DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 605 – 615

Contact symmetries and variational sequences

Demeter Krupka, Olga Krupková, Geoff Prince and Willy Sarlet

Abstract. One of the results of the variational sequence theory, related to the inverse problem of the calculus of variations, states that a dynamical form ε, representing a system of partial differential equations, is locally variational if and only if the Helmholtz form H(ε) vanishes. In this paper, a relationship between the Lie derivatives of ε and H(ε) is studied. It is shown that invariance of the Helmholtz form H(ε) with respect to a vector field Z preserving contact forms is equivalent with local variationality of the Lie derivative of ε by Z.

1. Introduction

In this paper we study conditions which ensure that the Lie derivative ∂_Z ε of a dynamical form ε by a vector field Z, defined on the domain of ε, is a variational dynamical form. In particular, we find equations for the vector fields Z, transforming a non-variational dynamical form ε to variational ones, ∂_Z ε. We call such vector fields variational vector fields for the dynamical form ε.

We use the theory of global higher order variational functionals in fibered spaces, our main sources are Goldschmidt and Sternberg [5], Krupka [6], [7], [8], and Trautman [18]. We also recall the variational sequence theory due to Krupka [9], [10]. For different aspects of the inverse variational problem and its connection to closed differential forms we refer to Crampin, Prince and Thompson [2], and Krupková [12], [13], [14].

Then we explain a new idea, namely that there should exist, in a certain sense, a close correspondence between the notions of variationality of a differential form and invariance of its exterior derivative. We introduce contact symmetries as vector fields, preserving contact differential forms (Garcia [4]). We show that the Lie derivative of a dynamical form ε by a contact symmetry is variational if and only if Z leaves invariant the Helmholtz form H(ε) of ε, i.e., ∂_Z H(ε) = 0.

The next part of the paper is devoted to fibered mechanics, i.e., the variational theory on fibered manifolds over 1-dimensional bases. We give explicit formulas for contact symmetries, and derive equations for variational vector fields. In particular, we analyze a class of 2-forms, locally generated by contact 1-forms. Their fundamental property is that they correspond to systems of second order ordinary differential equations, linear in the second derivatives; moreover, closed 2-forms are in one-to-one correspondence with variational dynamical forms.

2000 Mathematics Subject Classification. 49Q99, 49S05, 58A15, 58A20, 58E30. Key words and phrases. Fibered manifold, Lagrangian, variational sequence, contact form, contact symmetry, Helmholtz form.

This paper is in final form and no version of it will be published elswhere. 605

Finally we discuss an example due to Douglas [3]. In particular, we show that there may exist systems of equations which are not variational, even do not possess variational multipliers, but admit variational contact symmetries.

Our discussion evidently opens several new questions that we do not touch in this paper. Among them, one of the most important concerns the relationship between solutions of the equations defined by the dynamical form ε, and those of the equations given by the transformed dynamical form ∂_Z ε (here we refer to Prince [15], where similar features were observed).

2. Differential forms on a fibered manifold

Throughout the paper, Y is a fibered manifold with base X and projection π. We put n = dim X, n + m = dim Y . J^rY , r � 0, is the r-jet prolongation of Y , and π^{r,s} : J^rY → J^sY , π^r : J^rY → X are the canonical jet projections. The points of J^rY are r-jets J^r_xγ of sections γ of Y at x ∈ X; the r-jet prolongation of γ is the mapping x → J^rγ(x) = J^r_xγ.

Any fibered chart (V, ψ), ψ = (x^i, y^σ) on Y induces the associated charts (U, φ), φ = (x^i) on X, and (V^r, ψ^r), ψ^r = (x^i, y^σ, y^σ_{j1} , y^σ_{j1j2} , . . . , y^σ_{j1j2...jr} ) on J^rY , where U = π(V ), and V^r = (π^r)^{−1}(V ), 1 � i, j_1, j_2, . . . , j_r � n, 1 � σ � m.

A vector Ξ at y ∈ Y is π-vertical if T_yπ · Ξ = 0. A differential form ρ on Y is π-horizontal if it vanishes whenever one of its arguments is a π-vertical vector.

For any open set W ⊂ Y we denote by Ω^rW the exterior algebra on W^r = (π^r)^{−1}(W ). Ω^r_0W and Ω^r_kW are the ring of smooth functions and the Ω^r_0W -module of smooth k-forms on W^r, respectively. We also use some submodules, Ω^r_{k,X} W ⊂ Ω^r_kW , the submodule of π^r-horizontal forms, and Ω^r_{k,Y} W ⊂ Ω^r_kW , the submodule of π^{r,0}- horizontal forms.

We have a morphism of exterior algebras h : Ω^r_kW → Ω^{r+1}_{k,X} W , defined by

(2.1) hf = fπ^{r+1,r}, hdx^i = dx^i, hdy^σ_{j1j2...jl} = y^σ_{j1j2...jlp}dx^p,

where f : V^r → R is a function. Obviously, J^rγ^∗ρ = J^{r+1}γ^∗hρ for every section γ of π. We call h the π-horizontalization.

We say that a form ρ ∈ Ω^r_kW is contact if hρ = 0. For any fibered chart (V, ψ), ψ = (x^i, y^σ), the 1-forms

(2.2) ω^σ_{j1j2...jl} = dy^σ_{j1j2...jl} − y^σ_{j1j2...jlp}dx^p,

where 0 � l � r − 1, are examples of contact forms on V^r. The system of forms

(2.3) (dx^i, ω^σ, . . . , ω^σ_{j1j2...jr−1} , dy^σ_{j1j2...jr} )

is a basis of linear forms on V^r. By the contact ideal on W we mean the ideal Θ^rW in the exterior algebra Ω^rW , locally generated by the forms ω^σ_{j1...jl} , dω^σ_{j1...jl} , 0 � l � r − 1. Since

(2.4) dω^σ_{j1...jl} = −dy^σ_{j1...jlp} ∧ dx^p,

the contact ideal is also generated by the forms ω^σ, ω^σ_{j1} , . . . , ω^σ_{j1...jr−1} , dω^σ_{j1...jr−1} .

A form ρ ∈ Ω^r_kW has a unique decomposition

(2.5) (π^{r+1,r})^∗ρ = hρ + p_1ρ + p_2ρ + · · · + p_kρ,

in which p_iρ contains, in any fibered chart, exactly i exterior factors ω^σ_{j1j2...jl} . Transformation properties of these forms guarantee invariance of the decomposition. p_iρ is the i-contact component of ρ. If k � n + 1, we define ρ ∈ Ω^r_kW to be strongly contact if p_{k−n}ρ = 0.

By a π-projectable vector field we mean a vector field Ξ on Y such that there exists a vector field ξ on X satisfying T π·Ξ = ξ∘π. We denote by J^rΞ the r-jet prolongation of Ξ. We shall need the behavior of the projections h, p_1, . . . , p_k under the Lie derivative ∂_J r_Ξ. Since for any π-projectable vector field Ξ the operator ∂_J r_Ξ preserves contact forms, and (π^{r+1,r})^∗∂_J r_Ξρ = ∂_J r+1_Ξ(π^{r+1,r})^∗ρ, we have h∂_J r_Ξρ = ∂_J r+1_Ξ hρ, and for all i = 1, 2, . . . , k, p_i∂_J r_Ξρ = ∂_J r+1_Ξ p_iρ.

A dynamical form (of order r) is defined to be a 1-contact element ε of the module Ω^r_{n+1,Y} W , where W is an open subset of Y (Takens calls these forms source forms [17]). A Lagrangian (of order r) for π is defined to be an element λ ∈ Ω^r_{n,X} W . In a fibered chart (V, ψ), ψ = (x^i, y^σ ),

(2.6) ε = ε_σω^σ ∧ ω_0, and (2.7) λ = Lω_0,

where ω_0 = dx^1 ∧ dx^2 ∧ · · · ∧ dx^n. The component L : V^r → R is a Lagrange function. The components ε_σ of a dynamical form of order r represent left-hand sides of a system of m differential equations of order r for sections of π (ODE if dim X = 1 and PDE if dim X = n > 1).

A form ρ ∈ Ω^s_nW is called a Lepage equivalent of a Lagrangian λ if hρ = λ (up to a canonical jet projection), and p_1dρ ∈ Ω^{s+1}_{n+1,Y} W . The dynamical form p_1dρ (depending only on λ) is called the Euler–Lagrange form of λ and denoted by E(λ). In a fibered chart

(2.8) E(λ) = E_σ(L)ω^σ ∧ ω_0,

where

(2.9) E_σ(L) = r∑ l=0 (−1)^ld_{j1} d_{j2} . . . d_{jl} ∂L ∂y^σ_{j1j2...jl} . The components of E(λ) are called the Euler–Lagrange expressions. The mapping

(2.10) Ω^r_{n,X} W ∋ λ → E(λ) ∈ Ω^{2r}_{n+1,Y} W,

assigning to a Lagrangian its Euler–Lagrange form, is called the Euler–Lagrange mapping. Forms belonging to the kernel of the Euler–Lagrange mapping are called variationally trivial, elements of the image are called variational forms.

The inverse problem of the calculus of variations for a dynamical form ε consists in finding a Lagrangian λ such that ε = E(λ). A weaker version of the inverse problem, the variational multipliers problem for a dynamical form ε, then means to find a regular matrix (G^ν_σ ) such that ε̄ with components ε̄_σ = G^ν_σε_ν is variational. In this weaker version ε and ε̄ have the same solutions.

3. Variational sequences

We recall the main steps of the construction of an exact sequence of sheaves, the variational sequence, in which the Euler–Lagrange mapping appears as a sequence morphism. By means of this sequence one obtains more information about the structure of the Euler–Lagrange mapping, and discovers new objects, describing its local and global properties.

Put Ω^r_{0,c} = {0}, and let Ω^r_{k,c} be the sheaf of contact k-forms if k � n, or the sheaf of strongly contact k-forms if k > n, on J^rY . We set

(3.1) Θ^r_k = Ω^r_{k,c} + dΩ^r_{k−1,c},

where dΩ^r_{k−1,c} is the image sheaf of dΩ^r_{k−1,c} by the exterior derivative d. It can be shown that we get an exact sequence of soft sheaves 0 → Θ^r_1 → Θ^r_2 → Θ^r_3 → . . . , where each of the morphisms is the exterior derivative, i.e., a subsequence of the De Rham sequence 0 → R → Ω^r_1 → Ω^r_2 → Ω^r_3 → . . . . The quotient sequence

(3.2) 0 → R → Ω^r_0 → Ω^r_1/Θ^r_1 → Ω^r_2/Θ^r_2 → Ω^r_3/Θ^r_3 → . . .

which is also exact, is called the r-th order variational sequence on Y . We denote the sequence (3.2) symbolically by 0 → R → V^r, and the quotient mappings by

(3.3) E_k : Ω^r_k/Θ^r_k → Ω^r_{k+1}/Θ^r_{k+1}.

The variational sequence is an acyclic resolution of the constant sheaf R over Y . Let Γ(Y, V^r) denote the cochain complex of global sections of (3.2), i.e.,

(3.4) 0 → Γ(Y, R) → Γ(Y, Ω^r_0) → Γ(Y, Ω^r_1/Θ^r_1) → Γ(Y, Ω^r_2/Θ^r_2) → ... .

As a corollary to the Abstract De Rham Theorem we get the following identification of the cohomology groups H^k(Γ(Y, V^r)) of this complex with the De Rham cohomology groups of the manifold Y :

(3.5) H^k(Γ(Y, V^r)) = H^kY.

To understand the meaning of variational sequences for global higher order variational theory, first note that the quotient sheaves Ω^r_k/Θ^r_k are determined up to natural isomorphisms of Abelian groups. Thus, the classes in Ω^r_k/Θ^r_k admit various equivalent characterizations. A simple analysis shows that the sections of the quotient sheaf Ω^r_n/Θ^r_n can be identified, in a fibered chart, with some n-forms λ = Lω_0, i.e., with some Lagrangians. Elements of Ω^r_{n+1}/Θ^r_{n+1} can be identified with some (n+1)- forms ε = ε_σ ω^σ ∧ ω_0, i.e., with dynamical forms. More precisely, we can prove that the sheaf Ω^r_n/Θ^r_n is isomorphic with a subsheaf of the sheaf of Lagrangians Ω^{r+1}_{n,X} , and Ω^r_{n+1}/Θ^r_{n+1} is isomorphic with a subsheaf of the sheaf of dynamical forms Ω^{2r+1}_{n+1,Y} . The quotient mapping

(3.6) E_n : Ω^r_n/Θ^r_n → Ω^r_{n+1}/Θ^r_{n+1}

in this representation of sheaves coincides with the Euler–Lagrange mapping.

We say that a dynamical form ε ∈ Ω^s_{n+1,Y} is associated with a (n + 1)-form ρ ∈ Ω^rW if ε = [ρ] (here [ρ] denotes the class of ρ, belonging to Ω^r_{n+1}/Θ^r_{n+1}). Then we call the class E_{n+1}(ε) = [dρ] the Helmholtz class of ε = [ρ]. The mapping

(3.7) E_{n+1} : Ω^r_{n+1}/Θ^r_{n+1} → Ω^r_{n+2}/Θ^r_{n+2}

is called the Helmholtz mapping. When we do not want to stress the context of the variational sequence, we also write for the Helmholtz class of ε = [ρ]

(3.8) H(ε) = E_{n+1}(ε).

Now it is clear what kind of results are described by the variational sequence:

(i) Assume that a Lagrangian λ = [ρ] satisfies E_n(λ) = 0. Then by exactness of (3.2), there always exists a class [η] such that E_{n−1}([η]) = [ρ] = [dη]. This means that, locally, ρ decomposes as the sum of a closed form and a contact form. Condition

(3.9) E_n(λ) = 0

is the local variational triviality condition. If, in addition, H^nY = {0}, (3.5) says that that η may be chosen globally defined on J^rY . Condition (3.9) strongly determines the structure of Lagrangians whose Euler–Lagrange forms vanish identically.

(ii) Suppose that we have a dynamical form ε = [ρ]. Similarly as above, we have the local variationality condition

(3.10) E_{n+1}(ε) = 0,

stating that ε is locally variational if and only if the associated Helmholtz class vanishes. If ε satisfies (3.10) then there exists a class [η] such that E_n([η]) = ε = [ρ] = [dη]. Thus, locally, ρ can be expressed as the sum of a closed form and a strongly contact form. If, in addition, H^{n+1}Y = {0}, (3.5) guarantees that η may be chosen globally defined on J^rY . Again, condition (3.10) strongly determines the structure of locally variational dynamical forms.

4. Variational vector fields

We say that a vector field Z on J^rY preserves contact forms if for any contact form ρ on J^rY the Lie derivative ∂_Z ρ is again a contact form; we also say that Z is a contact symmetry.

If Z is a contact symmetry then for any two k-forms ρ_1, ρ_2 belonging to the same class in the variational sequence, the k-forms ∂_Z ρ_1, ∂_Z ρ_2 also belong to the same class. Thus we can define the Lie derivative of a class [ρ] to be the class

(4.1) ∂_Z [ρ] = [∂_Z ρ].

For any π-projectable vector field Ξ on an open subset of Y , the r-jet prolongation Z = J^rΞ is a contact symmetry. This property of the vector field J^rΞ implies, among others, the commutativity of the Lie derivative ∂_J r_Ξ and the Euler-Lagrange mapping,

(4.2)) ∂_J 2r_ΞE(λ) = E(∂_J r_Ξλ).

(see Krupka [6], [7]). One can easily show that an analogous property holds for any contact symmetry and any morphism E_k : Ω^r_k/Θ^r_k → Ω^r_{k+1}/Θ^r_{k+1}:

Theorem 1. Let W ⊂ Y be an open set, and let a vector field Z, defined on W , be a contact symmetry. Then for all k,

(4.3) ∂_Z E_k([ρ]) = E_k(∂_Z [ρ]) = E_k([i_Z dρ]).

Proof. Since the Lie derivative commutes with the exterior derivative, we have for any k-form ρ on J^rY

(4.4) ∂_Z ([dρ]) = [∂_Z dρ] = [d∂_Z ρ] = [di_Z dρ].

Writing this formula in terms of the morphism E_k we get (4.3). □

Our main goal is to introduce the concept of a variational vector field for a given dynamical form.

Definition 1. Let ε ∈ Ω^s_{n+1,Y} W be a dynamical form such that ε = [ρ] for some ρ ∈ Ω^r_{n+1}W . We say that a vector field Z on W^s ⊂ J^sY is a variational vector field for ε = [ρ] if the Lie derivative ∂_Z ε is a locally variational form.

The proof of the following theorem is based on a simple observation explaining the meaning of identity (4.3) for the Helmholtz mapping E_{n+1}.

Theorem 2. Let W ⊂ Y be an open set, let ε be a dynamical form on W^s ⊂ J^sY , and Z be a vector field on W^s. Suppose that Z is a contact symmetry. Then the following two conditions are equivalent:

• Z is a variational vector field for ε, i.e., E_{n+1}(∂_Z ε) = 0. • Z leaves invariant the Helmholtz class, i.e. ∂_Z E_{n+1}(ε) = 0.

Proof. We choose ρ ∈ Ω^r_{n+1}W such that ε = [ρ] and then apply Theorem 1. We obtain ∂_Z E_{n+1}(ε) = E_{n+1}(∂_Z ε). Theorem 2 is a direct consequence of this formula. □

5. Variational contact symmetries of second order dynamical forms In what follows, we shall specify the above results for the case of mechanics, i.e.

for second-order dynamical forms on fibered manifolds with 1-dimensional bases. A fibered chart on Y is denoted by (V, ψ), ψ = (t, q^σ ), the associated charts on J^1Y and J^2Y by (V^1, ψ^1), ψ^1 = (t, q^σ, q̇^σ) and (V^2, ψ^2), ψ^2 = (t, q^σ, q̇^σ, q̈^σ), respectively. In this notation, ω^σ = dq^σ − q̇^σdt, ω̇^σ = dq̇^σ − q̈^σdt.

For any differentiable function f : V^1 → R we have df dt = ∂f ∂t + ∂f ∂q^ν q̇^ν + ∂f ∂q̇^ν q̈^ν ,

and we define the cut formal derivative operator d^′f/dt by

(5.1) d^′f dt = ∂f ∂t + ∂f ∂q^ν q̇^ν .

The formal derivative df/dt is defined on V^2, and d^′f/dt is a function on V^1.

The following simple observation gives us a geometric description of second order dynamical forms, depending linearly on the second derivatives.

Lemma 1. Let ε be a dynamical form, expressed in a fibered chart by (5.2) ε = ε_σω^σ ∧ dt. The following two conditions are equivalent:

(1) The components of ε are linear in the second derivatives, (5.3) ε_σ = A_σ + C_{σν}q̈^ν .

(2) On V^1, there exists a 2-form ρ, generated by the contact forms ω^σ, such that ε = [ρ].

Proof. If the components ε_σ are of the form (5.3), we set (5.4) ρ = ω^σ ∧ (A_σdt + C_{σν} dq̇^ν ).

Then (π^{2,1})^∗ρ = A_σω^σ ∧ dt + C_{σν} ω^σ ∧ (ω̇^ν + q̈^νdt) = ε_σω^σ ∧ dt + C_{σν} ω^σ ∧ ω̇^ν , showing that ε = [ρ].

Conversely, if ρ is a 2-form generated by the contact forms ω^σ, i.e., ρ = ω^σ ∧ (A_σdt + B_{σν} ω^ν + C_{σν} dq̇^ν ), then [ρ] = (A_σ + C_{σν}q̈^ν )ω^σ ∧ dt. □

We now discuss the question under what conditions a dynamical form ε with components (5.3) is variational. The above Lemma says that variationality of ε is closely related with the properties of the form ρ (5.4). For these forms the Helmholtz form reads (see Krupka [10], [11]) (5.5) H(ε) = (F_{σν} ω^σ + G_{σν}ω̇^σ + H_{σν}ω̈^σ) ∧ ω^ν ∧ dt, where

(5.6)

F_{σν} = 1 2 (∂A_ν

∂q^σ − ∂A_σ ∂q^ν ) − 1 4 d dt (∂A_ν

∂q̇^σ − ∂A_σ ∂q̇^ν ) + 1 2 (∂C_{ντ} ∂q^σ − ∂C_{στ} ∂q^ν ) q̈^τ − 1 4 d dt (∂C_{ντ} ∂q̇^σ − ∂C_{στ} ∂q̇^ν ) q̈^τ − 1 4 ( ∂C_{ντ} ∂q̇^σ − ∂C_{στ} ∂q̇^ν

)...

q^τ ,

G_{σν} = 1 2 (∂A_ν

∂q̇^σ + ∂A_σ ∂q̇^ν ) − 1 2 d(C_{νσ} + C_{σν} ) dt + 1 2 ( ∂C_{ντ} ∂q̇^σ + ∂C_{στ} ∂q̇^ν ) q̈^τ ,

H_{σν} = 1 2 (C_{νσ} − C_{σν} ).

Next, by straightforward computations using the definition, we obtain the following complete description of contact symmetries on W^2, where W ⊂ Y is an open set:

Lemma 2. (1) Let dim Y = 2, and let Z be a vector field on J^2Y ,

(5.7) Z = ζ_0 ∂ ∂t + ζ ∂ ∂q + ζ̇ ∂ ∂q̇ + ζ̈ ∂ ∂q̈ . The following three conditions are equivalent:

(a) Z is a contact symmetry.

(b) There exists a function f = f(t, q, q̇) such that

(5.8) ζ_0 = − ∂f ∂q̇ , ζ = f − ∂f ∂q̇ q̇, ζ̇ = d^′f dt , ζ̈ = d^′ dt df dt . (c) The components ζ_0 and ζ depend on t, q, q̇ only, and satisfy

(5.9) ∂ζ ∂q̇ − ∂ζ_0 ∂q̇ q̇ = 0, and (5.10) ζ̇ = dζ dt − dζ_0 dt q̇, ζ̈ = dζ̇ dt − dζ_0 dt q̈. (2) Let dim Y � 3. A vector field

(5.11) Z = ζ_0 ∂ ∂t + ζ^σ ∂ ∂q^σ

+ ζ̇^σ ∂ ∂q̇^σ

+ ζ̈^σ ∂ ∂q̈^σ is a contact symmetry if and only if the functions ζ_0 and ζ^σ depend on t, q^ν only, and (5.12) ζ̇^σ = dζ^σ dt − dζ_0 dt q̇^σ, ζ̈^σ = d^2ζ^σ dt^2 − d^2ζ_0 dt^2 q̇^σ − 2 dζ_0 dt q̈^σ.

Definition 2. If Z is a contact symmetry and f is a function such that conditions (5.8) are satisfied, we say that Z is associated with f.

Note that, by (5.8), f = ζ − ζ_0q̇. Formulas (5.10) for contact symmetries on 2-dimensional fibered manifolds Y have the same form as (5.12). Thus, we can use formulas (5.12) independently of the dimension of Y , having in mind, however, differences in the dependence of ζ_0 and ζ on the coordinates.

Lemma 3. Let ε be a dynamical form with components (5.3). Then the Lie derivative ∂_Z ε by a contact symmetry Z is of the same form, i.e., (5.13) ∂_Z ε = [∂_Z ρ] = ε^Z_σ ω^σ ∧ dt, where (5.14) ε^Z_σ = A^Z_σ + C^Z_{σν}q̈^ν , with (5.15)

A^Z_σ = ∂_Z A_σ +

∂(ζ^τ − ζ_0q̇^τ ) ∂q^σ

A_τ +

( ∂ζ_0 ∂t + ∂ζ_0 ∂q^τ q̇^τ ) A_σ +

(∂ζ̇ν ∂t + ∂ζ̇^ν ∂q^τ q̇^τ ) C_{σν} ,

C^Z_{σν} = ∂_Z C_{σν} + C_{τ ν}

∂(ζ^τ − ζ_0q̇^τ ) ∂q^σ + ∂ζ_0 ∂q̇^ν

A_σ +

∂ζ̇^τ ∂q̇^ν

C_{στ} .

Using Theorem 2 together with the above Lemmas we can find equations for a vector field to be a variational contact symmetry:

Theorem 3. Let ρ be a 2-form locally generated by the contact forms ω^σ, expressed by (5.4). Then a contact symmetry Z is variational for the dynamical form ε = [ρ] if and only if

(5.16)

∂A^Z_ν ∂q^σ − ∂A^Z_σ ∂q^ν − 1 2 d dt (∂AZ_ν ∂q̇^σ − ∂A^Z_σ ∂q̇^ν ) + (∂CZ_{ντ} ∂q^σ − ∂C^Z_{στ} ∂q^ν ) q̈^τ − 1 2 d dt (∂CZ_{ντ} ∂q̇^σ − ∂C^Z_{στ} ∂q̇^ν ) q̈^τ − 1 2 (∂CZ_{ντ} ∂q̇^σ − ∂C^Z_{στ} ∂q̇^ν

)...

q^τ = 0,

∂A^Z_ν ∂q̇^σ + ∂A^Z_σ ∂q̇^ν − d(C^Z_{νσ} + C^Z_{σν} ) dt + (∂CZ_{ντ} ∂q̇^σ + ∂C^Z_{στ} ∂q̇^ν ) q̈^τ = 0,

C^Z_{νσ} − C^Z_{σν} = 0.

6. Symmetries of the Helmholtz form: Example Let Y = R^3, X = R. Let us consider, in the canonical coordinates on J^2R^3, the second order dynamical form ε = (ε_1ω^1 + ε_2ω^2) ∧ dt given by (6.1) ε_1 = q̇^2 + q̈^1, ε_2 = q^2 + q̈^2.

We wish to find vertical contact symmetries Z of the Helmholtz form H(ε) of ε, and verify by a direct computation that the Lie derivative ∂_Z ε is a variational dynamical form.

Expressions (6.1) were studied by Douglas [3] in connection with his analysis of variational integrators for systems of two second order ordinary differential equations. He proved that ε is not variational and has no variational integrators (cf. also [1] and [16] for a geometric analysis of the problem).

We restrict ourselves to invariance with respect to vector fields Z = J^2Ξ, where

(6.2) Ξ = ξ^ν ∂ ∂q^ν , and ξ^ν = ξ^ν (t, q^σ ). The Helmholtz form H(ε) is given by

(6.3) H(ε) =^1_2 (ω̇^2 ∧ ω^1 + ω̇^1 ∧ ω^2) ∧ dt,

and it is easily seen that the condition ∂_Z H(ε) = 0 is equivalent with the system

(6.4)

∂ξ̇^2 ∂q^2 − ∂ξ̇^1 ∂q^1

= 0,

∂ξ^2 ∂q^1

= 0,

∂ξ^2 ∂q^2 + ∂ξ^1 ∂q^1

= 0,

∂ξ^1 ∂q^2

= 0.

Solving this system we obtain

(6.5) ξ^1 = A + Cq^1, ξ^2 = B − Cq^2,

where A = A(t), B = B(t) are arbitrary functions, and C ∈ R. The dynamical form ∂_Z ε, with Z = J^2Ξ defined by (6.5), is given as ∂_Z ε = (ε̃_1ω^1 + ε̃_2ω^2) ∧ dt, where

(6.6) ε̃_1 = 2Cq̈^1, ε̃_2 = B − 2Cq^2 − 2Cq̈^2.

From these formulas it immediately follows that H(∂_Z ε) = 0, which proves that the dynamical form ∂_Z ε is variational.

Clearly, the same result can be obtained from Theorem 3.

Note that in the family of vector fields Z = J^2Ξ where Ξ is defined by (6.5) there exist vector fields such that the systems ε_1 = 0, ε_2 = 0 and ε̃_1 = 0, ε̃_2 = 0 have common solutions. Indeed, setting B = 0, we can easily check that the functions q^1 = at + b, q^2 = 0, in which a, b ∈ R, verify both the systems.

Acknowledgements. D. Krupka and O. Krupková are grateful to the Department of Mathematics, and the Institute for Advanced Study at La Trobe University in Melbourne, where they worked on the research project Variational properties of differential equations, as an IAS Distinguished Fellow and an IAS Associate Fellow, respectively. They also acknowledge support of the Czech Science Foundation (grant 201/03/0512), and the Czech Ministry of Education, Youth and Sports (grants MSM 153100011 and MSM 6198959214). W. Sarlet would like to acknowledge the hospitality of the Department of Mathematics, La Trobe University.

References

[1] M. Crampin, W. Sarlet, E. Martínez, G.B. Byrnes and G.E. Prince Towards a geometrical understanding of Douglas’s solution of the inverse problem of the calculus of variations Inverse Problems 10 (1994) 245–260 [2] M. Crampin, G.E. Prince and G. Thompson A geometric version of the Helmholtz conditions in time dependent Lagrangian dynamics J. Phys. A: Math. Gen. 17 (1984) 1437-1447 [3] J. Douglas Solution of the inverse problem of the calculus of variations Trans. Amer. Math.

Soc. 50 (1941) 71–128 [4] P.L. Garcia The Poincaré-Cartan invariant in the calculus of variations Symposia Math. 14 (1974) 219–246 [5] H. Goldschmidt and S. Sternberg The Hamilton–Cartan formalism in the calculus of variations Ann. Inst. Fourier, Grenoble 23 (1973) 203–267 [6] D. Krupka Some geometric aspects of variational problems in fibered manifolds Folia Fac. Sci.

Nat. UJEP Brunensis 14 (1973) 1–65; Electronic transcription: arXiv:math-ph/0110005 [7] D. Krupka A geometric theory of ordinary first order variational problems in fibered manifolds.

I. Critical sections, II. Invariance J. Math. Anal. Appl. 49 (1975) 180–206; 469–476

[8] D. Krupka Lepagean forms in higher order variational theory in: Modern Developments in Analytical Mechanics I: Geometrical Dynamics, Proc. IUTAM-ISIMM Symposium, Torino, Italy 1982, S. Benenti, M. Francaviglia and A. Lichnerowicz, eds. (Accad. delle Scienze di Torino, Torino, 1983) 197–238 [9] D. Krupka Variational sequences on finite order jet spaces in: Differential Geometry and Its Applications, Proc. Conf., Brno, Czechoslovakia, 1989, J. Janyška and D. Krupka eds. (World Scientific, Singapore, 1990) 236–254 [10] D. Krupka Variational sequences in mechanics Calc. Var. 5 (1997) 557–583 [11] D. Krupka Global variational principles: Foundations and current problems in Global Analysis and Applied Mathematics, AIP Conference Proceedings 729, American Institute of Physics, 2004, 3–18 [12] O. Krupková Lepagean 2-forms in higher order Hamiltonian mechanics, I. Regularity, II. Inverse problem Arch. Math. (Brno) 22 (1986) 97–120; 23 (1987) 155–170 [13] O. Krupková The Geometry of Ordinary Variational Equations Lecture Notes in Mathematics 1678, Springer, Berlin, 1997 [14] O. Krupková Mechanical systems with nonholonomic constraints J. Math. Phys. 38 (1997) 5098–5126 [15] G.E. Prince A complete classification of dynamical symmetries in classical mechanics Bull.

Austral. Math. Soc. 32 (1985) 299-308 [16] W. Sarlet, G. Thompson and G. Prince The inverse problem of the calculus of variations:

The use of geometrical calculus in Douglas’s analysis Trans. Amer. Math. Soc. 354 (2002) 2897–2919 [17] F. Takens A global version of the inverse problem of the calculus of variations J. Diff. Geom.

14 (1979) 543–562 [18] A. Trautman Invariance of Lagrangian systems in General Relativity, Papers in honor of J.L.

Synge, Oxford, Clarendon Press, (1971) 85–99

D. Krupka Department of Algebra and Geometry Faculty of Science, Palacký University Tomkova 40, 779 00 Olomouc, Czech Republic and Department of Mathematics, La Trobe University, Bundoora, Victoria 3086, Australia

e-mail: krupka@inf.upol.cz

Olga Krupková Department of Algebra and Geometry, Faculty of Science, Palacký University Tomkova 40, 779 00 Olomouc, Czech Republic and Department of Mathematics, La Trobe University, Bundoora, Victoria 3086, Australia e-mail: krupkova@inf.upol.cz

Geoff Prince Department of Mathematics, La Trobe University, Bundoora, Victoria 3086, Australia

e-mail: G.Prince@latrobe.edu.au

Willy Sarlet Department of Mathematical Physics and Astronomy, Ghent University, Krijgslaan 281, B-9000 Ghent, Belgium

e-mail: willy.sarlet@UGent.be