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Standard Formulation

Nonlinear Problem
Given a semilinear form N/ (-; -, ), find u € V such that

N(u;u,v)=0 VveV.

Scott Congreve (University of Nottingham) Two-Grid hp-DGFEM ENUMATH 2011 3/1



Standard Formulation

Nonlinear Problem
Given a semilinear form N/ (-; -, ), find u € V such that

N(u;u,v)=0 VveV.

Define V), be the FE space on the mesh, then:

(Standard) Discretization Method

Find up € V}, such that

Nh(Uh; Up, Vh) =0 YV, € Vh.
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Two-Grid Methods

Create a mesh which is ‘coarser’ than the original mesh and define Vy
as the FE space on this mesh, then:

Two-Grid Discretization Method

Find uy € V4 such that

NH(UH; uy, VH) =0 VVH € VH,
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Two-Grid Methods B R

Create a mesh which is ‘coarser’ than the original mesh and define Vy
as the FE space on this mesh, then:

Two-Grid Discretization Method

Find uy € V4 such that
NH(UH; uy, VH) =0 VVH € VH,

find uog € V), such that

Nh(UH; Uog, Vh) =0 Yvp € Vh.

v

Xu 1992, 1994, 1996, Xu & Zhou 1999, Axelsson & Layton 1996, Dawson, Wheeler & Woodward 1998,
Utnes 1997, Marion & Xu 1995, Wu & Allen 1999, Bi & Ginting 2007, 2011
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Second-Order Quasilinear PDEs

Quasilinear Problem
Given Q c R?,d =2,3 and f € L2(Q), find u such that

=V Au(x, |Vu))Vu} = f in Q,
u=2~0 on'.

Q 1 C(Qx[0,00)) and
Q there exists positive constants m,, and M,, such that

M,(t —s) < p(x, t)t — u(x,8)s < M, (t—s), t>s>0, xeQ.
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hp-DGFEM

@ T;is a mesh consisting of triangles/parallelograms of granularity h.
@ hp-DG finite element space:

V(Th k) = {v e L3(Q) : V|, € Sk.(k),Vk € Thl,

® F, = FP U Ff denotes the set of all faces in the mesh 7.
@ Trace operators

{-} : Average Operator [-] : Jump Operator.
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hp-DGFEM

(Standard) Interior Penalty Method
Find upx € V(Th, k) such that

Ank(Un ki Unk, Vak) = Fnk(Vhk)

for all vy x € V(Th, k).
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hp-DGFEM

(Standard) Interior Penalty Method
Find upk € V(Th, k) such that

Ank(Unk; Unk, Vhk) = Fnk(Vhk)

for all vy x € V(Th, k).

@ Forms:

Ank(¥;u,v) = Z /M(|V¢\)VU‘Vvdx+ Z /I__Uh,kllu]] [vl ds

KETH " FeF,

=3 [ (Re9e)VUR - 1+ Gt )TV - ) .

FeF,

Frx(v)=>_ [ fvax.

KETH Y
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hp-DGFEM

(Standard) Interior Penalty Method
Find upx € V(Th, k) such that

Ank(Un ki Unk, Vak) = Fnk(Vhk)

for all vy x € V(Th, k).

@ Interior penalty parameter:

k2
Ohk = ’Yh_::’

where kp = max(k,;,, k.,) and hr is the diameter of the face.

Scott Congreve (University of Nottingham) Two-Grid hp-DGFEM ENUMATH 2011



hp-DGFEM I R

(Standard) Interior Penalty Method
Find upx € V(Th, k) such that

Ank(Un ki Unk, Vak) = Fnk(Vhk)

for all vy x € V(Th, k).

@ Interior penalty parameter:

k2
Ohk = ’Yh_::’

where kp = max(k,;,, k.,) and hr is the diameter of the face.

@ References:
Bustinza & Gatica 2004, Gatica, Gonzales & Meddahi 2004, Houston, Robson & Suli 2005,
Bustinza, Cockburn & Gatica 2005, Houston, Sili & Wihler 2007, Gudi, Nataraj & Pani 2008
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hp-DGFEM

Two-Grid Approximation

@ Construct coarse and fine FE spaces V(7y, K) and V(T k),
respectively, such that

V(TH, K) € V(Th, k)
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hp-DGFEM

Two-Grid Approximation

@ Construct coarse and fine FE spaces V(7y, K) and V(T k),
respectively, such that

@ Compute the coarse grid approximation uy x € V(Tx, K) such that

An k(UH.K; UH K, VHK) = Frk(VHK)

forall vy k € V(TH, K).
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hp-DGFEM

Two-Grid Approximation

@ Construct coarse and fine FE spaces V(7y, K) and V(T k),
respectively, such that

@ Compute the coarse grid approximation uy x € V(Tx, K) such that

An k(UH.K; UH K, VHK) = Frk(VHK)

forall vy k € V(TH, K).
© Determine the fine grid approximation u>g € V/(7p, k) such that

Ank(UH.K; Uogs Vik) = Fhi(Vhk)

for all vy x € V(Th, k).
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A Priori Error Estimation

Lemma (Standard DGFEM)
The following bound holds:

5 h2r—2 5
Ju = tnilll < C1 Y =5 [UlEsn ()
KETh 2K

with1 <r, <min(k; +1,8:), ks > 1, forx € Tp.

See Houston, Robson & Sili 2005. [ |
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A Priori Error Estimation

Lemma (Two-Grid Approximation)
The following bound holds:

, H2R-2
K
||tk — U2GHh,k <G Z 25,3 lullrse ()
KETH
5 h2r -2 H2H -2
lu— taglln < C1 Y 253 |UllFon gy + C2 Y W UllZs. ()
KEThH KETH

with1 < r, <min(k. +1,8x), k. > 1, fork € Tp, and
1 <R, <min(K; +1,S.), K 21 forneTH

|
|
| \

Proof
Based on an extension of the analysis in Houston, Robson & Sili 2005
and Bi & Ginting 2011. [ |
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Numerical Experiment

We let Q = (0,1)?, u(x,|Vu|) =2 + 1+|W‘2 and select f so that

u(x,y) = x(1 = x)y(1 — y)(1 — 2y)e 20(x~1),
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Numerical Experiment I Wi

We let Q = (0,1)?, u(x, |[Vu|) =2+ Tr7vap and select f so that

1+|Vu

u(x,y) = x(1 = x)y(1 — y)(1 — 2y)e 20(x-1),

U =Uagllh
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The University of

Numerical Experiment Rotinaha

We let Q = (0,1)?, u(x,|Vu|) =2 + Tr7vap and select f so that

1+|Vu

u(x,y) = x(1 = x)y(1 — y)(1 — 2y)e 20(x-1),

U =Uagllh
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A Posteriori Error Estimation

Lemma (Standard Quasilinear DGFEM)
The following bound holds:

lu = tnillpye < 3D 2
KEThH

Here the local error indicators ), are defined, for all k € Tp, as

h2
12 = 2 I+ 9 - 19 un) Ve
h

k3
+ Hl[ﬂ(|vuh,k|)vuh,k]]Hiz(aﬁ\r) o Vzh—“ Hl[uh,k]]Hiz(an)

ke

4

See Houston, Suli & Wihler 2008. |
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A Posteriori Error Estimation

Lemma (Two-Grid Quasilinear Approximation)
The following bound holds:

2
lu—vaalif < Co Y- (B +€2)-

KETH
Here the local error indicators ), are defined, for all k € Tp, as

h2
= 5 [1f+ V- (Vi

K

)VUZG} HiZ(K)

h 2 k3 2
+ k_: H|I:U'(|VUH,K‘)VUZG]]HLZ(an\r) + 72h_l€ H']:UZG]]HLZ(BK)
and the local two-grid error indicators are defined, for all k € Ty, as

& = | (u(IVur k) — (I V t26])) Va2 -
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A Posteriori Error Estimation ) gt

Split the solution usg = uL_'G + Uy (Where Uge € H}(Q)):

CllesalZe < S [ {n(IVuD)Vu — (| Viog|) Vig} - Veog dk

KETRVF
+c Y / onxllescll? ds
Fer,”F
<3 / (YUY — 4|V ) Viiag} - Vg di
KETHYF
= 3 [ (19U VU - u(|Veea))Vina} - Vugg e
KETHY
+c Y / onxllescll? ds
Fer,”F

+ 3 [ 1V unk) Vi - (| Tuzal) Tz} - Velg o
KETH 63

ENUMATH 2011 12/1
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B | The University of

A Posteriori Error Estimation gj g

Split the solution usg = uL_'G + Uy (Where Uge € H}(Q)):

Cllezclfix < 3 [ {n(IVu)Vu - (| Visa) Va} - Vess de

KE€Th r
+c Y / onxllescll? ds
Fer,”F
<3 / (VU VU — 4|V ) Viiag} - Vg di
Using techniques similar to KETH™H
Houston, Suli & Wihler 2008: 0
- 3 [ (19U VU - u(|Veea))Vena)} - Vugg e

1
2
2 Th o
< llexglln ( > m) ~ETh
=
RETh +c Y /Fah,uuezemzds

FeF,

+ 3 [ 1V kD) Vi - (T uzal) Vi) - Velg o
KETH 63
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A Posteriori Error Estimation : Wi

Split the solution usg = uL_'G + Uy (Where u|| € H}(Q)):

Cllexalife < > /{u(|Vu|)Vu— WV izg|)Vizg} - Verg dx

KETH
+c Y /Uhk|lleze]]|2d3
FG]—'
<3 / (I VU)VU — |V k) Vo) - Velg aie
Using techniques similar to KETh
Houston, Suli & Wihler 2008:
: > [V YU — (Ve Tz} - Vg o

< llexglln ( > rﬁ) ~ETh
RETh +c Y /amuezem ds

FEF,
1§
5e26h1k<25§,> { + Z/ (1Y Uk k) Vo — |V taa]) Viiag} - Vel .

KETh KETh
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hp-Mesh Adaptation

Two-Grid Adaptivity

@ Construct initial coarse and fine FE spaces, ensuring that the
coarse space is a subset of the fine space.
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hp-Mesh Adaptation

Two-Grid Adaptivity

@ Construct initial coarse and fine FE spaces, ensuring that the
coarse space is a subset of the fine space.

@ Compute the coarse grid approximation and two-grid solution.
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hp-Mesh Adaptation

Two-Grid Adaptivity

@ Construct initial coarse and fine FE spaces, ensuring that the
coarse space is a subset of the fine space.

@ Compute the coarse grid approximation and two-grid solution.
© Evaluate the elemental error indicators 7, and &,.
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hp-Mesh Adaptation

Two-Grid Adaptivity

@ Construct initial coarse and fine FE spaces, ensuring that the
coarse space is a subset of the fine space.

@ Compute the coarse grid approximation and two-grid solution.
© Evaluate the elemental error indicators 7, and &,.

© Perform h-/hp-mesh refinement of the fine space based on the
fine grid error indicators 7.
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hp-Mesh Adaptation

Two-Grid Adaptivity

@ Construct initial coarse and fine FE spaces, ensuring that the
coarse space is a subset of the fine space.

@ Compute the coarse grid approximation and two-grid solution.
© Evaluate the elemental error indicators 7, and &,.

© Perform h-/hp-mesh refinement of the fine space based on the
fine grid error indicators 7,.

Q If A2 > 2 where 0 < )\ < o is a steering parameter, then mark
for refinement the coarse element ky € Ty where sk C ky.

© Perform h-/hp-refinement of the coarse space on the elements
marked for refinement.
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hp-Mesh Adaptation

Two-Grid Adaptivity

@ Construct initial coarse and fine FE spaces, ensuring that the
coarse space is a subset of the fine space.

@ Compute the coarse grid approximation and two-grid solution.
© Evaluate the elemental error indicators 7, and &,.

© Perform h-/hp-mesh refinement of the fine space based on the
fine grid error indicators 7,.

Q If A2 > 2 where 0 < )\ < o is a steering parameter, then mark
for refinement the coarse element ky € Ty where sk C ky.

© Perform h-/hp-refinement of the coarse space on the elements
marked for refinement.

@ Perform mesh smoothing to ensure the coarse space is a subset
of the fine space.
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hp-Mesh Adaptation

Two-Grid Adaptivity

@ Construct initial coarse and fine FE spaces, ensuring that the
coarse space is a subset of the fine space.

@ Compute the coarse grid approximation and two-grid solution.
© Evaluate the elemental error indicators 7, and &,.

© Perform h-/hp-mesh refinement of the fine space based on the
fine grid error indicators 7,.

Q If A2 > 2 where 0 < )\ < o is a steering parameter, then mark
for refinement the coarse element ky € Ty where sk C ky.

© Perform h-/hp-refinement of the coarse space on the elements
marked for refinement.

@ Perform mesh smoothing to ensure the coarse space is a subset
of the fine space.

Q Goto 2.
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Quasilinear PDE: Smooth Solution

We let @ = (0,1)?, u(x, [Vu|) = 2 + o5 @nd select f so that

ux,y)=x(1—x)y(1 —y)(1 — 2y)e—20(2x—1)2‘

0.02
0.01 »
‘:’00';0:
Wz
0 x\\\\\‘?’ﬂ%ﬁ&?ﬂﬁ%f/’/f/’ll,’lflﬂf%&‘}{\‘é
i AN
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Quasilinear PDE: Smooth Solution

—— Standard (h) 3
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Quasilinear PDE: Smooth Solution
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Quasilinear PDE: Smooth Solution B Rottngra
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Quasilinear PDE: Smooth Solution B i

h—Mesh after 11 adaptive refinements
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Quasilinear PDE: Smooth Solution

hp—Mesh after 11 adaptive refinements

Coarse Mesh Fine Mesh

Scott Congreve (University of Nottingham) Two-Grid hp-DGFEM ENUMATH 2011



Quasilinear PDE: Singular Solution

We let Q2 be the Fichera corner
(—1,1)%\[0,1)3,

1

x,|Vu|) =2+ ———
,U,( 7‘ U‘) +1+|VU|2

and select f so that
u(x) = (x> +y?+22)9%, geR;
for g > —1/2,u € H'(Q). Here,

we select g = —1/4.
Beilina, Korotov & Kfizek 2005
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Quasilinear PDE: Singular Solution
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Quasilinear PDE: Singular Solution
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Quasilinear PDE: Singular Solution I Notinara
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Quasilinear PDE: Singular Solution

h—Mesh after 5 adaptive refinements
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Quasilinear PDE: Singular Solution

hp—Mesh after 6 adaptive refinements
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Non-Newtonian Fluid Flow

Non-Newtonian Fluid Problem

Given Q c R4 d =2 3 and f ¢ L?(Q)¢, find (u, p) such that
=V - {u(x, le(u)))e(u)} + Vo = f in Q,

V-u=0 in Q,

u=0 onrl,

where e(u) is the symmetric d x d strain tensor defined by

4 -2 an OX; ’

@ 1 cC(Qx][0,00)) and
Q there exists positive constants m,, and M,, such that

M, (t — 8) < u(x, t)t — u(x,8)s < M,(t—s), t>s>0, xeQ.

ENUMATH 2011 16/1
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hp-DGFEM

@ hp-DG finite element space:

V(Th, k) = {v € L¥(Q)7 : v|,; € Sk, (v)%, ¥ € Th},
Q(Th, k) = {q € L3(Q) : q|x € Sk._1(k),Yr € Th}.

@ Jump operator: [v] = vt @ nt 4 v- @ n~
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hp-DGFEM

@ hp-DG finite element space:

V(Th k) = {v € L3(Q)? : v|.. € S.(r)?,Vk € Th,
Q(Th, k) = {q € L3(Q) : q|x € Sk._1(k),Yr € Th}.

@ Jump operator: [v] = vt @ nt 4 v- @ n~

(Standard) Interior Penalty Method
Find (Unk, pnk) € V(Th, k) x Q(Th, k) such that

Ank(Unki Unk, Vhk) + Bok(Vhk, Prk) = Fak(Vhk)
—Bhk(Unk,qnk) =0

for all (Vhk, ghk) € V(Th, k) x Q(Th, k).
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hp-DGFEM

Ank(y;u,v) =

Bh,k(V'Q) =

Fhi(v) =

S [ ntletew): e(v) ax

KTV R
- {u(le()e(w)} : [v] d
z v s
£0 3 [t 130w} < [ul ds
Fer,”F
© 3 fld 1o
- qVv -vax+ {q}v] ds,
'iezﬂv/’{ F;Fh/,:
f-vax.
oy

Scott Congreve (University of Nottingham)
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hp-DGFEM

Two-Grid Approximation

@ Construct V(T4, K), Q(Ty, K), V(Tp, k) and Q(Tp, k) such that
V(Th, K) € V(Th, k) and  Q(Th, K) € Q(Th, k)
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hp-DGFEM

Two-Grid Approximation

@ Construct V(T4, K), Q(Ty, K), V(Tp, k) and Q(Tp, k) such that

V(Tw,K) C V(Th, k) and Q(Tw, K) C Q(Th, k)
Q@ Compute (Un k. pH.k) € V(Th, K) x Q(TH, K) such that

Ank(UH K UHK, VH.K) + Buk(VH K, PH.K) = FHKk(VHK),
—BH k(UHk,qHKk) =0

for all (v .k, qHk) € V(Th, K) x Q(Th, K).
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hp-DGFEM

Two-Grid Approximation

@ Construct V(T4, K), Q(Ty, K), V(Tp, k) and Q(Tp, k) such that

V(Tw,K) C V(Th, k) and Q(Tw, K) C Q(Th, k)
Q@ Compute (Un k. pH.k) € V(Th, K) x Q(TH, K) such that

Ank(UH K UHK, VH.K) + Buk(VH K, PH.K) = FHKk(VHK),
—BH k(UHk,qHKk) =0

forall (Vi k, guk) € V(Th, K) x Q(Tw, K).
© Determine (Usg, Pog) € V(Th, k) x Q(Tp, k) such that

An k(U K UG, Vi k) + Bhk(Vhk, P2c) = Frk(Vhk)
—Bu k(U2g, gnk) =0

for all (Vhk, ghk) € V(Th, k) x Q(Th, k).
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A Posteriori Error Estimation

Lemma (Standard Non-Newtonian DGFEM)
The following bound holds:

(U~ tnpp—Pr)|[os < Cs Y 12

KETh

Here the local error indicators n,. are defined, for all x € T, as

h2
= 7 1+ V- {lleuns)e(un} - VP [2gey + |V - nil 2

2

h,. 2 kg’
o [lonsd — [u(le(Un ) e(Unl[ 2o + ,Yzh_ Tupkl

L2(0k)

N

See C., Houston, Sili & Wihler (In Preparation).
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A Posteriori Error Estimation

Lemma (Two-Grid Non-Newtonian Approximation)
The following bound holds:

(v~ u26,p — P26)lIBe < Cs Y (12 +€2)-

KETh

Here the local error indicators n,, are defined, for all k € Ty as

h2 2
it = 15 |+ V- {ulle(un ) e(ze)} = Vb2, + IV - Uzalzq)

2

hy
+ 3 l1Pecl — Dnlle(un k) Deao e + 775 5 el
and the local two-grid error indicators are defined, for all k € Ty, as

= || (u(IVunl) - (Wuza\))VUmHiz(ﬂ)-

L2(0k)
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Non-Newtonian Fluid: Singular Solution

Let Q= (—1,1)?\[0,1) x (—=1,0], u = 1 + e~ €W and select f so that

B (14 ) sin(p)¥(p) + cos(e)V'(p)
uey) =1 < Sin(s@)“”(s@)go— (1¢+ A)COS(fD)W(i) ) ’

px,y) = =P {(1 4+ 22W () + W"(9) } /(1 - ),

where (r, ¢) denotes polar coordinates,

W(p) :sin((1 +1>\Z:oz\cos()\w) ~ cos((1+ \))

_sin((1 = A)y) cos(Aw)
T\ +cos((1 — A)y),

andw = 3” . Here, the exponent X is the smallest positive solutlon of

sin(Aw) + Asin(w) =
thereby, \ ~ 0.54448373678. Note that u ¢ H?(Q)? and p ¢ H'(Q).
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Coarse Mesh Fine Mesh
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Summary and Future Work

@ Summary:

@ Two-grid h—/hp—DGFEMSs proposed.
@ A priori and a posteriori error analysis undertaken.
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Summary and Future Work

@ Summary:

@ Two-grid h—/hp—DGFEMSs proposed.
@ A priori and a posteriori error analysis undertaken.

@ Future Work:
@ Non-Newtonian fluid a priori error analysis.
@ Compressible flows.
@ Two-grid h-/hp-adaptive algorithms developed to control the
discretization error in both the coarse and fine grid solutions.
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