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LIf possible, deliver the derivatives.
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Interior point method and barrier functions Interior point method and barrier functions

Barrier method Barrier method

Barrier functions: continuous with the following properties

B(y) >0,y <0, lim B(y)= oo.
y—0_

f:R" =R, g :R"=R Examples

-1 ]
min f(x) s.t. gj(x) <0, j=1,...,m. v log min{1, —y}.
Maybe the most popular barrier function:
(Extension including equality constraints is straightforward.)

B(y) = —log —y
Assumption Set .
{x: g(x) <0} #£0. B(x) = B(gi(x)),
j=1
and solve
min f(x) 4+ uB(x), (1)

where 11 > 0 is a parameter.
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Interior point method and barrier functions

Interior point method and barrier functions

Interior point methods Interior point methods

Barrier problem
f:R" =R, g R R

m
min f(x) s.t. gi(x) <0, j=1,...,m. min £(x) —py_logs; ,
X ’ Jj=1 ( )
(Extension including equality constraints is straightforward.) s.t. g(x) +s=0.
New slack decision variables s € R™ The barrier term prevents the components of s from becoming too close to
zero.
min f(x)
X,S . .
Lagrangian function
s.t. gi(x)+s5=0, j=1,...,m, (2)
> 0 m m
s .
j = L(x,s,z) = f(X)7}LZIOgSj*ZZj(gj(X)+Sj).
j=1 j=1
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Interior point methods Newton's method

KKT conditions for barrier problem (matrix notation)

Vf(x)-Vg'(x)z = 0,
—uSte—z = 0,
g(x)+s =0,

VF(x+v)=Vf(x)+ V3 (x)v =0
S =diag{s,...,Sm}, Z =diag{zi,...,zm}, Vg(x) is the Jacobian

matrix (components of function in rows?) with the solution (under V2f(x) = 0)
Multiply the second equality by S v=— (VZF(X)Y1 V£(x)
Vi(x)-Veg'(x)z = 0,
—SZe = pe,
gx)+s = 0,

= Nonlinear system of equalities — Newton's method
o
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Interior point method and barrier functions

Interior point method and barrier functions

Interior point methods Interior point methods

Use Newton's method to obtain a step (Ax, As, Az)

Stopping criterion:

H(x,z) 0 —VgT' Ax —Vf(x)+ Vg (x)z
o -z -s As SZe + pe E= max{ HW(X) - ng(x)zH  15Ze + el llg(x) + s| } <e,
Vg / 0 Az —g(x)—s
e > 0 small.
H(x,z) = V?f(x) = 3211 z/V?gj(x), V?f denotes the Hessian matrix.
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Interior point method and barrier functions

Interior point methods

Interior point methods

ALGORITHM:

0. Choose x° and s® > 0, and compute initial values for the multipliers

2% > 0. Select an initial barrier parameter 1.0 > 0 and parameter

Convergence of the method (Nocedal and Wright 2006, Theorem 19.1):
o€ (0,1), set k=1. continuously differentiable f, g;, LICQ at any limit point, then the limits
1. Repeat until a stopping criterion for the nonlinear program is satisfied: are stationary points of the original problem

o Solve the nonlinear system of equalities using Newton's method and
obtain (x*, sk, z¥).

o Decrease barrier parameter p**t1 = opk, set k = k + 1.
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Interior point method and barrier functions Interior point method and barrier functions

Interior point method — Example Interior point method — Example

Lagrange function

. 4 2
min (1 =2)"+ (a = 2x) 4) L(x1,%0,5,2) = (x1 — 2)* 4 (x1 — 2%0)? — plogs — z(x? — xo + 5).
s.t. xf —xp < 0.
Optimality conditions together with feasibility

oL
min (x1 — 2)4 +(x1 — 2X2)2 — =4(x - 2)3 +2(x1 — 2x2) — 22x7 = 0,
X,5 8X1
2 _ 5
stxi —xe+s=0, ®) OL 4 —20)+2=0,
s> 0. iﬁ (7)
9 __KE_ z=0,
Js s
min (x; — 2)* + (x1 — 2x2)? — plog s oL 2 B
XS (6) 97 X1 X2 + 5= 0.

st.x?—xp4+5=0. ) . ) )
We have obtained 4 equations with 4 variables ...

100518 18/ 34 w00s1s 153
Interior point method — Example Interior point method — Example

Slight modification

M(xq — 2)3 + 20— 20) — 224 = 0, (8) System of linear equations for Newton's step
—4(x1—2x)+z = 0, (9) 12 —2)2+2-2z -4 0 -2x Axq
—sz—p = 0, (10) —4 8 0 1 DAxy | _
2 0 0 —z -—s As
— = 0. 11
ot (11) 2 11 o0 Az
Necessary derivatives —4(x1 —2)3 = 2(x1 — 2x2) + 22x1
4(x1 — 2x2) — z
—2)2 — _ =
H(xi,x,2) = ( 1204 2)4+2 2z 84 ) (12) sz
B —X12 +Xx—s
2x:
ve) - (71 (13)
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Interior point method and barrier functions

Interior point method — Example

Starting point x° = (0,1), z2° =1, s =1, 41 > 0, then the step ...

48 —4 0 0 Axq 36
-4 8 0 1 Ly || -9
0 0 -1 -1 As | T | 14
0 -1 1 0 Az 0
00518 18/3

Interior point method and barrier functions

Interior point method for LP

Interior point method and barrier functions

Interior point method — Example

Nocedal and Wright (2006), Chapter 14: A € R™*" full row rank

(P) mincTx, st. Ax=b, x>0,

14
(D) maxb™\ st. ATA+s=c, s>0. (14)
Lagrangean function
L(x, A\ 5) =cTx = AT(Ax — b) — s x.
KKT optimality conditions
ATA+s= c,
Ax = b, (15)
sTx =0,
x>0, s>0.
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Interior point method and barrier functions

Interior point method for LP

Define the mapping
ATA+s—c
F(x,\,s) = Ax—b
XSe

0, (16)

under x > 0, s > 0, where S = diag{si,...,sp}, X = diag{x1,...,xn}.
To obtain a step, solve

Ax
j(X>)\75) AX = 7F(X>)‘75)7 (17)
As
under x > 0, s > 0 leading to
0o AT | Ax —ATA—s+c
A 0 O AN | = —Ax+b . (18)
S 0 X As —XSe
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Interior point method and barrier functions

Interior point method for LP

Sequential Quadratic Programming

Sequential Quadratic Programming

n
min ¢’ x — uZIong

Nocedal and Wright (2006): Let f, h; : R” — R be smooth functions,

min f(x)
- (20)
st hi(x)=0, i=1,...,1.
Lagrange function
/
L(x,v) = f(x)+ Y _ vihi(x)
i=1
and KKT optimality conditions
Vil(x,v) = Vif(x)+ Ax)Tv =0, (21)
h(x) =0,
where h(x)T = (h1(x), ..., h(x)) and
A(x)T = [Vhi(x), Vha(x), ..., Vh/(x)] denotes the Jacobian matrix.
20190518 24/34

Sequential Quadratic Programming

Sequential Quadratic Programming

=1 (19)
s.t. Ax = b.
KKT conditions ...
AICOHE )5
Sequential Quadratic Programming
We have system of n+ /| equations in the n+ / unknowns x and v:
[ V) ATV ]
VL(x,v)= { h(x) =0. (22)
ASS. (LICQ) Jacobian matrix A(x) has full row rank.
The Jacobian is given by
V2 L(x,v) A(X)T
2 _ XX )
VeL(x,v) = { Ax) 0 . (23)

We can use the Newton algorithm ..
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Setting f, = f(x*), V2 Lk = V2, L(x¥, vK), A = A(x¥), hy = h(x¥), we
obtain the Newton step by solving the system

V2L Al Px | _ ~Vf — Al v (24)
Ak 0 Pv —hy

Then we set x¥* = xk + p, and vkt = vk 4 p, .
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Sequential Quadratic Programming Sequential Quadratic Programming

Sequential Quadratic Programming Sequential Quadratic Programming

Important alternative way to see the Newton iterations: Consider the
quadratic program

. 1
mpln fo+p Vh+ §pTViXLkp

(25)
ASS. (SOSC) For all d € {d #0: A(x)d = 0}, it holds st b+ Acp = 0.
KKT optimality conditions
dTV2 L(x,v)d > 0. PHMaIY
V2 Lip+ Vi +AIV =0
xxLkP k kV (26)
hi +Akp =0,
[yt A [ ] <[ 5A] o
Ak 0 P *hk
which is the same as the Newton system if we add A,Z—vk to the first
equation. Then we set xk*1 = xk 4 p, and vKT! = p;.
2019-05-18  27/34 2019-05-18 2834

Sequential Quadratic Programming Sequential Quadratic Programming

Sequential Quadratic Programming Sequential Quadratic Programming

f,gj, hi : R" — R are smooth. We use a quadratic approximation of the

. . L . . . objective function and linearize the constraints, p € RP
Algorithm: Start with an initial solution (x°,v%) and iterate until a

L . . 1
convergence criterion Is met: min f(Xk) + pTva-(Xk) 4 EpTv>2<XL(Xk7 Uk, Vk)p
p

1. Evaluate f, = f(x¥), he = h(x¥), Ax = A(x¥),
V2 L = V2, L(xK, vFk).

2. Solve the Newton equations OR the quadratic problem to obtain new
(Xk+1, vk+1)‘

If possible, deliver explicit formulas for first and second order derivatives.
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st gi(Xk) + pTVagi(xK) <0, j=1,...,m, (28)

hi(x*) + p T Vihi(x¥) =0, i=1,...,1.

Use an algorithm for quadratic programming to solve the problem and set
Kt = xk 1 pi, where uk*1, vK*1 are Lagrange multipliers of the
quadratic problem which are used to compute new V2, L.

Convergence: Nocedal and Wright (2006), Theorem 18.1
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Conjugate gradient method

Nocedal and Wright (2006), Chapter 5: Consider (unconstrained)
quadratic programming problem

1
min EXTAX —bTx.

Let A € R™*" be a symmetric positive definite matrix. We say that vectors

pl,...p" are conjugate with respect to A if
(p")TAp/ =0 for all i # .

If we set xkt1 = xk 4 okp¥, where

k= Axk — b,

K\T ok
ak = _ (r)'p
- 9
(o) AP
then x"*1 is an optimal solution.
2019-05-18
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Other topics

Mathematica — Solver Decision Tree

Is your problem linear?

/N

LingarProgramming Do you want a global optimur?

AN

Do you want an exact soiution? Is your problam smaif?

7

Minimize NMinimize FindMinimum
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