
Nonlinear Differential Equations
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Due: 3rd April 2024

Exercises

1. State the order of the following differential equations defined on the domain Ω = Rn, n = 2, 3,
and categorize them as linear, semilinear, quasilinear, or (fully) nonlinear. In the following
equations, for a scalar-valued function u, vector-valued function v, and n× n matrix-valued
function σ, we define the gradient operator as
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(
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∂x1
, . . . ,
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)⊤
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 ,

and the divergence operator as

∇ · v :=

n∑
i=1

∂vi
∂xi

∇ · σ =

 n∑
j=1

∂σ1j
∂xj

, . . . ,
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,

⊤

.

For a function ψ we define the Laplacian operator as ∆ψ ≡ ∇·∇ψ, the biharmonic operator
as ∆2ψ ≡ ∆∆ψ, and the Hessian operator as ∇2 = ∇(∇ψ).

Poisson’s Equation
∆u = f

where u : Ω → R is the unknown and f : Ω → R is a known function.

Chladny sound figures
∆u+ λ sinu = 0

where u : Ω → R is the unknown and λ : Ω → R is a known function.

von Kármán equations For n = 2,

D∆2u− [u,w] = f,

∆2w +
1

2
[u, u] = 0,

where u,w : Ω → R are the unknowns, D is a constant, f : Ω → R is a known function,
and the bracket operator [·, ·] is defined as

[u, v] =
∂2u

∂x21

∂2v

∂x22
− 2

∂2u

∂x1∂x2

∂2v
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+
∂2u

∂x22

∂2v
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.

Non-Newtonian fluid

−∇ · {µ (x, |e (u)|) e (u)}+∇p = f , (1)

∇ · u = 0, (2)
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where f : Rn → Rn is a known source term, u : Rn → Rn is the unknown velocity
vector, p : Rn → R is the unknown pressure, e(u) is the symmetric n× n strain tensor
defined by

eij(u) :=
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, i, j = 1, . . . , n,

|e (u)| is the Frobenius norm of e (u), and µ : Rn × R → R is a known function.

(Steady State) Navier-Stokes

−ν∆u+ u · ∇u+∇p = f ,

∇ · u = 0,

where u, p and f are the same as for the non-Newtonian fluid and ν : Rn → R is a
known function. Here, v · σ ≡ σv for a vector v and matrix σ.

Monge-Ampère
det(∇2u)− f(x, u,∇u) = 0,

where u : Rn → R is the unknown, and f : Rn × R× Rn → R is a known function.
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