DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 559 – 569

Variational principles on frame bundles

J. Brajerčík, D. Krupka

Abstract. Variational principles on frame bundles, invariant with respect to the structure group are investigated. Explicit expressions for the first order invariant lagrangians, the Poincaré-Cartan, and the Euler-Lagrange forms are found, and the corresponding conservation laws are obtained as a consequence of the Noether’s theorem. We show that the (second order) Euler-Lagrange equations for a frame field are equivalent with the system of (first order) conservation laws for this field. Analogous results are obtained for second order invariant lagrangians on frame bundles.

1. Introduction

Let F X be the frame bundle over an n-dimensional manifold X, and let J^rF X be the r-jet prolongation of F X. We shall consider J^rF X with the canonical prolongation of the right action of the general linear group Gl_n(R) on F X. The goal of this paper is twofold. First, we describe the Gl_n(R)-invariant lagrangians on J^rF X. We also derive explicit expressions for other basic concepts of the variational theory on J^1F X and J^2F X, such as the Lepage equivalent of an invariant lagrangian, and the Euler-Lagrange form. For foundations of the variational theory in fibered space we refer to [5], [7], [8], [10], [15], and the notions related to the frame bundles and invariance can be found in [4], [6], [9], [11], [12], [16]. Second, we study the consequences of Gl_n(R)-invariance for variational problems on J^1F X and J^2F X. In particular, we discuss the corresponding Noether’s currents. The generators of invariant transformations are the fundamental vector fields of the Gl_n(R)-action. Then the Noether’s theorem gives us a Noether’s current for each one of n^2 linearly independent fundamental vector fields. We also study the problem as to how the Noether’s currents can be used to simplify the Euler-Lagrange equations. We show that in case of an invariant lagrangian defined on J^1F X, the system of n^2 second order Euler-Lagrange equations is reduced to the same number of equations of the first order.

Note that for variational problems on principal fiber bundles there are several different concepts of invariance. Muñoz and Rosado [13], [14] study first order variational problems, invariant under diffeomorphisms of the base manifold (first order natural variational problems in the sense of Krupka [7]). Castrillón, Muñoz and

2000 Mathematics Subject Classification. 49Q99, 53A55, 58A20, 58J99. Key words and phrases. Frame, variational principle, Lagrangian, Euler-Lagrange form, invariant transformation, Noether’s current.

This paper is in final form and no version of it will be published elswhere. 559

Ratiu consider invariance of the first order lagrangians in the bundle of connections of a principal fiber bundle P over a manifold M, induced by automorphisms of P [3], and in J^1T^∗M [2].

2. Invariant Lagrange structures

In this section we recall basic notions of the theory of invariant lagrangians, and introduce our notation. For a more complete discussion we refer to [1].

If Y is a fibered manifold over an n-dimensional manifold X, of dimension n + m, we denote by J^rY the r-jet prolongation of Y , and π^{r,s} : J^rY → J^sY , π^r : J^rY → X are the canonical jet projections. The r-jet of a section γ of Y at a point x ∈ X, is denoted J^r_xγ; and x → J^rγ(x) = J^r_xγ is the r-jet prolongation of γ. Any fibered chart (V, ψ), ψ = (x^i, y^σ), on Y , where 1 � i � n, 1 � σ � m, induces the associated charts on X and on J^rY , (U, φ), φ = (x^i), and (V^r, ψ^r), ψ^r = (x^i, y^σ , y^σ_{j1} , y^σ_{j1j2} , . . . , y^σ_{j1j2...jr} ), respectively; here V^r = (π^{r,0})^{−1}(V ), and U = π(V ). Recall that the formal derivative operator is defined by

d_i = ∂ ∂x^i

+ y^σ_i ∂ ∂y^σ

+ y^σ_{i1i} ∂ ∂y^σ_{i1}

+ . . . + y^σ_{i1i2...ir i} ∂ ∂y^σ_{i1i2...ir} . For any open set W ⊂ Y , Ω^r_0W denotes the ring of smooth functions on W^r.

The Ω^r_0W -module of differential q-forms on W^r is denoted by Ω^r_qW , and the exterior algebra of forms on W^r is denoted by Ω^rW . The module of π^{r,0}-horizontal (π^rhorizontal) q-forms is denoted by Ω^r_{q,Y} W (Ω^r_{q,X} W , respectively).

The horizontalization is the exterior algebra morphism h : Ω^rW → Ω^{r+1}W , defined, in any fibered chart (V, ψ), ψ = (x^i, y^σ), by

hf = f ∘ π^{r+1,r}, hdx^i = dx^i, hdy^σ_{j1j2...jp} = y^σ_{j1j2...jpk}dx^k,

where f : W^r → R is a function, and 0 � p � r. A form η ∈ Ω^r_kW is contact, if hη = 0. For any fibered chart (V, ψ), ψ = (x^i, y^σ), the 1-forms

ω^σ_{j1j2...jp} = dy^σ_{j1j2...jp} − y^σ_{j1j2...jpk}dx^k,

where 1 � p � r − 1, are examples of contact 1-forms. Note that these forms define a basis of 1-forms on V^r, (dx^i, ω^σ_{j1j2...jp} , dy^σ_{j1j2...jr} ).

It is known that a form η ∈ Ω^r_kW has a unique decomposition

(1) (π^{r+1,r})^∗η = hη + p_1η + p_2η + . . . + p_kη,

such that p_iη contains, in any fibered chart, exactly i exterior factors ω^σ_{j1j2...jl} , 1 � l � r.

hη (p_iη) is the horizontal (i-th contact) component of η. The decomposition (1) is invariant, and is called the canonical decomposition of η. η is π^r-horizontal if and only if (π^{r+1,r})^∗η = hη. We say that η is k-contact, if (π^{r+1,r})^∗η = p_kη; in this case k is the order of contactness of η. We say that the order of contactness of η is � l, if p_{l+1}η = p_{l+2}η = . . . = p_kη = 0.

A lagrangian (of order r) for Y is any π^r-horizontal n-form on some W^r. A differential form ρ ∈ Ω^s_nW , where n = dim X, is called a Lepage form, if p_1dρ is π^{s+1,0}-horizontal, i.e. p_1dρ ∈ Ω^{s+1}_{n+1,Y} W . A Lepage form ρ is a Lepage equivalent of a lagrangian λ ∈ Ω^r_{n,X} W , if hρ = λ (possibly up to a jet projection).

In a fibered chart (V, ψ), ψ = (x^i, y^σ), denote

ω_0 = dx^1 ∧ dx^2 ∧ . . . ∧ dx^n, ω_{i1i2...ik} = i_{∂/∂x}i_k . . . i_{∂/∂x}i_2 i_{∂/∂x}i_1 ω_0.

In this fibered chart, a lagrangian, defined on V^r = (π^{r,0})^{−1}(V ), has an expression (2) λ = Lω_0, where L : V^r → R is the Lagrange function associated with λ and (V, ψ). A pair (Y, λ), consisting of a fibered manifold Y and a lagrangian λ of order r for Y is called a Lagrange structure (of order r).

We give three examples of Lepage equivalents:

(1) Every first order lagrangian λ ∈ Ω^1_{n,X} W has a unique Lepage equivalent Θ_λ ∈ Ω^1_{n,Y} W whose order of contactness is � 1. If λ is expressed by (2), then

(3) Θ_λ = Lω_0 + ∂L ∂y^σ_i ω^σ ∧ ω_i.

Θ_λ is the Poincaré-Cartan equivalent of λ, or the Poincaré-Cartan form.

(2) The fundamental Lepage equivalent Φ_λ ∈ Ω^1_{n,Y} W of λ ∈ Ω^1_{n,X} W is given by

Φ_λ = n∑ k=0 ( 1 k! )_2

∂^kL ∂y^{σ1}_{j1} ∂y^{σ2}_{j2} . . . ∂y^{σk}_{jk} ω^{σ1} ∧ ω^{σ2} ∧ . . . ∧ ω^{σk} ∧ ω_{j1j2...jk.}

Φ_λ has the following remarkable properties: (a) dΦ_λ = 0 if and only if E_λ = 0, and (b) λ = hη for some η ∈ Ω^0_nW if and only if E_λ is π^{2,1}-projectable [9], [10].

(3) Formula

(4) Θ_λ = Lω_0 + ( ∂L ∂y^σ_i

− d_p ∂L ∂y^σ_{pi} ) ω^σ ∧ ω_i + ∂L ∂y^σ_{ji} ω^σ_j ∧ ω_i

generalizes the Poincaré-Cartan form to second order lagrangians λ ∈ Ω^2_{n,X} W [9].

If ρ is a Lepage equivalent of a lagrangian λ ∈ Ω^r_{n,X} W , λ = Lω_0, then by a direct calculation p_1dρ = E_σ(L)ω^σ ∧ ω_0, where

E_σ(L) = r∑ k=0 (−1)^kd_{i1} d_{i2} . . . d_{ik} ∂L ∂y^σ_{i1i2...ik}

are the Euler-Lagrange expressions. The (n + 1)-form E_λ = p_1dρ is the Euler-Lagrange form associated with λ.

By an automorphism of Y we mean a diffeomorphism α : W → Y , where W ⊂ Y is an open set, such that there exists a diffeomorphism α_0 : π(W ) → X such that πα = α_0π. If α_0 exists, it is unique, and is called the π-projection of α. The r-jet prolongation of α is an automorphism J^rα : W^r → J^rY of J^rY , defined by J^rα(J^r_x γ) = J^r_{α0(x)}(αγα^{−1}_0 ).

If ξ is a π-projectable vector field on Y , and α_t is the local one-parameter group of ξ with projection α_{(0)t}, we define the r-jet prolongation of ξ to be the vector field J^rξ on J^rY whose local one-parameter group is J^r_{αt} . Thus,

J^rξ(J^r_xγ) = { d dt J^r_{α(0)t(x)}(α_tγα^{−1}_{(0)t}) } 0 .

The chart expression for J^rξ can be found in [8] or [9].

We now compute the Lie derivative ∂_J r_ξλ. Choose to this purpose a Lepage equivalent ρ of λ, and denote by s the order of ρ. Since λ = hρ, or, which is the same, J^rγ^∗λ = J^sγ^∗ρ for all sections γ, we obtain J^rγ^∗∂_J r_ξλ = J^sγ^∗∂_J s_ξρ = J^sγ^∗(i_J s_ξdρ + di_J s_ξρ).

Omitting γ and using the Euler-Lagrange form we get ∂_J r_ξλ = hi_J s+1_ξE_λ + hdi_J s_ξρ.

This is the differential first variation formula; the first term on the right is the Euler-Lagrange term, and the second one is the boundary term.

An automorphism α : W → Y of Y is said to be an invariant transformation of a form η ∈ Ω^s_pW , if J^sα^∗η = η.

We say that a π-projectable vector field ξ is the generator of invariant transformations of η, if ∂_J s_ξη = 0.

This definition includes the notions of invariance of lagrangians, and the Euler- Lagrange forms. The following simple consequence of the first variation formula is known as the Noether’s theorem. Let λ ∈ Ω^r_{n,X} W be a lagrangian, let ρ ∈ Ω^s_nW be a Lepage equivalent of λ, and let γ be an extremal. Then for any generator ξ of invariant transformations of λ, dJ^sγ^∗i_J s_ξρ = 0.

3. Invariant differential forms on frame bundles

Let X be an n-dimensional smooth manifold. A frame at a point x ∈ X is a pair Ξ = (x, ζ), where ζ = (ζ_1, ζ_2, . . . , ζ_n) is a basis of the tangent space T_xX. The set F X of all frames has the structure of a right principal Gl_n(R)-bundle over X, of dimension n(n + 1). We denote by μ the projection of F X.

Any chart (U, φ), φ = (x^i), on X defines the associated chart on F X as the pair (V, ψ), ψ = (x^i, x^i_j ), as follows. We set V = μ^{−1}(U), and for every Ξ ∈ V , Ξ = (x, (ζ_1, ζ_2, . . . , ζ_n)),

x^i(Ξ) = x^i(x), ζ_j = x^i_j (Ξ) ( ∂ ∂x^i ) x . Obviously, det x^i_j ≠ 0 at every frame Ξ ∈ V . We define the inverse matrix y^j_k by setting x^i_jy^j_k = δ^i_k.

The corresponding associated chart on J^rF X is then denoted by (V^r, ψ^r), where V^r = (μ^r)^{−1}(U), and ψ^r = (x^i, x^i_j , x^i_{j,k1} , x^i_{j,k1k2} , . . . , x^i_{j,k1k2...kr} ).

The right action (Ξ, A) → Ξ · A = R_A(Ξ) of Gl_n(R) on F X is expressed, in a chart (U, φ), φ = (x^i), on X, by the equations

(5) x̄^i = x^i ∘ R_A = x^i, x̄^i_j = x^i_j ∘ R_A = x^i_ka^k_j .

In this formula, a^k_j are the canonical coordinates on Gl_n(R). This action can be canonically prolonged to J^rF X. Let A ∈ Gl_n(R), J^r_xγ ∈ J^rF X. We define J^r_xγ · A = J^r_x(R_A ∘ γ).

In the associated charts on F X and J^rF X, (6) x̄^i = x^i ∘ R_A = x^i, x̄^i_{j,k1k2...km} = x^i_{l,k1k2...km} a^l_j, where 0 � m � r.

Eliminating the group variables from equations (5), we obtain (7) a^l_j = y^l_ix̄^i_j , hence ȳ^j_px̄^i_{j,k1k2...km} = y^l_px^i_{l,k1k2...km} for 1 � m � r. The functions (8) Γ^i_{k1k2...kmp} = −y^l_px^i_{l,k1k2...km} are therefore invariant with respect to the group action (6). Thus, we have the following equations of the Gl_n(R)-orbits in J^rF X Γ^i_{k1k2...kmp} = c^i_{k1k2...kmp},

where c^i_{k1k2...kmp} ∈ R.

Setting Ψ^r = (x^i, x^i_p, Γ^i_{k1p}, Γ^i_{k1k2p}, . . . , Γ^i_{k1k2...kr p}), we obtain a chart (V^r, Ψ^r) on J^rF X. Indeed, formulas (8) admit the inverse transformation x^i = x^i, x^i_j = x^i_j , x^i_{j,k1k2...km} = −x^p_j Γ^i_{k1k2...kmp}.

The chart (V^r, Ψ^r) on J^rF X is said to be Gl_n(R)-adapted.

We denote C^rX = J^rF X/Gl_n(R).

Using the canonical quotient projections of J^kF X onto C^kX we have the commutative diagram

J^rF X � C^rX � � J^{r−1}F X � C^{r−1}X � � . . .

. . . � � J^2F X � C^2X � � J^1F X � C^1X � � F X � X Covering J^rF X with the Gl_n(R)-adapted charts, we can easily verify the following assertion.

Lemma 1. J^rF X is a right principal Gl_n(R)-bundle over C^rX. In particular, we see that a function on J^rF X is Gl_n(R)-invariant if and only if it depends, locally, on the coordinates (x^i, Γ^i_{k1p}, Γ^i_{k1k2p}, . . . , Γ^i_{k1k2...krp}) on C^rX only.

We now determine the fundamental vector fields on J^rF X. Let gl_n(R) be the Lie algebra of Gl_n(R). Recall that the fundamental vector field ξ on F X, associated with a vector ξ_0 ∈ gl_n(R), is defined by the formula ξ(Ξ) = T_eR_Ξ · ξ_0, where e is the unit of Gl_n(R) (see e.g. [11]). Expressing ξ_0 in the form

ξ_0 = ξ^i_j ( ∂ ∂a^i_j ) e , we get

Lemma 2. (a) The fundamental vector field ξ on F X, associated with ξ_0, has an expression ξ = ξ^i_jx^p_i ∂ ∂x^p_j . (b) The r-jet prolongation J^rξ coincides with the fundamental vector field on J^rF X, associated with ξ_0, and has an expression

J^rξ = ξ^i_j ( x^p_i ∂ ∂x^p_j

+ x^p_{i,k1} ∂ ∂x^p_{j,k1}

+ x^p_{i,k1k2} ∂ ∂x^p_{j,k1k2}

+ . . . + x^p_{i,k1k2...kr} ∂ ∂x^p_{j,k1k2...kr} ) .

Lemma 3. In the Gl_n(R)-adapted chart, the fundamental vector field on J^rF X, associated with ξ_0, has an expression

J^rξ = ξ^i_jx^p_i ∂ ∂x^p_j + r∑ s=1 ∑ k_1⩽k_2⩽...⩽k_s

y^j_l Γ^t_{k1k2...ksp} ∂ ∂Γ^t_{k1k2...ksl} .

We now derive a criterion for a form on J^rF X to be Gl_n(R)-invariant. Theorem 1. A k-form η on J^rF X is Gl_n(R)-invariant if and only if in any chart on X, (9) η = Δ_0 + y^{s1}_{p1} dx^{r1}_{s1} ∧ Δ^{p1}_{r1} + y^{s1}_{p1} y^{s2}_{p2} dx^{r1}_{s1} ∧ dx^{r2}_{s2} ∧ Δ^{p1p2}_{r1r2}

+ . . . + y^{s1}_{p1} y^{s2}_{p2} . . . y^{sk}_{pk} dx^{r1}_{s1} ∧ dx^{r2}_{s2} . . . ∧ dx^{rk}_{sk} ∧ Δ^{p1p2...pk}_{r1r2...rk} , where Δ_0, Δ^{p1}_{r1} , Δ^{p1p2}_{r1r2} , . . . , Δ^{p1p2...pk}_{r1r2...rk} are arbitrary forms defined on C^rX.

Proof. In what follows we use a chart (U, φ), φ = (x^i), on X, the associated charts on F X, and J^rF X, and the Gl_n(R)-adapted chart on J^rF X. The right action of Gl_n(R) is defined by (6), and the functions Γ^i_{k1k2...kmp} (8) are Gl_n(R)-invariant.

Let η be a Gl_n(R)-invariant k-form. η has an expression η = η_0 + dx^{r1}_{s1} ∧ η^{s1}_{r1} + dx^{r1}_{s1} ∧ dx^{r2}_{s2} ∧ η^{s1s2}_{r1r2}

+ . . . + dx^{r1}_{s1} ∧ dx^{r2}_{s2} ∧ . . . ∧ dx^{rk}_{sk} ∧ η^{s1s2...sk}_{r1r2...rk} , where the forms η_0, η^{s1}_{r1} , η^{s1s2}_{r1r2} , . . . , η^{s1s2...sk}_{r1r2...rk} do not contain any exterior factor dx^r_s. Using the invariance condition (J^rR_A)^∗η = η, where A runs through Gl_n(R), and formula (7), we obtain, for every m, 1 � m � k, η_0 = η̄_0, x^{p1}_{s1} x^{p2}_{s2} . . . x^{pm}_{sm} η^{s1s2...sm}_{r1r2...rm} = x̄^{p1}_{s1} x̄^{p2}_{s2} . . . x̄^{pm}_{sm} η̄^{s1s2...sm}_{r1r2...rm} .

Consequently, the forms Δ_0 = η_0, Δ^{p1p2...pm}

r_1r_2...r_m = x p_1 s_1 x p_2 s_2 . . . x p_m s_m η s_1s_2...s_m r_1r_2...r_m

do not contain any exterior factor dx^r_s, and their components are Gl_n(R)-invariant functions. Then by Lemma 1, these functions depend on x^i, Γ^i_{k1p}, Γ^i_{k1k2p}, . . . , Γ^i_{k1k2...kr p} only. In other words, the forms Δ_0, Δ^{p1p2...pm}_{r1r2...rm} are defined on the quotient space C^rX.

Conversely, suppose that we have a form η (9) in which Δ_0, Δ^{p1}_{r1} , Δ^{p1p2}_{r1r2} , . . . , Δ^{p1p2...pk}

r_1r_2...r_k are defined on C

rX. Then, in particular, (J^rR_A)^∗Δ_0 = Δ_0, (J^rR_A)^∗Δ^{p1p2...pm}_{r1r2...rm} = Δ^{p1p2...pm}_{r1r2...rm} .

Since (J^rR_A)^∗(y^s_pdx^r_s) = (y^s_p ∘ J^rR_A)d(x^r_s ∘ J^rR_A) = ȳ^s_pd(x^r_l a^l_s) = ȳ^s_pa^l_sdx^r_l = ȳ^s_py^l_mx̄^m_s dx^r_l = y^l_pdx^r_l , η satisfies (J^rR_A)^∗η = η. □

4. Invariant variational principles on frame bundles Using the results of Section 3, we determine in this section Gl_n(R)-invariant lagrangians on J^rF X. Then we give explicit expressions of the Lepage forms Θ_λ, the Euler-Lagrange forms, and the Noether’s currents for invariant lagrangians on J^1F X and J^2F X. To derive these expressions, we use the Gl_n(R)-adapted charts. Their Gl_n(R)-invariance will then follow from Theorem 1.

Let λ ∈ Ω^r_{n,X} F X be a lagrangian. In a chart (U, φ), φ = (x^i), on X, and in the Gl_n(R)-adapted chart (V^r, Ψ^r), Ψ^r = (x^i, x^i_p, Γ^i_{k1p}, Γ^i_{k1k2p}, . . . , Γ^i_{k1k2...krp}), on J^rF X, λ = Lω_0, where L : V^r → R is the associated Lagrange function.

Theorem 2. A lagrangian λ on J^rF X is Gl_n(R)-invariant if and only if in any Gl_n(R)-adapted chart (V^r, Ψ^r), the Lagrange function L depends on x^i, Γ^i_{k1p}, Γ^i_{k1k2p}, . . . , Γ^i_{k1k2...kr p} only.

Proof. According to Theorem 1, λ must be projectable to C^rX. □ We now restrict our discussion to lagrangians of order 1 and 2. We denote by Ψ_{λ,ξ} the Noether’s current associated with the Lepage form Θ_λ (3), (4), and a vector field ξ, i.e., Ψ_{λ,ξ} = i_J r_ξΘ_λ.

Note that we have the following expressions for the contact forms ω^i_j, ω^i_{j,k}; ω^i_j = dx^i_j − x^i_{j,m}dx^m = dx^i_j + x^p_j Γ^i_{mp}dx^m, ω^i_{j,k} = dx^i_{j,k} − x^i_{j,km}dx^m = dx^i_{j,k} + x^p_j Γ^i_{kmp}dx^m.

The chart expression of a fundamental vector field ξ are given in Lemma 3.

The following assertion is needed for the proofs.

Lemma 4. If f is a Gl_n(R)-invariant function on J^rF X, then in any Gl_n(R)- adapted chart (V^{r+1}, Ψ^{r+1}), Ψ^{r+1} = (x^i, x^i_p, Γ^i_{k1p}, Γ^i_{k1k2p}, . . . , Γ^i_{k1k2...krkr+1p}),

d_pf = ∂f ∂x^p + r∑ s=1 ∑ k_1⩽k_2⩽...⩽k_s ∂f ∂Γ^i_{k1k2...ksj}

(Γ^i_{k1k2...kspj} + Γ^i_{k1k2...ksq}Γ^q_{pj}).

The following results can be obtained by a direct computation.

Lemma 5. Let λ ∈ Ω^1_{n,X} F X be a Gl_n(R)-invariant lagrangian, and let ξ be a fundamental vector field on F X. Then in a Gl_n(R)-adapted chart,

Θ_λ = ( L − Γ^i_{kl} ∂L ∂Γ^i_{kl} ) ω_0 − ∂L ∂Γ^i_{kl} y^j_l dx^i_j ∧ ω_k,

E_λ = ( −Γ^q_{pi} ∂L ∂Γ^q_{pl}

+ Γ^l_{pq} ∂L ∂Γ^i_{pq}

+ d_p ∂L ∂Γ^i_{pl} ) y^j_l dx^i_j ∧ ω_0,

Ψ_{λ,ξ} = −ξ^m_j y^j_l x^i_m ∂L ∂Γ^i_{kl} ω_k.

Lemma 6. Let λ ∈ Ω^2_{n,X} F X be a Gl_n(R)-invariant lagrangian, and let ξ be a fundamental vector field on F X. Then in a Gl_n(R)-adapted chart,

Θ_λ = ( L − Γ^i_{kl} ( ∂L ∂Γ^i_{kl}

− Γ^l_{pq} ∂L ∂Γ^i_{pkq}

− d_p ∂L ∂Γ^i_{pkl} ) − Γ^i_{lkq} ∂L ∂Γ^i_{lkq} ) ω_0

+ ∂L ∂Γ^i_{lkq} dΓ^i_{lq} ∧ ω_k + ( Γ^q_{pi} ∂L ∂Γ^q_{pkl}

+ Γ^l_{pq} ∂L ∂Γ^i_{pkq}

+ d_p ∂L ∂Γ^i_{pkl} − ∂L ∂Γ^i_{kl} ) y^j_l dx^i_j ∧ ω_k,

E_λ = ( −Γ^p_{qi} ∂L ∂Γ^p_{ql}

− Γ^p_{qmi} ∂L ∂Γ^p_{qml}

+ Γ^l_{pq} ∂L ∂Γ^i_{pq}

+ d_p ∂L ∂Γ^i_{pl}

− Γ^l_{pqm} ∂L ∂Γ^i_{pqm}

−2Γ^l_{pt} ( Γ^t_{qm} ∂L ∂Γ^i_{pqm}

+ d_q ∂L ∂Γ^i_{pqt} ) − d_pd_q ∂L ∂Γ^i_{pql} ) y^j_l dx^i_j ∧ ω_0,

Ψ_{λ,ξ} = ξ^m_j y^j_l x^i_m ( − ∂L ∂Γ^i_{kl}

+ 2Γ^q_{pi} ∂L ∂Γ^q_{pkl}

+ Γ^l_{pq} ∂L ∂Γ^i_{pkq}

+ d_p ∂L ∂Γ^i_{pkl} ) ω_k.

5. Reduction of the Euler-Lagrange equations In this section we discuss consequences of Gl_n(R)-invariance of the first, and second order lagrangians on the frame bundles for the Euler-Lagrange equations. Our basic tool is the first variation formula (Section 2).

Let X be an n-dimensional manifold, let F X be the bundle of frames over X, and let μ be the bundle projection. Suppose that we have a lagrangian λ ∈ Ω^1_{n,X} F X and a μ-vertical vector field ξ on F X. Then in our standard notation (10) ∂_J 1_ξλ = i_J 2_ξE_λ + hdi_J 1_ξΘ_λ, where Θ_λ is the Poincaré-Cartan equivalent of λ.

Theorem 3. Let λ ∈ Ω^1_{n,X} F X be a Gl_n(R)-invariant lagrangian, and let γ be a section of F X. The following conditions are equivalent:

(a) γ satisfies the Euler-Lagrange equations, E_λ ∘ J^2γ = 0.

(b) For any fundamental vector field ξ on F X, γ satisfies the conservation law d(J^1γ)^∗i_J 1_ξΘ_λ = 0.

(c) For any chart (U, φ), φ = (x^i), on X, and all j, k, there exist (n − 2)-forms η^j_k such that J^1γ^∗ ( y^j_l x^i_k ∂L ∂Γ^i_{ml} ω_m − dη^j_k ) = 0.

Proof. By hypothesis, for any fundamental vector field ξ on F X, ∂_J 1_ξλ = 0. Consequently, since ξ is always μ-vertical, the first variation formula (10) reduces to (11) i_J 2_ξE_λ + hdΨ_{λ,ξ} = 0.

We can write this identity in a chart (U, φ), φ = (x^i), on X. ξ is of the form

ξ = ξ^k_j x^i_k ∂ ∂x^i_j , so we have, according to Lemma 5, i_J 2_ξE_λ = E^j_i (L)ξ^k_j x^i_kω_0, where

E^j_i (L) = ( −Γ^p_{qi} ∂L ∂Γ^p_{ql}

+ Γ^l_{pq} ∂L ∂Γ^i_{pq} + ∂^2L ∂x^p∂Γ^i_{pl}

+ (Γ^k_{mps} + Γ^k_{mq}Γ^q_{ps})

∂^2L ∂Γ^k_{ms}∂Γ^i_{pl} ) y^j_l , and Ψ_{λ,ξ} = −ξ^m_j y^j_l x^i_m ∂L ∂Γ^i_{kl} ω_k.

It is convenient to denote ψ^j_m = y^j_l x^i_m ∂L ∂Γ^i_{kl} ω_k.

Then Ψ_{λ,ξ} = −ξ^m_j ψ^j_m, and the first variation formula (11) can equivalently be written in the form E^j_i (L)ξ^k_j x^i_kω_0 − ξ^k_j hdψ^j_k = 0. But the numbers ξ^k_j ∈ R are arbitrary, so we have (12) E^j_i (L)x^i_kω_0 − hdψ^j_k = 0.

Suppose now that a section γ satisfies the Euler-Lagrange equations. Then the form E^j_i (L)x^i_kω_0 vanishes along J^2γ, so we have J^2γ^∗dψ^j_k = dJ^2γ^∗ψ^j_k = 0. Integrating we can find an (n − 2)-form η^j_k on U such that (13) J^1γ^∗ψ^j_k = dη^j_k.

Conversely, if a section γ satisfies condition (13), then by (12), γ is necessarily an extremal.

This completes the proof. □ Remark 1. Condition (c) can be easily expressed in terms of components of the forms η^j_k.

Remark 2. Theorem 3 is also valid for second order lagrangians. The proof is based on the use of the Lepage form (4), and Lemma 6.

Acknowledgements. The authors appreciate the support of the Czech Science Foundation (grant 201/03/0512), and the Czech Ministry of Education, Youth, and Sports (Grants MSM 153100011 and MSM 6198959214). The second author is also grateful to the Mathematics Department and the Institute for Advanced Study at La Trobe University, Melbourne, where as an IAS Distinguished Fellow he worked on the research project Differential equations and their variational properties.

References

[1] J. Brajerčík and D. Krupka 2004 Variational principles for locally variational forms Preprint Series in Global Analysis and Applications 8 (Olomouc: Palacky University, Dept. of Algebra and Geometry) 1-19 [2] M. Castrillón López and J. Muñoz Masqué 1999 Gauge-invariant variationally trivial problems on T^∗M J. Math. Phys. 40 821-829 [3] M. Castrillón López, J. Muñoz Masqué and T. S. Ratiu 2000 Trivial lagrangians on connections and invariance under automorphisms Proc. Colloq. on Diff. Geom., Debrecen, Hungary 77-83 [4] Dao Qui Chao and D. Krupka 1999 3rd order differential invariants of coframes Math. Slovaca 49 563-576 [5] P. L. García 1974 The Poincaré-Cartan invariant in the calculus of variations Symposia Mathematica 14 219-246 [6] I. Kolář, P. W. Michor and J. Slovák 1993 Natural Operations in Differential Geometry Springer-Verlag, Berlin [7] D. Krupka 1975 A geometric theory of ordinary first order variational problems in fibered manifolds II. Invariance J. Math. Anal. Appl. 49 469-476 [8] D. Krupka 1984 Natural Lagrange structures Differential Geometry, Banach Center Publications 12 (Warsaw: Polish Scientific Publishers) 185-210 [9] D. Krupka 1973 Some Geometric Aspects of the Calculus of Variations in Fibered Manifolds Folia Fac. Sci. Nat. UJEP Brunensis 14 (Brno: University J. E. Purkyně); ArXiv: mathph/0110005 [10] D. Krupka 1997 The geometry of Lagrange structures Preprint series in Global Analysis GA 7/1997 (Opava: Silesian University, Mathematical Institute) [11] D. Krupka and J. Janyška 1990 Lectures on Differential Invariants Folia Fac. Sci. Nat. UJEP Brunensis (Brno: University J. E. Purkyně) [12] D. Krupka and M. Krupka 2000 Jets and contact elements Proc. Semin. on Diff. Geom., Mathematical Publications Vol. 2 (Opava: Silesian University, Mathematical Institute) 39-85 [13] J. Muñoz Masqué and M. Eugenia Rosado María 2002 Invariant variational problems on linear frame bundles J. Phys. A: Math. Gen. 25 2013-2036 [14] J. Muñoz Masqué and M. Eugenia Rosado María 2004 Integrability of the field equations of invariant variational problems on linear frame bundles J. Geom. Phys. 49 119-155 [15] D. J. Saunders 1989 The Geometry of Jet Bundles London Mathematical Society Lecture Note Series 142 (New York: Cambridge University Press) [16] A. Trautman 1972 Invariance of Lagrangian systems in: General Relativity, Papers in honor of J. L. Synge (Oxford: Clarendon Press) 85-99

Ján Brajerčík Department of Mathematics Prešov University 08001 Prešov, Slovakia

e-mail: brajerci@unipo.sk

Demeter Krupka Department of Algebra and Geometry Palacky University 77900 Olomouc, Czech Republic and Department of Mathematics La Trobe University, Melbourne Victoria 3086, Australia e-mail: krupka@inf.upol.cz