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Equations and traction

e Unsteady incompressible Navier-Stokes equations
p(Ov+v-Vv)=divT inQ,
divv=0 inQ,
T = —pl+ u(Vv + (Vv)),
v:vg onI'; C 09,
Tn =0 ondO\UL;.
® Traction
t(0; Re) := Tn.

® Discretization: Firedrake; Taylor-Hood CG(2,1); monolitic; Newton+LU;
Crank-Nicolson
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Schafer-Turek benchmark

® tyag(f; Re) := t,(0; Re)
* tir(0; Re) := t,(6; Re)

2.2m
v=0
v=20
vV = Vip Q outflow | |0.41m
v=20

Figure: The Schéafer-Turek benchmark. The lower left corner is at (0 m, 0 m) and the cylinder center is
located at (0.2 m, 0.2 m) with radius R = 0.05 m. The domain is slightly asymmetric. The benchmark
does not require use of a specific outflow condition.
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Aim

Explain why do we study traction?

Systematically observe all transition in the flow up to Re = 1000
e A posteriori connect critical points in the traction dg.t = 0 to transitions
® Explain the empirical relations in framework of bifurcation theory
® Physical interpretation of the results
® Classification of bifurcation in our framework
Open question:
® unique time-periodic global-in-time attractor
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Pointwise traction - fluid bifurcation

stationary, )
stationary, with vortex decaying nonsymmetric vortex street Karman
vortex-free  wake vortex street (also multiplicity of steady states) yortex street
I } } } }
0 7 48 315 950 Re
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0.2
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Pointwise traction
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Pointwise traction - turning point
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Navier-Stokes theory - overview

steady BVP non-unique in 2D, 3D (except low Re)

IBVP unique in 2D (LadyZenskaja)
® unigueness of time-periodic solutions in 2D, 3D

® steady solution only unique time-per. solution in case of a single obstacle flow
(low Re)

® questions:

® what makes stable solution?
® are long-time attractors unique?
® are eigenvalues the key?
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How we numerically analyze

global velocity field of the unsteady solution (long-time attractor)

global velocity field of the steady solution
e traction profile of the steady solution

® eigenvalues of the Linear Perturbation Theory (LPT) operator (2D and 3D variant)

deflated continuation of steady equations
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LPT — equations

Expanding the solution around the steady state vqt as v = vgt + €v and assuming

¥ = e*M¥, we neglect terms O(£?) and obtain:

divv=0 in{,
MW =divT —V-Vvet — Vet - V¥ in,
T = —pI + (Vv + V'), (1

v=0 onl;C 99,
P]ATIIZO on 8Q\U/F;.

Necas Seminar 2026 1/41



Results: Low Re flow (Re < 7)

5D DD

(a)Re =6 (b) Re =8 (c)Re =10 (d)Re =12

Figure: Velocity field on the downstream side of the cylinder in line integral convolution plot
(streamlines). A pair of stationary vortices appears at Re = 7 and grows in size with increasing Re.
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Pointwise traction - turning point
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Turning point - global view
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Necas Seminar 2026 Figure: Pointwise lift: Oreti (0, Re) = 0 shown in black 15/41
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Hopf bifurcation (Rc = 48)
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Figure: Eigenmode reconstruction for Re = 50.
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Traction - turning point (Rec = 48)
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Turning point - global view
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Wall effect: Vortices along boundaries (Re >
N,

e —
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Steady 3D bifurcation:
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Turning point - global view

500

—— Oretiity =0

— 400 A

T ey EoT .

200 A

Reynolds number

100 A
TR pesssnsssnsnssssssnnsnnnsnnseshasssnduonasefosnnsnnnsnnsassnnnsnnnnnnnnnn

|

3
[SER

5

Necas Seminar 2026 Figure: Pointwise lift: Oreti (0, Re) = 0 shown in black 23/4



Animation Re = 100
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Unsteady 3D bifurcation: mode A Re ~ 177

() Re= 191, r*=2400, |0 | =2x10"

[§ H.Jiang, L. Cheng, F. Tong, S. Draper, and H. An, Stable state of Mode A for flow
past a circular cylinder, Physics of Fluids, vol. 28, no. 10, 2016. doi:

Necas Smd83/,§ 964379. 25/41
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Turning point - global view
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Bifurcation diagram
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Maximal real eigenvalue behavior
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Multiple solutions animation
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Turning point - global view
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Figure: Non-symmetric decaying vortex street (depicted at Re = 670) and von Karman vortex street
onset at Re = 950. Latter one could not been reliably associated with a turning point.
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() () () & Re > 315
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Figure: Schafer-Turek benchmark. Sketch of the evolution of the unique time-periodic global-in-time
attractor with increasing Reynolds number up to 1000. The arrows indicate trends with increasing
Reynolds number. The onset Reynolds numbers of the key flow regimes correspond closely to
characteristic changes in the pointwise traction profiles: (i) decaying vortex street at Re = 48, (ii)
saturation of wake width and onset of wall vortices at Re = 78, (iii) non-symmetric time-periodic flow
with larger vortices advected along the top wall (and still with decaying vortices along the centerline)
at Re = 315, and (iv) the emergence of the Karman vortex street at Re = 950.
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Summary: Axis comparison

stationary, .

stationary, with vortex decaying nonsymmetric vortex street Karman
vortex-free  wake vortex street (also multiplicity of steady states)yortex street
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Turning point - global view
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Turning points empirical conditions

The neutral traction curves exhibit folds in Reynolds number, reminiscent of
degeneracies in bifurcation theory but of derived quantity

Tc(aa Re; (va)(Re))a
rather than the solution map (v, p)(Re).
Neutral curve condition: dg.t(f, Re) = 0

Turning point types:
e (A) Simple critical point

Orete =0,  OpORrete =0
¢ (B) Higher-order degeneracy
aReTC = 0, a%{etc = 0
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Traction turning point framework

Table: Observed correspondence between critical Reynolds numbers, turning-point types, and traction

components.
Re Flow transition / regime change Type Component  Symmetry content
7  Onset of steady vortices A Lift Asymmetric
48  First Hopf bifurcation A Drag Symmetric
Wake reorganization . .
s (2D wall effect / 3D mode E onset) B Lift Asymmetric
177 Mode A instability onset B Drag Symmetric
315 Attractor reorganization B Lift - multlple Mixed
drag locations
Necas Seminar 2026 37/41



Turning point condition interpretation

® Type A turning points
® associated with the first appearance of a new flow structure
® correspond to a simple critical point of the observable sensitivity
® indicate alocalized and non-degenerate response
Type B turning points
® associated with reorganization of already established unsteady dynamics
® correspond to a higher-order degeneracy in Reynolds-number dependence
® indicate a loss of regularity of the observable response
Lift component
® primarily reflects asymmetrical flow structures
® is sensitive to symmetry-breaking effects
Drag component
® primarily reflects symmetric flow modifications
® captures global streamwise force redistribution
Mixed drag/lift response
® indicates coexistence or interaction of multiple flow structures
gﬁests increasing spatial and dynamical complexity

°
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Summary

We observed:
e uypstream footprint of flow dynamics on the obstacle boundary
¢ pointwise drag and lift traction as localized indicators of critical flow transitions

e correspondence between critical Reynolds numbers and turning points of
traction sensitivity

® symmetry separation in the traction response: drag associated with symmetric
flow modifications, lift with asymmetric structures

e (existence of a unique time-periodic global-in-time attractor)
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Notion of a discrete pointwise traction

Direct evaluation
Ph, Vi = th = T(pp, va)p; T(p,v) = —pl + 2uD

Direct projection

Phs Vh = [pth - ©dS = [ T(pn, vh)np - ©dS

Variational approach

Ph, Vh = [ th - ondS = [ p%e - on + [ Th - Vion — Joonr(Temn) - 9pdS  Vipp € VP

Discrete variational normal derivative (Au = f, u|sq = 0)

Uh = [0 O0Up VR dS := [ Vup - Vvpdx — (fvs) Vv, € V7, solve for 0lu € tracel/”



Pointwise traction theorems
Theorem (Horger, Melenk, and Wohlmuth [3, Corollary 5.3])

Suppose that Poisson eq. admits H3/%*< regularity, i.e., there existe > 0 and ¢ > 0
such that the solution operator T: f — u for Poisson eq. satisfies

||Tf||H3/2+5(Q) < CHf“(H(lJ/?*E(Q))/'
Then there exists C > 0 such that
hk ||u||B/;r13/2(Q)a
100U — Outpl2(a0) < C(1 + k1| loghl) < h° H“”53+0~1/2(9)7 s € (0,k),

120



Advantages

e variational defined already for H' (otherwise u € H3/?2 — dyu € L%(09))
® circumvents error on curved boundary (no n)

® robust - best convergence in all geometric and regularity conditions

e possibility of super-convergence (+1/2)

® cheap postprocessing (sparsity of ¢)

® message for FSI: do coupling weakly




Turek Benchmark - traction

L2 errors to finest mesh solutio
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