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Section 1

Introduction

Scott Congreve (Charles University) Robust Adaptive hp-DG for Helmholtz KNM Seminar 3/34



Helmholtz equation

Let Q € RY, d = 2 be a bounded polygonal domain. We seek u: Q +— C
such that

—Au—Ku=f in Q,
Vun—iku=g on 012, (Robin/Impedence BC)
where !
k==
c

is the wavenumber (w is the frequency of the wave, L is the measure of
the domain, and c is the speed of sound in the material). Wavenumber is
related to the wave length
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Discontinuous Galerkin FEM

Multiplying by a test function and integrating by parts gives the weak
formulation: Find u € H(Q) such that

/(Vu-VV—kqu)dx-l-/ ikqus:/ dex-i—/ g-nvds
Q Me Q e

for all v € HY(Q). Well-posedness: [Melenk, 1995]
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Discontinuous Galerkin FEM

Multiplying by a test function and integrating by parts gives the weak
formulation: Find u € H(Q) such that

/(Vu-VV—kqu)dx-l-/ ikqus:/ dex-i—/ g-nvds
Q Me Q e

for all v € H1(Q). Well-posedness: [Melenk, 1995]
We want to search for a solution in a finite dimensional subspace of
H(Q). To that end we.

m subdivide the domain € into a mesh T, of non-overlapping triangles
T, where each element has a size ht and denote by 5/7 the union of
all interior edges in the mesh

m multiple by test functions v and integrate by parts elementwise

> ([wovv-vwa [ Gunvas) =Y [ o

TeTh oT TeTh

Scott Congreve (Charles University) Robust Adaptive hp-DG for Helmholtz KNM Seminar 5/34



Discontinuous Galerkin FEM

m Replace continuous functions u, v by discrete functions upp, vpp in the
finite element space

Vip = {vhp € L3(Q) : iy, € Ppr(T) forall T Ty}

P, (T) = polynomials of degree < prin T

m symmetrize and add jump-penalty terms on 8,’, and 992, without
losing consistency

{-} = mean value [-1y = jump in normal direction
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Discontinuous Galerkin FEM

DG method

Find upp € Vip such that ap,(unp, vap) = Lhp(Vap) for all v, € Vip.

an(u, v) = /Q(th-VhV  Kuv) dx — / ([l V7Y + (Vhu}V]y) ds

&
. h _ . 2 _
=7 STy s o / 1 o

h
—fy/ k=(uVpv-n+ Vyu-nv) ds
oo P

h h
— iy —Vyu-nVyv-n ds — i/ k <1 — ’yk—) uv ds
o P o0 p

h h
Chp(v) 1=/ fv dx + iv/ —gViv-n ds+/ (1 —vk—> gv ds
Q oQ P F}9) p

We use a =10, =1 and v = 1/a.
a priori analysis proves well-posedness and quasi-optimal error estimates
[Melenk, Parsania, Sauter 2013]
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Error estimation/mesh adaptation

Adaptive mesh refinement:
m Refine elements using either:

m element subdivision (h-refinement)
m increasing polynomial degree of the element (p-refinement)

m Need to estimate which elements need refining; therefore, need
computable (a posteriori) local error indicators nt for each element

A global a posteriori error estimate can be computed by summing local
error indicators, which can be used to estimate when the actual error
reaches a desired accuracy.

error < estimate = reliability

estimate < error = efficiency

If the constants in these inequalities are independent of h and p we have a
robust estimate.
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Problems with FEM for Helmholtz

Problems with FEM:
m Number of degrees of freedom required to obtain given accuracy
increases with wave number k.
m Error: best approximation + phase lag:

IVh(u = un)lliz) S (kh)P + k(kh)??;
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Problems with FEM for Helmholtz

Problems with FEM:
m Number of degrees of freedom required to obtain given accuracy
increases with wave number k.
m Error: best approximation + phase lag:

IVh(u = un)liz() < (kh)P + k(kh)??;
convergence like the best approximation when k(kh)?P < (kh)P, i.e.

h< k=1 (resolution condition)

L2 error

ke >k
k3 > ko

= = = best approximation

(1/kh)

100 10! 10
i

Poisson Helmholtz
KNM Seminar 9/34
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Section 2

hp-robust error estimation
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hp-robust error estimation

[C., Gedicke, Perugia, SISC 2019]

The observation that the pollution effect is related to the phase
lead of the numerical solution leads to the definition of the shifted
solution as the key auxiliary construction for the analysis of local
a posteriori error estimation.

— Babuska, lhlenburg, Strouboulis, Gangaraj 1997
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hp-robust error estimation

[C., Gedicke, Perugia, SISC 2019]

|
The observation that the pollution effect is related to the phase
lead of the numerical solution leads to the definition of the shifted
solution as the key auxiliary construction for the analysis of local
a posteriori error estimation.

— Babuska, lhlenburg, Strouboulis, Gangaraj 1997

We consider the Helmholtz problem as a shifted Poisson problem, and use
methods based on equilibrated fluxes and potential reconstructions; cf.
[Braess, Pillwein, Schoberl 2009], [Ern, Vohralik 2015], [Dolejsi, Ern,
Vohralik 2016].
The idea of using a shifted Poisson is related to the a posteriori error
analysis for eigenvalue problems.

[Cances, Dusson, Maday, Stamm, Vohralik 2017 & 2018]
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Helmholtz as shifted Poisson

Helmholtz:

—Au—Ku="f in Q,
Vu-n—iku=g on 9.

Shifted Poisson (Neumann):

—Aw="f+ kzuhp in Q,
Vw-n =g+ ikup, —vk(g — Vupp-n+ ikupp) on 0S.

The extra term on the right hand side is required for compatibility, which
is necessary to prove that the flux reconstruction we define below exists.
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Admissible reconstructions

Definition (Flux reconstruction)

Given upp € Vip, a equilibrated flux reconstruction for up, is any function
ohp € H(div; Q) that satisfies

/divahpdx:/(f+k2uhp) dx VYT € Tp,
T T

/ OhpN=— / (g + ikupp — Yk(g — Vupp-n +ikupp))ds VE C 00
E E

Definition (Potential (reconstruction))

We define a potential as any function

shp € HX(Q) = {v c HY(Q) : Ell/ﬂvdx :o}.

Note o pp and sp, are not necessarily piecewise polynomial (yet).
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A posteriori error estimator

For upp, € Vip we denote by G(upp) its DG gradient:

G(unp) = Vuno — Y LE([unpl) = D LE([Vuno])

Eeg} Eegl

Error Estimator

h .
o= 3 (1G(unp) + Tmpllo,7 + T IIF + K2up — divorpplo, 7
TeTs Jut

1/2 . h . 2
+Cor > hfllown+ g+ ikup, — Yk=(g — Vhup,-n + 'kuhp)llo,E)
ECOTNON P

2
+ Z G (unp) — Vspllo, 7
TETh
Any admissable flux reconstructions and potentials
= reliability (error < estimator)
Suitable localized flux and potential reconstructions

= efficiency & robustness (estimator < error)
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Reliability

Theorem (Reliability)

IVu = G(upp)|

0.0 S hp + K2|lu — unpllo.q + kllu — unpllo.00

h .
+ HVkE(g — Vhunp + ikupp)|lo.00
The additional terms are higher order compared to the left-hand side

providing that the resolution condition is met. [Sauter, Zech 2015]

Proof is similar to [Ern, Vohralik 2015].
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Reliability

Let s € HL(Q) be defined by the projection
/Vs-Vde:/g(uhp)~Vde Vv € HY(Q).
Q Q

Then by orthogonality, for any sp, € HY(Q),

IVu = G(un) 5.0 = V(= s)llg 0 + IVs = G(un)ll5 0
=IV(u=9)ga+ min [Vv—G(un)lia

veH!(@)
< |IV(u = 9)ll5.0+ Vsho — G(ur) 3.0
= sup / V(u—5)-Vvdx +||Vsp — g(u,,,,)||§,Q
vEHL(Q), \|Vv|| 1
= s V(= G(uny)) VT e+ [Tty — Gl
vEHL(Q) HVVH 1

The first term is then boundable by definitions of weak formulation and
O hp, Poincaré and trace inequalities, interpolation results, etc. [
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reconstructions

We have triangular meshes with no hanging
nodes, so we can define for each node z € NV:

m nodal patch w,

m nodal hat functions v, (forms partition of
unity)
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Suitable localized reconstructions

We have triangular meshes with no hanging
nodes, so we can define for each node z € NV:
m nodal patch w,

m nodal hat functions v, (forms partition of
unity)

For proof of efficiency we define specific flux and potential reconstructions
locally by mesh nodes:

Thp = Z Chp

zeN

Shp "= Shp — i Shp dX Shp = s7
hp hp | Q| 0 hp hp hp
zeN
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Raviart—Thomas elements

For the local flux reconstruction we solve local patch problems using
Raviart—=Thomas (RT,) elements:

RTy Py

For all any domain D C R? Raviart-Thomas elements have the properties
that:

m RT,(D) C H(div, D)

m v eRT,(D) = divv € Py(D)
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Local flux reconstruction

We solve the following local problem in mixed form for every node z € N:
Find (5, rip) € X5z, X Qf, such that

/ (Cip'?hp — rﬁpdiv?hp) dx = — T,/)zg(uhp)-?hp dx VThp S zg,hp

Wz

/ le Cipahp dX = / fzahp dx thp € Qﬁp
Wz

wz
where, for p, > 1,
Zenp = {Thp € H(div,w;) : Thp|T € RT,(T) for all T € Tp(2),
The - N =0 on Ow, \ 0%,
Thp - n|g = NFg* for all E C dw, NN}
Q= {hp € Qnp(e2) : [zl [ i i = 0
Qhp(wz) = {th € Lz(wz) D Qup|T € P (T) forall T € 77,(2)}

2= (f + K2upp)bz — G(upp)- Vs, & =...
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Local flux reconstruction

Lemma (Flux reconstruction)

Ohp = D ,en Chp 1S an equilibrated flux reconstruction in H(div,2), which
satisfies for any T € Ty,

/ (f + K2upp — divorpp) Gy dx = 0,
.

for all qpp € mzeN(T) Qnp(wz)| T, and for any E C 0Q

. h . _
/ (ahp-n + g +ikupp — fka(g — Vpupp-n + |kuhp)) Gpp ds = 0,
E

for all Ghp € nzeN(E) th(wz)|E-
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Local flux reconstruction

m (hp € H(div,Q) by zero extension == op, € H(div,Q).

m Prove just the first statement (second follows similarly):

/ (f + kzuhp — div a'hp) qpp dX
-

Z / ,(’Z)z f + k uhP) div Chp) th dX

zEN(T)

S [+ Glunn) V. — v Gi,) Gy .

zEN(T)

3 / G(unp)- VG, dx, (Zeenin V¥ =0)
zeN(T)
=o.

O]
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Local flux reconstruction

Theorem (Flux reconstruction efficiency)

1G(unp) + T rplloe S IV — Glunp)lloe + K2 llu — unpllo.0
+ k||u — uppllo.oa + osc(f) + osc(g)

h .
+ ||’Yk5(g — Vhupp-n + ikupp)|lo.60

~vh .
+ ||'7?(g — Vhtpp-n + ikupp)|l0.00
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Local flux reconstruction

Define r? € H}(w,) as the solution of the continuous problem

/ Vr?-Vvdx = — qu (unp)-Vvdx + Z /I'Ipzfzvdx
e TETh(z
- > /n'ggzws Vv € HY(w,).
Ecw,non”E

”g(uhp) + Uhp”O,Q < Z ||"~/)zg(uhp) + Czp”O,wz

zeN

S IVP-llow,  [Braess, Pillwein, Schéberl 2009]
zeN

S IVw — G(ukp)lo,0 + (terms on RHS)
< |IVu = G(ump)llo.a + sup /V(w— u)-Vvdx+...
veH (@), lIvoa=1/2
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Local potential reconstruction

For simplicity we consider only interior nodes. For p, > 1

VE, = {vip € CO@7) : Vip|T € Pp,+1(T)VT € Th(2), vip = 0 on Ow,}.
We then define

sz1p = argmin”thzUhp) - vthHO,wz7
VhPEVﬁp

which is equivalent to finding sﬁp € thp such that

Vshp VVhp dx = Vit upp) - VVpp dx, for all vy, € Vi,

Wz Wz
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Local potential reconstruction

For simplicity we consider only interior nodes. For p, > 1
VE, = {vip € CO@7) : Vip|T € Pp,+1(T)VT € Th(2), vip = 0 on Ow,}.
We then define

Shp = argmin|[Va(¢zunp) — Vvpllow,,
Vhpevth

which is equivalent to finding s,fp € thp such that

Vshp " VVhpdx = Vit upp) - VVpp dx, for all vy, € Vi,

Wz Wz

Lemma (Potential reconstruction)

~ 1 ~ ~
Shp = Shp — ﬁ Shp dx, where Shp = Z S,Z,p
Q
zeN
is a potential.
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Local potential reconstruction

Theorem (Potential reconstruction efficiency)

1G(unp) + Vsnolls @ S IV(u = unp)llze + Y he'INZLundl5 e
ECOQ

+ Z ﬂzhEHP_ln%ﬂVUhp]]”g,E
ECOQ

We can write the above minimization in mixed form and show it has an
underlying continuous problem: Find r? € H}(w,) such that:

Vre-Vvdx = —/ roty(Youpp) - Vvdx Vv € HY(w,).

Wz Wz

Following [Ern & Vohralik, 2015] we can show that

IV (uno = sw)llo T S Y 11V lo,
zeN(T)

IV R, S IV = )3, + D he INELu — un]lG e
ECOw,NoN
Scott Congreve (Charles University) Robust Adaptive hp-DG for Helmholtz KNM Seminar 25 /34



Efficiency

Theorem (Efficiency)

Mhp S IV (6= unp)llog + K2Jlu — unpllo.q + kllu — unpllo,o0

+ osc(f) + osc(g) + ||7k5(g — Vhtpp-n + ikupp) 0,00

- vh .
+ ||'7T(g — Vitpp-n + ikupp)||o,00

/2 1/2
(Z hetng [[Uhp]||0E> +<Z B2he|lp~ M “vuhp]]HOE) :

ECOQ ECOQ

Proof

The flux reconstruction efficiency and potential reconstruction efficiency
bounds the first and last terms of 7y, respectively. The other terms are
bound by the oscillation terms osc(f) and osc(g) respectively. O
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Section 3

hp-adaptive mesh refinement
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hp-adaptive mesh refinement

We can re-write the error indicator in local form as 7, = ZTET;, nT.

hp-adaptive mesh refinement

Construct mesh 7, with uniform polynomial degree, and FE space Vj,,.
for j=0,1,2,... do
Solve ahp(uhp, Vhp) = éhp(vhp) on V,Sg)
Compute (7, and sp, (in parallel) and 5t
for T € 7, do
if 7 > 0 maxtcr, nT then
Perform h- or p-refinement on T [Melenk & WohImuth 2001]
end if
end for
Perform mesh smoothing (remove hanging nodes)
end for

To compute Cf,p we let p, = max7c,, pr + 1 and to compute s,z,p we let

Pz = maxtcy, pr- We use § = 0.75 (maximum marking strategy).
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hp-adaptive mesh refinement

hp-refinement strategy [Melenk & WohImuth 2001]

Decision on h- or p-refinement as performed as follows:

if T marked for refinement then
if nT > n’;-red then
h-refinement: Divide T into 2 (T.) using newest vertex bisection
d\2
(7 < 37 (3)° 07
else

p-refinement: p1 < pr +1

d\2
(1592 + pn%

end if
else

(2°)2  yn(nhre?)?
end if

pred

We use v, =4, 7p = 0.4, 7, =1, and set - = oo initially.

Scott Congreve (Charles University) Robust Adaptive hp-DG for Helmholtz KNM Seminar 29/34



Square domain example

Let Q = (0,1)?, f =0, and select g such that the analytical solution is

() = #Y (1l + 7 43 )

where ’Hgl) = Hankel function of the first kind. We consider k = 20, 50.

1 1

0.9 0.9

0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2

0.1

0

0 0.2 0.4 0.6 0.8 1

k=20 k =50
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Square domain example

Let Q = (0,1)?, f =0, and select g such that the analytical solution is

) =49 (sl + 107 23

where H{") = Hankel function of the first kind. We consider k = 20, 50.

1.1

1

154
©

Efficiency index
o
oo

071
0.6
‘ 0.5 : :
50 100 150 0 5 10 15
VN Refinement level
Convergence Effectivity
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Square domain example

Let Q = (0,1)?, f =0, and select g such that the analytical solution is

() =49 (sl + 107 3.

where H{") = Hankel function of the first kind. We consider k = 20, 50.

1 1
14 15
13 14
12 13
11 12
~ ~
B B
10 11
10
9
8
0 0
0 1 0 1
&y Ty

Final mesh (k = 20) Final mesh (k = 50)

©

©

~
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|-shaped domain example
Let Q = (—1,1)?\((0,1) x (—1,0)), f =0, and select g such that

u(r, ) = Jo3(kr)sin(2¢/3),

where 75,3 denotes the Bessel function of first kind. We consider
k = 20, 50.

1

0.8
0.6
0.4
0.2

0
0.2
0.4
0.6
08

-1

k=20
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|-shaped domain example

Let Q = (—1,1)?\((0,1) x (—1,0)), f =0, and select g such that
u(r,p) = Joy3(kr)sin(2¢/3),

where .72/3 denotes the Bessel function of first kind. We consider
k = 20,50.

1.4
—hp (k=20)
~-hp (k=50) 1.2
h (k=20) 5
----- h (k=50) =
..................... 08
.......... ks
Qo6
mf
0.4
0.2
20 40 60 8 100 0 20 40 60
VN Refinement level
Convergence Effectivity
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|-shaped domain example

Let Q = (—1,1)?\((0,1) x (—1,0)), f =0, and select g such that

u(r, o) = Jay3(kr)sin(2¢/3),

where .72/3 denotes the Bessel function of first kind. We consider
k = 20,50.

Final mesh (k = 20) Final mesh (k = 50)
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shaped domain example

Let Q = (—1,1)?\((0,1) x (—1,0)), f =0, and select g such that

u(r, ) = Ja3(kr)sin(2¢/3),

where .72/3 denotes the Bessel function of first kind. We consider

k = 20, 50.
or
10 \\ — equilibrated (k=20)
\\' —--equilibrated (k=50)
e, residual (k=20)
102 S |- residual (k=50)
2 \\
2 N
wm
.,
4 .
10 Y
.,
%,
k\
N\,
10°® -

Convergence vs. Sauter & Zech 2015

~ 0 o

Efficiency index

N w

—equilibrated (k=20)

—=-equilibrated (k=50)| |
residual (k=20)

----- residual (k=50)

20 40 60
Refinement level

Effectivity vs. Sauter & Zech 2015
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Internal reflection /refraction

We now consider a wavenumber k given by the piecewise constant function

k( ) kl =wn ify§0,
Xx,y) =
Y ko =wny ify >0,

where, we let w = 20, n; = 2, and n» = 1, with appropriate boundary
conditions, such that , for a constant 0 < 6; < 7/2,

Tei(Kix+Kay) if y >0,
U(X7 }/) = elki(x cos(6;)+y sin(6;)) + Reiki(xcos(0;)—ysin(6;))  if y <0,

where K1 = ki cos(6;), Ko = \/k22 — kZ cos?(0),
_ K2 — k1 sin(9,-)
- Ko + kq sin(9,-)’
and T=1+R.
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Internal reflection /refraction

HARLES UNIVERSITY

aculty of mathematics

and physics

There exists a critical angle 8., such that when 6; > 0., the wave is
refracted, while 6; < 0.+ results in internal reflection.

1

1.5
1
0.5
SRS S SRR RERRE RN O
AEE R AR 05
. .
SR AR AR R R -1
SR AR RN NR P
AR RREEY
-1 0 1
T

0; = 29° — Analytical Soln.

1
N
1
0.5
0 0
-0.5

0; = 69° — Analytical Soln.
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Internal reflection /refraction

There exists a critical angle 8., such that when 6; > 8., the wave is
refracted, while 6; < 0.+ results in internal reflection.

20 30 40 50 60 70 20 40 60 80

VN VN
0; = 29° — Convergence 0; = 69° — Convergence
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There exists a critical angle 8., such that when 6; > 6., the wave is
refracted, while 6; < 0.+ results in internal reflection.

1 1
= 0.8 » 0.8
(0] (0]
e} ©
<06 £06
) )
0.4 S04 1
2 : 8 ' —hp (k=20)
L L —--hp (k=50)| |
0.2 0.2 b (ke20)
""" p (k=50)
0 : : 0 : :
0 5 10 15 0 5 10 15
Refinement level Refinement level
0; = 29° — Effectivity (h) 0; = 69° — Effectivity (h)
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Internal reflection /refraction

There exists a critical angle 0., such that when 6; > 0., the wave is
refracted, while 0; < 0.+ results in internal reflection.

1 1

(2]
o

KIX XXX XXX DX XXX XXX
NANAN AN AN ANANANAN AN AN A

KX KKK K DK K DRI X

X< R

PRXIXIXIX X XXX XXX X XXX
DXIXIXIX XXX XX XX XXX XX 7

1 0 1

-1 -1
-1 0 1 -
xy Z

0; = 29° — Final mesh f; = 69° — Final mesh
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Conclusion

Summary:
m a posteriori error estimator based for Helmholtz
m Shown reliabilty and efficiency providing resolution condition met

m Demonstrated robust in polynomial degree

Further work:

m The analysis of the potential reconstruction is 2D only.
[Ern, Vohralik 2017] has argument for 3D.

m Trefftz discontinuous Galerkin FEM
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