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CHAPTER 1

Introduction

We initially look at a brief motivation behind studying nonlinear differential equations as
well as some basic results from functional analysis and analysis of partial differential equa-
tions.

1.1 Motivation

The studying of the analysis and numerical solution of nonlinear differential equations is
important as nonlinear equations appear in modelling of even fairly trivial problems. The
following example from Bohmer (2010), which models a fairly simple problem, illustrates
the importance of nonlinear differential equations.

Example 1.1 (Bending rod with perpendicular load (Bohmer, 2010, Example 1.1)). Consider
a vertical rod of length L which is clamped at the bottom and free to move at the top, with
a load P applied perpendicular at the free end; see Figure 1.1(a). For a small P the displace-
ment, x, of the end of the rod is proportional to P; i.e., it exhibits a linear relationship

x = cP, (1.1)

where c is some constant depending on the material properties of the rod. However, a simple
experiment with a vertical rod will demonstrate that the displacement behaves non-linearly
with respect to P for large P, and may even break under certain loads. As such, it is neces-
sary to derive a nonlinear model to incorporate these effects. We can argue that the (local)
strain energy of the rod U at a point with arc length s from the bottom of the rod can be
obtained analogously to the kinetic energy of a moving body, see Bohmer (2010, Example

«<—— P=0 P>0
o(s)
7%
(a) Initial state (P = 0) (b) Bending under load (P > 0)

Figure 1.1: Bending rod with perpendicular load
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11);ie., 2
a [(d?p
v =5 (550) -

where ¢(s) is the angle between the vertical and the tangent to the point s, see Figure 1.1(b),
and « is the bending stiffness of the material. We can then calculate the total energy of the
deformed rod Up by simply integrating over the length of the rod L:

a [F/a2p\?
UB:2/O (dﬁ) ds, e CY(0,L). (1.2)

Additionally, the potential energy due to moving the top of the rod is given by —Pxz(L),
where z(s) is the displacement at s. By simple trigonometry

dz
ds
and, hence, with the fact that (0) = 0 we have that

= sin p(s),

L
x(L):/O sin p(s) ds. (1.3)

We can compute the total potential energy as simply the sum of (1.2) and (1.3)

a [T [/d% 2 L
V(p) = 2/0 (d32> ds—P/O sin p(s) ds. (1.4)

One of the fundamental principals of mechanics states that an equilibrium of a system is
characterised by a minimum of its potential; i.e., for every small v

Vie+14) 2 V(p).

We claim the minimum (1.4) is characterised by the nonlinear boundary value problem

d? P

—Sp—i-)\cosgo:O, A= — (1.5)

ds? a
with boundary conditions

d
0(0) = £(L) = 0. (1.6)

See Bohmer (2010, Example 1.1) for a demonstration that the solution of the boundary value
problem (1.5)—(1.6) is equivalent to the minimisation of V' in (1.4). We can show for small
¢ that the linear and nonlinear models are related. We note that for small angles ¢ that
sin  ~ ¢ and cos p = 1; therefore,

d?¢ d?¢ \s?
@—f—)\cosgp%@—k)\:() == @%—7+M5+1/
where 11 and v are constants. From the boundary conditions (1.6) we can find that v = 0 and
1= LA. Then,
L L 3 2\ | I3
x(L):/ sincpds%/ pds=x (-2 412 )| =P,
0 0 6 2 0 3a

hence, setting ¢ = L*/3a recovers the linear model equation (1.1).
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INTRODUCTION

1.2 Nonlinear (partial) differential equations

We now consider a general initial definition, and classification, of nonlinear differential
equations. To this end, we first define some necessary notation.

We denote by 2 C R" a bounded measurable domain with Lipschitz continuous bound-
ary. Let n € N and define a multi-index o = (o1, . . ., ) € N with length

n
loo| = Zaj.
j=1

It is possible to show that for £ € Ny there exists

K= (”nfklf)! (1.7)

multi-indices of length |a| < k. Then, for a function u(x) : & — R, we define

o“ —8|0“ 1.8
u'if)x?l...f)x%”’ (18)
o ou ou 0*u 0*u oFn
5ku = (a U)|a‘§k— (U,%7...,%,ax%,axlax2,...,a$’é>, (19)
~ o ok ok
5ku = ((9 U)|a‘:k = (axlf, eey M) . (110)

Note, that for simplicity we assume that order of differentiation does not matter for mixed
derivatives; e.g., 8;925 = 8825 . Therefore, we only include the mixed derivative once in
1072 2071

Oru and gku Note that in general we consider so called weak derivatives, see Section 1.4.

Definition 1.1. We can write a general nonlinear differential equation of order k£ € N as
F(x, du(x)) =0, forx € Q, (1.11)
where F': 2 x R® — Riis a function defined over (2.

We can now classify differential equations in multiple ways according to the type of non-
linearity of the differential equation.

Definition 1.2. A differential equation of order k is said to be

¢ linear if it is linear in the unknown function v and all its derivatives or order less than
or equal to k£ with coefficients depending only on the independent variables (x € €2),

e semilinear if it is linear in derivatives of order £ with coefficients dependent on inde-
pendent variables only but nonlinear in other terms,

* quasilinear if it is linear in derivatives of order k£ with coefficients depending on inde-
pendent variables and derivatives of order less than &, or

* (fully) nonlinear if it is nonlinear in derivatives of order £ or has coefficients depending
on independent variables and derivatives of order k.

3
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In this course we focus mainly on semilinear and quasilinear differential equations.

Definition 1.3 (Divergence form). We can write linear, semilinear, and quasilinear differential
equations of order 2k in divergence form

> (—)lovag(@, dpu(x)) = f(@),  form €O (1.12)

o<k

where k € N, « is an n-dimensional multi-index, a,, = aq(z,§), |a] < k is a function of n + &
variables over € 2 and £ € R”, and f is a function defined over 2.

Remark. In general we focus in this course on differential equations of a single real-valued
unknown function u : 2 — R; however, the above definitions can be extended to systems
of differential equations (i.e., u(z) = (ui(x),...,un(x)), m € N) and/or complex valued
functions.

Suppose all coefficients a, in (1.12) have continuous derivatives of order |a|, i.e., an €
Clel(Q x R%), and f € C°(R). Then, u(x) over 2 is the classical solution of (1.12) if u € C?*(Q)
satisfies (1.12).

For second and fourth order partial differential equations we define some common no-
tations. Consider a scalar valued function v : ? — R, a vector-valued function v : Q@ — R7,
and a matrix-valued function ¢ : Q2 — R"*". Then, we define the following operators:

e gradient operator:

ou ovy oy
Vu = Vv =
ou Ovy, Ovn,

e divergence operator:

- aUli

=1

(%ci

= égni

i=1

V-v::zn:avi V.o:=
i=1

* Laplacian operator: Ay =V - (V1)) for a function ¢
* biharmonic operator: A% = A(Av) for a function 9
* Hessian operator: V?u = V(Vu)

Exercise 1.1. Classify the following differential equations as linear, semilinear, quasilinear, or
fully nonlinear, and justify why.
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1. Poisson equation: For an unknown function u : 2 — R and known function f : 2 — R
—Vu=f e
with suitable boundary conditions.

2. Chladny sound figures: Assume a thin flexible square plate fixed at its centre, and uni-
formly distribute tiny particles (e.g., sand) on the plate. Above the plate a sound
wave source, with variable frequency A is fixed. Pressure from the sound waves in-
duces a load on the plates surfaces, and in the case of resonance vibration of the plate
with unmoved nodal lines is induced. The sand collects along these nodal lines. Let
Q = [0, L]? be the plate and u(z) :  — R be the maximal derivation of vibration of
the plate from the fixed horizontal position at each point; then, u satisfies the following
(strongly simplified) model, cf. (Bohmer, 2010, Example 1.4):

Vu+ Asinu =0 in €2,
SZ—O on 092.

3. von Kdrmdn equations: Consider a plate P under compression (2 C R?). It is defined
by the Airy stress function w(x) : 2 — R of P at  and the derivation or deflection
u(z) : Q — R of the plate P from the trivial horizontal state. This can be modelled by
the von Karmén equations

DA*y — [u,w] = f,
1
Aw + §[u, u] =0,
where D is a constant, f : @ — R is a known function, and

Puis_, Fu o Fudhe
O0x2 0z%  ~ 011019 011039 O3 022

[u,v] =

Note, that this is a system of two equations with two unknown functions.

4. Non-Newtonian fluid: Non-Newtonian fluids do not follow Newton’s law of viscosity;
i.e., they have variable viscosity dependent on stress. In particular, the viscosity of
non-Newtonian fluids can change when subject to force; e.g. ketchup becomes runnier
when shaken, a suspension of corn starch in water (liquid in normal state) thickens
under force such as from low frequency sound waves. One, simple, steady-state model
is given by the system

=V A{u(=, e(u))e(w)} + Vp = f
V-u=0,
where f : R® — R” is a known function, ¢z : 2 x R — R is a known (potentially

nonlinear) function, u : 2 — R" is the unknown velocity vector of the fluid, p : @ — R
is the unknown pressure of the fluid, e(u) is the symmetric strain tensor defined by

1 (Ou; Ouj .
i =3z ) s J=1,...,n,
eij(u) 5 <8xj + 8371-) i, n

and | - | denotes the Frobenius norm.
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5. (Steady-state) Navier-Stokes: The steady-state version of the Navier-Stokes equations is
given by
—vAu+u-Vu+Vp=f
V-u=0,

where v : R” — Rand f : R” — R™ are known functions, u : 2 — R" is the unknown
velocity vector of the fluid, and p : 2 — R is the unknown pressure of the fluid.

6. Monge-Ampeére
det(V2u) — f(z,u, Vu) = 0,

where u : 2 — R is the unknown function, f : Q x R x R® — R is a known function,
and det( - ) is the determinant of the matrix.

1.3 Fundamental results
In order to perform analysis of the proceeding nonlinear differential equations some basic
results are required.
Definition 1.4. Let X and Y be normed linear spaces.
1. A subset K C X is called (sequentially) compact in X if it is closed and every sequence
{un} C K has a convergent subsequence in K.
Equivalently: A subset K € X is compact if for every open covering a finite subcover

can be found.

2. A subset K C X is called precompact (or relatively compact) if its closure is compact in
X.

3. A general nonlinear operator A : X — Y is a compact operator if the image of the
bounded subset K C D(A) of the domain D(A) of A under A is a precompact subset
of Y;ie., A(K) is compact.

Equivalently: A : X — Y is compact on D(A) if for any bounded sequence {u,} C D(A)
the sequence { Au,, } contains a convergent subsequence in Y.

Remark. If A: X — Y is compact and linear then it is continuous.

We denote by £(X,Y") the set of continuous linear operators from X to Y and Cy(X,Y)
the set of compact linear operators.

Let X be a normed vector space; then, the set of all linear and continuous functionals on
X form the dual space X', where for ¢ € X'

C:xw— () = L(x).

The dual space is continuous and we define the space of all continuous linear functions over
X' as the normed bidual space as X" = (X')’. We note that

(-,z) € X" foreveryz € X;

i.e., it is possible to identify X with a subset of X”, and in some cases with X" itself.

6
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The norm for the dual space X’ is defined as

lx
el = sup LoD
zeX,||z|| x#0 ||$||X

where || - || x is the norm on X. Additionally, we note that

(£, )]
[E41P%

€] x > WeX veX == |2y < |[xlvllx Ve X' veX

(1.13)
as the case when ||v|| = 0 follows trivially.

Definition 1.5. The Banach space X is called reflexive if the canonical map J : X — X"
defined by
(Jw, l) = (I, ) forall/ e X' z € X,

is surjective.

Remark. In a reflexive Banach space the canonical map J is linear, isomorphic, and an iso-
metric isomorphism. Additionally, we have that

X reflexive = dual X' reflexive

X' reflexive and complete = X reflexive

In a reflexive Banach space X identifies with X”; hence, we use the notation X” = X for
a reflexive Banach space X.

Definition 1.6. Let X be a normed linear space; then, the sequence {u,} C X converges
weakly (w-converges) to u € X if for every ¢ € X' it holds that (¢, u,) — (¢,u). We denote
weak convergence as u, — u. The sequence {/,,} C X’ w*-converges to ¢ € X' if for every

x € X it holds that (¢,,, z) — (I, z). We denote this as ¢, '\ ¢, If X is reflexive then w- and
w*-convergence coincide, and hence we use ¢,, — { for w*-convergence.

Using the concept of weak convergence we can also talk about weakly closed and weakly
compact sets analogously to closed and compact sets using weak convergence rather than
strong convergence.

Theorem 1.7. Compact linear operators have the following properties:

1. Let X, Y, and Z be Banach spaces, L € L(X,Y),and Ly € L(Y, Z); then, Ly o Ly is compact
if either Ly or Ly is compact.

2. A compact Ly € L(X,Y') maps every weakly convergent sequence into a strongly convergent
sequence.

Proposition 1.8. Let X be a Banach space.

1. The sequence {u,} C X converges weakly to the point u € X if the sequence {uy, } is bounded
and lim,, o0 (¢, upn) = (¢, w) for each continuous linear functional ¢ of some dense subset M of
X'
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2. If the sequence {u,, } weakly converges to u; then,

lu|| < liminf|ju,]|.
n— o0

3. A convex, closed subset K C X is weakly closed; i.e.,

{up} C K,up ~u = wekK

4. In a reflexive Banach space every closed ball is weakly compact; i.e., each sequence of ele-
ments from this ball contains a weakly convergent subsequence with a limit in this ball (Every
bounded sequence contains a weakly convergent subsequence).

5. Let {uy} be a bounded sequence in a reflexive Banach space X and let all weakly convergent
subsequences have u as their (weak) limit; then, the whole sequence converges to wu.

6. Let K be a convex, bounded, and closed subset in a reflexive Banach space X; then, this set is
weakly compact.

7. Let K be a non-empty, closed, and convex set in a Hilbert space H with norm || - || and (-, -).
Then, for every = € H there exists a w € K such that

lz = ull = min|lz —].
This element can be characterised as
ue K, (xr—uv—u) <0, forallv e K.
If K is a closed linear subspace of H then u can be characterised by

ue K, (x—uv—u)=0, forallv e K.

8. Let K be a convex closed subset of X. Then, for every x ¢ K there exists a functional { € X'

such that
(€, x) > sup(l,y).
yeK

9. Uniform boundedness principal: Let G C L(X,Y") where Y is a normed linear space; then,
the following are equivalent:

(a) sup{||A|| : A € G} < +0,
(b) sup{||Az| : A € G} < +oo forevery xz € X.

For the Banach spaces X and Y, and L € L£(X,Y) the dual operator L¢ € L(Y', X') is
uniquely determined forevery £ € Y/, £ € Y' — L% € X', by

<£, L$>y/Xy = <Ld€, 13>X’><X forallz € X.
L%is unique, linear, and continuous. Furthermore, for L, L1 € L(X,Y), Lo € L(Y, Z),a € C,
1LY = L],  (L2oLy)*=L{oLs, (aL)* =aL?,

and for reflexive Banach spaces L% = L.
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Remark. In general we drop the subscript on (-, -) unless we need to emphasise the differ-
ence.

Lemma 1.9. An operator L € L(X,Y) is compact if and only if the dual operator L¢ € L(Y', X")
is compact.

In the following we consider X as a Hilbert space and denote the dual as X* = X'.

Theorem 1.10 (Riesz representation theorem). Let X be a Hilbert space and ¢ € X' = X*; then,
there exists a unique xy € X such that

(L,x)y =l(x) = (z,xp), forallx € X

and
lzellx = [1€llx

where ( -, -) denotes the inner product in the Hilbert space.

Corollary 1.11 (Riesz-isomorphism). There exists a unique (Riesz-)isomorphism Jx € L(X, X*)
such that
Ixze=t  t=a, L] =1 =1

Additionally, X* = X' is a Hilbert space with inner product and norm
(@ y)xe = (Ux'a Iy )x  and  |l2|lxe = [T x,
respectively, for all o',y € X*. X and (X*)* = X" can be identified by x, = J L.

For two Hilbert spaces X and Y with inner products (-, - )x and (-, - )y, respectively, let
L € L(X,Y); then, we can define the adjoint operator L* € L(Y, X) for each y € Y such that

(y,Lx)y = (L*y,z)x forallz € X.
The dual and adjoint operators are related:
L* = (Jx) ')y € L(Y, X).

Only if X and Y are identified with X’ and Y”, respectively, do we get that L* = L. Addi-
tionally, L € L£(X, X) is a self-adjoint operator if L = L* and an orthogonal operator if L = L?
and L = L*.

1.4 Sobolev spaces

Given a measurable domain D C R", n € N, we define for 1 < p < oo the standard Lebesgue
spaces
LP(D)={v:D = R:|v|opp < 00},

where

l/p
oo i < / |v<m>|pdw> C 1<p<oo (114)
D

|v]|0,00,0 = esssuplv(x)|. (1.15)
xzeD

lv
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For p = 2 we additionally have the inner product

(u,v)p ::/ uv de
D

and we often drop the p from the norm subscript; i.e., || - |[o.p = || |[o,2,0.- When D = Q we
omit the domain from the subscript of the norm and inner product; i.e., ||v|0,p, ||v]/0,00, and

(u,v).

Lemma 1.12 (Holder’s Inequality). Let 1 < p, ¢ < oo with 1/p + 1/q = 1; then,

Ifgllo..o < I Fllopllglloq
forall f € LP(D) and g € LY(D).

We use C*(D) to denote the usual space of k-times differentiable functions, and C§°(D) =
{v € C*>(D) : suppv C D} to denote the space of infinitely smooth functions with compact
support in D. The definition of the partial derivatives in 0%u from Section 1.2 are well-
defined for functions u € C§°(D)

Additionally, we consider C*1(D) and C*#(D) to denote the space of k-times differen-
tiable functions u where all derivatives 0*u of order |«| < k are Lipschitz continuous or Holder
continuous with constant 0 < p < 1, respectively; i.e.,

|0%u(x) — 0%u(y)| < Lz — y|, foru € Ck’l(D),
0u(z) — 0u(y)| < Cule — y|", for u € C*4(D),

for all ,y € D, with constants L > 0 and Cpg > 0.
For Sobolev spaces it is necessary to generalise the concept of derivation to weak deriva-
tives.

Definition 1.13. For a function u € LP(D), 1 < p < oo, we call a function v € LP(D) the «
weak derivative of u if and only if

(w,v)p = (=) (@%w,u)p forallw e C°(D).
In general we use the notation 0%u to denote this weak derivative.

We can then define the Sobolev space WHkP(D), k € Ny, 1 < p < oo, as the set of all
functions in LP(D) with weak derivatives up to order k:

WHP(D) := {u € LP(D) : 9°u € LP(D) Va € N¥, |a| < k}.

A Sobolev space WkP(D), k € Ny, 1 < p < 0o is a Banach space with norm

1/]J
lullkpp = | > 10%ullh,» (116)
la| <K
and seminorm y
ulepp = | D 0%, n | (1.17)
|a|=k

10
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In the special case when p = 2 we define the space H*(D) = W*?2(D) which is a Hilbert
space with inner product

(w,0)pp = Z (0%u, 0%v)p

|| <k
and again drop the p from the subscript of the norms and seminorms; ie., || ||xp = || - |k.2.0
and |- |0 = |- |k,2,p0. Additionally, when D = Q we omit the domain from the subscript of

the norms, seminorms, and inner products.
We define the spaces Wok P(D) and H}(D) as the closure of C5°(D) with respect to the
norms || - || and || - ||x,p, respectively; i.e.

Wir(D) = CED) ", HE(D) = D)

For a bounded domain D the seminorm |- |;,p is a norm for the space WyP(D) and is
equivalent to the norm || - ||, p on I/Vég P(D). In particular, for the Poincaré constant Cp(D),

lulipp < llullkpp < Cplulkpp,  forallu € WyP(D).

A similar result holds for H%(D) when p = 2.
Remark. Note that L?(D) = W%P(D).

For W(f’p(D) we define the dual space as W5¢(D) = (Wé“’p(D))’, where 1/p + /g = 1,
and define the norm as

lull—kqp = sup )
erg’p(p)nOvayéo HUHk,p,D

For p = 2 we define H*(D) = (H*(D))'.
For normed vector spaces X C Y we define the inclusion or embedding

t: X =Y,z x.

We denote this embedding as X — Y. If the mapping is continuous we say that X is
continuous embedded into Y and there exists a positive constant C' > 0 such that

lzlly < Cllzllx,  forallze X.

Additionally, if the mapping is also compact (. € Cy(X,Y")) then we say X is compactly em-
bedded into Y and each bounded sequence {z,} in X has a convergent subsequence in Y.

Theorem 1.14 (Sobolev embeddings). Let @ C R™ be a bounded Lipschitz domain, j € Ny, k € N,
0<j<k1<p,qg<oo,0<p<1anddefine

Then, the following embeddings hold.

1. Ifd < lYqand j < k then A
WEP(Q) — WH(Q)

is continuous. If d < 1/qand j < k then this embedding is compact.

11
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2. Ifd <0 then .
WkP(Q) — CI(Q)

is compact. Additionally, for d + «/n < 0ord < 0

WEP(Q) < CIH(Q) — CI(Q).

3. Ifd < 0 then
WHEP(R™) — CJ(R")

is continuous, and if d < '/qand j < k then
WHEP(R™) — WIH(R")

is continuous.

4. For 0 < p < oo the embeddings
CO*(Q) — LP(Q) and C%(Q) — LP(Q)

are continuous.

5. If j < k the embeddings
CPH(Q) = CF(Q) = CI(Q) and CM(Q) = C*Q) — CI(Q)
are compact.

Corollary 1.15. Let Q@ C R™ be a bounded Lipschitz domain, k € N, and 1 < p,q < oco. Then, the
following embeddings are all continuous:

1. Ifkp <nand 1 < q < np/(n—kp), then

WEP(Q) — LI(Q).

2. Ifkp=nand 1 < q < oo, then
WEP(Q) < LI(Q).

3. If kp > n, then
wkP(Q) — CO(Q).

4. If0<kand1 <p <q < oo, then

WhP(Q) — Wha(Q).

Theorem 1.16 (Sobolev-Stein extension theorem). Let Q@ C R"™ have Lipschitz boundary, let
k € Noand 1 < p < oo. Then, there exists a bounded operator € : WhP(Q) — WFP(R") and a
constant C' > 0, independent of v such that €v|q = v and

[€v|lkpre < Clvllxpn  forallv e WEP(Q).

12
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1.5 Derivatives in Banach spaces

On Banach spaces we define two types of differentiation.

Definition 1.17. Let X and Y be Banach spaces, [': D C X — Y, and U = U(zp) C D be an
open neighbourhood of zy € U.

1. F'is called Fréchet differentiable in x if there exists a Lr € L(X,Y’), depending on xg
but not h, such that

F(xg+ h) — F(xg) = Lrh + o(h), forh — 0,20 + h € U. (1.18)
Additionally, F.(zo) == F'(x¢) = L is called the Fréchet derivative of F in x.

2. Fis called Gateaux differentiable in z if for every h, such that ||h| = 1, there exists a
F{.(xo, h) € Y such that

F(xg+th) — F(xg) = tF5(zo, h) + oft), fort — 0,29 + th € U, (1.19)

where o(t) depends on h. If (1.19) is valid only for fixed h then F is called Gateaux dif-
ferentiable in xz in the direction h. Furthermore, F,(zo, h) is called the Gateaux derivative
of F'in xg in the direction of h.

As a consequence of (1.19) we have that

F(zo+th) — F d
Fi;(wo, h) = lim (o + t) (z0) _ P+t . (1.20)
t=0

In some cases there exists a Lg € £(X,Y) such that for all ||h|| = 1 L{,(zo, h) = Lg.

Theorem 1.18. The following properties and relationships hold for the Fréchet and Gateaux deriva-
tives.

1. The Fréchet and Gateaux derivatives are uniquely determined.

2. If F is Fréchet differentiable in xo € U(xo) C D it is continuous in x, Giteaux differentiable,
and F{,(xzo,h) = Lph.

3. Let F be Gateaux differentiable in xo and Lg = Lg(xo) = F(,(zo,h) € L(X,Y) exist such
that

F(zg + th) — F(z0) = tF&(zo)h + op(t) and op(t) = o(t)C(h) with ||C(h)|| < C

for ||h|| = 1. Then, F is Fréchet differentiable in x¢ and for all h with ||h|| = 1 we have that
F(/;(l'o, h) = Fé(.%’o)h = L(;h = LFh,' hence, LF = F/G(x())

4. Let F be Giteaux differentiable in a neighbourhood U(xo) of xo and
F(x +th) — F(z) = tF5(x0)h + op(t)

such that Lg(x) = Fj(x) € L(X,Y) is continuous with respect to x for all x € U(xg). Then,
F'is Fréchet differentiable in U(xo) and Lp(x) = La(z).

13
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Theorem 1.19 (Mean value theorem). Let F : D C X — Y and a,b € D be given with ab =
{a+t(b—a):0<t <1} C D such that F is Fréchet differentiable on ab and

[F'(a+tb-a)l<gt), 0<t<l,

where g' and f'(t) = F'(a+t(b—a))(b—a) are integrable on [0, 1]. Then, the following relationships
hold:

F(b) — F(a) = /1 Flla+t(b— a))dt(b — a), (1.21)
0
[F(b) — F(a)|| < (9(1) —g(0))[|b — all, (1.22)
[ F(b) — F(a)| < [[b—al SugbllF'(w)ll, (1.23)
|1F(b) — F(a) — F'(20)(b—a)|| < [b—al SugbllF’(ﬂf) — F'(x)]. (1.24)

Remark. Modification to Gateaux derivatives in the direction b — a follow trivially.

For Cartesian product spaces X = [[[_; X; and Y = [[_, ¥j, n,m € N of Banach spaces
Xi,i=1,...,nand Y}, j = 1,...,m, respectively, we can define partial Fréchet and Gateaux
derivatives by splitting the variables into components. Let

F = (Fi(x),...,Fp(x)):DC X =Y,

with = (z;,...,2,). For Banach spaces X;,i = 1,...,nand Y}, j = 1,...,m, and norms
llz||x = max}  {||zi||x,} and ||y|y = max]", {||villy,} the respective spaces X and Y are
also Banach spaces.

Definition 1.20. Choose xy € U(xy) C D, where U(xy) is a neighbourhood of xy. Assume
there exists an L; € £(X;,Y) and LZ(J) € L(X;,Y;) such that for all small h; € X;

F(SL’Q + hz) — F(SCQ) — Lihi = O(hi),

o (1.25)
Fj(xo + hz) — Fj($0) — Lij h; = O(hz)

Then, F' and its components F; are called partially (Fréchet) differentiable in x, with respect to
x;, and OF foz;(xg) == Oy, F (o) = L; and LEJ ) are called its partial derivatives.
Remark. By replacing h; with th; and t — 0 we obtain partial Gateaux differentiability.

Remark. For X; =R,i=1,...,n,Y; =R, j=1,...,m, and h; = te;, where ¢; is the i-th unit
vector and small ¢ € R, we recover classical partial derivatives.
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CHAPTER 2

Monotone Differential Equations

We want to study the existence of weak solutions to nonlinear partial differential equations.
We focus on differential equations where the coefficients can be defined as of monotone type.

2.1 Monotone operators

We first need to define what is meant by a monotone, and continuous, operator. In general,
we consider an operator defined on a reflexive Banach space (or Hilbert space).

Definition 2.1. Let X be a Banach space and A : X — X’ be a (nonlinear) operator; then, we
call A

monotone if for all u,v € X
(Au — Av,u —v) >0,

strictly monotone if for all u,v € X, where u # v,

(Au — Av,u —v) > 0,

uniformly monotone if there exists a continuous and strictly increasing function a : R, —
R4 with a(0) = 0 and lim;_, 4 o a(t) = +oo such that for all u,v € X

(Au = Av,u = v) > a(||u = v[)[Ju = o],

strongly monotone if there exists a positive constant M such that for all u,v € X

(Au — Av,u—v) = Mlju— o],

(nonlinear coercive) if

) (Au, u)
lim = +o00,
Jull=+oo  [Jull
weakly coercive if
lim ||Aul| = +o0,

[[ufl =00
Lipschitz continuous if there exists a positive constant L such that for all u,v € X

[Au — Av|| < Lfju — o],

15
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continuous if for a sequence {u,} C X

U, >u€X —  Au, — Au,

hemicontinuous if the function ¢ — (A(u + tv), w) is continuous on the interval [0, 1] for all
u,v,w € X, or equivalently, if the existence of a sequence {¢,} C R, t,, — 0 implies that
A(u+tpv) = Auforall u,v € X,

strongly continuous if for a sequence {u,} C X

u, ~uecX — Au, — Au,

weakly continuous if for a sequence {u,} C X

u, ~uecX =— Au, — Au,

demicontinuous if for a sequence {u,} C X

U, > ueX =  Au, — Au,

bounded if A maps bounded sets to bounded sets,

stable if there exists a continuous and strictly increasing functiona : Ry — R witha(0) =0
and lim_, 4 a(t) = oo such that for all u,v € X

[Au — Av]| = a([lu — v]).

Lemma 2.2. Let X be a Banach space, and A : X — X' be a nonlinear operator; then, the following
hold:

A strongly monotone = A uniformly monotone
A uniformly monotone = A strictly monotone
A strictly monotone = A monotone
A uniformly monotone = A (nonlinear) coercive
A uniformly monotone = A stable
A Lipschitz continuous = A continuous
A strongly continuous = A continuous
A strongly continuous — A weakly continuous
A weakly continuous = A demicontinuous
A continuous = A demicontinuous
A demicontinuous = A hemicontinuous

Exercise 2.1. Prove the statements in Lemma 2.2.

Lemma 2.3. Let X be a reflexive Banach space and A : X — X' a monotone operator; then,

A hemicontinuous <= A demicontinuous
A linear = A continuous

16
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Consider a nonlinear form a( -, - ) : X x X — R, which is nonlinear in the first argument
and linear in the second argument, such that there exists a function C' : X — R such that

la(u,v)| < C(u)|v]| forall u,v € X. (2.1)

In general this form will be the weak formulation of a partial differential equation; cf. Sec-
tion 2.3.2.

Proposition 2.4. If (2.1) holds for a nonlinear form a( -, - ) there exists a (usually nonlinear) oper-
ator A : X — X' such that for u € X

(Au,v) =a(u,v)  forallv e X, (2.2)
on a reflexive Banach space X. Then, for any f € X' the following are equivalent:
1. determine ug € X such that Aug = f € X/,
2. determine ug € X such that a(ug,v) = (f,v) forall v e X',
3. determine ug € X such that (Aug,v) = (f,v) forallv e X'

This proposition can be useful, as we can show that finding the solution of a weak formu-
lation of a partial differential equation a(u,v) = (f,v) for all v € X is equivalent to finding
the solution of an operator equation Au = f, where A has various monotone and continuity
properties.

2.2 Strongly monotone & Lipschitz continuous

We first consider the existence, and uniqueness, of a solution of Au = f for a strongly mono-
tone and Lipschitz continuous operator A : X — X’ on a Hilbert space X.
In order to prove the existence of this solution we need results from fixed point theory.

Definition 2.5. Let (X, D) be a metric space, with metric d( -, - ), and mapping 7" : X — X;
then T € X is called a fixed point of T if T'(Z) = Z.

Remark. We note that in general we will consider a Hilbert space, which is a metric space
with metric d(u,v) = ||u — v]|.

Theorem 2.6 (Banach fixed point theorem/Contraction mapping theorem). Let (X,d) be a
complete metric space, M C X be a non-empty closed subset, and T : M — M be strongly
contractive; i.e., there exists a constant k € (0,1) such that

d(T(x),T(y)) < kd(x,y)  forallz,y € M.
Then,
a) T has a unique fixed point T € M,

b) the fixed point iteration
Im+1 = T(l‘m), m >0,

converges to T, as m — oo, for any starting value xo € M,
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c) the following error bounds holds:
d(Z, xy) < ——d(x0, 1),

d(Z, xy,) <

Proof. We prove in three steps.

1. Show convergence of iteration: By recursion
d(@m, Tms1) = d(T(xm-1), T(xm)) < kd(Tm-1,Tm) < E"d(x0, 21).
Then, by the triangle inequality, for m > 1:

d(ﬂjm, l'ern) < d(:t?m, -Terl) + d(merla d+x+ 2) + -+ d(xn+m717 anrm)
< E™d(z0,21) + K™ d(20, 21) + -+ KT d (20, 21)

n—1
= kmd(xo, 1,‘1) Z kij
7=0

km
< — .
=7 kd($079€1)

Then, for n,m — oo, n < m, we have that d(z,, z,,) — 0; hence, the sequence {z,,} is
a Cauchy sequence with a limit 7 € X. As M is closed and {x,,} C M; then, T € M.

2. Show that 7 is a fixed point of 7": As T is contractive then it is continuous; therefore,

T = n%gnoo T4l = W}gnoo T(xym) =T(T).

3. Show the fixed point is unique: Suppose that z; # 7> are two fixed points in M; then,
d(fl,fg) = d(T(fl),T(fg)) < kd(fl,fg),

butas k < 1 and d(71,72) # 0 we have a contradiction; therefore, the fixed point must
be unique. O

We can now show the existence of a unique solution of the operator equation Au = f for
a strongly monotone and Lipschitz continuous operator A using this theorem.

Lemma 2.7. Let X be a Hilbert space, A : X — X' be strongly monotone and Lipschitz continuous,
[ € X', and Jx be the Riesz-representation from Corollary 1.11 on X; then, there exists a positive
constant € such that the mapping T : X — X defined as

T(u) =u— ey (Au— f)

is strongly contractive; i.e.,
1T () =Tl < klla —y

where k* = 1+ &2L? = 2e M < 1, with M and L being the constants from strong monotonicity and
Lipschitz continuity, respectively.

18
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Exercise 2.2. Prove Lemma 2.7.

Theorem 2.8 (Zarantonello). Let X be a Hilbert space, and A : X — X' be a strongly monotone
and Lipschitz continuous operator; then, for each f € X' the equation Au = f € X' has a unique
solution, depending continuously on f. More precisely, for Auy = f1 and Aus = fo,

lur = uz]| < M7Y|f1 = foll,
where M is the constant from the strong monotonicity of A.
Proof. From Lemma 2.7 there exists a constant ¢ > 0 such that
T(u) =u— ey (Au— f)
is strongly contractive. Then, by Theorem 2.6,
T has a unique fixed pointu <= u=u—eJy' (Au— f)
— Au—f=0
— Au=f.

Hence, Au = f has a unique solution © € X. Now, let Au; = f; and Auy = fo; then, by the
fact that A is strongly monotone and (1.13)

Mlluy — uz||* < (Auy — Aug,ur — ug) < [|Aur — Aus|||jur — ua|| = [|fi = fallllur — ual|.
Therefore,
lur = ua|l < M7 f1 = fall,
which completes the proof. O
Corollary 2.9. Let X be a Hilbert space, A : X — X' be a strongly monotone and Lipschitz
continuous operator, and f € X'; then, there exists a positive constant ¢ such that the sequence
{um} C X defined by
Umt1 = U — SJ;{l(Aum - f),

where Jx is the Riesz-representation from Corollary 1.11 on X, converges to the unique solution
u € X of Au = f from Theorem 2.8 for any starting value xo € X. Additionally,

m

[ — uml| < lug — wa|

“1—k

where k* = 1+ e2L? — 2eM < 1, with M and L being the constants from strong monotonicity and
Lipschitz continuity, respectively.

Proof. Follows directly from Lemma 2.7, Theorem 2.8, and Theorem 2.6. O
Exercise 2.3. Compute the optimal value of ¢ such that the iteration
Umt1 = Uy — EJ)_(l(Aum - f)

converges fastest to the unique solution of Au = f and compute the contraction constant k.
Note that from Corollary 2.9 and Theorem 2.6 the error is given by

1—-k

hence, the fastest convergence rate is obtained when £ is close to zero.

[ = uml| < [0 — @1l
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Corollary 2.10. Let X be a Hilbert space, A : X — X' be a strongly monotone and Lipschitz
continuous operator, and f € X'; then, there exists a positive constant e such that if

(Jxtum+1,0) = (Ixtm,v) — e((Aupm,v) — (f,v)), forallv e X,

the sequence {u,,} C X converges to the unique solution w € X of Au = f from Theorem 2.8 for
any starting value xo € X.

Proof. Follows directly from Theorem 2.8 and Corollary 2.9 and the equivalence of solutions
from Proposition 2.4. O

Example 2.1 (Weak solution of strongly monotone & Lipschitz continuous quasilinear PDE).
Consider the boundary value problem in a bounded Lipschitz domain 2 C R"”, n € N,

=V (ulz, |Vu|)Vu) = f in €,
u=20 on 0,

where 1 € C(Q x [0,00)) and there exists positive constants «; > «as > 0 such that, for

t>s>0and x €
ag(t — s) < p(x,t)t — p(x, s)s < ai(t — s).

From Liu and Barrett (1994, Lemma 2.1) we can show that for all vector valued functions
o,7:Q — R"” that

(e, |T)) T — (=, |o])o| < alr - o], (2.3)
az|t —of* < (u(z, |T))T — p(z. |o)o) - (T — o). (2:4)

We can define the weak formulation of this partial differential equation by multiplying by a
test function and integrating by parts: Find u € X = H}(Q) such that

(Au,v) = /Q,u(a:, |[Vu|)Vu - Vode = /va dx = (F,v) for allv € H}(Q). (2.5)

a(u,v)

We can show that A is strongly monotone, as by (2.4)
(Au — Av,u —v) = / (u(z, |Vu|)Vu — p(x, |Vo|)Vo) - V (u —v) de
Q

> / |V (u — v)]? de
Q
:agHu—vH%Q for all u,v € H}(Q),
and Lipschitz continuous, as by (2.3)

(Au — Av,0)] < [ [n(a, [Va) Vu - (e, (o) V|V (a ~ v)]do
Q

s/alrwu—vmwrdw
Q

< aqlju — vl 2]|wlli 2 forall u,v,w € Hol(Q),
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and

Au— A _
|Au — Avl|_12 = sup [(Au — Av, w)| sup aylu —vliefwlie _ ol — v
wEH () Hw”1,2 weHL(Q) [|w 1,2

|1,2-

Then, by Theorem 2.8 the weak formulation (2.5) has a unique solution u € H{ (). We note
that (2.1) follows similarly to the proof of Lipschitz continuity and, hence, Proposition 2.4
holds.

2.3 Quasilinear elliptic PDEs of order 2k

We want to consider the existence of weak solutions to quasilinear elliptic partial differential
in divergence form (1.12). To this end, we need the following result for the operator equation
Au=f.

Theorem 2.11 (Minty-Browder). Let A : X — X' be a monotone, coercive, and hemicontinuous
operator on a real reflexive Banach space X. Then, for each f € X' the equation Au = f has at least
one solution (A is surjective) and the set of all solutions is bounded, convex, and closed. Additionally,
if A is strictly monotone then the solution is unique, the inverse A= exists and

A uniformly monotone = A~ continuous

A strongly monotone == A~ Lipschitz continuous

Remark. This theorem is occasionally stated as requiring A demicontinuous instead of hemi-
continuous; however, by Lemma 2.3 these are equivalent as A is monotone.

Proof. The proof of this theorem will be shown later; cf., Section 3.3 ]

2.3.1 Nemyckii operator

In order to apply Theorem 2.11 to differential equations we require certain properties of
the coefficient functions in the divergence form (1.12). To this end, we define the following
operator and some required properties on that operator.

Definition 2.12. Let 2 C R"”, n € N be non-empty and measurable, f :  x R™ - R, m € N;
then, for a function u : Q@ — R, u(x) = (ui(x),...,un(x)) we define a Nemyckii operator N
as
Nu) () = f(z,ui (), ..., um(2));
i.e., replace all variables u; in f(x,u1, ..., um) by u;(x).
We need two conditions for the Nemyckii operators:

(A1) Carathéodory condition: Let 2 € R™ be non-empty and measurable, f :  x R™ — R
be a given function, m € N, and the following hold:

x — f(x,u) measurable on  for all u € R™,

u — f(x,u) continuous on R™ almost everywhere for « € .

(A2) Growth condition: For all (x,u) € @ x R™
[f (@) < gla) +bY Juil™,
i=1

where b > 0,1 < p;,q < 0o, and g € L?(12) is non-negative almost everywhere.
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Theorem 2.13. Let 2 C R", k € N be non-empty and measurable, and the assumptions (A1) and
(A2) hold for f : Q@ x R™ — R, m € N; then, the related Nemyckii operator

N H LPi(Q) — L)
is continuous and bounded such that
J m
[Nulfjoq <C <||9||0,q + ZIWISZ@) forallw € [T L7 ()
i=1 i=1
where C is a positive constant.

Proof. We consider the case when m = 1 (and set u; = u, p1 = p); the general case follows
analogously.

1. Measurable: Since u € LP() x — u(x) measurable on 2 and by (Al) x — f(z,u)
measurable on (2.

2. N bounded: Let 1 < p, ¢ < oo; then, using the Minkowski inequality and (A2)

Wilny = (s ia)
< < / () + blul” q"’d‘”) .
C(Ig( ||o,q+b(/ ('“'p/q) ) )
p) <o

< C (Ilg(@) o + bl

N

hence, N\ is a bounded operator from LP(Q) — L%(2).

3. N continuous: Suppose there exists a sequence {u,} C LP(Q) such that u,, — u €
LP(€2). Then, there exists a subsequence {uy,, } and v € LP(2) such that

Up, () — u(x) almost everywhere for x € (2,

[Un, | < v(x) for all nj, and almost everywhere for x € ).

Then, by (A2) and the Minkowski inequality
[N ting — N, = /Q (@, (@) — f(, u(2))|? da
q
<c ( Lt @l+ [ If@u) dw)
<c / (lg1t + o] + u[?) da.
Q

By (A1)

u — f(x,u) continuous almost everywhere for x €
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f(x,up,) — f(z,u)asu,, —u
f(wvunk) - f(a:,u) — 0

Nun, — Nulog — 0

Ny, — Nuin LI(Q).

Fred

As sequences are bounded and all subsequences converge, then, Nu,, — Nu; hence,
N is continuous. O

2.3.2 Weak formulation

We can now study the weak solution of a general quasilinear partial differential equation
under certain assumptions on the coefficients, which are Nemyckii operators, using Minty-
Browder.

We define for a quasilinear PDE of order 2k the formal differential operator

(Au) (@) = D (=1)*0%aa(, Spu(x)) (2.6)

| <k

with coefficient functions a, : Q@ x R* — R, for each multi-index o € Njj with |a| < k, where
r is defined by (1.7), and consider the boundary value problem

Au=f inQ, 2.7)
J'u

o =0 ondi=1. k-1 Pulogg =0 forall 5,8 <k—1. (2.8)

where n is the outward unit normal vector to 92, on a bounded domain Q C Q" with
Lipschitz continuous boundary. By multiplying by a test function and repeated applications
of the Green’s formulae we get that for u,v € X = I/VéC P(Q)

/ (Au) d:c—/ S 0(—1)20%an (w, (=) dz

la|<k

/ Z ao(x, opu(x))0%v de =: a(u,v). (2.9)

Then, we can define the weak formulation of the partial differential equation (2.7)—(2.8): find
ue WEP(Q),1 < p < oo, such that

(Au,v) = a(u,v) = /va dx =: (F,v) (2.10)

forallv € Wg’p(Q), where we assume f € L9(S2), 1/p + 1/q = 1. w is called the weak solution.

2.3.3 Existence of solution

Note that the above definition (2.10) of the operator A : WOI’C P(Q) — Wk4(Q) assumes
that (2.1) holds and, hence, Proposition 2.4 can be applied. Then, finding the weak solution
u € W(f P(Q) of (2.10) is equivalent to finding the solution of the operator equation Au = F,
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which can be shown by Minty-Browder (Theorem 2.11). Note, that for this to work we
require that F' € W~%4(Q) = X', which can be shown trivially:

Kf1v>\Sglﬂfvldwf£\JNOgHv

0p < [ fllogllolles

Aswv e Wg’p(Q) and f € L(Q); then,

|(F} )|

k,p

||FH—k,q = Sup ||
vewkrq) IV

< 00,

which implies that F € W~%4(Q).
Therefore, in order to prove the existence of a weak solution we need to show that (2.1)
holds and prove the conditions of Minty-Browder. We note, trivially, that the space X =

W(’f P(Q), 1 < p < oo is a reflexive Banach space. In order to prove the rest of the conditions
we need to define additional assumptions on the coefficients a, such that A is monotone,
coercive, and hemicontinuous.

To this end, we first define Nemyckii operators for the coefficients a,, as

No : WEP(Q) = LUQ),  (Naw)(@) = aa(, Su()), (2.11)
and define modified versions of the Carathéodory (A1) and growth conditions (A2) for N,:
(B1) Carathéodory condition For all o, || < k, aq : @ xR" — R has the following properties:

x — aq(x, &) measurable on  for all £ € R",

€ — aq(x, &) continuous on R” almost everywhere for « € Q.

(B2) Growth condition For 1 < p < oo,and all o, || < k

laa(@ &) < C | gl@)+ S lesl" |

18I<k

where § € Nj is a multi-index, g € L?(Q2) is non-negative almost everywhere, 1/p +
/¢ =1,C > 0is a positive constant, and { = (£s)g<x € R", s € R, [B] < k.

We are now are able to prove that (2.1) holds; hence, Proposition 2.4 holds and (2.10) is
valid.

Lemma 2.14. Let (B1) and (B2) hold for all N, |«| < k, defined by (2.11); then, N, is well-defined,
bounded, and continuous. Additionally,

a(u,0) < C (llgllog + ullZy) 0y Vv € WP (),

where g € L1($2) is non-negative almost everywhere, 1/p+1/q = 1, and C > 0 is a positive constant,
for the nonlinear form a( -, -) from (2.9); hence, (2.1) holds.

We can define statements which prove that the operator A is monotone, coercive, and
hemicontinuous.
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Lemma 2.15. Let (B1) and (B2) hold for all Ny, |o| < k, defined by (2.11); then, the operator
A: W(f P(Q) — W=R4(Q), defined in the weak formulation (2.10), is bounded and demicontinuous.

Lemma 2.16. If for the coefficients a,, || < k, defined in (2.6),

Z (aa(m>£) - aa($77])) (ga - 77!1) > 07

| <k

forall £,m € R" and almost everywhere for x € §); then, the operator A : Wé‘“’p(Q) — Wka(Q),
defined in the weak formulation (2.10), monotone. Additionally, if equality of the above condition

only holds for
> 1eg —mpl = 0;
|B|<k

then, A is strictly monotone.

Corollary 2.17. Let (B1) and (B2) hold for all N, || < k, defined by (2.11) and the condition from
Lemma 2.16 hold. Then, the operator A : Wé“’p (Q) — W=k4(Q), defined in the weak formulation
(2.10), is hemicontinuous.

Proof. By Lemma 2.15 and Lemma 2.16 the operator A is demicontinuous and monotone.
Then, by Lemma 2.3, A is hemicontinuous. ]

Lemma 2.18. If there exists a positive constant C' > 0 and a function k € L*(Q) such that for the
coefficients aq, || < k, defined in (2.6),

Y aa(@,9)8 > C Y [Eal” — hl@),

o <k |laf=k

for all & € R* and almost everywhere for € ), where 1 < p < oo. Then, the operator A :
Wé“’p Q) — W*k’q(ﬂ), defined in the weak formulation (2.10), is (nonlinear) coercive.

Exercise 2.4. Prove Lemmas 2.14-2.18.
We can now combine these results.

Theorem 2.19. Let the coefficients functions a, : @ x R" — R, |a] < k, k € N, where « defined by
(1.7), from (2.6) satisfy the following conditions for 1 < p < oc:

(B1) Carathéodory condition: For all o, |o| < E,
x — aq(x, &) measurable on ) for all £ € R”,

& — aq(x, &) continuous on R” almost everywhere for x € €.

(B2) Growth condition: Forall o, || < k,

laa(z,8)| < C | g(@)+ > [P ],

18I<k

where € N{ is a multi-index, g € L9(2) is non-negative almost everywhere, 1/p+1/¢ = 1,
C > 0is a positive constant, and § = ({p)|3<x € R", {p € R, [B] < k.
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(C1) Monotonicity: For all £, € R"

Z (aa(z,§) — aa(®,n)) (§a — Na) = 0,

|o|<k
almost everywhere for x € .

(C2) (Nonlinear) coercivity: There exists a positive constant C' > 0 and a function h € L*(Q)
such that

Y aa(@,6)éa > C Y [Eal” — h(@),

la|<k |al=k
forall £ € R” and almost everywhere for x € S.

Then, for any f € LY(Q), 1/p + 1/q = 1, there exists at least one weak solution u € Wé“’p(Q) to the
weak formulation (2.10). Additionally, let a,, : 2 x R* — R satisfy the following condition:

(D1) Strict Monotonicity: For all £,n € R*, where

|B|<k
it holds that
Z (aa(z,§) — aa(®,n)) (€a — na) > 0,

la|<k

almost everywhere for x € SQ.
Then, the solution u € WP (Q) is unique.

Proof. From Lemmas Lemma 2.15, Lemma 2.16, and Lemma 2.18 we can show the con-
ditions of Theorem 2.11 are met; therefore, we can show that the equation Au = F, for
A Wé“’p(Q) — Wr4(Q) and F € W—%4(Q) defined by (2.10), has a solution u € Wé“’p(ﬂ).
Then, by Lemma 2.14 and Proposition 2.4 this is the weak solution of (2.10). Additionally,
if (D1) holds the operator A is strictly monotone due to Lemma 2.16; therefore, by Theo-
rem 2.11 the solution in unique. O

Exercise 2.5. Consider the following boundary value problem problem:

-V - (u(x, Vu)Vu) + b(x,u) = f(x) in Q c R?
u=20 on 0f)

where Q has Lipschitz boundary, u : 2 — R is the unknown function, and f € L?((Q).
Define, for this problem, the coefficient functions a,(x,&), £ € R”, for all multi-indices «,
where |a| < 1, and the weak formulation of the boundary value problem. Additionally,
derive conditions for p and b such that Theorem 2.19 holds; i.e., state conditions such that

1. Ais monotone,
2. Ais strictly monotone,

3. Ais coercive, and
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4. a, satisfies the growth condition (B2).

Exercise 2.6. Define the weak formulation, and use Theorem 2.19 to show that there exists a
weak solution, for the following boundary value problem in the bounded Lipschitz domain
QeR",neN:For2<p<oo, feli),p+1g=1andt>0,teR

n p—2
-3 0 < 8u>+tu:f, inQ,
i=1 Oz

a{L‘Z’

ou
61‘1'

u =0, on Jf2.
Additionally, state if the weak solution is unique.

We define two more results on the operator A defined by (2.10) which will be used in
Section 2.5.

Lemma 2.20. Let the coefficients functions a, : Q@ x R® — R, |a| < k, k € N, where « defined
by (1.7), from (2.6) satisfy (B1) and (B2) hold, and additionally only depend on derivatives of up
to order k — 1; i.e., aq(x, 0ku) can be defined instead as an(x, dx_1w). Then, there exists a unique
A X — X' such that

(Au,v) = a(u,v)

which is strongly continuous.

Corollary 2.21. Lemima 2.20 is valid if the condition (B2) is replaced by the following condition. For
all o, oo < K,

laa(@, &) < C [ gl@)+ D [gg)"/m
|B|<k

where B € Ny is a multi-index, g € L () is non-negative almost everywhere, C' > 0 is a positive
constant, and 1 < pq, qo < 00 selected such that 1/p, + /g, = 1 and

1

= < —.
p n Pa
2.4 Quasilinear systems

We briefly consider the generalisation of the above case to systems of quasilinear partial dif-
ferential equations. To this end, we consider the Banach space

X = (W@ = W (@,R™),

which is reflexive for 1 < p < oo, where m € N, m > 2, is the number of equations and
unknowns in the nonlinear system of partial differential equations. We define a function
u € X in the space as u = (u1, ..., up), u; € WHkP(Q), 1 < i < m. We furthermore extend the
definition of the Sobolev space to [IW*P()]™ via the norm and seminorm

1/2
lulepe = D D 110%ulf,q (2.12)

i=1 |a|<h
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1/2
[ulppo=| > D N0l ,0] - (2.13)

=1 |a|=k
We furthermore extend the notation for partial derivatives (1.8)—(1.9) tou : Q@ — R™ as

0%u = (aauz)gl = (8aul, ey ao‘um),

ui ce Um
Ou Ot
o Am 83;1 o (%cl
opu = (0%w) g < = (Gpur -+ Opum) = | . .
I uy Oy,
dzk 7 Oxk

where 0% : Q — R™ and du : Q — R*™,  Note that a row of §,u contains 0%u;, i =
1,...,m, for a fixed multi-index a.

Remark. Note that (2.12)—(2.13) is only one choice of possible norm for this space. In general,
the norms on this space are defined by defining the standard L”-norm, cf. (1.14)—(1.15), using
any valid norm on R"™ instead of the absolute value |- | of the function and then define the
norm and seminorm by (1.16) and (1.17), respectively. For example, for 1 < p < oo, (2.12)—

(2.13) are obtained by
l/p
o= ( [Jo@ipaz)
D

where |- |, is the vector p-norm on R"™. Due to equivalence of norms on R we get equiva-
lence of norms in [W*P(Q)]™.

We can now define a general systems of quasilinear elliptic partial differential equations
on a bounded Lipschitz domain €2 C R™, n € N, in divergence form as

lv

> (—plloval (@, 6u)| = f, inQ, (2.14)
la| <k

u = 0,0n 01, (2.15)
where f € [L9(Q)]" and aq (@, §) = (a!, (2, )12, : @ x R¥™ R,

«

We look for the weak solution u & [Wéc P(Q)]™ such that

a(u,v) ::/ Z (aa(x,éku),aav)dw:/Q(f,'v)dw (2.16)

2 al<k

forallv € [Wéc P(Q)]™, where (-, -) is the Euclidean inner product on R™. Again, we want
the coefficient functions a, to be Nemyckii operators satisfying Carathéodory and growth
conditions; therefore, we define generalisations of the Nemyckii operator and these condi-
tions.

Definition 2.22. Let 2 C R", n € N be non-empty and measurable, a, : Q x R**™ — R™,
m € N; then, we define the Nemyckii operator N, : [Wg’p(Q)]m — [L9(Q2)]™ as

(Nau)(x) = aq(x, Spu(x)).
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Then, we define the following conditions.

(E1) Carathéodory condition: For all o, |a| < k, aq : Q@ x R**™ — R™ has the following
properties:

x — aq(x, &) measurable on 2 for all £ € R**™,

& — aq(x, ) continuous on R"*"™ almost everywhere for « € ().

(E2) Growth condition: For all o, |a| <k,

|aa(@, &) < C | glx)+ D> 1P|,

181<k

where 8 € Nj is a multi-index, g € L?(Q2) is non-negative almost everywhere, 1/p +
/¢ =1, C > 01is a positive constant, and { = (£5)5<x € R**™, &g € R™, [8] < k (ie.,
£ is a row of the matrix §).

Theorem 2.23. Let 2 C R", k € N be non-empty and measurable, and the assumptions (E1) and
(E2) hold for |a| < k, aq : 2 x R¥*™ — R™; then,

N : [WFP(Q)™ — [LYQ))"
is continuous and bounded such that
INaullog < C | llglog+ Y l10%ulb,! for all WHP(Q)]™,
|| <k
where C'is a positive constant.

We can now define a result for the existence of the weak solution (2.16).

Theorem 2.24. Let the coefficients functions a, : Q x R**™ — R™, |a| < k, k € N, where k
defined by (1.7), from (2.14) satisfy the following conditions for 1 < p < oo:

(E1) Carathéodory condition: For all o, | < k,

x — aq(x, &) measurable on 2 for all £ € R¥*™,
& aq(x, &) continuous on R*™™ almost everywhere for x € .

(E2) Growth condition: Forall o, |a| < k,

|aa(@, &) < C [ g(@) + > 167" |,

181<k

where € N{ is a multi-index, g € L9(QY) is non-negative almost everywhere, 1/p+1/q = 1,
C > 0 s a positive constant, and § = (&g)|g<r € R™™, {5 € R™, |B] < k (i.e., &g is a row
of the matrix &).
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(F1) Monotonicity: For all matrices £,n € R**™, with rows £,,10 € R™, o < k,

Z (aa(w,f) - aa(xan)vga - 7701) 2 07

o] <k
almost everywhere for x € .

(F2) (Nonlinear) coercivity: There exists a positive constant C' > 0 and a function h € L(2)
such that

D (@a(®@,6),60) = C Y [€al” — h(),

la|<k |a|=k

for all matrices £ € R**™, with rows §, € R™, a < k, and almost everywhere for x & SQ.

Then, for any f € [L1(2)]™, /p+1/q = 1, there exists exactly one bounded operator A : [Wé“’p Q™ —
[W=ka(Q)]™ such that

a(w,v) = (Au,v)  forallu,v € [WFP(Q)™
and

MMGWFmemeAmm:ww>WGWW®W (2.17)

= find w € [WIP(Q)]™ : Au = F.
The operator A is monotone, coercive, and hemicontinuous, and the (2.17) has a solution u €
[Wé“’p(ﬂ)]m. Additionally, let a, : Q x R¥*™ — R™ satisfy the following condition:
(G1) Strict Monotonicity: For all £, € R**™, where

> 1és —msl >0,

18I<k

it holds that
Z (aa(x,f) - aa(x7n>7§a - T]OZ) > 07

o <k

almost everywhere for € ).

Then, the solution u € [Wok P(Q)|™ is unique.

2.5 Pseudomonotone operators

We now aim to consider more general quasilinear partial differential equations which con-
tains lower order terms which do not satisfy the monotonicity conditions. In general, we
consider quasilinear PDEs which can be written as an operator equation of the form

Aju+ Asu = f, ueX (2.18)

where A; + Aj is pseudomonotone, cf. Definition 2.28, and coercive on a real reflexive Banach
space. In general, we will have that
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1. A : X — X'is monotone and hemicontinuous (corresponding to the high order terms
of the PDE), and

2. Ay : X — X' is strongly continuous (corresponding to the lower order terms of the
PDE).

In order to define pseudomonotone operators, we first need to define five related conditions
for an operator A.

Definition 2.25. Let X be a real reflexive Banach space and {u,} C X be a sequence; then,
we say that the nonlinear operator A : X — X’ satisfies the conditions (M), (S)+, (S), (S)o,
and (S); if and only if the following hold.

(M) Up = u, Auy — b, lin;sup(Aun, up) < (byu) = Au=b

(S)+ Uy — U, linisup<Aun —Auyup —u) <0 = u, > u

(S) Up — U, nILIEO<Au” —Au,up —u)y =0 = u,—u

(S)o Up = u, Aup, —0, nli_{rolo(Aun, up) = (byu) =  up—u

(S)1 Up = u, Aup—>b = u,—u
Additionally,

S+ = ) = 6 = O
We can define several properties of operators satisfying the conditions.

Lemma 2.26. Let X be a real reflexive Banach space, and A : X — X' be a nonlinear operator; then,
the following hold:

A monotone and hemicontinuous = A satisfies (M),

A uniformly monotone = A satisfies (S).

Lemma 2.27. Let X be a real reflexive Banach space, and A, B : X — X' be nonlinear operators;
then, the following hold:

A satisfies (S)4 and B strongly continuous = A+ B satisfies (S)+,
A satisfies (S) and B strongly continuous = A+ B satisfies (S),
A satisfies (M) and B strongly continuous = A + B satisfies (M).

Exercise 2.7. Prove Lemma 2.26 and Lemma 2.27.
We can now define a pseudomonotone operator.

Definition 2.28. Let X be a real reflexive Banach space, {u,} C X be a sequence, and A :
X — X' be a nonlinear operator. Then,

* Ais called pseudomonotone if and only if

Up — u, limsup(Auy, up—u) <0 =  (Au,u—w) < liminf(Au,, u, —w) Yw € X,

n—00 =00
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A satisfies the condition (P) if and only if

Up = u =  limsup(Aug,, u, —u) > 0.

n—oo

We can define several relationships and properties of pseudomonotone operators.

Lemma 2.29. Let X be a real reflexive Banach space, and A, B : X — X' be nonlinear operators;
then, the following hold:

A monotone and hemicontinuous A pseudomonotone,

A strongly continuous A pseudomonotone,
A demicontinuous and satisfies (S)4 A pseudomonotone,
A continuous & dim X < oo A pseudomonotone,
A pseudomonotone & B pseudomonotone A + B pseudomonotone,
A monotone and hemicontinuous & B strongly continuous A + B pseudomonotone,

A + B satisfies (P).

IR

A monotone & B strongly continuous
Exercise 2.8. Prove Lemma 2.29, except
A continuous & dim X < oo = A pseudomonotone.

Note that the last two statements follows trivially from the previous statements.

Lemma 2.30 (Properties of pseudomonotone). , Let X be a real reflexive Banach space, and
A, B : X — X' be nonlinear operators; then, the following hold:

A pseudomonotone A satisfies (P) and (M),

A pseudomonotone and locally bounded A demicontinuous,

A pseudomonotone & B monotone and hemicontinuous A + B pseudomonotone,

LEel

A pseudomonotone & B strongly continuous A + B pseudomonotone.

Exercise 2.9. Prove the first statement from Lemma 2.30; i.e.,
A pseudomonotone = A satisfies (P) and (M).

Note that the last two statements from Lemma 2.30 follows trivially from Lemma 2.29.

We now state a result for the existence of a solution to an operator equation, which we
can then apply to (2.18).

Theorem 2.31 (Brézis). Assume that the nonlinear operator A : X — X' is pseudomonotone,
bounded, and coercive on a real, separable, reflexive Banach space; then, the equation

Au = f,
has a solution w € X for every f € X'.

Proof. The proof of this theorem will be shown later; cf., Section 3.3 O

32



MONOTONE DIFFERENTIAL EQUATIONS

To apply this result to a quasilinear partial differential equation we shall consider a prac-
tical example, which can be extended to more general results.

Example 2.2 (Pseudomonotone operator for quasilinear PDE (Zeidler, 1989b, Section 27.4)).
Consider the boundary value problem on a bounded Lipschitz domain 2 C R”, n € N,

"9

where f € L9(2) and g satisfies the following conditions:

P=2 9y

(%ci

ou
81‘1'

) +g(u)=7f in Q, (2.19)

u =0, on 0}, (2.20)

(H1) Coerciveness: g : R — R continuous and

inf g(u)u > —o0;
u€R

(H2) Growth condition: For allu € R
lg(u)| < C(1+ |u|"™h)
where 1 < p,q,7 < 00, /p+1/g=1,and 1/p — I/n < 1/r.

We seek u € X = W, (Q) such that

a1 (u,v) + az(u,v) = (F,v), forallv € X, (2.21)
where
"\ Ou [P Qu Ov
ay(u.v) = /Q; oz, oz, 9z, de,

o) = [ glujoda,
<F,v>:/vada:.

By Proposition 2.4, Exercise 2.6, and Lemmas 2.14-2.18 we know that there exists a unique
monotone, coercive, bounded, and hemicontinuous operator A; : X — X’ such that

ar(u,v) = (Auy,v) for all u,v € X.

By Lemma 2.20 (for » = p) and Corollary 2.21 (otherwise) there exists a strongly continuous
Ay 1 X — X' such that

az(u,v) = (Aug,v) forall u,v € X.
it can be shown that F' € X’; therefore, (2.21) is equivalent to the operator equation

Aju+ Asu=F u € X. (222)
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Set A = A; + Ay; then, by Lemma 2.29 A is pseudomonotone. Additionally, A; is bounded
and Aj is strongly continuous (which implies bounded); therefore, A is bounded. From (H1)

(Ao, u,u) = / g(u)ude > C forallu € X;
Q

hence, A = A + A is coercive as A; is coercive. We can then apply Theorem 2.31 to show
that (2.22) has a solution v € X; which is the weak solution of (2.21).

Remark. We can easily generalise the above to the boundary value problem

n

32 s, V) + o) = £ o,

u =0, on 012,
providing that the functions a;, i = 1, ..., n meet the conditions (B1)-(B2) and (C1)-(C2).

2.6 Semimonotone operators

In order to extend the results from the previous section to partial differential equations under
certain conditions we consider so-called semimonotone operators.

Definition 2.32. Let X be a real, separable, reflexive Banach space and B : X x X :— X' be
a map such that
Au = B(u,u) forallu € X.

The operator A : X — X' is called semimonotone if and only if the following hold.

a) Forall u,v € X
(B(u,u) — B(u,v),u—v) > 0.

b) For each u € X, the operator v — B(u, v) is hemicontinuous and bounded from X to
X', and, for each v € X, the operator u — B(u,v) is hemicontinuous and bounded
from X to X'.

¢) If u, = win X and

lim <B(uTZ7 Un) - B(un,u),un — U> = 07

n—oo
then, B(uy,v) — B(u,v) in X' forallv € X,
d) Letv € X, u, — uvin X, and B(uy,v) — win X" as n — oo; then,

lim (B(un,v),un) = (w,u).

n—0o0

e) A isbounded.

Lemma 2.33. Let A : X — X' be a semimonotone operator on a real, separable, reflexive Banach
space X; then, A is pseudomonotone.

Proof. See Leray and Lions (1965). O
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Exercise 2.10. Let A : X — X' be a semimonotone operator on a real, separable, reflexive
Banach space X, and B : X x X — X’ the associated map. Assume that u,, — u, B(up,u) —
w and

lim sup(B(un, up ), unp, — u) < 0.

n—oo

Show that
lim (B (tn, tun) — B(tn, u), u, —u) = 0;

n—00

i.e, show that Definition 2.32 (c) is satisfied. Hence, show that

(B(u,u),u —w) < liminf(B(uy, uy), un — u) forallw € X;

n—oo
i.e., Ais a pseudo-monotone operator.

As we can show that a semimonotone operator is also a pseudomonotone we use Theo-
rem 2.31 to show the existence of a solution to the operator equation Au = f and, further-
more, a solution to the weak formulation (2.10) for quasilinear partial differential equations
can be shown under certain assumptions.

Theorem 2.34 (Leray-Lions). Let X be a real, separable, reflexive Banach space and A : X — X'
be a semimonotone and coercive operator; then,

Au=f
has a solution u € X for every f € X'.

Proof. By Lemma 2.33 A is pseudomonotone. Then, as A is also bounded (by definition of
semimonotone) and coercive there exists a solution to Au = f by Theorem 2.31. O

Theorem 2.35. Let the coefficients functions a, : 2 x R* = R, |a| < k, k € N, where  defined
by (1.7), from (2.6) satisfy, for 1 < p < oo, the Carathéodory condition (B1), growth condition (B2),
and coercivity condition (C2) from Theorem 2.19, as well as the following conditions:

(I1) The highest order terms are strictly monotone with respect to the highest order derivatives;
ie.,

S (a6 = aale,n8)) (€a &) >0,

|a|=k
forall € RF, ¢,€ € RF, where

- (n+E-1)
"= nl(k —1)!

is the number of multi-indices of length || < k — 1.

(12) The highest order terms are coercive with respect to the highest order derivatives; i.e.,

lim sup Z 7%{(%’17’5) == 00,

[€l=o0neD = 161+ 1€~

for almost all = € Q2 and bounded sets D C R¥,
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Then, for any f € L1(Q), 1/p + 1/q = 1, there exists at least one weak solution u € Wé“’p(Q) to the
weak formulation (2.10).

Proof. It can be shown that the operator A : Wéc’p(ﬂ) — Wk4(Q), Au = B(u,u), where

(B(w,u),v) = / Z ao(x, p—1w(x), gku(a:))(?av dx + / Z aq(x, dpw(x))0%v de
Q 5 Q
| =k o <k—1
(2.23)
is semimonotone, coercive, and bounded (Leray and Lions, 1965). Then, by Lemma 2.33 and
Theorem 2.34 a solution to Au = F', where

(F,v) ::/fvda:,
Q
exists for every f € L9(2); hence, a solution u € Wé‘: P(Q) to the weak formulation (2.10)

exists. 0

Exercise 2.11. Let A : Wg’p(Q) — Wk9(Q), Au = B(u,u), where B is defined in (2.23).
Show that B satisfies Definition 2.32 (a)—(b), and that A is bounded and coercive.

2.7 Locally coercive operators

The finally generalisation we consider in this chapter considers operators of the form
A: X —» XT
where {X, Xt} are so-called dual pairs of Banach spaces.

Definition 2.36. Let X and X' be Banach spaces over a field K = R,C. Then, {X, X"} is
called a dual pair if and only if the following holds:

a) There exists a bilinear bounded map (-, - )x : XT x X = K.
b) If (v,u)x =forall u € X; then, v =0.
c) If (v,u)x =forallv € Xt; then, u = 0.

Example 2.3 (Examples of dual pairs). The following examples demonstrate that the standard
dual of a Banach space forms a dual pair, but dual pairs are not necessary duals.

a) Let X be a Banach space and X' its dual. Then, {X, X'} is a dual pair if we use the
usual dual operator

(v,u)x = v(u) forallv € X', u € X.
b) Let X = C(Q), Q C R?, n € N, bounded domain and set
(v,u)x = / vude forall u,v € X; (2.24)
Q

then, {X, X} is a dual pair.
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c) Let X = WF2(Q) and X € L2(Q), with Q C R”, n € N, bounded domain; then,
{X, X"} is a dual pair with respect to (2.24).

We now define a result which gives a solution of an operator equation Au = f for only
some right hand sides f.

Theorem 2.37 (Hess-Kato). Let the following conditions holds:

(J1) Dual pairs: Let { X, X} and {Y, Yt} be dual pairs where X, X, Y, Y are Banach spaces
with bilinear forms (-, -)x and (-, - )y, respectively, with continuous embeddings

Y — X, and XT—=Y"
which are compatible; i.e.,
(v,u)x = (v,u)y  forallve XT yeY.
Moreover, X is reflexive and separable, and Y is reflexive.

(J2) Operator A: A : D(A) C X — Y be a given operator and K C X a bounded, closed,
convex set containing zero and K NY C D(A).

(J3) Local coerciveness: There exists a constant o« > 0 such that

(Av,v)y > a, forallv e Y NOK.

(J4) Continuity: For each finite dimensional subspace Yy of the Banach space Y, the mapping
w = (Aw,v)y,
is continuous on K N'Yy for all v € Yy
(J5) Generalised condition (M): Let {u,} be a sequencein Y N K and let b € Xt; then,

up, = u € X, (Aup,v)y — (byv)y Yv €Y,
limsup(Aup, up)y < (byu)x = Au=0.

n—oo
(J6) Quasi-boundedness: Let {u,} be a sequence in Y N K; then, for a constant C > 0,

Uy = u € X, (Aup,up) < Cllup|lx Vn €N = {Au,} C Y bounded.

Then, for each b € X+ with (b,v)x < aforallve KNY,
Au =0, u € D(A),
has a solution u. Additionally, this solution is unique if

(J7) Local strict monotonicity: There exists a dual pair {Z, Z "} of Banach space Z and Z*
with continuous embedding

X 7 and Yt 77

such that
(Au — Av,u —v)z > 0, forall u,v € D(A) with u # v.
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The solution has continuous dependence on the data if the following holds; i.e., for Au; = by and
Aug = bo, by, by € X it holds that

lur = uzlz < Cllbr = b x+
(J8) Local strong monotonicity: (J7) holds and there exists a constant d > 0 such that

(Au— Av,u —v)z > d|lu—v||3,  forallu,v € D(A).

Remark. Consider Banach space X and Y over a field K with continuous dense embedding
Y < X (ie, X =Y); then, X’ — Y’ is a continuous embedding in the sense that a linear
continuous functional b : X — K is also a linear continuous functional b : ¥ — K by
restricting b to Y. In this case, we can set XT = X’ and Y+ = Y which define dual pairs,
and set K to be a closed ball in X.

Corollary 2.38 (Special case for balls). Suppose (]1)—(]6) holds, and let K° denote the polar set of
K;ie.,
Ke={beXT:(bv)y <1Wwe K}

Then, aK° C R(A); i.e., Au = b has a solution u for each b € o K°. In particular, if K is a ball of
radius R > 0, i.e.
K={veX:|v|x <R},

and if
(b,v)x < C|bllx+|vllx  forallbe XT,ve X,

and fixed C' > 0; then,
{be X :|b|x+ < Ver} C K°,

i.e. Au = b has a solution u for each b € X+ with ||b|| x+ < @/cR.

Corollary 2.39 (Global coerciveness). Suppose (J1)—(]6) holds for all balls K in X and suppose the
global coerciveness condition

A
Aovly _ o wey,
lolix—oo  [lvflx
is satisfied. Then, X C R(A); i.e., Au = b has a solution u for eachb € X .

Example 2.4 (Strongly nonlinear semilinear PDE (Zeidler, 1989b, Section 27.8)). Consider the
boundary value problem

—Au+g(u)=f in Q, (2.25)
u =0, on 0f). (2.26)

Here, we assume no growth condition on g; therefore, we talk about a strong nonlinear prob-
lem, such as g(u) = e*. We assume the following conditions:

(K1) ¢: R — R continuous with (g(u) — a)u > 0 for all u € R with fixed a € R.

(K2) Qbounded domain in R™ with piecewise smooth boundary.
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If g : R — R is continuous and monotone (i.e., g(u) = e*), then (K1) is satisfied and a = ¢(0).
We reduce the problem to an operator equation

Au = b, ue€D(A) ={uecX:hecL ()},

where h(x) = (g(u(x)) — a)u(x) and X = W;*(Q). Setting Y = WH2(Q) N X, k > n/2, and

llulx = ||u||g,2. Since k > n/2, Y — C(€2) continuously by Sobolev embeddings. Note, that
x> g(u(z)) € LY(Q).
Let g € L?(2); then, we seek u € D(A) such that
ay(u,v) + ag(u,v) = b(v), forallv €Y, (2.27)

where
ai(u,v) = / Vu-Vude,
Q
aafu.0) = [ glu(@))o(e) da.
Q
b(v) = / fvde.
Q
Instead of (2.25) we can consider
—Au+ (g(u) —a)=f —a in Q.
For simplicity we assume a = 0.

We aim to apply Theorem 2.37 to a sufficiently large ball K in X. Set X* = X’ and
Y =Y’ Then we need to show the various requirements of the theorem:

1. [b(v)| < C||fllo2]lv]|x forall v € X; hence, b € X'.

2. |ai(u,v)] < Cllu||x|lv|ly forall w € X, v € Y; hence, there exists a unique 4; : X — Y’
such that
(Aju,v)y = aq(u,v), forallu € X,v eY.

3. By Sobolev embeddings
lag(u,v)| < / lg(u)] daz||v||0@) < C|lvlly forallv € Y, (2.28)
Q
hence, there exists a unique Ay : D(A) C X — Y’ such that
(Agu,v)y = aa(u,v), forallu € D(A) C X,veY.

4. Define A = A + Ay; then, (2.27) is equivalent to
Au=1b u € D(A).

Note that Y ¢ C(Q) C D(A) C X.
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5. Global coerciveness of Y: g(u)u > 0; therefore, by Poincaré-Friedrich
(Av,v)y = a1 (v,v) + az(v,v) > a1(v,v) > d||v]|% forallv e Y.

Hence, forv €Y,

A
im AUOY Sl = oo
lolx—oo  |[v]lx J[vll x —o0

6. Generalised condition (M): Letb € Y, {u,} C Y be a sequence such that u,, — u in X,
and

(Auy,v)y — b(v) forallv €Y, (2.29)

lim sup(Auy, up)y < b(u); (2.30)

n—oo

then, we need to show that Au = b.
e A;: X — Y'islinear and continuous; therefore, it is also weakly continuous:
(Ajup,v)y — (Aju,v)y forallv €Y.

¢ If we can show
(Agup,v)y — (Agu,v)y forallv ey,

and u € D(A); then, by (2.30) we complete this proof. As U C C'(£2) and

<A2u,v>:/ﬂg(u)vdw;

then, by (2.28) it is sufficient to show that g(u,(x)) — g(u(z)) in L}(Q) for a
subsequence of w,,. This requires additional results (Vitali convergence theorem
and Fatou lemma), hence, we skip this prove here.

7. Quasi-boundedness of A: Let {u,} be a sequence in Y with u,, — u in X, and suppose
that
(Aup, un)y < Cllun|x foralln € N;

then, we need to show that {Au, } is bounded in Y’. The boundedness of {u,} in X,
implies that there exists a constant C' > 0 such that

lim sup(Auy, uy)y < C.

n—oo

Suppose that { Au,,} is unbounded in Y’; then, there exists a subsequence {u,} such
that
HAunHy/ — OQ.

Similarly to step 6 above we can show that
(Aup, v)yy — (Au,v)y forallv e Y

for the subsequence. By the uniform boundedness principle, Proposition 1.8 (9), the se-
quence {Au,, } is bounded; which is a contradiction.

By Corollary 2.39 Au = b has a solution u € D(A) if b € X'.
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CHAPTER 3

Finite Dimensional Approximation

We want to study the operator equations Au = b and nonlinear partial differential equations
when we have a finite dimensional Banach space X;,, C X. There are two main reasons for
studying finite dimensional spaces:

¢ The proofs of several of the theorems from Chapter 2 are based on finding the solution
of an operator equation on a sequence of finite dimensional spaces which tend to the
solution on the infinite dimensional space in the limit.

* Numerical approximation of the solution on a finite dimensional space; e.g., by the
finite element method.

3.1 Galerkin approximation

We first need to define the approximation to the operator equation Au = b on a finite dimen-
sional subspace.

Definition 3.1 (Galerkin approximation). Let X,, be a finite dimensional subspace of a sepa-
rable Banach space X. Then, the Galerkin approximation of the operator equation Au = b on
X, is: Find u,, € X,, such that

(Auy,v) = (b,v) forallv € X,,. (3.1)

This can be understood as

Ay u, = by
where A,, : X,, — X/ is the restriction of A to X,, and A,,u,, b, are functionals on X restricted
to X,,.

Let X,, = span{v;,i = 1,...,n} be a finite dimensional subspace of a Banach space X.
We can define P, as the projection from X to X, (a continuous linear operator) and construct
the dual operator projection P4 : X! — X' by

<menx>X;L><Xn = <ngmx>X’><X forall f,, € X;l,.l‘ € X;

cf. Section 1.3. Let 4,, = P;fAPn and b,, = Pfllb; then, A,u, = by, is the Galerkin approx-
imation to Au = b on X,,. By definition of the Galerkin approximation the following are
equivalent:

e Find u, € X,, such that (Au,,v) = (b,v) forall v € X,.
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e Find u, € X, such that (PZAP,u,,v) = (P%,v) forallv € X,,.
e Find u,, € X,, such that A, u,, = b,,.
For the basis v;, i = 1,...,n of X,, we construct the dual basis {v}}, v} € X,,,i =1,...,n;ie,
(v}, vi) = i fori,j=1,...,n.

We also denote by v] the continuous linear extension of v, € X, to X (cf. Hahn-Banach
theorem). We then define

n
an:Z@g,m)vi, r e X.
i=1
Clear P, is a projection in the sense that P, = z for all z € X,,, and is a linear and continu-
ous operator from X to X,.

Lemma 3.2. Let X,, C X be a finite dimensional subspace of a Banach space, A : X — X' and
An X, — X) with A, = P2AP, for the projection P, : X — X,,. If A is (strictly/uniformly/
strongly) monotone, (strongly/weakly/Lipschitz/hemi-/demi-) continuous, or coercive; then, A, is
also (strictly/uniformly/strongly) monotone, (strongly/weakly/Lipschitz/hemi-/demi-) continuous, or
coercive, respectively.

Remark. In general, the constants for strongly monotone and Lipschitz continuity will be the
same.

3.2 Iterative Galerkin for strongly monotone

We first consider the Galerkin approximation of the operator equation Au = f for a strongly
monotone and Lipschitz operator on a Hilber space X and its application to the numerical
approximation of a quasilinear elliptic partial differential equation; cf. Section 2.2. By Theo-
rem 2.8 and Corollary 2.9 we know that there exists a unique v € X such that Au = f for all
f € X’ and the iteration

U] = U — EJ)_(l(Aum - f)
converges to u.

Let X,, C X be a finite dimensional subspace of X with dim X,, < oo and approximate
Au = fin X,.

Theorem 3.3. Let A be a strongly monotone and Lipschitz continuous operator, f € X', and X,, C
X be a finite dimensional subspace, A,, = PffAPn, In= Pff f, where P, : X — X,, is the projection;
then, Apu = fy, has a unique solution u,, € Xy, and the fixed point iteration

u{™ = ul — e M (Al — f,)  m >0 (3.2)

converges to uy, for any initial u) € X, with contraction factor k = (1 + e2L2 — 2eM)"? if  is
selected such that k* < 1, where M and L are the constants from strong monotonicity and Lipschitz

continuity. Furthermore, given the solution v € X to Au = f from Theorem 2.8,
L .
o= unllx < 57 inf flu—vllx

where

inf |Jlu—v||x =0 as n — oo.
veXn

42
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Proof. By Lemma 3.2 A,, is strongly monotone and Lipschitz continuous with constants M
and L, respectively. Theorem 2.8 and Corollary 2.9 proves the existence of the solution u,, €
X, and convergence of the iteration. Furthermore,

(Aug, vy = (Apun,v) = (f,v) = (f,v) forallv € X,,,
(Au,v) = (f,v) forallv e X D X,
== (Aup, — Au,v) = forallv € X,,.

Therefore, by strongly monotone and Lipschitz continuity, for all z € X,,,

Mlu — |k < (Au — Aty u — uy)
< (Au — Aup,u — z)
< ||Au — Aup || x/||u — 2| x
< Lllu = unllxllu— 2.
Hence,

L
lu — up|lx < MHU—ZHX forall z € X,
and, as X, is closed,

L .
lu = unllx < 37 inf flu—vlx. ]

Theorem 3.4. Let u € X be the solution from Theorem 2.8 to Au = f on the Banach space X,
ud) € X, be an initial guess u;t € Xy, m > 1 be the approximation on the finite dimensional
subspace X,, C X after the m-th iteration of (3.2), and

M 2\ /2
£ = —5, k= (1—M> ;
L? L?

then,

L 212 M2\
Hu—u HX<M inf ||u—v||—|—]w2 <1_LQ> ||u(0)—u I x.

Proof. By the triangle inequality, Theorem 3.3, Theorem 2.8, and the fact that 0 < k£ < 1,

lu =™ lx < llu— unllx + llun —ui™ | x
n

L
< o7l Jlu—vllx + kHU%O) — )| x

- veX 1
L EM(1+E), 1
= o inf flu—vllx + Sl — D
L . 2k™ 1
< 37 nf Jlu—vlx + 7 szu = || x.
Replacing k with its definition completes the proof. O
Remark (Practical Implementation). Choose the basis {v1, ..., v,} of X,, and define

n
Up = g QU
=1
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for some unknown vector a = (ay, ..., ozn)T € R™. Then, we can write the Galerkin approx-
imation (3.1) as

<Aun,’l)7;>:<f,2}i>, i=1,...,n,
= <A Zajvj 7Ui>:<f7vi>7 i=1,...,n.
j=1

This can be written as a (nonlinear) algebraic system

where F : R™ — R" is defined as

F(a) = <A Zajvj ,’Ui>

and £ = ((f,v;));_,. We can define the fixed point iteration (3.2) as

m

i=1

(uq(lmﬂ),vi)x = (uﬁlm),vi)x —e(Apuyt — fu,vi), i=1,...,n.
Let o™+ o™ ¢ R” be the vectors corresponding to u%mﬂ), ul™, respectively; then

Yol D v)x =Y ol g 0)x — e(F@™) ~6),  i=1,...n,m>0.
j=1 i=1

Define the mass matrix M € R™ "™ as M;; = (vj,v;)x; then we get the following linear
algebraic system for each iteration:

Ma (™) = Ma(™ — e(F(a™) —2), m>0.

Remark. M is symmetric positive definite.

Example 3.1 (Iterative Galerkin method for strongly monotone & Lipschitz continuous PDE).
Consider the boundary value problem in a bounded Lipschitz domain Q C RY, d = 2,3,

u=20 on 0,

where 1 € C(Q x [0,00)) and there exists positive constants oy > as > 0 such that, for

t>s>0andx € Q
ag(t —s) < p(x, t)t — p(x, s)s < ai(t — s).

This is the Example 2.1; hence, we know there exists a unique weak solution u € X = Hg(Q)
such that

a(u,v) = /Q,u(a:, |[Vu|)Vu - Vode = /va dx = (F,v) for allv € H} (D). (3.3)

We consider the following finite element discretisation:
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Figure 3.1: Example finite element mesh for Q = (0, 1)?

* Partition {2 into non-overlapping simplices (elements) 7" such that 2 = (7. T to cre-
ate the mesh 7. We assume standard finite element assumptions on the mesh (shape
regularity, etc.).

* Denote by hr the diameter of 7" and set h = maxye7;, hr.

* On each element approximate by polynomials of total order p > 1 and impose conti-
nuity of the approximation over element intersections (edges/faces).

¢ Define the finite dimensional space
Xy = {v e Hy(Q) :v|r € Py(T),VT € Tp} € X = Hj(Q),
where P,(T) is the space of polynomials of total order pon T" € 7Tj,.

We can now define the iterative Galerkin finite element method: Given an initial guess uglo) €

X, we iterate form = 1,2, ... and find ugmﬂ) € X}, such that
(m+1) (m) Q2 (m)
(uy, JOR)x = (uy, ' vn)x = —5 (a(uh ,up) — (F, Uh>) for all v, € X}, (3.4)

a7

where
(u,v)x = / Vu-Vude.
Q

By Theorem 3.3 this converges to the solution u;, € X}, with contraction factor

Let u € H*1(Q) N HZ(R), s > 1 be the weak solution given by (3.3), u\") € X}, be any initial

guess, and ugm) € X}, be the numerical solution after m steps of the iteration (3.4); then, for

m>1,

n/g
X1 1 min(p, 201 o5 © _ O
=) < Ol 2 (1= 5) 1l — e
where C' > 0is a constant independent of h, a1 and ap. This result follows from Theorem 3.4

and standard finite element results to bound inf ¢ x, [|[u — v||.
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Figure 3.2: Definition of g(z) for proof of Brouwer fixed point theorem

3.3 Minty-Browder & Brézis

We can also use the Galerkin approximation to prove both the Minty-Browder (Theorem 2.11)
and Brézis (Theorem 2.31) theorems from Chapter 2. In order to prove Theorem 2.11 we re-
quire the Brouwer fixed point theorem, which we can state as three related theorems.

Theorem 3.5 (Brouwer fixed point theorem (unit ball)). Let B1(0) = {x € R"™ : ||z|| < 1} (unit
ball) and f : B1(0) — By (0) be continuous. Then, f has a fixed point T in B1(0); i.e., f(T) = T.

Proof. f : B1(0) — B1(0) is continuous; then, by Weierstrass approximation theorem there
exists a sequence of polynomials

pK:Bl(O)%Rna 6217

such that .
sup_|f(2) —pe(2)] <5, €21
2€B1(0)
Then, for x € m,
pe(e)| < @) +Ipe(e) — f@) <1+ 5.

We can then scale py(z) to define h; : B1(0) — B1(0) as

and we have that

1

1
|f(x) = he(z)| < [f(2) = pe(@)| + [pe() — ()] < % + (1 - (1 + €> > [pe()| — 0 (3.5)

as { — oo. We suppose that h, does not have a fixed point; therefore, for any z € B;(0),
he(x) # x. We define g(x) as the intersection of a line starting at the point ,(z) and passing
through = with the boundary 0B;(0); cf. Figure 3.2. We note that g : B;(0) — 0B;(0) is a
C' function and g(z) = z for all z € 9B1(0). The retraction principal, however, states that
there exists no C'-mapping F : B1(0) — 9B;(0) with F(z) = x for all z € 9B;(0); hence,
we have a contradiction, meaning that hy(z) has a fixed point {, € B;(0) for all ¢ > 1. The
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sequence {{s}¢>1 C Bi(0) is a bounded sequence and, thus, has a convergent subsequence
é-Kl — f € Bl (0) Then, by (35)

1f(&) —¢l= Jim [£(&e) = &l = Jim [f(&) = he(&e)] = 0.

Hence f(£) = £, and £ is a fixed point of f. O

Theorem 3.6 (Brouwer fixed point theorem (subset R")). Let K C R", n > 1, be a non-empty,
closed, convex, and bounded set, and f : K — K be a continuous mapping. Then, f has a fixed point
TeK.

Proof. We only breifly outline the proof. Let z € int K, K1 = {—z2+z,2 € K} = —z+ K, and
T(z)=—z+x,2€ K, T: K — K. Define

fily) =T o foT 1y, y € K.

If y € K, is a fixed point of f; then 7 = T~17 is a fixed point of f; therefore, it is sufficient
to show a fixed point of f; exists. It is possible to define a continuous mapping h : K; —
B1(0) and show that h is a homeomorphism (which we skip, as the definition requires more
results). Then, we define g = h o f; o h™!, where g : B1(0) — B1(0) is continuous, and there
exists a fixed point w € B;(0) by Theorem 3.5 such that

w = g(w) = (ho fioh™")(w) = hHw) = f(h~ ().
Therefore, 7 = h™!(w) € K is a fixed point of f; on K. O

Theorem 3.7 (Brouwer fixed point theorem (finite dimensional linear space)). Let X be a finte
dimensional linear space, K C X a closed, convex, and bounded subset, and f : K — K be a
continuous mapping. Then, f has a fixed point T € K.

Proof. Define

n
x = § T4,
i=1

where z1,...,, are the basis for X, dimX = n, and o = (ay,...,a,). Then, defining
T :X — R"as T(x) = ¢, it is sufficient to show that 7" is a homeomorphism such that
Theorem 3.6 can be applied to show g = T'o f o T~! has a fixed point. O

Exercise 3.1. Prove Theorem 3.7.
Remark. We note several points about Brouwer fixed point theorem:

1. In the one-dimensional case, let f : [a,b] — [a,b]. Then, defining g(x) = f(z) — x, we

have that
g(a) = f(a)—a>a—-a=0
9() = f(b) —b<b—b=0
= g(b) <0< g(a).

The intermediate value theorem states that there exists a £ € [a,b] with g(§) = 0 <~
(&) = & Hence, Brouwer fixed point theorem is equivalent to the intermediate value
theorem.
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X

Figure 3.3: Simple proof that fixed point for Brouwer is not unique — fixed points of f(z)
occur when f(z) intersects with y = x

2. The fixed point may not necessarily be unique, cf. Figure 3.3.
3. The fixed point iteration z,, 1 = f(x,) may not necessarily converge.

4. The theorem does not hold for infinite dimensional spaces, see Kakutani’s counter-
example.

To prove Minty-Browder we use a corollary of the Brouwer fixed point theorem.

Corollary 3.8. Let Br(0) = {z € R™ : ||z|| < R} for fixed R > 0, the functions g; : Br(0) — R,
i1 =1,...,n be continuous, and

N gi(@)z; >0 forallz: ol <R,
=1

where v = (x1,...,2,) € R™ Then,
gi(x) =0, i=1,...,n,
has a solution x € R™ such that ||z| < R.

Proof. Set g(x) = (g1(z), ..., gn(x)) and suppose that g(z) # 0 for all z € Br(0). Then, define

—Ryg(z)
flz) = ,
= Toto]
and by Theorem 3.6 there exists a fixed point Z such that 7 = f(z) and ||Z|| = || f(Z)| = R.

Furthermore,
n o 1 _ n L
> gi@E = —gle@ll > fi@T; <0,
i=1 i=1

which contradictions the assumption on g;. Therefore, there must exist a x € Bp(0) such
that g(z) = 0. O

We can now prove Theorem 2.11, but we first recall the theorem along with a result about
the existence and convergence of the Galerkin approximation which we prove at the same
time.
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Theorem 2.11 (Minty-Browder). Let A : X — X' be a monotone, coercive, and hemicontinuous
operator on a real reflexive Banach space X. Then, for each f € X' the equation Au = f has at least
one solution (A is surjective) and the set of all solutions is bounded, convex, and closed. Additionally,
if A is strictly monotone then the solution is unique, the inverse A~1 exists and

A uniformly monotone = A~ continuous

A strongly monotone == A~ Lipschitz continuous

Corollary 3.9. Let dim X = coand X be separable in Theorem 2.11, and X,, = span{vy,...,vn} C
X be a finite dimensional subspace; then, the Galerkin equation

(Apup,v+1) = (f,v;) 1=1,...,n (3.6)
has a solution

n
Up = E CinVi,
=1

where ¢, € R, i = 1,...,n, and the sequence {uy,} has a weakly convergent subsequence w,, — u
in X as n — oo, where u € X is the solution to Au = f from Theorem 2.11.
If A is strictly monotone then the sequence w, — w and if A is uniformly monotone then u, — u.

Proof of Theorem 2.11 and Corollary 3.9. Note that we only prove for X separable. We start by
proving the existence of the solution to the Galerkin equation (3.6) and that the sequence of
Galerkin approximations converges to the solution of Au = f in X.

1. Set g(u) = (Au — f,u) and g = (Au — f,v), k=1,...,n. As A is coercive
g(u)

= = 400 asl|ul| — oo;
i

therefore, there exists a constant R such that

g(u) >0 for all ||u| > R. (3.7)

We can write the Galerkin equation (3.6) as

gk (un) =0, up € X, k=1,...,n, (3.8)
where
n
Up, = Z ClnVk-
k=1
Hence, (3.8) is a nonlinear system of real-valued unknowns ciy,...,c,, € R. As Ais

demicontinuous (see Lemma 2.3), u — g(z) is a continuous map on X. Then, for all
U, € X, with ||u,|| = R we have from (3.7)

ng(un)ckn = <Aun - f chnvk> = g(un) > 0;
i=1

i=1

hence, by Corollary 3.8 we have a solution u,, to (3.8).
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2. Let u, be a solution of (3.8), then g(u,) = 0; hence, from (3.7)
lunll < R for all n.
Hence, the sequence {uy, } is bounded. If w is a solution of Au = f then g(u) = 0; hence,

Jull < R.

3. As A is monotone it is also locally bounded; i.e., there exists r, § € R such that
ol <r = | Av[| < 6.
A is monotone; then
(Au, — Avyup —v) >0 = (Aup, v) < (Auy, up) — (Av, uy — v).
By the Galerkin approximation (3.1)
(Atp, un) = (f, un) for all n;

hence,
[(Atn, un)| < || fllllunll < R[Ifl|  foralln.

By the definition of the norm on the dual space

1
| Aun | = sup —(Aug,v)

[vll=r

< sup 2 ((Av,v) + (Aup, un) — (Av, 1))
foll=r T

1
< sup ;((5T+R||f” +IdR).

[[o]|=r
Hence, the sequence { Au,, } is bounded.

4. As X is a reflexive Banach space the bounded sequence {u,, } has a weakly convergent
subsequence (see Proposition 1.8 (4)) {u,}; i.e., up, — win X as n — oo. From the
Galerkin approximation

111520<Au”’w> = (f,w), forallw e L_Jl Xn.

As ;2| X, is dense in X and {Au,} is bounded in X’; then, the above holds for all
r € X;ie., Au, — fin X' asn — oco. Furthermore,

lim (Aup, u,) = (f,u).

n—oo

By the monotonicity of A

(Atp, up) — (Av, up) — (Auy, — Av,v) = (Au,, — Av,uy, — v) > 0.
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Let n — oo; then,

<f7u> - <AU’U> - <f - AU,U>

= (f — Av,u —v) forallv € X.

Letv =u —tw, t > 0; then, (f — A(u — tw),w) > 0. As A is hemicontinuous, let t — 0;
then,
(f — Au,w) >0 forallw e X = Au = f.

Note that in general for A hemicontinuous
(f —Av,u—v) >0 forallve X = Au = f. (3.9)
So the limit u of the weakly convergent subsequence {u,, } is a solution of Au = f.

This completes the proof of the existence of the solution to the Galerkin approximations,
the existence of the solution to Au = f and the weak convergence of a subsequence of the
Galerkin approximations to w.

We now proof the properties of the set of all solutions S to Au = f for a fixed f € X'. We
note that S is non-empty due to step 4 above. Furthermore, we can show that

1. Sis bounded by step 2 above.

2. Sisconvex: Letuy,us € S;ie., Auy = f, Aus = f. Define u = t1uy +toug, 0 < t1,t0 < 1,
t1 + to = 1; then,

(f — Av,u —v) = t1(f — Av,u1 — v) + tab — Av,ug — v
= t1(Auy — Av,u; —v) + toAug — Av,ug — v
>0

for all v € X; hence, Au = f by (3.9), which implies u € S.

3. Sisclosed: Let Av,, = f for all n, v, — u; then,

(f — Av,u —v) = lim (Av, — Av,v, —v) >0 forallv € X.

n—oo
By (3.9), Au = f; hence, v € S and S is closed.

Now assume that A is strictly monotone and Au; = f, Aus = f, u1 # ug; then,

(Aug — Aug,uq — ug) > 0,

<f—f,U1—U2> >O7
(0,u; —ug) > 0.

This is a contradiction; hence, u; = u2 must be true and the solution to Au = f is unique.
The rest of the proof is left as an exercise. O

We also can prove Theorem 2.31 for existence of solution to Au = f for pseudomonotone
operators. To this end, we first study a result about convergence of the Galerkin approxima-
tions for operators satisfying (M) or (S)o.
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Proposition 3.10. Let A : X — X' be a bounded operator satisfying (M) on a real, separable,
reflexive, and infinite dimensional Banach space X, and f € X'. Let {vy,va,...} be the basis of X
and there exist R > 0 and ny € N such that for all n > ng

<Aun—f"l}k>:0’ unEX'r“ kzl,...,n7
where X,, = span{vy, ..., vy}, has a solution u,, with ||u,|| < R. Then,

a) there exists a subsequence {u, } with u,, — was n — oo such that w € X is a solution of
Au=f,

b) if Au = f has a unique solution u € X then u, — wasn — oo, and

c) if A satisfies (S)o and is demicontinuous instead of satisfying (M) then w,, — u and u, — u
in steps (a) and (b), respectively.

Exercise 3.2. Prove step (a) of Proposition 3.10 and the first part of step (c); i.e., u,y — wu.

We can now prove Theorem 2.31, but we first recall the theorem along with a result about
the existence and convergence of the Galerkin approximation which we prove at the same
time.

Theorem 2.31 (Brézis). Assume that the nonlinear operator A : X — X' is pseudomonotone,
bounded, and coercive on a real, separable, reflexive Banach space; then, the equation

Au = f,
has a solution w € X for every f € X'.

Corollary 3.11. For a fixed f € X' and each n € N the Galerkin approximation
<Aun—f7’l)k>:0’ uneXn, k:17...,n,

where X, = span{vi,...,v,} C X and A : X — X' satisfies Theorem 2.31, has a solution
un, € X,. Additionally, there exist a subsequence {u,} such that u,, — u, where v € X is a
solution of Au = f.

If A satisfies (S), then w,, — wu, and if Au = f has a unique solution u € X, then w,, converges
(weakly or strongly) to w.

Proof of Theorem 2.31 and Corollary 3.11. By Lemma 2.30 A is demicontinuous and satisfies
(M). By identical proof to the steps 1-2 of the proof of Theorem 2.11/Corollary 3.9 the
Galerkin approximation has a solution u,, such that ||u,| < R for all n and fixed R > 0.
Hence, the conditions of Proposition 3.10 are met, which completes the proof. O
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