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The concept of the derivative In different representations



 Students’ difficulties in learning the concept of the derivative

o Previous studies report that many students, when learning about derivatives, focus more on
symbolic representations than on graphical representations (Biza, 2021; Ryberg, 2018), and
they have difficulties establishing logical connections between these representations (Chang et
al., 2016; Haghjoo & Reyhani, 2021; Zandieh, 2000).

sin T) = cos

» <

%{cas r) = —sin

. % (tan x) = sec’z

Q(a+h), f(a+h)

flash) L L L]

(cot x = —cosec’z

sec T) = sec r tan ¢

cosec T) = —cosec T cot =

fla)l——

sinh r) = cosh x

(
(
(
(

cosh ) = sinh x
(tanh x) = sechizx

— —cosech’z

BBl R Rl

ﬁ
S
=

<

E:-i_,,—:{sech r) = —sech x tanh x

(cosech x) = —cosech x co




] Students’ difficulties in learning the concept of the derivative

o Students often find it difficult to draw the graph of the derivative when they are given
only the graph of f.
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1 Students’ difficulties in learning the concept of the derivative

o To draw the graph of the derivative (f'), students often feel that they necessarily need the
algebraic representation of the function (f) (Garcia-Garcia & Dolores-Flores, 2021).




1 The concept of the derivative in different representations:

We can consider several representations of the concept of the derivative:
» Algebraic representation [Symbolic representation]
» Graphical representation

» Numerical representation



» Algebraic representation [Symbolic representation]

There are three different algebraic representations for the formal definition of the derivative of a
function f at a point, which are used to compute the derivative at x:

f'(xo) =
C o+ 1) = £(x0) “fxo + %) — £ (x0) I ACR(C)
hl—r% h Aplcr—{lo Ax xX=Xg X — Xg

We distinguish among these three definitions of the derivative at a particular point and consider
each of them as a separate realization, because many students encounter difficulties iIn
understanding how these three representations are related to one another.




» Graphical representation [Geometrical representation]

¢ Checking the existence of the derivative at a point by zooming in on the graph of the function
near that point.

https://www.geogebra.org/graphing?lang=en
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https://www.geogebra.org/graphing?lang=en

» Graphical representation

s Approximating the derivative at a point using the slopes of secant lines.

https://www.qeogebra.org/m/ykzk8Y qF



https://www.geogebra.org/m/ykzk8YgF

» Graphical representation

s+ Computing the derivative at a point as the limit of the slopes of secant lines.

https://www.qeogebra.org/m/ykzk8Y qF



https://www.geogebra.org/m/ykzk8YgF

» Graphical representation

s Computing the derivative at a point using tan @ (where 0 is the angle between the tangent line
and the positive direction of the x -axis).




» Numerical representation

» Approximating the derivative at the point x, using a difference quotient,

f(xo +h) — f(xp)

fao) = fGo=h)  prixy ~ f(xo +h)—f(xo—h)
h

f(xo) = - f'(xo) = 2h

but without applying the formal process h — 0



» Numerical representation

Approximating the derivative at the point x, using a difference quotient.

3 3,2 _
x f’(xo) ~ f(xO T+ hl?l f(xO)

Fx) | .9 33,768
f(3.2)—f(3) 33,768-28
f(3) = =

= 28,84

f'(3) ~ 28,84



» Numerical representation

Approximating the derivative at a point using a table of values of the difference quotient as h
approaches zero.

X 1,7 1,8 1,9 2,1 2,2 2,3
f&x) |4,59 504 551 6,51 7,04 7,59
x—2 |-03 -0,2  —01 0.1 0,2 0,3

f)=F(2)|-141 —096 —049 0,51 1,04 1,59

fO0) — ]; @D 47 4.8 4,9 5,1 5,2 5,3
X — —— C——

f'(2) =?



Using the values of the continuous function f(x) given in the table, approximate the value of its
derivative at the point x = 2.

x | 19 1,99 1,999 2 2,0001 2,001 2,1
f(x)| 361 39601 3996001 4 4,00040001  4,004001 441
F1@) =7
/ (x)_g @)1 39 399 3999 40001 4001 41

x_

f(2) = 4



Assume that the line L Is tangent to the graph of the function f at the point (4,4), as shown In the
figure. Find f'(4).




True or False?
Statement 1:

Let f: R — R be a continuous function. If (x,, f (x,)) is a minimum point, then f'(x,) = 0.

True /

X, f'(xy) does not exist



Let the function f have a local extremum at the point c.[lf f'(c) exists,}hen f'(c) =0.




Statement 2: Let f:R — R be a differentiable function. If f'(x,) = 0, then (x,, f(x)) is a

minimum or maximum point.
True

f(xg)=0




Let the function f be continuous on the interval [a, b] and let f'(x) exist for all x € (a, b). Then:

Vx € (a,b): f'(x) > 0= fisincreasing on (a, b)




Let the function f be continuous on the interval [a, b] and let f'(x) exist for all x € (a, b). Then:

Vx € (a,b): f'(x) < 0= fisdecreasing on (a, b)




d If £ is continuous on the interval I and f"'(x) > 0 for all interior points x of the interval I, then

/)

If £ is continuous on the interval I and f"'(x) < 0 for all interior points x or e interval I, then f
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f IsconvexonI.

IS concave on 1.
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o = lim . (x + h’z — f'(x)




The graph of the function f is shown below. Which option from (a) to (e) could represent the
graph of f'?

(a')J (b) (¢) (d) (€)




Which option from (a) to (e) could represent the graph of f?
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Homework. Based on the given graph of the function f, determine:

a) The intervals on which f Is increasing and decreasing.

b) The point at which the function f has a local maximum and a local minimum.
c) The coordinates of the inflection points of f.

d) The intervals on which the function f Is concave and convex.

e) Draw a possible graph of the derivative .




Homework. Given the graph of the derivative f’, sketch a possible graph of the function f.
Explain your reasoning and also determine:

a) The intervals where f Is increasing or decreasing.

b) The maximum or minimum values of f.

c) The inflection points.

d) The intervals where f IS convex or concave. y




Sketch the graph of a function f that satisfies the following conditions:

The function f Is continuous
fO) =2 f'(=2)=f'(3) =0,alim f'(x) = o
f'(x) >0when —4 < x < —2,and when -2 < x < 3,
f'(x) < 0when x < —4, and when x > 3,

f'"(x) < 0whenx < —4,when —4 < x < —2,and when 0 < x < 5,

f"(x) > 0when -2 < x < 0, and when x > 5,

lim f(x) = o and ;i_{?of(x) = —2

X——00



References

Asiala, M., Cottrill, J., Dubinsky, E., & Schwingendorf, K. E. (1997). The development of students’ graphical
understanding of the derivative. Journal of Mathematical Behavior, 16(4), 399-430.

Baker, B., Cooley, L., & Trigueros, M. (2000). A calculus graphing schema. Journal for Research in Mathematics
Education, 31(5), 557-578.

Borji, V., & Martinez-Planell, R. (2020). On students’ understanding of implicit differentiation based on APOS theory.
Educational Studies in Mathematics, 105(2), 163-179. https:// doi. org/ 10. 1007/s10649- 020- 09991-y

Haghjoo, S., Radmehr, F., & Reyhani, E. (2023). Analyzing the written discourse in calculus textbooks over 42 years:
The case of primary objects, concrete discursive objects, and a realization tree of the derivative at a point.
Educational Studies in Mathematics, 112, 73-102. https:// doi. org/ 10. 1007/ s10649- 022- 10168-y

Park, J. (2015). Is the derivative a function? If so, how do we teach it? Educational Studies in Mathematics,
89(2), 233-250.

Radmehr, F., & Turgut, M. (2024). Learning more about derivative: Leveraging online resources for varied
realizations. ZDM — Mathematics Education, 56(4), 589-604. https://doi.org/10.1007/511858-024-01564-0

Stewart, J. (2010). Calculus (7th ed.). Belmont, CA: Brooks/Cole.



Thank you for your attention!

borji@karlin.mff.cuni.cz



