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Standard Formulation

Nonlinear Problem

Given a semilinear form N(-;-,), find u € V such that

N(u;u,v) =0 Yv e V.
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Standard Formulation

Nonlinear Problem

Given a semilinear form N(-;-,), find u € V such that

N(u;u,v) =0 Yv e V.

Define V}, be the FE space on the mesh, then:

(Standard) Discretization Method

Find up € V), such that

Nh(uh; up, Vh) =0 VVh € Vh.
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Two-Grid Methods

Create a mesh which is ‘coarser’ than the original mesh and define Vi as
the FE space on this mesh, then:

Two-Grid Discretization Method
Find uy € Vi such that

Nu(un; up, vy) =0 Vvy € Vi,
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Two-Grid Methods

Create a mesh which is ‘coarser’ than the original mesh and define Vi as
the FE space on this mesh, then:

Two-Grid Discretization Method
Find uy € Vi such that

NH(UH; uy, VH) =0 VVH € \/;r_/7
find upg € V), such that

Ni(up; uag, vh) =0 Vvp € Vp.

Xu 1992, 1994, 1996, Xu & Zhou 1999, Axelsson & Layton 1996, Dawson, Wheeler & Woodward 1998,
Utnes 1997, Marion & Xu 1995, Wu & Allen 1999, Bi & Ginting 2007, 2011
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Second-Order Quasilinear PDEs L ngﬁrs'tat

Quasilinear Problem

Given Q C RY,d = 2,3 and f € L?(Q), find u such that

-V A{u(x,|Vu|)Vu} = f in Q,
u=20 on .

1. pe C(Qx[0,00)) and

2. there exists positive constants m,, and M, such that

M, (t —s) < p(x, t)t — p(x,8)s < My(t—s), t>s>0, xecf.
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m 7p is a mesh consisting of triangles/tetrahedrons elements  of
granularity h, which are an affine map of a reference element %; i.e.,
there exists an affine mapping T, : & — & such that kK = T,(R).

m Define polynomial degree k, for all k € T,
m (Fine) hp-DG finite element space:

Vik(Th, k) = {v € LZ(Q) V|go T € P, (R),k € Th}.

m F, = FB U F] denotes the set of all faces in the mesh Tj,.
m Trace operators

{-} : Average Operator [-] : Jump Operator.
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(Standard) Interior Penalty Method
Find upy € th(ﬂ,, k) such that

Ank(Unk; Unks Vik) = Fric(Vhk)

for all vpk € Vi (Th, k).
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(Standard) Interior Penalty Method
Find upkx € Vik(Th, k) such that

Ank(Unk; Unks Vik) = Fric(Vak)

for all vy € th('ﬁ,,k).

Ank(¥; u, v) :/Q,u(|Vh1/J])th -Vhpvdx + / onklu] - [v] ds

h

- [ A7) T - 1 0
‘7:h

+0 /F Lulh [O1) V) - [u] s,
Fhk(v):/ﬂfvdx.
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(Standard) Interior Penalty Method
Find upy € th(ﬂ,, k) such that

Ank(Unk; Unks Vik) = Fric(Vhk)
for all vhk € Vik(Th, k).

Interior penalty parameter:

k2
Ohk = ’Yﬁ?

where kg = max(k, , kx,) and hg is the diameter of the face.
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(Standard) Interior Penalty Method
Find upy € th(ﬂ,, k) such that

Ank(Unk; Unks Vik) = Fric(Vhk)
for all vhk € Vik(Th, k).

Interior penalty parameter:

k2
Ohk = ’Y_Fv
F
where kg = max(k, , kx,) and hg is the diameter of the face.
References:

Bustinza & Gatica 2004, Gatica, Gonzales & Meddahi 2004, Houston, Robson & Suli 2005,
Bustinza, Cockburn & Gatica 2005, Houston, Siili & Wihler 2007, Gudi, Nataraj & Pani 2008
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Two-Grid hp-DGFEM Wien >t

We construct a coarse mesh Ty, consisting of general polygons/polyhedra
Ky by agglomerating elements in the fine mesh 7.
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We construct a coarse mesh Ty, consisting of general polygons/polyhedra
Ky by agglomerating elements in the fine mesh 7.
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Two-Grid hp-DGFEM Wien >t

We construct a coarse mesh Ty, consisting of general polygons/polyhedra
Ky by agglomerating elements in the fine mesh 7.
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We construct a coarse mesh Ty, consisting of general polygons/polyhedra
Ky by agglomerating elements in the fine mesh 7.
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Two-Grid hp-DGFEM Wien >t

We construct a coarse mesh Ty, consisting of general polygons/polyhedra
Ky by agglomerating elements in the fine mesh 7.

For example, METIS - Karypis & Kumar 1999
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Two-Grid hp-DGFEM Wien >t

m Define Th(kn) = {k € Th: K C Kk} for all ky € Th.
m Define polynomial degree Ki,,, for all k, € Ty, such that

Ky, < ki for all k € Th(kn)-
m (Coarse) hp-DG finite element space:

Vik(Th, K) = {v € L2(Q) : v|x € Pk..(k),k € Th}.
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Two-Grid hp-DGFEM - Wiéﬁ“‘tét

m Define Th(kn) = {k € Th: K C Kk} for all ky € Th.
m Define polynomial degree Ki,,, for all k, € Ty, such that

Ky, < ki for all k € Th(kn)-
m (Coarse) hp-DG finite element space:
Vik(Th, K) = {v € L2(Q) : v|x € Pk..(k),k € Th}.
m Vi (Th, K) C Vik(Th, k)
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Two-Grid hp-DGFEM Wien >t

m Define Th(kn) = {k € Th: K C Kk} for all ky € Th.
m Define polynomial degree Ki,,, for all k, € Ty, such that

Ky, < ki for all k € Th(kn)-
m (Coarse) hp-DG finite element space:
Vik(Th, K) = {v € L2(Q) : v|x € Pk..(k),k € Th}.

® Vik(Tr, K) € Vik(Th, k)
m We use a different interior penalty parameter.

Opk =7 max }Cinf(km/’i, FYK2|F|[&] ",

KE{K1,K2
where
Cinf(k, 12, F) = min LF,W .
Supnfc,‘e"%b’

nlf represents a simplex sharing an edge with x)

[Cangiani, Georgoulis, & Houston]
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Two-Grid hp-DGFEM . DS

Two-Grid Approximation

1. Construct coarse and fine FE spaces Vyx(TH, K) and Vi (Th, k).

Two-Grid DG with Polygonal Meshes FEF2017 10 / 25



Two-Grid hp-DGFEM . DS

Two-Grid Approximation

1. Construct coarse and fine FE spaces Vyx(TH, K) and Vi (Th, k).
2. Compute the coarse grid approximation uyk € Vyk(TH, K) such that

AHk (UHK; UHK s VHK) = FHk (VHK)

for all vk € VHK(TH; K)
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Two-Grid hp-DGFEM \mRrsitt

Two-Grid Approximation

1. Construct coarse and fine FE spaces Vyx(TH, K) and Vi (Th, k).
2. Compute the coarse grid approximation uyk € Vyk(TH, K) such that

AHk (UHK; UHK s VHK) = FHk (VHK)

for all vk € VHK(TH; K)
3. Determine the fine grid approximation uag € Vi (7h, k) such that

Ank(UHK; U26, Vik) = Frk(Vhk)

for all vy, € th(ﬂ,,k).

[C., Houston, & Wihler 2013]
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A Posteriori Error Estimation

Lemma (Standard Quasilinear DGFEM)
The following bound holds:

2
||U—Uhk||hkS G E 77;%
KEThH

Here the local error indicators n, are defined, for all k € T, as
Mo = W2k 2N+ V- {u(| V)V ne | T2
+ bk (Y unk )V urd [ 2gamry + 7 kb I Tumkd 1 2on)

See Houston, Siili & Wihler 2008. OJ
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A Posteriori Error Estimation

Lemma (Two-Grid Quasilinear Approximation)

The following bound holds:
lu—wcly < G Y (12 +€2).

KETh

Here the local error indicators 7, are defined, for all k € Ty, as
M = Wak2IIF + V- {u(|Vupk )V a6 I oy
+ bk (I V ki NV el + V2R e 1 Tt26 ] 200y

and the local two-grid error indicators are defined, for all k € Ty, as

& = (1 Vun]) = 1|V u26])) Ve | f2(ey-

See C., Houston, & Wihler 2013. O
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hp-Mesh Adaptation

Two-Grid Adaptivity

1. Construct initial coarse and fine FE spaces, with coarse mesh created
by agglomerating the fine mesh.
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hp-Mesh Adaptation

Two-Grid Adaptivity

1. Construct initial coarse and fine FE spaces, with coarse mesh created
by agglomerating the fine mesh.

2. Compute the coarse grid approximation and two-grid solution.
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Two-Grid Adaptivity

1. Construct initial coarse and fine FE spaces, with coarse mesh created
by agglomerating the fine mesh.

2. Compute the coarse grid approximation and two-grid solution.

3. Select elements for refinement based on 7, and &:
3.1 Use nk + &k to determine set R(T,) C T of elements to refine.
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hp-Mesh Adaptation

Two-Grid Adaptivity

1. Construct initial coarse and fine FE spaces, with coarse mesh created
by agglomerating the fine mesh.

2. Compute the coarse grid approximation and two-grid solution.
3. Select elements for refinement based on 7, and &:

3.1 Use nk + &k to determine set R(T,) C T of elements to refine.
3.2 Choose fine or coarse mesh refinement. For all x € R(7p)

B if \r&, < 1, refine the fine element x, and
B if Acne < & refine the coarse element ky € Ty, where k € Th(KH).
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hp-Mesh Adaptation

Two-Grid Adaptivity

1.

Construct initial coarse and fine FE spaces, with coarse mesh created
by agglomerating the fine mesh.

Compute the coarse grid approximation and two-grid solution.

Select elements for refinement based on 7,; and &:

3.1 Use nk + &k to determine set R(T,) C T of elements to refine.
3.2 Choose fine or coarse mesh refinement. For all x € R(7p)

B if \r&, < 1, refine the fine element x, and
B if Acne < & refine the coarse element ky € Ty, where k € Th(KH).

Perform h-/hp-mesh refinement of the fine space.
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hp-Mesh Adaptation

Two-Grid Adaptivity

1. Construct initial coarse and fine FE spaces, with coarse mesh created
by agglomerating the fine mesh.

2. Compute the coarse grid approximation and two-grid solution.

3. Select elements for refinement based on 7, and &:

3.1 Use nk + &k to determine set R(T,) C T of elements to refine.
3.2 Choose fine or coarse mesh refinement. For all x € R(7p)

B if \r&, < 1, refine the fine element x, and
B if Acne < & refine the coarse element ky € Ty, where k € Th(KH).

4. Perform h-/hp-mesh refinement of the fine space.

5. Select h- or p-refinement for each coarse element to refine.

Two-Grid DG with Polygonal Meshes FEF2017 12 /25



hp-Mesh Adaptation

Two-Grid Adaptivity

1. Construct initial coarse and fine FE spaces, with coarse mesh created
by agglomerating the fine mesh.

2. Compute the coarse grid approximation and two-grid solution.

3. Select elements for refinement based on 7, and &:

3.1 Use nk + &k to determine set R(T,) C T of elements to refine.
3.2 Choose fine or coarse mesh refinement. For all x € R(7p)

B if \r&, < 1, refine the fine element x, and
B if Acne < & refine the coarse element ky € Ty, where k € Th(KH).

4. Perform h-/hp-mesh refinement of the fine space.
5. Select h- or p-refinement for each coarse element to refine.

6. Perform h-/hp-refinement of the coarse space.
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hp-Mesh Adaptation

Two-Grid Adaptivity

1. Construct initial coarse and fine FE spaces, with coarse mesh created
by agglomerating the fine mesh.

2. Compute the coarse grid approximation and two-grid solution.

3. Select elements for refinement based on 7, and &:

3.1 Use nk + &k to determine set R(T,) C T of elements to refine.
3.2 Choose fine or coarse mesh refinement. For all x € R(7p)

B if \r&, < 1, refine the fine element x, and
B if Acne < & refine the coarse element ky € Ty, where k € Th(KH).

Perform h-/hp-mesh refinement of the fine space.

Select h- or p-refinement for each coarse element to refine.
Perform h-/hp-refinement of the coarse space.

Goto 2.

N oo o &

The constants A and A\ are steering parameters.
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Coarse Element h-Refinement

Fine Element Refine:
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Coarse Element h-Refinement

Fine Element Refine:

Similar to [Collis & Houston, 2016]
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Coarse Element h-Refinement

Using a standard graph partition algorithm will attempt to create
agglomerated elements with the same number of child fine elements,
minimising the number of edge cuts.

However, we have information about the error for each fine element — can
we distribute the agglomeration using this information?
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Coarse Element h-Refinement

Using a standard graph partition algorithm will attempt to create
agglomerated elements with the same number of child fine elements,
minimising the number of edge cuts.

However, we have information about the error for each fine element — can
we distribute the agglomeration using this information?

Possible to assign weights to each vertex and use a graph partitioning
algorithm that balances these weights, rather than the number of
elements. [Karypis & Kumar 1998]
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Coarse Element h-Refinement

Using a standard graph partition algorithm will attempt to create
agglomerated elements with the same number of child fine elements,
minimising the number of edge cuts.

However, we have information about the error for each fine element — can
we distribute the agglomeration using this information?

Possible to assign weights to each vertex and use a graph partitioning
algorithm that balances these weights, rather than the number of
elements. [Karypis & Kumar 1998]

Two options for weights:
m Two-Grid Error: &,
m Total Error: 0, + &,
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Coarse Element h-Refinement

Using a standard graph partition algorithm will attempt to create
agglomerated elements with the same number of child fine elements,
minimising the number of edge cuts.

However, we have information about the error for each fine element — can
we distribute the agglomeration using this information?

Possible to assign weights to each vertex and use a graph partitioning
algorithm that balances these weights, rather than the number of
elements. [Karypis & Kumar 1998]
Two options for weights:

m Two-Grid Error: &

m Total Error: 0, + &,

The coarse element refinement uses the fine elements after refinement;
therefore, we divide the weight from a fine element marked for refinement
equally between the new fine elements.
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Quasilinear PDE: Smooth Solution

We let Q = (0,1)2, u(x,|Vu|) =2+ m and select f so that

u(x,y) = x(1 = x)y(1 — y)(1 — 2y)e 20217,
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Quasilinear PDE: Smooth Solution
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Quasilinear PDE: Smooth Solution
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Quasilinear PDE: Smooth Solution
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Quasilinear PDE: Smooth Solution

Initial Mesh 10 h-refinements (Unweighted)
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Quasilinear PDE: Smooth Solution
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Quasilinear PDE: Singular Solution
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We let 2 = (_1’ 1)2 \ [O’ 1) X (—1,0],M(X, |VU|) =1+ e—\Vu|2

and select
f so that

u(r,¢) = rsin %go .

Note that u in analytic in Q\ {0}, but Vu is singular at the origin.

RIS

L 2
R DR

RS 2

RS

R R LI IR

2 LB AR

R RER

SRRERIRLR I

oo,

%%

2

2R
LRRAALE
RRABRLRE LR

2

FEF2017 16 / 25



universitat
wien

Quasilinear PDE: Singular Solution
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Quasilinear PDE: Singular Solution
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Quasilinear PDE: Singular Solution \nversitat
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Non-Newtonian Fluid Flow

Non-Newtonian Fluid Problem

Given Q C RY,d = 2,3 and f € [L2(Q)]9, find (u, p) such that

=V - {u(x, |e(u))e(u)} + Vp = f in Q,
V-u=0 in Q,
u=0 onTl,

where e(u) is the symmetric d x d strain tensor defined by
1 /0u; Oy
e,J(u) = § (B_XJ = 8_x,> .

€ C(Q x [0,00)) and there exists positive constants m,, and M, s.t.

M, (t —s) < pu(x, t)t — p(x,s)s < My(t—s), t>s>0, xeQ.
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m Fine hp-DG finite element spaces:

Vi (Thr k) = {v € 2(Q)? : V], 0 Tx € [Pr(R)] 5 € Th},
Quk(Th k) = {q € L3(Q) : qlxy, © T € Pr.—1(R), K € Tp}.
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m Fine hp-DG finite element spaces:

Vi (Thr k) = {v € 2(Q)? : V], 0 Tx € [Pr(R)] 5 € Th},
Quk(Th k) = {q € L3(Q) : qlxy, © T € Pr.—1(R), K € Tp}.

m Coarse hp-DG finite element spaces:

V(T k) = {v € LA(Q)7 s v|x € [P (5)]7 .k € T},
Quk(Th, k) = {q € L3(Q) : qlx € Pr,_1(r), % € T}
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m Fine hp-DG finite element spaces:

Vi (Thr k) = {v € 2(Q)? : V], 0 Tx € [Pr(R)] 5 € Th},
Quk(Th k) = {q € L3(Q) : qlxy, © T € Pr.—1(R), K € Tp}.

m Coarse hp-DG finite element spaces:

V(T k) = {v € LA(Q)7 s v|x € [P (5)]7 .k € T},
Quk(Th, k) = {q € L3(Q) : qlx € Pr,_1(r), % € T}

= Jump operator: [v] =vt@nt +v- ®@n~

Two-Grid DG with Polygonal Meshes FEF2017
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(Standard) Interior Penalty Method
Find (upk, prk) € Vri(Thy k) X Qnk(Th, k) such that
Ank(Unk; Unic, Vi) + Bri(Vii, Prk) = Fri(Vik)
—Bpi(Upk, gne) =0
for all (Vik, grk) € Vak(Th, k) % Qni(Th, k).
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At 1, v) = /Q u(len(0))en(u) - en(v) dx
- / {ulle(¥))e(w)} - [v] ds
]:h
+0 [ (b 1))} < [ul o
‘Fh
+/Fh0h’kM:MdS7
Bu(v.a) =~ 3 [av-vax+ 3 [ {aivlas

KETRYF Fer,

Fre(v) = Z /f~ vdx.

KET,F
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Two-Grid Approximation

1. Construct VHK(TH,K), QHK(TH, K), th(ﬁ,,k), and Qhk(ﬂnk)-
2. Compute (uhk,pHK) € VHK(TH, K) X QHK(TH, K) such that

Ank (Upk; UHK, VHK) + Bk (Vak, pak) = Frk (VHk),
—Bhk(upk, qHk) =0

for all (vik, k) € Vuk(Ta, K) X Quk(TH, K).
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wien
Two-Grid Approximation

1. Construct VHK(TH,K), QHK(TH, K), th(ﬁ,,k), and Qhk(ﬂnk)-
2. Compute (uhk,pHK) € VHK(TH, K) X QHK(TH, K) such that

Ank (Upk; UHK, VHK) + Bk (Vak, pak) = Frk (VHk),
—Bhk(upk, qHk) =0

for all (vik, k) € Vuk(Ta, K) X Quk(TH, K).
3. Determine (uzg, p26) € Vhk(Th, k) X Quk(Th, k) such that

Ank(UnK; 26, Vik) + Brk(Vik, p26) = Fr(Vhk ),
—Bni(uz6, gre) =0

for all (Vik, gnk) € Vai(Th, k) X Qui(Th, k).

[C., & Houston 2014]
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A Posteriori Error Estimation
Lemma (Standard Non-Newtonian Fluid DGFEM)
The following bound holds:

2
(= upi, p = Pl < C3 >, 72
KETH

Here the local error indicators n, are defined, for all k € T, as
me = W2k 2 F + V- {p(le(une))e(une)} — VomkllTagey + 11V - il F2(e
+ ok Ml Done] — [l eCuni))e(un)ll T2 amry + Y2 ke b I Tuned 1 2or)

See C., Houston, Suli & Wihler 2013. OJ

Two-Grid DG with Polygonal Meshes FEF2017 22 /25



» Lniversitat
s wien

A Posteriori Error Estimation

Lemma (Two-Grid Non-Newtonian Fluid Approximation)

The following bound holds:

(= 26, p = p2c)llpe < Ca Z (77'% ™ fi)
KETH

Here the local error indicators 7, are defined, for all k € Ty, as
e = ek 2|+ V - {p(le(unx))e(u26)} = Vpaclltage + IV - t2cllzzqe)
+ bk IP2c] — [e(le(unk)e(u26) 2 om ) + ¥k bR I Tu26]l 7200

and the local two-grid error indicators are defined, for all k € Ty, as

& = l(u(le(unr)|) = p(|e(u26))) VuazellZz(y.

See C., & Houston 2014. O
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Non-Newtonian Fluid Flow: Smooth Solution

We let Q = (_17 1)2 \ [07 1) x (_170]7:“()(7 |§(U)|) =2+ Wl(u)P and
select f so that

—eX(ycosy +siny
u(x,y) = ( ( eXysiny )>

2
p(x,y) = 2e*siny — 5(1 —e)(cosl —1).
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Non-Newtonian Fluid Flow: Smooth Soluti
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Non-Newtonian Fluid Flow: Cavity Problem

We let Q = (0,1)2\ [0,1) x (—1,0], with Carreau Law nonlinearity
(%, (1)) = koo + (ko — koo)(1 + Ae(u)[?)”""?/2, and select f so that

_ (1 — cos (2%)) sin(2my)

u(x,y) 1))
—ﬁeﬂx sin <2ﬂ(ee:_11)) 1 Z%SEZ]-ﬂy)
Ix _ 1 - 2
e =amiesn (G 38) ST

We select koo =1, kg =2, A =1, and ¥ = 1.2.
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Non-Newtonian Fluid Flow: Cavity Problem
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Conclusion

Summary:

m Two-Grid DG a posteriori error estimates still hold for agglomerated
coarse mesh of polygons and fine mesh of simplices.

m We can adaptively refine the coarse mesh based on the error
estimates.

Future Aims:
m A priori error bounds.

m Extend to general nonlinearities.
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