helmholtz form (for more details we refer to Šeděnková [15]).

If ρ is a Lepage form, then dρ, and for any η, the form ρ + dη is also a Lepage form.

We now analyze the structure of Lepage 2-forms in higher order mechanics. Let (V, ψ), ψ = (t, q^σ ), be a fibered chart on Y . To simplify notation, we define the cut total derivative of a function f : V^r → R by

(36) d^′f dt = ∂f ∂t + r−1∑ i=0 ∂f ∂q^σ_i q^σ_{i+1} = df dt − ∂f ∂q^σ_r q^σ_{r+1}.

We also use the notation (V^3, ψ^3), ψ^3 = (t, q^σ, q̇^σ, q̈^σ, ...q^σ), for the associated charts on J^3Y (and analogously on J^1Y and J^2Y ), and write (37) ω^σ = dq^σ − q^σdt, ω̇^σ = dq̇^σ − q̈^σdt, ω̈^σ = dq̈^σ − ...q^σdt.

In the following three theorems, we characterize separately the Lepage 2-forms on J^1Y , J^2Y , and, in general, on J^rY . The proofs are based on direct computations.

Let ρ ∈ Ω^1_2Y , and let

(38) ρ = a_σω^σ ∧ dt + b_σdq̇^σ ∧ dt + c_{σν} ω^σ ∧ ω^ν + d_{σν} dq̇^σ ∧ ω^ν + e_{σν} dq̇^σ ∧ dq̇^ν be the chart expressions of ρ. The coefficients c_{σν} , e_{σν} in this expression are supposed to be antisymmetric.

Theorem 3. Let ρ ∈ Ω^1_2Y be expressed by (38). The following three conditions are equivalent:

(a) ρ is a Lepage form.

(b) The components of ρ satisfy

(39)

∂e_{σν} ∂q̇^λ + ∂e_{νλ} ∂q̇^σ + ∂e_{λσ} ∂q̇^ν

= 0,

d_{σν} − d_{νσ} −

∂b_σ ∂q̇^ν + ∂b_ν ∂q̇^σ + 2 d^′e_{σν} dt = 0,

∂d_{σν} ∂q̇^λ − ∂d_{νσ} ∂q̇^λ + ∂d_{λσ} ∂q̇^ν − ∂d_{λν} ∂q̇^σ + 2 ( ∂e_{λσ} ∂q^ν − ∂e_{λν} ∂q^σ ) = 0,

∂a_ν ∂q̇^σ − ∂a_σ ∂q̇^ν + ∂b_ν ∂q^σ − ∂b_σ ∂q^ν + d^′d_{σν} dt − d^′d_{νσ} dt + 4c_{σν} = 0.

(c) There exist functions A_σ, and a 1-form η such that

(40) ρ = A_σ ω^σ ∧ dt + 1 4 ( ∂A_σ ∂q̇^ν − ∂A_ν ∂q̇^σ ) ω^σ ∧ ω^ν + dη.

Let now ρ be a 2-form on J^2Y ,

(41) ρ = a_σω^σ ∧ dt + b_σω̇^σ ∧ dt + c_σdq̈^σ ∧ dt + d_{σν} ω^σ ∧ ω^ν + e_{σν}ω̇^σ ∧ ω^ν + f_{σν}ω̇^σ ∧ ω̇^ν + g_{σν} dq̈^σ ∧ ω^ν + h_{σν} dq̈^σ ∧ ω̇^ν + k_{σν} dq̈^σ ∧ dq̈^ν , where the coefficients d_{σν} , f_{σν} , k_{σν} are antisymmetric. One can easily see that

(42) p_2dρ = (P_{σν} ω^σ ∧ ω^ν + Q_{σν}ω̇^σ ∧ ω^ν + R_{σν}ω̈^σ ∧ ω^ν + S_{σν}ω̇^σ ∧ ω̇^ν + T_{σν}ω̈^σ ∧ ω̇^ν + U_{σν}ω̈^σ ∧ ω̈^ν ) ∧ dt, where

(43)

P_{σν} = 1 2 ( ∂a_ν ∂q^σ − ∂a_σ ∂q^ν +2 dd_{σν} dt + ( ∂g_{λσ} ∂q^ν − ∂g_{λν} ∂q^σ ) ...q_λ ) , Q_{σν} =

∂a_ν ∂q̇^σ − ∂b_σ ∂q^ν

+2d_{σν} + de_{σν} dt − ( ∂g_{λν} ∂q̇^σ − ∂h_{λσ} ∂q^ν ) ...q_λ,

R_{σν} =

∂a_ν ∂q̈^σ − ∂c_σ ∂q^ν

+e_{σν} + dg_{σν} dt − ( ∂g_{λν} ∂q̈^σ −2 ∂k_{λσ} ∂q^ν ) ...q_λ,

S_{σν} = 1 2 ( ∂b_ν ∂q̇^σ − ∂b_σ ∂q̇^ν

+e_{σν} −e_{νσ} +2 df_{σν} dt + ( ∂h_{λσ} ∂q̇^ν − ∂h_{λν} ∂q̇^σ ) ...q_λ ) , T_{σν} =

∂b_ν ∂q̈^σ − ∂c_σ ∂q̇^ν

+2f_{σν} +g_{σν} + dh_{σν} dt − ( ∂h_{λν} ∂q̈^σ −2 ∂k_{λσ} ∂q̇^ν ) ...q_λ,

U_{σν} = 1 2 ( ∂c_ν ∂q̈^σ − ∂c_σ ∂q̈^ν

+h_{σν} −h_{νσ} +2 dk_{σν} dt +2 ( ∂k_{λσ} ∂q̈^ν − ∂k_{λν} ∂q̈^σ ) ...q_λ ) . We have the following result.

Theorem 4. Let ρ ∈ Ω^2Y be a form, expressed by (41). The following three conditions are equivalent:

(a) ρ is a Lepage form.

(b) The components of p_2dρ satisfy

(44)

U_{σν} − U_{νσ} = 0, T_{σν} = 0, S_{σν} − S_{νσ} = 0,

R_{σν} + R_{νσ} = 0, Q_{σν} − Q_{νσ} − 2 dR_{σν} dt = 0.

(c) There exist functions A_σ and a 1-form η such that

(45) ∂ ∂q̈^τ ( ∂A_σ ∂q̈^ν − ∂A_ν ∂q̈^σ ) = 0, and

(46) ρ = A_σω^σ ∧ dt + 1 4 ( ∂A_σ ∂q̇^ν − ∂A_ν ∂q̇^σ − d dt ( ∂A_σ ∂q̈^ν − ∂A_ν ∂q̈^σ )) ω^σ ∧ ω^ν − 1 2 ( ∂A_σ ∂q̈^ν + ∂A_ν ∂q̈^σ ) ω̇^σ ∧ ω^ν + dη.

Note that conditions (44) can be expressed in terms of the coefficients of the form (41) by means of (43).

To characterize the Lepage 2-forms on J^rY , consider a form ρ ∈ Ω^r_2Y . Analogous results can also be given for r-th order 2-forms

(47) ρ = r−1∑ i=0 a^i_σω^σ_i ∧ dt + b^r_σdq^σ_r ∧ dt + r−1∑

i,j=0

c^i_σ^j_ν ω^σ_i ∧ ω^ν_j

+ r−1∑ j=0 d^r_σ^j_ν dq^σ_r ∧ ω^ν_j + e^r_σ^r_ν dq^σ_r ∧ dq^ν_r ,

where the coefficients c^{ij}_{σν} are antisymmetric in the pairs

(_i σ ) , (_j ν ) , and the coefficients e^r_σ^r_ν are antisymmetric in σ, ν. Then we have

(48) p_2dρ = r∑ j=0 H^{0 j}_{σν} ω^σ ∧ ω^ν_j + r∑ i,j=1

H^{i j}_{σν} ω^σ_i ∧ ω^ν_j

∧ dt,

where

(49)

H^{0 0}_{σν} = 1 2 ( ∂a^0_ν ∂q^σ_0 − ∂a^0_σ ∂q^ν_0 +2 dc^0_σ^0_ν dt + ( ∂d^r_λ^0_σ ∂q^ν_0 − ∂d^r_λ^0_ν ∂q^σ_0 ) q^λ_{r+1} ) , H^{0 j}_{σν} = −

∂a^0_σ ∂q^ν_j + ∂a^j_ν ∂q^σ_0 +2 dc^{0j}_{σν} dt +c^0_σ^{j−1}_ν −c^{j−1}_ν^0_σ + ( ∂d^r_λ^0_σ ∂q^λ_j − ∂d^{rj}_{λν} ∂q^σ_0 ) q^λ_{r+1},

H^{0 r}_{σν} =

∂a^0_σ ∂q^ν_r + ∂b^r_ν ∂q^σ_0

+c^0_σ^{r−1}_ν −c^{r−1}_ν^0_σ − dd^r_ν^0_σ dt + ( ∂d^r_λ^0_σ ∂q^ν_r +2 ∂e^r_ν^r_λ ∂q^σ_0 ) q^λ_{r+1},

H^{i j}_{σν} = 1 2 ( ∂a^j_ν ∂q^σ_i − ∂a^i_σ ∂q^ν_j +2 dc^{ij}_{σν} dt +2(c^{i−1}_σ^j_ν −c^{j−1}_ν^i_σ)+ ( ∂d^r_λ^i_σ ∂q^ν_j − ∂d^{rj}_{λν} ∂q^σ_i ) q^λ_{r+1} ) , H^{i r}_{σν} = 1 2 ( − ∂a^i_σ ∂q^ν_r + ∂b^r_ν ∂q^σ_i

+2c^i_σ^{r−1}_ν −d^r_ν^{i−1}_σ − dd^r_ν^i_σ dt + ( ∂d^r_λ^i_σ ∂q^ν_r +2 ∂e^r_ν^r_λ ∂q^σ_i ) q^λ_{r+1} )

= −H^{r i}_{νσ},

H^{r r}_{σν} = 1 2 ( ∂b^r_ν ∂q^σ_r − ∂b^r_σ ∂q^ν_r

+d^r_σ^{r−1}_ν −d^r_ν^{r−1}_σ +2 de^r_σ^r_ν dt + ( ∂e^r_ν^r_λ ∂q^σ_r − ∂e^r_σ^r_λ ∂q^ν_r ) q^λ_{r+1} ) . Theorem 5. Let ρ ∈ Ω^r_2V be a form, expressed by (47). Then ρ is Lepage if and only if

(50)

H^{i j}_{σν} − H^{j i}_{νσ} = 0, 1 � i, j � r,

H^{0 j}_{σν} + (−1)^j H^{0 j}_{νσ} + r∑ l=j+1

(−1)^l ( l j ) d^{l−j} dt^{l−j}

H^{0 l}_{νσ} = 0, 1 � j � r.

5. 2nd order dynamical forms We know that the general definition of a Lepage form includes the Lepage equivalent of the canonical representatives of a 2-forms, that is of the dynamical form. Consider as an example a second order dynamical form (51) ε = ε_σω^σ ∧ dt.

One can easily show that the Lepage equivalent ρ_ε of ε is of the form

(52) ρ_ε = ε_σω^σ ∧ dt + 1 4 ( ∂ε_σ ∂q̇^ν − ∂ε_ν ∂q̇^σ − d dt ( ∂ε_σ ∂q̈^ν − ∂ε_ν ∂q̈^σ )) ω^σ ∧ ω^ν − 1 2 ( ∂ε_σ ∂q̈^ν + ∂ε_ν ∂q̈^σ ) ω̇^σ ∧ ω^ν

(compare with the second order Lepage form (46), Section 4).

The Helmholtz form of ε is the class H_ε = [dρ_ε] = p_2dρ_ε. Explicitly,

(53)

H_ε = 1 2 (( ∂ε_σ ∂q^ν − ∂ε_ν ∂q^σ − 1 2 d dt ( ∂ε_σ ∂q̇^ν − ∂ε_ν ∂q̇^σ ) + 1 2 d^2 dt^2 ( ∂ε_σ ∂q̈^ν − ∂ε_ν ∂q̈^σ )) ω^ν ∧ ω^σ + ( 1 2 ( ∂ε_σ ∂q̇^ν + ∂ε_ν ∂q̇^σ ) − d dt ∂ε_ν ∂q̈^σ ) ω̇^ν ∧ ω^σ+ 1 2 ( ∂ε_σ ∂q̈^ν − ∂ε_ν ∂q̈^σ ) ω̈^ν ∧ ω^σ ) ∧ dt.

It is known from the variational sequence theory that ε is locally variational if and only if H_ε = 0. Explicit expression for the Helmholtz form in field theory can be found in [5].

Acknowledgements. The authors appreciate the support of the Czech Science Foundation (grant 201/03/0512), and Czech Ministry of Education, Youth, and Sports (grants MSM 153100011 and MSM 6198959214). The first author is also grateful to the Mathematics Department and the Institute for Advanced Study at La Trobe University, Melbourne, where as an IAS Distinguished Fellow he worked on the research project Differential equations and their variational properties.

References

[1] I.M. Anderson, The Variational Bicomplex, Utah State University, Technical Report, 1989. [2] M. Bauderon, Le probleme inverse du calcul des variations, Ann. Inst. H. Poincaré, A 36 (1982), 159-179.

[3] P. Dedecker, W.M. Tulczyjew, Spectral sequences and the inverse problem of the calculus of variations, Diff. Geom. Methods in Math. Phys., Proc. Conf., Aix-en-Provence and Salamanca 1979, Lecture Notes in Math. 836 (1980), 498-503.

[4] M. Krbek, J. Musilová, Representation of the variational sequence, Rep. Math. Phys. 51 (2003), 251-258.

[5] D. Krupka, Global variational principles: Foundations and current problems, Global Analysis and Applied Mathematics: Internat. Workshop on Glob. Anal., K. Tas, D. Krupka, O. Krupkova, D. Baleanu, Eds., American Institute of Physics, CP 729, 2004, 3-17.

[6] D. Krupka, Lepage forms in higher order variational theory, Modern Developments in Analytical Mechanics Vol. I, Proc. IUTAM-ISIMM Sympos., Torino; Acad. Sc. Turin (1983), 197-238.

[7] D. Krupka, Some Geometric Aspects of Variational Problems in Fibered Manifolds, Folia Fac.

Sci. Nat. UJEP Brunensis 14 (1973); ArXiv: math-ph/0110005. [8] D. Krupka, Variational sequences in mechanics, Calc. Var. 5 (1997), 557-583. [9] D. Krupka, Variational sequences on finite order jet spaces, Diff. Geom. Appl., Proc. Conf., Brno (Czechoslovakia), J. Janyška and D. Krupka, Eds., August 1989; World Scientific, Singapore (1990), 236-254.

[10] O. Krupková, Hamiltonian field theory revisited: A geometric approach to regularity, Steps in Diff. Geom., Proc. Colloq. on Diff. Geom., Debrecen, Hungary, L. Kozma, et al., Eds., July 25-30, 2000, Debrecen; Debrecen Univ., Institute of Mathematics and Informatics (2001), 187-207.

[11] O. Krupková, Lepage 2-forms in higher order Hamiltonian mechanics I. Regularity, Arch. Math.

(Brno), 22 (1986), 97-120.

[12] B.A. Kuperschmidt, Geometry of jet bundles and the structure of Lagrangian and Hamiltonian formalisms, Geometric Methods in Math. Phys., Proc. NSF-CBMS Conf., Lowell/Mass., 1979, Lecture Notes in Math. 775 (1980), 162-218.

[13] J. Šeděnková, A generalization of Lepage forms in mechanics, Global Analysis and Applied Mathematics: Internat. Workshop on Glob. Anal., K. Tas, D. Krupka, O. Krupkova, D. Baleanu, Eds., American Institute of Physics, CP 729, 2004, 281-288.

[14] J. Šeděnková, On the invariant variational sequences in mechanics, Rend. Circ. Mat. Palermo, Proc. 22nd Winter School Geom. and Phys., Srni, January 2002; Ser. II, 71 (2003), 185-190.

[15] J. Šeděnková, Representations of variational sequences and Lepage forms, Ph.D. Thesis, Palacky University, Olomouc, 2004.

[16] R. Vitolo, On different geometric formulations of Lagrangian formalism, Diff. Geom. Appl. 10 (1999), 225-255.

Demeter Krupka Department of Algebra and Geometry Palacky University 779 00 Olomouc, Czech Republic and Department of Mathematics La Trobe University, Melbourne Victoria 3086, Australia

e-mail: krupka@inf.upol.cz

Jana Šeděnková Department of Mathematics Tomas Bata University 760 01 Zlin, Czech Republic

e-mail: sedenkova@ft.utb.cz