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Věta o aritmetice limit

(VOAL)

Jsou-li {𝒂𝒏}
∞

𝒏 = 𝟏
, {𝒃𝒏}

∞

𝒏 = 𝟏
posloupnost, 

(i) lim
𝒏→∞

(𝒂𝒏 + 𝒃𝒏) = lim
𝒏→∞

𝒂𝒏 + lim
𝒏→∞

𝒃𝒏− −

(ii) lim
𝒏→∞

(𝒂𝒏. 𝒃𝒏) = lim
𝒏→∞

𝒂𝒏 . lim
𝒏→∞

𝒃𝒏

(iii) lim
𝒏→∞

(
𝒂𝒏
𝒃𝒏
) =

lim
𝒏→∞

𝒂𝒏

lim
𝒏→∞

𝒃𝒏

Pokud pravá strana má smysl

𝒂𝒏( )𝑚lim
𝒏→∞

= ( )𝑚lim
𝒏→∞

𝒂𝒏

𝑎𝑛
𝑘lim

𝒏→∞ =
𝑘 lim

𝒏→∞
𝒂𝒏



Lemma („Nulová · omezená = nulová.“).

Nechť {𝑎𝑛}𝑛=1
∞ a {𝑏𝑛}𝑛=1

∞ jsou posloupnosti

a nechť lim
𝑛→∞

𝑎𝑛 = 0 a {𝑏𝑛}𝑛=1
∞ je omezená.

Potom lim
𝑛→∞

(𝑎𝑛. 𝑏𝑛) =

Lemma (O dvou policajtech).

Nechť {𝑎𝑛}𝑛=1
∞ , {𝑏𝑛}𝑛=1

∞ a {𝑐𝑛}𝑛=1
∞ jsou posloupnosti splňující následující

podmínky:

(a) lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

𝑏𝑛 = 𝑎 ∈ ℝ;

(b) ∃𝑛1 ∈ ℕ ∀𝑛 ≥ 𝑛1: 𝑎𝑛 ≤ 𝑐𝑛 ≤ 𝑏𝑛.

Pak je posloupnost {𝑐𝑛}𝑛=1
∞ konvergentní a jest lim

𝑛→∞
𝑐𝑛 = 𝑎.

0



Vypočtěte lim
𝒏→∞

𝟑𝒏+𝟓

𝟕𝒏+𝟏𝟏
=
∞

∞
=

lim
𝒏→∞

𝟑𝒏 + 𝟓

lim
𝒏→∞

𝟕𝒏 + 𝟏𝟏

lim
𝒏→∞

𝟑𝒏 + 𝟓

𝟕𝒏 + 𝟏𝟏
= lim

𝒏→∞

𝒏 (𝟑 +
𝟓

𝒏
)

𝒏 (𝟕 +
𝟏𝟏

𝒏
)

=
lim
𝒏→∞

(𝟑 +
𝟓

𝒏
)?

lim
𝒏→∞

(𝟕 +
𝟏𝟏

𝒏
)

=
lim
𝒏→∞

𝟑 + lim
𝒏→∞

𝟓

𝒏

lim
𝒏→∞

𝟕 + lim
𝒏→∞

𝟏𝟏

𝒏

?

=
𝟑 + lim

𝒏→∞
𝟓 . lim

𝒏→∞

𝟏

𝒏

𝟕 + lim
𝒏→∞

𝟏𝟏. lim
𝒏→∞

𝟏

𝒏

?
=

𝟑+𝟓 . 𝟎

𝟕+𝟏𝟏. 𝟎
=
𝟑

𝟕



Vypočtěte lim
𝒏→∞

𝒏𝟐

𝒏𝟐+𝟏
=
∞

∞
=

lim
𝒏→∞

𝒏𝟐

lim
𝒏→∞

𝒏𝟐 + 𝟏

lim
𝒏→∞

𝒏𝟐

𝒏𝟐 + 𝟏
= lim

𝒏→∞

𝒏𝟐

𝒏𝟐 (𝟏 +
𝟏

𝒏𝟐
)

= lim
𝒏→∞

𝟏

𝟏 +
𝟏
𝒏𝟐

lim
𝒏→∞

𝟏

=

lim
𝒏→∞

(𝟏 +
𝟏

𝒏𝟐
)

=
𝟏

lim
𝒏→∞

𝟏 + lim
𝒏→∞

𝟏

𝒏𝟐

=
𝟏

𝟏+𝟎
= 1

? ?



lim
𝒏→∞

𝟏𝟐 + 𝟐𝟐 +⋯+ 𝒏𝟐

𝒏𝟑
= lim

𝒏→∞

𝒏𝟐( (
𝟏

𝒏
)𝟐 +(

𝟐

𝒏
)𝟐+(

𝟑

𝒏
)𝟐+⋯+ 𝟏)

𝒏𝟑

𝒏

= lim
𝒏→∞

𝟏

𝒏
lim
𝒏→∞

( )(
𝟏

𝒏
)𝟐 +(

𝟐

𝒏
)𝟐+(

𝟑

𝒏
)𝟐+⋯+ 𝟏

= 𝟎 × [ lim
𝒏→∞

(
𝟏

𝒏
)𝟐+ lim

𝒏→∞
(
𝟐

𝒏
)𝟐 +⋯ 𝟏]+ lim

𝒏→∞

= 𝟎 × [𝟎 +𝟎 +⋯+𝟏] = 𝟎



lim
𝒏→∞

𝟏𝟐 + 𝟐𝟐 +⋯+ 𝒏𝟐

𝒏𝟑
≠

lim
𝒏→∞

𝟏𝟐 + 𝟐𝟐 +⋯+ 𝒏𝟐

𝒏𝟑

lim
𝒏→∞

(𝟏𝟐 + 𝟐𝟐 +⋯+ 𝒏𝟐)

lim
𝒏→∞

𝒏𝟑

∞

∞
=

𝟏𝟐 + 𝟐𝟐 +⋯+ 𝒏𝟐 =
𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)

𝟔

= lim
𝒏→∞

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)

𝟔

𝒏𝟑
= lim

𝒏→∞

𝟐𝒏𝟑 + 𝟑𝒏𝟐 + 𝒏

𝟔𝒏𝟑

= lim
𝒏→∞

𝒏𝟑(𝟐 +
𝟑

𝒏
+

𝟏

𝒏𝟐
)

𝟔𝒏𝟑
=

lim
𝒏→∞

(𝟐 +
𝟑

𝒏
+

𝟏

𝒏𝟐
)

lim
𝒏→∞

𝟔
= ⋯ =

𝟐 + 𝟎 + 𝟎

𝟔
=
𝟏

𝟑



lim
𝒏→∞

(
𝟏 + 𝟐 + 𝟑 +⋯+ 𝒏

𝟐 + 𝒏
−
𝒏

𝟐
) =

lim
𝒏→∞

(𝟏 + 𝟐 + 𝟑 +⋯+ 𝒏)

lim
𝒏→∞

(𝟐 + 𝒏)
− lim

𝒏→∞
(
𝒏

𝟐
)

∞

∞
−∞=

lim
𝒏→∞

(
𝟏 + 𝟐 + 𝟑 +⋯+ 𝒏

𝟐 + 𝒏
−
𝒏

𝟐
)

𝟏 + 𝟐 + 𝟑 +⋯+ 𝒏 =
𝒏(𝒏 + 𝟏)

𝟐

= lim
𝒏→∞

(
𝟐 + 𝒏

−
𝒏

𝟐
)

𝒏(𝒏 + 𝟏)

𝟐
= lim

𝒏→∞
(
𝒏𝟐 + 𝒏

𝟐(𝟐 + 𝒏)
−
𝒏

𝟐
)

= lim
𝒏→∞ 𝟐(𝟐 + 𝒏)

𝒏𝟐 + 𝒏−𝒏(𝟐 + 𝒏)
= lim

𝒏→∞ 𝟐(𝟐 + 𝒏)

𝒏𝟐 + 𝒏−𝟐𝒏−𝒏𝟐
= lim

𝒏→∞

−𝒏

𝟒 + 𝟐𝒏
= lim

𝒏→∞

−𝒏

𝒏 (
𝟒

𝒏
+ 𝟐)

= lim
𝒏→∞

−𝟏

𝟒

𝒏
+ 𝟐

=
lim
𝒏→∞

(−𝟏)

lim
𝒏→∞

(
𝟒

𝒏
+ 𝟐)

=
−𝟏

lim
𝒏→∞

𝟒 . lim
𝒏→∞

𝟏

𝒏
+ lim

𝒏→∞
𝟐
=

−𝟏

𝟒 . 𝟎+𝟐
= −

𝟏

𝟐



lim
𝒏→∞

𝟑 𝒏 sin(𝒏!)

𝒏 + 𝟏
= lim

𝒏→∞

𝟑 𝒏

𝒏 + 𝟏
sin(𝒏!)

lim
𝒏→∞

𝟑 𝒏

𝒏 + 𝟏
= lim

𝒏→∞

𝒏
𝟏
𝟑

𝒏 + 𝟏
= lim

𝒏→∞

𝒏
𝟏
𝟑

𝒏
𝟏
𝟑( 𝒏

𝟐
𝟑+𝒏

−𝟏
𝟑 )

= lim
𝒏→∞

𝟏

𝒏
𝟐
𝟑 + 𝒏

−𝟏
𝟑

=
lim
𝒏→∞

𝟏

lim
𝒏→∞

(𝒏)
𝟐
𝟑+ lim

𝒏→∞
(𝒏)

−𝟏
𝟑

∞

Nulová
Omezená −𝟏 ≤ sin(𝒏!) ≤ 𝟏

= 𝟎

=
𝟏

( )
𝟐
𝟑lim

𝒏→∞
𝒏 +( )

−𝟏
𝟑lim

𝒏→∞
𝒏

=
𝟏

+𝟎
= 𝟎



lim
𝒏→∞

𝟑 𝒏 sin(𝒏!)

𝒏 + 𝟏
=?

𝟑 𝒏

𝒏 + 𝟏
sin 𝒏!≤ ≤−𝟏 𝟏 > 𝟎

−
𝟑 𝒏

𝒏 + 𝟏
≤

𝟑 𝒏

𝒏 + 𝟏

sin(𝒏!)
≤

𝟑 𝒏

𝒏 + 𝟏

lim
𝒏→∞

𝟑 𝒏

𝒏 + 𝟏
= lim

𝒏→∞

𝒏
𝟏
𝟑

𝒏 + 𝟏
= lim

𝒏→∞

𝒏
𝟏
𝟑

𝒏
𝟏
𝟑( 𝒏

𝟐
𝟑+𝒏

−𝟏
𝟑 )

= lim
𝒏→∞

𝟏

𝒏
𝟐
𝟑 + 𝒏

−𝟏
𝟑

= ⋯ =
𝟏

∞+𝟎
= 𝟎

lim
𝒏→∞

(−
𝟑 𝒏

𝒏 + 𝟏
)= − lim

𝒏→∞

𝟑 𝒏

𝒏 + 𝟏
= 𝟎

Věta o dvou policajtech ⇒ lim
𝒏→∞

𝟑 𝒏 sin(𝒏!)

𝒏 + 𝟏
= 𝟎



lim
𝒏→∞

(
sin 𝒏

𝒏
− 𝟑 𝒏) − lim

𝒏→∞

𝟑 𝒏= lim
𝒏→∞

sin(𝒏)

𝒏

= lim
𝒏→∞

𝟏

𝒏
sin(𝒏) − lim

𝒏→∞

𝟑 𝒏

Nulová . Omezená   = Nulová

= 𝟎 −
𝟑

= 𝟎 − 𝟑 ∞lim
𝒏→∞

𝒏 = 𝟎 −∞

= −∞

lim
𝒏→∞

𝟏

𝒏
sin(𝒏) = lim

𝒏→∞

𝟏

𝒏
lim
𝒏→∞

sin(𝒏)

Neexistuje



lim
𝒏→∞

sin 𝒏 − cos 𝑛2

𝒏𝟐 + 𝟏𝟕
= lim

𝒏→∞
(

𝟏

𝒏𝟐 + 𝟏𝟕
)(sin 𝒏 − cos 𝑛2) = 𝟎

Nulová . Omezená   = Nulová



lim
𝒏→∞

( 𝒏 + 𝟏 − 𝒏) = ∞−∞

lim
𝒏→∞

( 𝒏 + 𝟏 − 𝒏)
( 𝒏 + 𝟏 + 𝒏)

= lim
𝒏→∞

𝒏 + 𝟏 − lim
𝒏→∞

𝒏

= 𝑨𝟐 − 𝑩𝟐

𝑨 𝑩

(𝑨 − 𝑩)(𝑨 + 𝑩)

( 𝒏 + 𝟏 + 𝒏)
= lim

𝒏→∞

( 𝒏 + 𝟏 − 𝒏)( 𝒏 + 𝟏 + 𝒏)

𝒏 + 𝟏 + 𝒏

= lim
𝒏→∞

𝒏 + 𝟏 − 𝒏

𝒏 + 𝟏 + 𝒏
=

lim
𝒏→∞

𝟏

lim
𝒏→∞

𝒏 + 𝟏 + lim
𝒏→∞

𝒏

=
𝟏

∞ +∞
= 𝟎



lim
𝒏→∞

( 𝒏 + 𝟏 − 𝒏) 𝒏 (∞ −∞)∞

lim
𝒏→∞

( 𝒏 + 𝟏 − 𝒏) 𝒏 = lim
𝒏→∞

( 𝒏 + 𝟏 − 𝒏)
( 𝒏 + 𝟏 + 𝒏)

( 𝒏 + 𝟏 + 𝒏)
( 𝒏)

= lim
𝒏→∞

(𝒏 + 𝟏 − 𝒏) 𝒏

𝒏 + 𝟏 + 𝒏
= lim

𝒏→∞

𝒏

𝒏 + 𝟏 + 𝒏

= lim
𝒏→∞

𝒏

𝒏(
𝒏 + 𝟏

𝒏
+ 𝟏)

= lim
𝒏→∞

𝟏

𝒏 + 𝟏
𝒏

+ 𝟏

= lim
𝒏→∞

𝟏

𝟏 +
𝟏
𝒏
+ 𝟏

= ⋯ =
𝟏

𝟏 + 𝟎 + 𝟏
=
𝟏

𝟐



lim
𝒏→∞

(
𝟑
𝒏𝟑 + 𝟐𝒏𝟐 −

𝟑
𝒏𝟑 − 𝒏𝟐 + 𝟏)

𝟑
𝒏𝟑 + 𝟐𝒏𝟐 = 𝑨 , 

𝟑
𝒏𝟑 − 𝒏𝟐 + 𝟏 = 𝑩 𝑨 − 𝑩 𝑨𝟐 + 𝑨𝑩+ 𝑩𝟐 = 𝑨𝟑 − 𝑩𝟑

(
𝟑
𝒏𝟑 + 𝟐𝒏𝟐

𝟐
+

𝟑
𝒏𝟑 + 𝟐𝒏𝟐

𝟑
𝒏𝟑 − 𝒏𝟐 + 𝟏 +

𝟑
𝒏𝟑 − 𝒏𝟐 + 𝟏

𝟐
)

(
𝟑
𝒏𝟑 + 𝟐𝒏𝟐

𝟐
+

𝟑
𝒏𝟑 + 𝟐𝒏𝟐

𝟑
𝒏𝟑 − 𝒏𝟐 + 𝟏 +

𝟑
𝒏𝟑 − 𝒏𝟐 + 𝟏

𝟐
)

lim
𝒏→∞

𝒏𝟑 + 𝟐𝒏𝟐−(𝒏𝟑 − 𝒏𝟐 + 𝟏)

𝒏𝟑 + 𝟐𝒏𝟐
𝟐
𝟑 + 𝒏𝟑 + 𝟐𝒏𝟐

𝟏
𝟑 𝒏𝟑 − 𝒏𝟐 + 𝟏

𝟏
𝟑+ 𝒏𝟑 − 𝒏𝟐 + 𝟏

𝟐
𝟑

𝟑𝒏𝟐 − 𝟏

𝒏𝟐(𝟏 +
𝟐

𝒏
)
𝟐
𝟑 +𝒏(𝟏 +

𝟐

𝒏
)
𝟏
𝟑 𝒏(𝟏 −

𝟏

𝒏
+

𝟏

𝒏𝟑
)
𝟏
𝟑 +𝒏𝟐(𝟏 −

𝟏

𝒏
+

𝟏

𝒏𝟑
)
𝟐
𝟑

lim
𝒏→∞

𝒏𝟐(𝟑 −
𝟏

𝒏𝟐
)

𝒏𝟐 [(𝟏 +
𝟐

𝒏
)
𝟐
𝟑 +(𝟏 +

𝟐

𝒏
)
𝟏
𝟑 (𝟏 −

𝟏

𝒏
+

𝟏

𝒏𝟑
)
𝟏
𝟑 +(𝟏 −

𝟏

𝒏
+

𝟏

𝒏𝟑
)
𝟐
𝟑]

=
𝟑

𝟏 + 𝟏 + 𝟏
= 𝟏



lim
𝒏→∞

𝟑
𝒏𝟐 + 𝟏𝟏 −

𝟑
𝒏𝟐 + 𝟏

𝟑
𝒏𝟐 + 𝟔 −

𝟑
𝒏𝟐

lim
𝒏→∞

𝟔
𝟕𝒏𝟔 + 𝟓𝒏𝟓 − 𝟕 −

𝟓
𝟐𝒏𝟓 + 𝟏𝟖

𝟑
𝟖𝒏𝟑 + 𝟐𝟎𝒏 + 𝟏𝟔 − 𝒏𝟐 + 𝟐



lim
𝒏→∞

𝟑
𝒏𝟐 + 𝟏𝟏 −

𝟑
𝒏𝟐 + 𝟏

𝟑
𝒏𝟐 + 𝟔 −

𝟑
𝒏𝟐

(
𝟑
𝒏𝟐 + 𝟏𝟏

𝟐

+
𝟑
𝒏𝟐 + 𝟏𝟏

𝟑
𝒏𝟐 + 𝟏 +

𝟑
𝒏𝟐 + 𝟏

𝟐
)

(
𝟑
𝒏𝟐 + 𝟏𝟏

𝟐

+
𝟑
𝒏𝟐 + 𝟏𝟏

𝟑
𝒏𝟐 + 𝟏 +

𝟑
𝒏𝟐 + 𝟏

𝟐
)

(
𝟑
𝒏𝟐 + 𝟔

𝟐

+
𝟑
𝒏𝟐 + 𝟔

𝟑
𝒏𝟐 +

𝟑
𝒏𝟐

𝟐

)

(
𝟑
𝒏𝟐 + 𝟔

𝟐

+
𝟑
𝒏𝟐 + 𝟔

𝟑
𝒏𝟐 +

𝟑
𝒏𝟐

𝟐

)

lim
𝒏→∞

[
𝟑
𝒏𝟐 + 𝟏𝟏

𝟑

−
𝟑
𝒏𝟐 + 𝟏

𝟑
] (

𝟑
𝒏𝟐 + 𝟔

𝟐

+
𝟑
𝒏𝟐 + 𝟔

𝟑
𝒏𝟐 +

𝟑
𝒏𝟐

𝟐

)

[
𝟑
𝒏𝟐 + 𝟔

𝟑

−
𝟑
𝒏𝟐

𝟑

] (
𝟑
𝒏𝟐 + 𝟏𝟏

𝟐

+
𝟑
𝒏𝟐 + 𝟏𝟏

𝟑
𝒏𝟐 + 𝟏 +

𝟑
𝒏𝟐 + 𝟏

𝟐
)

𝟏𝟎

𝟔

𝟏𝟎

𝟔
lim
𝒏→∞

𝒏𝟐 + 𝟔
𝟐
𝟑+ 𝒏𝟐 + 𝟔

𝟏
𝟑 𝒏𝟐

𝟏
𝟑 + 𝒏𝟐

𝟐
𝟑

𝒏𝟐 + 𝟏𝟏
𝟐
𝟑+ 𝒏𝟐 + 𝟏𝟏

𝟏
𝟑 𝒏𝟐 + 𝟏

𝟏
𝟑+ 𝒏𝟐 + 𝟏

𝟐
𝟑

𝒏
𝟒
𝟑(𝟏 +

𝟔

𝒏𝟐
)
𝟐
𝟑 +𝒏

𝟐
𝟑(𝟏 +

𝟔

𝒏𝟐
)
𝟏
𝟑 𝒏

𝟐
𝟑 +𝒏

𝟒
𝟑

=
𝟓

𝟑
lim
𝒏→∞

𝒏
𝟒
𝟑[ +(𝟏 +

𝟔

𝒏𝟐
)
𝟏
𝟑 +𝟏](𝟏 +

𝟔

𝒏𝟐
)
𝟐
𝟑

𝒏
𝟒
𝟑[ +(𝟏 +

𝟏𝟏

𝒏𝟐
)
𝟏
𝟑

+(𝟏 +
𝟏

𝒏𝟐
)
𝟐
𝟑]

(𝟏 +
𝟏𝟏

𝒏𝟐
)
𝟐
𝟑 (𝟏 +

𝟏

𝒏𝟐
)
𝟏
𝟑

=
𝟓

𝟑



lim
𝒏→∞

𝟑
𝒏𝟐 + 𝟏𝟏 −

𝟑
𝒏𝟐 + 𝟏

𝟑
𝒏𝟐 + 𝟔 −

𝟑
𝒏𝟐

lim
𝒏→∞

𝟔
𝟕𝒏𝟔 + 𝟓𝒏𝟓 − 𝟕 −

𝟓
𝟐𝒏𝟓 + 𝟏𝟖

𝟑
𝟖𝒏𝟑 + 𝟐𝟎𝒏 + 𝟏𝟔 − 𝒏𝟐 + 𝟐

= lim
𝒏→∞

𝒏 (𝟕 +
𝟓

𝒏
−

𝟕

𝒏𝟔
)
𝟏
𝟔 −𝒏(𝟐 +

𝟏𝟖

𝒏𝟓
)
𝟏
𝟓

𝒏 (𝟖 +
𝟐𝟎

𝒏𝟐
+
𝟏𝟔

𝒏𝟑
)
𝟏
𝟑 −𝒏 (𝟏 +

𝟐

𝒏𝟐
)
𝟏
𝟐

= lim
𝒏→∞

𝒏[ (𝟕 +
𝟓

𝒏
−

𝟕

𝒏𝟔
)
𝟏
𝟔 −(𝟐 +

𝟏𝟖

𝒏𝟓
)
𝟏
𝟓 ]

𝒏[(𝟖 +
𝟐𝟎

𝒏𝟐
+
𝟏𝟔

𝒏𝟑
)
𝟏
𝟑−(𝟏 +

𝟐

𝒏𝟐
)
𝟏
𝟐 ]

=
(𝟕)

𝟏
𝟔 −(𝟐)

𝟏
𝟓

(𝟖)
𝟏
𝟑 −𝟏

.

.

.

=
𝟏 −𝟏

𝟏 −𝟏

=
𝟎

𝟎


