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Nonlinear Differential Equations

Practical 8: Galerkin Approximation I

1. Let A : X — Y be linear and continuous on Banach spaces X and Y. Show that if there
exists a sequence {uy,} such that u,, — u then Au,, — Au.

Hint. Use the fact that there exists a dual operator A € L(Y', X') to A; see Section 1.3 of notes.

Solution: As A is linear there exists A? € £(Y’, X’) such that for v € Y’
(v, Ax)y 1wy = <Adv,x>X/Xx Vr € X.
Therefore, from u,, — u, we have that forallv € Y’
(v, Auy, — Au) = (v, A(un — u)) = (A%, u, — u) — 0;

hence, Au,, — Au.

2. Let X,, C X be a finite dimensional subspace of a separable Banach space X, A : X — X’
and A, : X,, — X], where A4,, = PﬁlAPn given the linear and continuous projection P, :
X — X,,. Show:

(a) A continuous = A,, continuous

Solution: Let w,, — » in X,,; then, P,u,, — P,u as P, is continuous. From A
continuous we get that AP,u,, — AP,u, and finally as Pff is also continuous
Anuy, = PfllAPnun — PgAPnu = A,u.

(b) A weakly continuous = A,, weakly continuous

Solution: Let u,, — uin X,,; then, as P, is linear and continuous, by Question 1
Pyu,, — Ppu. From A weakly continuous we get that AP,u,, -~ AP,u, and
finally as Pg is also linear and continuous A, u,, = PffAPnum — P,‘fAPnu = A,u
by Question 1.

(c) A strongly continuous = A,, strongly continuous

Solution: Let u,, — uin X,,; then, as P, is linear and continuous, by Question 1
Ppupy, — Ppu. From A strongly continuous we get that AP,u,, — AP,u, and
finally as P;f is also linear and continuous A, u,, = P,‘fAPnum — P;fAPnu =Ayu.

(d) A demicontinuous = A,, demicontinuous

Solution: Let w,,, — » in X,,; then, P,u,, — P,u as P, is continuous. From A
demicontinuous we get that AP, u,, =~ AP,u, and finally as Pﬁl is linear and con-
tinuous A,u,, = PleAPnum — PffAPnu = A,u by Question 1.
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(e) A hemicontinuous — A,, hemicontinuous

Solution: Lett,, — 0 then, forallv € X,

(Ap(u+ tymv),v) = (PLAP, (u + tyv), v)
= (A(Ppu + ty, Pyv), Pyv) — (APyu, Pyv) = (Apu,v).

(f) A Lipschitz continuous = A,, Lipschitz continuous

Solution: For all u,v,w € X,

(Apu — Apv,w) = (PYAPu — APv), w)
= (AP,u — AP,v, P,w)
< |APyu — APl | P x
< L)|Pa( — v) x| Patoll

Then,

| Anu — AnUHX{L = sup
weXn, [wllx,

(g) Amonotone — A,, monotone

Solution: For all u,v € X,,,

(Apu— Apv,u—v) = (PYAPyu— APyw), u—v) = (AP,u+ AP,v, Pyu— P,v) > 0.

(h) A strongly monotone — A,, strongly monotone

Solution: Forall u,v € X,

(Apgu — Apv,u — v) = (PYAPu — AP,v),u — v)
= (AP,u+ AP,v, Pyu — Pyv)
> M||P(u —v)%

3. Consider the boundary value problem, on 2 = (0,1) C R,

(W @D @) =7 in0,1),

u(0) =u(1) =0,

where p(z,t) = 1 + e~!. Note that, there exists a1 > as > 0 such that for ¢t > s > 0 and
xz € [0,1]

ag(t —s) < p(x, )t — p(x, s)s < ay(t — s).
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Figure 1: Finite element mesh for interval (0, 1) with n + 1 nodes

Let X = H}(0,1) withnorm ||| x = |-|1.2, and inner product

1
(u,v)x ::/ u'v' da.
0

Then, as this is similar to Examples 2.1 and 3.1 we have a unique weak solution u €
HZ(0,1) to the weak formulation

a(u,v) ::/ p(z, |u'|)u'v dx—/ foda = (F,v) forall v € H(0,1),
0

and that there exists a A € H~1(0,1) such that (Au,v) = a(u,v). Dividing the interval
(0,1) into n + 1 intervals of equal length h = 1/(n+1) with nodes z; = ih, i = 0,...,n+ 1,
see Figure 1, we can define a finite dimensional subspace

X, ={ve H&(O, 1): U|(1’i71‘i+1) € Pi(z,xi41),i=0,...,n,0(0) =0,v(1) =0} C H&(O, 1),

where P (z;,zi4+1) is the space of polynomials of degree one on the interval (z;, z;41). We
can define the basis functions {¢;}}" ; of X, as

1+ @=z)/n ifx;_; <z <z,
(Z)Z(l') =<q1- (x—xi)/h if r; <x < Titl,
0 otherwise.

Define the iterative Galerkin finite element approximation, similar to Example 3.1, to find

a sequence {u%m)}mzo C X, which converges to the approximation u,, € X, for a starting

u&o). Furthermore, state the iteration as an algebraic linear system for n = 10.

Solution: Following Example 3.1, we can define the iterative Galerkin FEM: Given an

initial guess uS” € X,, weiterate form = 0,1,2,... and find u( "+ such that

(W™, v)x = (W™, v)x — Z(Aul” — F,v) Vo€ X,

a1

Using the definition of the basis functions, and defining
ul™ =3 "M, form=0,1,2,...
j=1

where g™ = (ﬁ§m), cee 7(Lm)) eR", m=0,1,2,..., we can define as a linear system:
find B(m*+1) e R™ such that

n

Zﬁm“ (65, 0)x = > _ BT (¢, ¢1)x < Zﬂ’% —F,¢i>,

Jj=1 Jj=1
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for j = 1,...,n. Alternatively, as

MB™mHD = mam)

1
Mij = (5, 6)x = /0 o dz

E(ﬂ<m>>=<A S8, —F,¢i>
j=1

1 n
:/" Lexp [~ 8™
0 =

Expanding these definitions, we have that

T

M;; =

Ti—1 i

Ti+1 , , 1
Miip1 = / Pip19idr = 1
xT

i

M1 = G145 de = 7
Ti—1
M; ; =0,
Therefore, for n = 10, h = 77, and
2 -1 0 0 0
-1 2 -1 0 0
0o -1 2 -1 0
0 o -1 2 -1
0 0 0 -1 2
M=11 0 0 0 0 -1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

i Tit1
spoido+ [ ooiar=2

where M € R"*™ and F : R® — R" are defined fori,j =1,...,n,

Noting that
Unh ifa; <z <y,
gzbz(/:c) = —1/h if T S x § Li4+1,
0 otherwise.

2

We note that F;(3™)) would probably need computation via numerical quadrature (or
similar) at each iteration due to the nonlinearity.

n

=1

1
B dyohde = [ forda,

ifj g {i—1,ii+1}.

0O 0 0 0
o 0 0 O
0 0 0 O
o 0 0 O
0 0 0 0
-1 0 0 0
2 -1 0 0
-1 2 -1 0
0o -1 2 -1
0o 0 -1 2
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