Homework 1

Finite Element Methods 1
Due date: 6th November 2023

Submit a PDF /scan of the answers to the following questions before the deadline via the
Study Group Roster (Zdznamnik ucitele) in SIS, or hand-in directly at the practical class on
the 6th November 2023.

1. (2 points) Consider the boundary value problem

"9 ou .
A R =0
Z niaijg—u +hu=g on 02,
ij=1 Li

where 2 C R™ is a bounded domain with a Lipschitz continuous boundary, a;; € L>(€2),
c e L>*(Q), fe L*Q), h e L>(0Q), and g € L*(09). We assume the matrix (a;)};_,
is uniformly positive definite a.e. in €2, ¢ > 0 a.e. in ), and h > hy on 0€) where hyg is a
positive constant.

Derive the variational formulation for the above boundary value problem, using the test
space V = H'(€), and prove a unique solution exists.

Solution:

Multiplying the PDE by a smooth test function v, integrating over 2 and applying
Gauss’ integration theorem we obtain

- ou Ov - / ou / /
a;;——dx — nia;;—uvds+ [ cuvde = | fude.

By applying the boundary condition we obtain a variational formulation which gives
the following weak formulation: find v € V' such that

a(u,v) = (F,v) Yv eV,
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Figure 1: Question 3

where V = H'(Q) and

a ou v
a(u,v) = Z/Qaija—xjﬁ—%dw%—/gcuvdw+/mhuvds,

ij=1

<F,v>:/9fvda:+/mgvds.

Then, V' is a real Hilbert space and, for any u,v € V we have that

n /2
ja(u, v)] < (Z|la¢jllﬁ,w,g> [ul1alvli0 + [leflosallulloclvllon

1,j=1

+ [[2llo.c.00l[wllo.o0llvllo.o0

< Cllul[rallv]1e, (by trace theorem),
au,0) = aful g + hollul o > Cllul o (by Friedrichs),
[(Fy o) < | flloellvlloe + 119llo.oallv]looe < Cllvlho, (by trace theorem).

Therefore, a is a continuous V-elliptic bilinear form and F' is a continuous linear
functional; hence, a unique solution exists by Lax-Milgram.

2. (2 points) Consider the Poisson equation on the unit square with homogeneous boundary
conditions:

~Au=f inQ:=(0,1)> )
u=0 on 0,

where f is a constant.
We define the finite element method for this problem as: Find u, € V}, such that
a(up,vy) = (F,vp) for all v, € V4, (2)

where

a(uh,vh):/Vuh-Vvhd:c, (F,vh):/fvhd:v,
Q Q
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and V}, is finite-dimensional subspace of Hj (). Let ¢1,...,on be the basis functions
of Vj; then, the solution uy, of the finite element discretization (2) can be written in the
form u;, = Zjvzl u;p;. Hence, the discretization (2) is equivalent to solving the following

linear system of N unknown coefficients uq, ..., uy:
N
Za(‘Pja‘Pi)Uj = (F, ;) fore=1,...,N. (3)
j=1

We denote by 7}, the triangulation of €2 into triangles in the following manner:

1. subdivide the domain into (M + 1) x (M + 1) squares of equal size,

2. divide each square into two triangles by splitting from the bottom left to top-right
corner of the square;

see Figure la for an example when M = 3. We define the width and height of each
square as h = 1/(m+1). Let

Vi, = {’Uh € H(}(Q) : Uh|T < Pl(T> VT e 7;1},

i.e. the space of continuous piecewise linear functions vanishing on the boundary of €.
To the interior vertices @1, . .., xy of T, where N = M?, (see Figure 1a for one possible
numbering of the vertices) we assign a basis function of V}, such that

QOZ(IE]):(SZJ forz',jzl,...,N.

The support of the basis function ¢, consists of the six triangles sharing the vertex x;, see
Figure 1b. This implies that every row of the matrix for the linear system (3) contains
at most seven non-zero entries.

Compute the entries for the matrix and right-hand side vector for the linear system
(3) and compare these entries to a discretization using the finite difference scheme on a
uniform square mesh.

Hint. Computation of these entries is fairly trivial. Consider, for example, the calculation
of a(yp;, i), where j =i+ 1. The nodes x; and x;;; are connected by an edge and only
two triangles share this edge; see Figure 1b. We denote these two triangles as T} and 75,
and note that supp ¢; Nsupp ¢; = 11 UT5. Note, also, that Vo, and V; are constant
on each triangle; therefore,

a(pj, pi) = /T . Vo -Veide = |T1 (Ve;)|n - (Vi) + T2 (Veos)|n - (Vo) |
1Ud2

The derivatives of ¢; and ¢; with respect to  and y can be computed on the horizontal
and vertical edges, respectively, of the triangles 17 and 7.
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Solution:

For simplicity we shall only deal with all vertices on the interior of the mesh, as when
a vertex is on the boundary the value is zero. As can be seen from Figure 1b, or the
diagram below, for fixed ¢ = 1,..., M x M we only need to compute a(y;, ;) for
j=1—-—M-11—Mi1—1¢s, 1+ 1, i+ M i+ M+1.

Lit M Lir M+1

T3

T, T

Li—1 z Lit1
i
T5 Ty
Ts
Li—M—-1 Li—M

From the above diagram we note that |T1| = |Ty| = |T3| = |T4| = |T5| = |Ts| = #*/2.

J =1+ 1 From the above diagram we can see the intersections of the supports of
@; and ;4 is the triangles T} and T5, and using the fact that the gradients of the
basis functions are constant on each triangle:

a(@it1,0i) = /TUT Vyii - Vo, do
_ u;f [ (Vern)ln, - Vel -+ Bl (Tl - (Tl
=5 () ) -5 () ()
— 1

J =1t+ M + 1 Intersection of supports is T, and Tj:

@(90¢+M+1>90i) = |T2’ (V90¢+M+1)|T2 : (V%’)\TQ + ‘TS‘ (V@i+M+1)’T3 ) (V%)’Ts =0.

J =t + M Intersection of supports is T3 and T}:

a(pirar; pi) = |Ts| (Veoiran)|zs - (Voi)ln + [Tul (Voirn)ln, - (Vi) = =1,

J =t — 1 Intersection of supports is T, and T5:

a(pi-1,0:) = |Tul (Voisi)lz - (Vi) |z, + |T5| (V1) |z - (V)| = —1.
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J =1t — M — 1 Intersection of supports is T5 and Tg:

a(%—M—h%) = |T5’ (VSOi—M—l)|T5 : (V%)|T5 + |T6| (VQOi—M—l)|T6 : (VSOi)|T6 =0.

J =t — M Intersection of supports is Tg and T7:

a(i—ar, i) = |Ts| (Voim—1)lrs - (Voi)lre + [T (Voiim—)lr - (Vi) = —1.

7 =t Intersection of supports is 11, T, T3, Ty, Ts, and Tg:

2

algs i) = YT (Tl

SIS 51T
1RSI 51
=4.

Furthermore, by formula for the volume of a tetrahedron ka @; de = ITkl/3, and hence

6 6
o) =3 [ seaa=3 B = e
k=17 Tk k=1

Thus, we have the linear system
2
dup — Uiy — Uiy — Uiy — Uipnr = 17,

which is identical to the finite difference scheme.

3. (2 points) Let T be an n-simplex, let {a; }I;, {@ii; }izj, {@iji }i<j<r be the points of L(7")
and let {p;}7_1, {Diij }izj, {Pijk }i<j<k e the corresponding basis functions of P5(T"). For
1 < j < k define the linear functionals

Oije(p) = 12plazk) +2 > pla) =3 > plaum)
tefigk} e,mefi,gk}
l#m
and the space
PyT)={pe P(T) : ¥iu(p) =0,1<i<j<k<n+1}.

Prove that any function from the space P§(T") is uniquely determined by its values at
the points {a;}7_; U {ai;}iz; and derive basis functions such that each basis function
equals 1 at one of these points and vanishes at the rest.
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Hint. The basis functions {p;}!",, {pii;j}iz; can be modified by adding linear combi-
nations of the functions {p;jr}i<j<r in such a way that the resulting functions are in
Pi(T). Show that these function form a basis of P§(T") and find formulas for these basis
functions.

Solution:

Let {p:}'!, {piij bizj, and {pijk yi<j<i be the basis of P3(T). Then, for any r < s < t,

{2 if i € {r,s,t},

0 otherwise,

q)rst(pi) =2 Z pi<a£) =

Le{r,s,t}
-3 ifi,j e {r st}
@5t (pizj) = —3 wij\Aetm) =
+(Piij) Z Piij(acem) {O otherwise,
K,meeér,s,t}

12 ife=rj=sk=t,

q)rs ijk) — 12 i rst) =
+(Pijk) Pijk(@rst) {0 otherwise.

Define the functions

p; =i+ Z QkemPhem, (4)
k<f<m

Piij = Piij + Z BremPrem (5)
k<l<m

as linear combinations of p; or p;;; with pg,. Now we investigate if it is possible to
select Qgem; Brem € R such that pi, pl;; € P3(T). For any r < s <t we have that

(I)Tst(p;;) - q)rst(pi) + Z akﬁmq)rst(pkﬂm) - q)rst(pi) + 12057‘8157

k<l<m

(I)rst(p;'z’j) = (I)rst(piij) + Z ﬁkémq)rst(pkfm) = (I)rst (pzzy) + 126rst;

k<l<m

hence, as we require that ®,.(p;) = 0 and @rst(pgij) =0,forl<r<s<t<n-+1,
we can set

1 —L ifie{r st}
At = __(I)’rs i) — 6 o 6
! 12 t(p:) {O otherwise, (©)

1 i ifi,j e {rs,t}
rst — __q>7’s 15 ) — 4 ’ o 7
frat 12 t(Pui) {0 otherwise, 0

We note the functions {p;}}', {pl; }iz;, and {pijr}ijr form a basis of Ps. Further-

more, as Py(T) C P3(T) and P4(T) N span{p;ji }i<j<r = {0} then {p, ?jll, {p;ij}#j
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form a basis of Pi(T). For all4,j,k,( =1,...n+1,i# k, j # £ we have that
pilax) = i, pi(arke) =0,

1 ifi=k,j=1¢
p;ij<ak) =0, p;ij(akM) = { J

0 otherwise,

which implies that any p € Pi(T) is uniquely determined by its values at the points
{a;}if U {aiisbizs-
From (4), (6), and the definitions of the basis for P5(7") we have that

, 1 2 :
k<t<m J<k
zE{k,&m} Jik#i
as

SN = ) M Y At Y M,

k<t<m k:<é<m k<€<m k<€<m
ie{k,l,m} =/
= D AN D NA D AN
1<j<k j<i<k Jj<k<i
i<k
ki

Similarly, from (5) and (7) we have that

9 27
p;ij = 5)\2‘)\]'(3)\@' —-1)+ T Z A AeAm )\ A (3A + — Z AN Ak
iJethitmy t i
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