27.11.2023 — Homework 3

Finite Element Methods 1
Due date: 11th December 2023

Submit a PDF /scan of the answers to the following questions before the deadline via the
Study Group Roster (Zdznamnik ucitele) in SIS, or hand-in directly at the practical class on
the 11th December 2023.

1. (1 point) Consider a triangulation 7, of Q C R? consisting of simplices T' with diameter
hr, and define by pr the diameter of the largest inscribed ball in 7. Show that the
condition ,

Q—T <o, forallT €T, (1.1)
T

where the constant ¢ is independent of T', is equivalent to the condition that all angles
in all T € T, are bounded from below by a positive constant 6y independent of 7.

Solution:
Let T' be a triangle and (1.1) be satisfied. Let

01 be the smallest angle of T, A be the vertex of ¢
T corresponding to 67, and B, C' the other two ;
vertices. Define b = |AC|, and v as the distance :
of C' from the line AB. Then, A 1 B
s , v _ 07 1 o1
Or < — and sinfr=->-—>— = O > arcsin — =: 0,.
3 b T O o

Therefore, (1.1) = all angles bounded from below.

Now assume all angles are bounded from below
by 6y > 0 and define 7" as on the left. Then, for
any T € Ty, T" is contained within 7. As the
centre of the inscribed circle of 7" is at the inter-
section of the bisectors of the angles, its diameter

is given by
to
hr tan > < or.
Therefore,
hr 1
Q— < p— =0 VT € Tp,.
T an -2




2. Consider a triangulation 7, of  C R™ consisting of simplices T with diameter A7, define
by or the diameter of the largest inscribed ball in 7', and assume that (1.1) holds.

(a) (1 point) Show that |T|, for any T" € T}, satisfies the condition
Cihyp < |T| < Cahr,

where (] is a positive constant dependent only on ¢ and n, and C5 is a positive
constant dependent only on n.

Solution:
Let ©, be the volume of the unit ball in R™; then, the volume of a ball with
diameter d is ,(%/2)". As the volume of a simplex is larger than the volume of

its inscribed ball
Q,

(20)"
——
C1

uwzf%(%)"z B, (2.2)

Furthermore, as T is contained within any ball with radius hr and centre in T,

T|< Q, b} 2.3
\I_CT (2:3)
2

(b) (1 point) Show, for n = 3, that any face F' of T}, satisfies the condition.

h
<o

OF

Solution:

Consider any simplex T' € T, and let F' be a face of T. Let B C T be ball with
centre ¢ contained within 7'; therefore, its diameter is less or equal to or. Let
p be a plane parallel to F' passing through c¢. Then, p N7 is a similar (smaller)
triangle to F', and the circle pN B has the same radius as B; therefore, o > or.

As hr < hp then
he o
OF or

(c) (1 point) Show that hy < ohz, for n = 2,3, for any pair of elements T.T € Ty,
sharing an edge.

Solution:
Let ¢ be the length of the edge shared by 7" and T. Then,

hy < oro <lo < hzo.
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3. (2 points) Let T, be a triangulation consisting of n-simplices 7" in R™ satisfying (1.1)
and the assumptions (7,1)—(7,5). Prove that the number of elements of 7, sharing a
vertex is bounded by a constant depending on ¢ and n.

Solution:

Let a be a vertex of T, and let M, = {T" € T, : a € T} be the set of simplices
sharing the vertex a. Consider any T' € M, with vertices aq,...,a,.1, and let T be
a simplex with vertices ay, ..., a,11 satisfying (a; —a) = hp(a; —a), i =1,...,n+ 1.

Then, T = &(T), where ¢(z) = @=a)/h; + a, and hsz = 1. For a ball B C T, then
B = ¢(B) is a ball in T and diam(B) = hy diam B; therefore,
hr — hr  hy

o> — = = —.
or hroy  oF

Denoting by €2,, the volume of the unit ball in R", we have that

Q, 2 Z 7| > Z (%)HQTLZ Z (%)”Qn: <%)n9ncard/\4a;

TeEM, TeEMq TeM,

therefore, card M, < (20)".
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