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Introduction

We present a systematic numerical investigation of bifurcations in the two-dimensional incompressible Navier—Stokes flow past a confined circular cylinder. In particular, we analyse the relation between traction profiles and
qualitative changes in its long-time flow behavior. The results indicate a clear correspondence between changes in the traction profiles of the steady Navier—Stokes equations and bifurcations of the unsteady Navier—Stokes
equations, including the manifestation of symmetry breaking, oscillations, and multiple steady solutions. While long-time flow behavior is often explored through direct numerical simulation of the unsteady equations, which is
accurate but computationally demanding, these results suggest a more inexpensive strategy to detect critical Reynolds numbers (Re).

Problem description Theoretical background

Numerical methods & Imeplementation

Unsteady incompressible Navier-Stokes equations with inflow and outflow: B Steady BVP not unique in 2D, 3D (except low Re) » Firedrake [1] finite element framework with PETSc backend
divv=0 in Q. » IBVP unique in 2D (LadyZenskaja) » Mesh generation: Netgen (curved boundaries), Gmsh
OV | | » For single-obstacle flows at low Re, the steady solution is the unique  » Spatial discretization: Taylor—-Hood elements (P2-P1)
P It +(v-V)v ) =divT in §2, attractor (no time-periodic states exist) in both 2D and 3D » Time integration: Crank—Nicolson scheme
T— —pl+ (Vv + VVT) 0 » Key questions: » Pointwise traction: variationally computed on boundary layer mesh
_ ’ » What ensures stability of a solution? > Deflated tnuation f ltiole steady b hes: DefC
vV = v]’D on [; C 0f), » Are long-time attractors unique? ctiated contintation for muitipie steady branches. Lieti.on
Tn=0 on 80\ U.T; > Are eigenvalues decisive? » Eigenvalues: Linear Perturbation operator: GNHEP solver in SLEPc
T 1" I
>

» Do bifurcations leave a footprint in the steady traction?

Geometrical setup: Turek—Schafer Benchmark flow-around-cylinder [2]

Onset of periodic laminar shedding (Re = 43)

The laminar flow loses stability, accompanied by a turning point in the pointwise lift as a function of Re. Time-stepping from the steady solution, the flow develops small-amplitude, time-periodic oscillations.
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Eigenvalues of the Linear Perturbation Operator indicate the onset of a Implicit curves defined by ORetyrag lift(¢, Re) = 0 along the cylinder boundary 6 € (—m, ), computed from the traction profiles of steady solutions.
Hopf bifurcation in the unsteady Navier-Stokes equations. The folds of the black curve, highlighted by short orange tangent lines, correspond to turning points, whose Re values are marked by red lines.
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2D setup.

(Un)steady symmetry breaking (Re = 315)

Wall vortices become larger along the top boundary than at the bottom; multiple steady branches emerge. The laminar shedding organizes into a von Karman vortex street, with alternating vortices advected downstream.
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