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In the second part we show that the W19 norm is localizable provided that the functional in
question vanishes on locally supported functions which constitute a partition of unity. This represents
a key tool for establishing local a posteriori efficiency for partial differential equations in divergence
form with residuals in W19,

In the third part we provide a novel analysis for the pressure convection-diffusion (PCD) precondi-
tioner. We first develop a theory for the preconditioner considered as an operator in infinite-dimensional
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Abstrakt: V prvni Casti prace se zabyvame konstitutivni teori{ nestlacitelnych tekutin charakterizo-
vanych spojitym monoténnim vztahem mezi gradientem rychlosti a Cauchyho napétim. Specialni po-
zornost je vénovana tridé aktivovanych tekutin, které se pred aktivaci chovaji jako Eulerovy tekutiny,
zatimco po aktivaci je jejich odezva stejna jako odezva Navierovy-Stokesovy tekutiny ¢i tekutiny moc-
ninného typu. Pro tuto tridu tekutin je provedena detailni existen¢ni analyza pro velka data k sta-
ciondrnim a nestaciondrnim tridimenzionalnim proudénim vystavenych bud okrajové podmince nulové
rychlosti, ¢i fadé podminek skluzového typu, véetné volného skluzu, Navierova skluzu a kombinovaného
prilnuti-skluzu.

Druh4 &4st se zabyva lokalizaci W ~¢ normy za predpokladu, Ze uvaZovany funkcional se nuluje na
fukcich s lokalnim nosic¢em, které tvori rozklad jednotky. To zvlasté dovoluje zajistit lokalni aposteriorni
efektivitu u parcialnich diferencialnich rovnic v divergentnim tvaru s residuély ve W4,

V tieti ¢asti predkldddme novou analyzu tzv. PCD (pressure convection-diffusion) pfedpodminéni.
Nejdiive budujeme novou teorii PCD predpodminéni jakozto operatoru v nekonecné-dimenzionédlnich
prostorech. Potom poskytujeme metodiku ke konstrukci diskrétnich PCD operatort pro sirokou tiidu
diskretizaci tlaku. Hlavni pfinos préace je jasna a zretelnd metodika nakladani s umélymi okrajovymi
podminkami, véetné situaci s natokem a vytokem, coz nebylo doposud v literature dostatecné osetieno.
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Preface

This work spans topics in mathematical and numerical analysis which are seemingly unrelated.
The motivation comes from incompressible non-Newtonian fluid mechanics. Undoubtedly, un-
derstanding flows of non-Newtonian fluids is important for a broad range of applications in
natural sciences and engineering and as such they attracted much of attention across a range of
research fields, including, but not limited to, physics, scientific computing, and mathematics,
specifically the theory of partial differential equations (PDEs) and numerical analysis. On the
other hand, new tools and fundamental results are often designed and/or analyzed for only the
simplest models (e.g., Newtonian fluids) in simple scenarios (e.g., no-slip boundary conditions).
Hence there is space to develop successful techniques for more general complex problems. The
three following chapters, which are possible to be read independently, present such an effort in
thematically distant subjects, which share fluid mechanics as the greatest common divisor.

Chapter [[] presents a novel view on the classification of incompressible fluids. A previously
unnoticed class of activated Euler fluids is discovered. A large-data existence theory of in-
ternal flows of this class of fluids is provided in a comprehensive combination of situations
distinguishing steady and unsteady flows and a variety of boundary conditions.

Chapter [[I] motivated by its authors’ work on a posteriori estimation techniques for non-
Newtonian fluids [2], provides a theoretical result which is of independent interest in a pos-
teriori error estimation theory. Specifically it is shown that the norm of functionals on dual
Sobolev spaces W14 1 < g < oo, is localizable by splitting into overlapping subdomains (e.g.,
mesh elements) assuming Galerkin orthogonality of the functional in question to the functions
constituting a subordinate partition of unity. More general situations in which the Galerkin
orthogonality is violated are discussed and a remedy is provided. The result is supported by
several numerical experiments. The significance of the result is that it allows one to establish
local efficiency of a posteriori error estimates for problems posed in W9 spaces. It was previ-
ously not obvious that this was possible unless ¢ = 2, as the W19 norm, the natural residual
norm for a wide class of non-linear PDE problems, does not have an obvious local structure.

Chapter [[T]] provides a novel theory for a modern preconditioning technique for incom-
pressible fluids, the pressure convection-diffusion (PCD) preconditioner [6, section 9.2.1]. Al-
though the chapter focuses on Navier-Stokes fluids, it is a potential step towards generalizing
the technique to non-Newtonian fluids. The starting point of the work is the analysis of the
preconditioner in appropriate infinite-dimensional spaces, an approach often coined operator
preconditioning; see the survey monograph by Malek and Strakos$ [8]. It is shown that the
preconditioner and its inverse are under certain conditions well-defined. A priori estimates uni-
form in certain norms of data are provided and certain spectral properties of the preconditioned
Schur complement are shown. Furthermore, GMRES convergence for the resulting precondi-
tioned saddle-point system is shown to be almost contractive with a contraction factor given
by the inf-sup constant of divergence and the norm of divergence. The analysis is stemming
from a novel approach based on the observation that the preconditioned Schur complement
is a compact perturbation of the Stokes Schur complement. This observation is the basis for
the proposed methodology for the analysis of the quality of the preconditioner. The chapter
continues by providing a new construction of the discrete variant of the preconditioner. It is fur-
ther shown that some properties of the infinite-dimensional counterpart of the preconditioner
are inherited by the discrete variant, e.g., surjectivity/injectivity and a priori norm/spectral
bounds. We comment on why other results are rather difficult to transfer. The proposed dis-
crete construction is then applied to several common finite element discretizations and novel
variants of the preconditioner are derived while a previously published one is obtained as well.

Xi



xii PREFACE

The primary contribution of the chapter is that it provides very clear reasoning for (i) what
boundary conditions should be used for construction of the preconditiner and (i) how they
should be incorporated in construction of the discrete preconditioner. It has been previously
observed that (i) is a critical issue:

These boundary conditions are not well understood, and a poor choice can critically
affect performance. (Elman and Tuminaro |7, p. 257])

So far rather heuristic arguments were used to deal with (i). In our work the choice of bound-
ary conditions in (i) emerges as a precondition to obtain the a priori estimates. In our opinion
issue (ii) has so far been covered by rather confusing and contradictory accounts in the existing
literature. Our results overcome this problem; we provide detailed comparison of our results
and published accounts in Section [[TI.335] Our analysis treats both variants of the PCD precon-
ditioner given by different commutation orders in a unified way and provides a new argument
for preference towards the variant due to Elman and Tuminaro [7].

Appendix [[IL.B] contains a new result concerning contractive convergence of the GMRES
method. We consider a class of operators, which exhibit contractive GMRES convergence, i.e.,
the residual norms ||rg|| in subsequent GMRES steps fulfill

75l
71l

<M for all £k € N

with some M < 1 independent of the initial residual ry. We show that when such operators are
compactly perturbed, contractive convergence with the same factor is preserved asymptotically,
ie.,

gl
im sup <
k—o0 Hﬁcfl”

Moreover, a measure of compactness, specifically inclusion of the perturbation in a p-Schatten
class for some p > 1, determines the rate of the approach; precisely it holds

1
&
Il )" < pr g ekt forallkeN
7ol

with ¢ > 0 independent of rq.

Chapterconsists entirely of a preprint article by Blechta, Mélek, and Rajagopal [1]. Chap-
ter [LI] is a reprint of a published article by Blechta, Mélek, and Vohralik [3]. Chapter is
previously unpublished work solely by the present author. All chapters include a dedicated list
of references. The numbering of equations, bibliographical references, theorems, figures, sec-
tions, etc. is local to each chapter, i.e., omits the respective chapter number, with the exception
of a few cross-chapter references in Chapter [[TI] In fact each chapter is self-contained and can
be read independently.

The author would like to thank to his doctoral advisor Josef Malek, who always provides
positive motivation. It was pleasure to work with him. Important acknowledgement belongs to
the coauthors of Chapters [[] and [T, K.R. Rajagopal and Martin Vohralik, whose patience can
hardly be fully appreciated. The author thanks Howard Elman, Oliver Ernst, Martin Rehot,
and Zdenék Strakos for motivating the research in Chapter through their inspiring work [5]
4,18, 19, ...], for stimulating discussions, and for providing valuable feedback. A very special
thanks for supporting my efforts belong to my family and to my partner Erin, who also carefully
read Chapter [[TT] and provided grammar and stylistic corrections.

Jan Blechta, Prague, April 30, 2019

[1] J. Blechta, J. Malek, and K. Rajagopal. “On the classification of incompressible fluids and
a mathematical analysis of the equations that govern their motion”. Submitted. 2019. URL:
https://arxiv.org/abs/1902.04853.
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Chapter 1

On the classification of
incompressible fluids and

a mathematical analysis of the
equations that govern their
motion!!

1 Introduction

The concept of a fluid defies precise definition as one can always come up with a counter-example
to that definition that seems to fit in with our understanding of what constitutes a fluid. As
Goodstein [23] appropriately remarks “Precisely what do we mean by the term liquid? Asking
what is a liquid is like asking what is life; we usually know when we see it, but the existence
of some doubtful cases make it hard to define precisely.” The concept of a fluid is treated as a
primitive concept in mechanics, but unfortunately it does not meet the fundamental requirement
of a primitive, that of being amenable to intuitive understanding. This makes the study under
consideration that much more difficult as it is our intent to classify fluid bodies. In this study
we shall consider a subclass of the idealization of a fluid, namely that of incompressible fluid
bodies. While no material is truly incompressible, in many bodies the change of volume is
sufficiently small to be ignorable. Our ambit will include at one extreme materials that could
be viewed as incompressible Euler fluids and at the other extreme materials that offer so much
resistance to flow that they are “rigid-like” in their response, with a whole host of “fluid-like”
behavior exhibited by bodies whose response lie in between these two extremes, such as fluids
exhibiting shear thinning/shear thickening, stress thinning/stress thickening, etc.

Before discussing the constitutive classification of fluid bodies, it would be useful to consider
another type of classification that is used, namely that of flow classification with regard to the
flows of a specific fluid, so that we do not confuse these two types of classifications. One of
the most useful approximations and an integral part of fluid dynamics is the boundary layer
approximation for the flow of a Navier-Stokes fluid (see Prandtl [69], Schlichting [80]). The
main tenet of the approximation is the notion that for flows of a Navier-Stokes fluid past a
solid boundary, at sufficiently high Reynolds number, the vorticity is confined to a thin region
adjacent to the solid boundary. In this region, referred to as the boundary layer, the flow
is dominated by the effects of viscosity while these effects fade away as one moves further
away from the solid boundary. Sufficiently far from the boundary, the effects of viscosity are
negligible and the equations governing the flow are identical to those for an Euler (ideal) fluid

IThis chapter is a preprint version of the article [Jan Blechta, Josef Mdlek, and K.R. Rajagopal. On the
classification of incompressible fluids and a mathematical analysis of the equations that govern their motion.
2019.] submitted for publication in Society for Industrial and Applied Mathematics (STAM) who is a copyright
holder of the work. The preprint is separately available online at https://arxiv.org/abs/1902.04853v1l
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2 CHAPTER I. CLASSIFICATION OF INCOMPRESSIBLE FLUIDS

and one solves the problem by melding together the solution for the Euler fluid far from the
boundary and the boundary layer approximation in a thin layer adjacent to the boundary.
The reason for developing such an approach is the fact that in the “boundary layer region” an
approximation is obtained for the Navier-Stokes equations that is more amenable to analysis
than the fully non-linear equations. It is important to bear in mind that boundary layer theory
is an approximation of the Navier-Stokes equations in different parts of the flow domain, that
which is immediately adjacent to the solid boundary and that which is away from the solid
boundary. Great achievements in the field of aerodynamics are a testimony to the efficacy
and usefulness of such an approximation with regard to solving analytically or computationally
relevant problems in a particular geometrical setting. On the other hand, rigorous analysis of
the Prandtl boundary layer equations is, despite significant effort, far from being satisfactory
(see [4], |34} 135, 136], |45, [46], [53], [54], [64], (67, 66], |79, |78]). An alternative viewpoint for
modeling the boundary layer phenomena might thus bring some new insight on this issue.

The boundary layer approximation is not a constitutive approximation based on different
flow regimes though it seems to resemble such an approximation. That is, one does not as-
sume different constitutive assumptions for different regions in the flow domain, based on some
kinematical or other criterion, but based on the value for the Reynolds number one merely
carries out an approximation of the Navier-Stokes equation in the flow domain. It is possible,
for instance, to assign different constitutive relations, based on the shear rate, namely the fluid
being an Euler fluid below a certain shear rate and a Navier-Stokes or a non-Newtonian fluid
above the critical shear rate (such a classification is considered in Section , or as another
possibility a non-Newtonian fluid if the shear rate is below a certain value and a Navier-Stokes
fluid above that shear rate, or any such assumption for the constitutive response of the material,
and to solve the corresponding equations for the balance of linear momentum in the different
flow domains. Such distinct constitutive responses below and above a certain kinematical cri-
terion is akin to models for the inelastic response of bodies wherein below a certain value of the
strain or stress, the body behaves as an elastic body while for values above the critical value the
body responds in an inelastic manner, which in turn might lead to certain parts of a body to
respond like an elastic body while other parts could be exhibiting inelastic response. To make
matters clear, in a solid cylindrical body that is undergoing torsion, a yield condition based on
the strain would lead to the body beyond a certain radius to respond inelastically while below
that threshold for the radius it responds as an elastic body. In such an approach different
constitutive relations are used in different domains while in the classical boundary layer theory
one uses approximation of the equations of motion of a particular fluid.

In this paper, we adopt the approach of assuming different constitutive response relationships
in different flow domains of the fluid, based on the value of the shear rate or the value of the
shear stress. We consider the possibility that the character of the fluid changes when the certain
“activation” criterion is reached. Here we consider an “activation” criterion that is based on the
shear rate or the shear stress, but it could be any other criterion, say for instance the level of
the electrical field in an electrorheological fluid, or the temperature which changes the character
of the material from a fluid to a gas or a fluid to a solid, etc. Such an approach also provides
an alternative way to viewing the classical boundary layer approximation in that it allows the
fluid to behave like an Euler fluid in a certain flow domain and a Navier-Stokes fluid elsewhere.
Furthermore, based on other criteria such as the Reynolds number we can carry out further
approximations with regard to governing equations in the different flow domains.

Within the context of the Navier-Stokes theory, boundary layers occur at flows at sufficiently
high Reynolds numbers. However, in the case of some non-Newtonian fluids it is possible to have
regions that are juxtaposed to a solid boundary where the vorticity is concentrated even in the
case of creeping flow, i.e., flows wherein the inertial effect is neglected when the Reynolds number
is zero (see Mansutti and Rajagopal [62], [70], [38]). Thus, boundary layers are connected with
the nonlinearities in the governing equation and are not a consequence of just high Reynolds
numbers. Boundary layers can also occur at high Reynolds number in non-Newtonian fluids
of the differential type (see Mansutti et al. [61]) and of the integral type (see Rajagopal and
Wineman [74]). It is also possible that in non-Newtonian fluids one can have multiple decks
with dominance of different physical mechanisms in the different decks, and in these different
layers one can have the effects of viscosity, elasticity, etc., being significant, the delineation once
again being determined within the context of a specific governing equation (see Rajagopal et
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al. [76}75]). On the other hand, we could have a more complicated situation wherein the flow
is characterized by different constitutive equations in different domains, and in these different
domains it might happen that one can further delineate different subregions.

In the first part of this study, we provide a systematic classification of the response of
incompressible fluid-like materials ranging from the ideal Euler fluid to non-Newtonian fluids
that exhibit shear thinning/shear thickening, stress thinning/stress thickening, as well as those
responses where the constitutive character of the material changes due to a threshold based on
a kinematical, thermal, stress or some other quantity (an example of the same is the Bingham
fluid which does not flow below a certain value of the shear stress and starts to flow once
the threshold is overcome) based on some criterion concerning the level of shear rate or shear
stress. We also provide a systematic study of both activated and non-activated boundary
conditions ranging from free-slip to no-slip. In carrying out our classification, we come across
the delineation of a class of fluids that, to our best knowledge, seems to have not been studied
by fluid dynamicists. This class of fluids is characterized by the following intriguing dichotomy:
(i) when the shear rate is below a certain critical value the fluid behaves as the Euler fluid (i.e.,
there is no effect of the viscosity, the shear stress vanishes), on the other hand (ii) if the shear
rate exceeds the critical value, dissipation starts to take place and fluid can respond as a shear
(or stress) thinning or thickening fluid or as a Navier-Stokes fluid. Implicit constitutive theory,
cf. [72] and also |71}, 73], provides an elegant framework to express such responses involving
the activation criterion in a compact and elegant manner that is also more suitable for further
mathematical and computational analysis.

In the second part of the paper, we study the mathematical properties of three-dimensional
internal flows in bounded smooth domains for fluids belonging to this new class. We subject
such flows to different types of boundary conditions including no-slip, Navier-slip, free-slip and
activated boundary conditions like stick-slip. For this class of fluids and boundary conditions
we prove the global-in-time existence of a weak solution in the sense of Leray to initial and
boundary value problems.

2 Classification of incompressible fluids

Incompressible fluids are subject to the restriction on the admissible class of the velocity fields
v of the form
divv =0,

which can be written alternatively as
trD=D:I=0, (2.1)

where D (sometimes denoted Dv) stands for the symmetric part of the velocity gradient, i.e.,
D = 1 (Vo + (Vv)T), v being the velocity.

Due to this restriction, it is convenient to split the Cauchy stress tensor T into its traceless
(deviatoric) part S and the mean normal stress, denoted by m (more frequently expressed as

—p), i.e.,

1 1
S:T—g(trT)]I and —p:m:§tr'11‘. (2.2)

Hence
T=ml+S=—-pl+8,

and, in virtue of (2.1f), the stress power T : D satisfies
T:D=S:D.

The main result of this section will be the classification of fluids using a simple framework
that is characterized by a relation between S and D, i.e., we are interested in materials whose
response can be incorporated into the setting given by the implicit constitutive equation

G(S,D)=0. (2.3)
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IS| S| IS|

ID| ID| ID|

Figure 1: From left to right, response of the Euler fluid (2.6), the Navier-Stokes fluid (2.4))
(or (2.5)), and fluid allowing only motions fulfilling ([2.7))

The only restriction that we place is the requirement that response has to be monotone. For
relevant discussion concerning non-monotone responses, we refer the reader to [57], [50], and
[40].

The incompressible Navier-Stokes fluid is a special sub-class of (2.3) where the relation
between S and D is linear. This can be written either as

S=2v,D withv, >0, (2.4)

where v, is called the (shear) viscosity, or as

1
2v,

D=ca.S:= S with a, >0, (2.5)

where the coefficient « is called the fluidity. Note that the stress power takes then the form
S:D= 21/*\]D|2 = oz*|S|2 .

There are two limiting cases when the stress power S : D vanishes. Either

S=0, (2.6)
which implies that the fluid under consideration is the incompressible Euler fluid (T = —pl, see
(2.2)), or

D=0 for all admissible flows. (2.7)

The latter corresponds to the situation where the body admits merely rigid body motions. More
precisely, the flows fulfilling (2.7)) can be characterized through

v(t,z) = a(t) x x+ b(t) in all admissible flows.

Response of models (2.4)) (or (2.5))), (2.6]), and (2.7)) is shown in the Figure

2.1 Classical power-law fluids
Classical power law fluids are described by
S = 25,|D|"*D, (2.8)

which leads to
S:D=25,D|".

Since |D|"~2D should have meaning for [D| — 0, we require a lower bound on r, namely
r>1. (2.9)

Otherwise, if 7 = 1 then limp|_,oD/[D| does not exist, and if » < 1 then [S| — 400 and stress
concentration occurs at points where D vanishes (i.e., S plays the role of penalty for point where
D could vanish).
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In what follows we study power-law fluids with the power-law index satisfying and we
shall investigate the responses of these fluids for » — 1 and r — oo. The latter corresponds to
the case when the dual exponent 7’ := r/(r — 1) tends to 1.

We introduce the generalized viscosity through

vg(ID|) = 7. D" 2. (2.10)

In order to have the same units for v, as for the viscosity v, that appears in the formula for
the Navier-Stokes fluid (see (2.4)), D should scale as d, that has the unit s~!. Thus, we replace

E10) by

r—2
vg(|D]) = v. (?') where [d,] =s™! and [v.] =kgm 's™!

and we replace (2.8) by

r—2
S =2v, @ D with [d,]=s""and [v,] =kgm's™h 2.11
d

Of course, v, in (2.11) and v, in (2.4) are different in general; they however have the same
units.
On considering (2.11)), we notice the following equivalenceﬂ

B @ r—2 B 1 ‘S| —
S =2, (d* D < D= v d. S, (2.12)

which gives rise to the following expressions for the generalized viscosity and generalized fluidity

_ (D 1 s\
ve(p) = v (1 and (8= 5 (50)

It also allows us to express the stress power in the form (' :=1r/(r — 1))

S:D= <1+1)S:D:18:D+1,S:D
r r r

T/
a1/ DN 1S
= 2vd, (7’ dy +r’ 2v,.d, '

D]
d

Summarizing,

>T211» = ]D—ag(|S2)S—1< S| >Hs, (2.13)

_ 2 _
S =21, (ID|*)D = 2v, < 2 \ 2 d

emphasizing that the equivalence in holds only if r € (1,+00) (which is equivalent to
r’ e (1,400)).

Generalizing the approach used in [60], we will investigate the limits of S and v, as D tends
to zero or infinity, or vice versa, study limits of D and o, as S vanishes or tends to infinity.

2Indeed, starting for example from the formula on the left-hand side of (2.12)), we conclude that

2v4
dr—2
*

IS| = D",

which implies
2-r
r—1

()T
D2 =<2V|S)

1 2-r 1\ +Er 2oriy 2o 1 =
D=3 (@) s=(5-) @) ETs = ( ; ) s,
Vs \ dx 2v4 2Ux \ 2Usdx

which leads to the formula on the right-hand side of (2.12]).

Hence
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Letting |D| — 0+ we obtain, starting from the formula on the left-hand side of (2.13)),

IS| — 0 ifr>1,
IS| < 2vid, ifr=1, (as [D| — 0+)
S| = 400 ifr <1,
and
lvg(ID])| — 0 ifr>2,
vg(D|) = 2w, ifr=2, (as D] — 0+) (2.14)
|vg(ID])| = 400 if r < 2.
Thus, we note that the Cauchy stress T in the fluid tends to a purely spherical stress when r is
greater than 1 and the norm of D tends to 0+, or put differently, the constitutive relation for

the fluid reduces to that for an Euler fluid.
Similarly, letting [D| — +oo we have

S| = 400 ifr > 1,

IS| <2v.d, ifr=1, (as ID| — +00)
IS| — 0 ifr <1,

and
|vg(ID])| = +o00 if r > 2,

vg(D|) =2v, ifr=2, (as D] — +o0)
|vg(ID])] — O if r <2.

In order to investigate the behavior of D and fluidity in the limiting case, it is useful to employ
the expression on the right-hand side of (2.13). Thus, for [S| — 0+, we get

Dl =0 ifr > 1,
ID| < d. if v’ =1, (as S| — 0+)
ID| — 400 ifr' <1,

and
lag(IS])| — 0 if v’ > 2,

1
ag(IS|) = o if r' =2, (as [S| — 0+) (2.15)
Vi
lag(IS|)| = +o0 if v’ < 2.
Similarly, letting |S| — 400 we have

D| = 400 ifr' > 1,
ID| < d, ifr' =1, (as |S| = +00)
ID| — 0 ifr' <1,

and
loag (S])| = +oo if r’ > 2,

ag(8) = 5
log (S| =0 if ' < 2.

if ' =2, (as S| — +00)

Next, we study the response of the classical power-law fluid with regard to its dependence
on the value of power-law index (r — 14+ and ' — 14). Figure [2]illustrates behavior for both
large r and r’ approaching 1.

Letting r — 1+ in , we observe that, for D £ Q, S = 21/*d*‘]]%| (and thus [S| < 2v,d,),
while for D = O and for any A € R*3 such that |A| < 2v.d, we can find a sequence {D,, }52,
converging to zero and

lim 2v, D A.

n
dy —> =
n—oo |]Dn|
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Figure 2: Response of the power-law model (2.11)) for various values of r

Consequently, (2.13) for r — 1+ approximates the response that could be referred to as
rigid/free-flow like behavior:

if D] #0 thenS= 21/*d*|]]g|,

if D) =0 then [S| < 2v,d..

(2.16)

Instead of viewing (2.16)) as multivalued response (both in the variables D and §), it is possible
to write (2.16)) as a continuous graph over the Cartesian product R3*3 xR3*3 (see the framework
(2.3)) defined through a (scalar) equation

(IS| - 2v.d,)™ + |2v,.d. D — [D[S| = 0. (2.17)

For determining the behavior of (2.13) as r — +oo we prefer to study (2.13))s for ' — 1+
and analogous to the above consideration we observe that

de S
v (2.18)
if S|=0 then D| < —.
2V,
We can call this response Fuler/rigid like response. We can again rewrite (2.18)) as
(2v.D| — d.)* + |20, |S|D — d.S| = 0. (2.19)

The models and are examples of fluids described within the context of an ac-
tivation criterion. More examples will be discussed in Subsections 2.4] and 25 The slash
formalism namel/name2 (that we will use also below) means that material behaves as namel
before activation and as name?2 after the activation criterion is met.

2.2 Generalized power-law fluids and stress power-law fluids

The formula (2.13)) suggests the introduction of generalized power-law fluids and generalized
stress power-law fluids by requiring that, for the former,

S = 2u, (D) D

and, for the latter,
D= oy, (|S|2) S

where v, and o, are non-negative continuous functions referred to as the generalized viscosity
and the generalized fluidity. The quantities [D|? = trD? and [S|? = trS? representing the second
invariants of D and S, respectively, can be viewed as natural higher dimensional generalizations
of the shear-rate and the shear stress, respectively.

We further introduce zero shear rate viscosity as

vo = Iim v, (IDP)
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and zero shear stress fluidity through

— 2
ao = lim ay (S[*).

It follows from that for classical power-law fluids the zero shear rate viscosity vanishes
for r > 2, is finite for r = 2, and blows up if r € (1,2). A similar behavior can be inferred
from for the zero shear stress fluidity: for v > 2 (i.e., for r € (1,2)) «y is zero, for r =2
it is positive, and for r’ € (1,2) (it means for r > 2) the generalized fluidity becomes singular
in the vicinity of the origin.

Such behavior is not experimentally observed in any fluid; more frequently both the zero
shear rate viscosity and zero shear stress fluidity are finite. The most popular generalizations
of the classical power-law fluid that exhibit these features as |D| — 0+ (resp. [S| — 0+) take
the form

(1 app\T
and ,
(11 ISP N7

We refer the reader to [57] for further details; here we emphasize two observations. First,
although both (2.20) and (2.21)) are invertible for » € (1, +00), is not an inverse of
and vice versa (compare it to (2.13))). Second, both formulas are defined for all r € (—o0, +00)
and r’ € (=00, +00) respectively. The relationship r’ = -5 is however understood as a relation
valid for r > 1.

If r < 1, then S considered as a function of D given by is not monotone; the same
holds for if ' < 1. We refer the reader to [57] for more details and to |50] for further
nontrivial extensions.

2.3 Fluids that can be viewed as a mixture of power-law fluids

It is natural to consider the possibility that the total response of the fluid-like material is given
as the sum of particular responses (a simplified scenario for the mixtures) of the individual (in
our case two) contributors, i.e.,

S=S8; +S,. (2.22)

One may think of putting two dashpots into a parallel arrangement; the response of one
dashpot captures behavior of a fluid A, and the response of another dashpot corresponds to
a fluid B; see Figure [3] To illustrate the potential of this setting, we consider for illustration
three examples:

q—2

)TDwithre (1,2), ¢ > 2;

2

r—2
() S1=2v. () "Dands, =27, (5 +35

=2
(i) S = 2D and S, fulfills D = 5 (% + %%) S, with 7 € (1, +00) \ {2}

(iii) S; responds as in ([2.17)) and S, responds as in (2.19)).

The responses of fluids modeled by the constitutive expressions ({il) and are shown in Figure
for some choice of parameters. Further examples will be provided in Subsection [2.5

2.4 Fluids with bounded shear rate or bounded shear stress

We have seen in Subsectionthat the models and exhibit an interesting feature,
namely, the stress S is bounded as the symmetric part of the velocity gradient is varied, and vice
versa. While there are several mathematical advantages to the stress S expressed as a function
of D, as this would greatly simplify the number of equations that one needs to consider when
one substitutes it into the balance of linear momentum (even an explicit expression of the
symmetric part of the velocity gradient as a function of S might lead to a simplified structure
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fluid B

Figure 3: 1D mechanical analogue of an additive stress model (2.22])

S| Vox S|
Dy =2
Vi
Dy _ 1
Ui 8
r’ =10
2(vx + Du)dx 2(vx + Du)dx
dy il dy ID|

Figure 4: Response of models represented by (2.22). On the left, the case with r = % and
q= g On the right, the case with v, = 7,.

for the equations) experiments on colloidal fluids clearly show that a fully implicit theory
is necessary (see for example [12| [39] and further references in [68]). When considering the
models (2.20) and (2.2I) with » = 1 and ' = 1 (and adjusting a scaling by factor /2), we
obtain

1+ 8-
and S
D = a. (2.24)

and we observe that, in the case of (2.23)),

IS| < 2v,.d, for all D,

and, in the case of (2.24)),
ID| <d. forallS.

It is convenient to generalize (2.23) and (2.24]) in the following manner: for parameters
a,b € (0,400) consider

S = QV*—D . (2.25)
(1+(2))
and
D= o, S . (2.26)

1
b\ b
S|
<1 + <2u*d*> >

In both cases, it is worth studying the behavior of the fluids for large ¢ and b. When
a — oo in (2.25]), the constitutive relation approximates the response of the activated fluid
which behaves as the Euler fluid prior to the activation and the magnitude of the stress remains
bounded; analogously, when b — +oo in (2.26]), the constitutive relation approximates the

response such that the magnitude of D remains bounded and the body admits merely rigid
body motions till the activation takes place, see Figure [f]
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ol =[] [
Il I
< | [o||<|e

Is| is|
(
|
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dade & 2u.d. K
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/ [a=72] 2
P 2
a = 1
a=1
dy D] dy D]

Figure 5: Response of stress-limiting model ([2.25)) on the left and shear-limiting model ([2.26])
on the right

IS| IS| S|

r=2

O«

ID| 5. D] 5. D]

Figure 6: Response of the Bingham fluid (on the left), activated Euler/Navier-Stokes fluid
(in the middle, r = 2), Euler/power-law fluid (in the middle, r = 5, d, = 4.), and Eu-
ler/Ladyzhenskaya fluid (on the right, r = %, dy = 0x, Ve = D)

2.5 Activated fluids

In this section we study two classes of fluids: the first class is activation based on the value of
the stress (similar in character to a Bingham fluid) while the second class is activation based
on the value of the shear rate. X

The first class of fluids that are studied flow only if the generalized shear stress |S| = (tr SQ) 2
exceeds a certain critical value o, referred to as the yield stress. Once the fluid flows, we assume
the fluid behavior is described by the constitutive expression for a generalized power-law or
a generalized stress power-law fluid. In the parts of the subdomain where [S| is below o, the
fluid can only translate or rotate as a rigid body. Such responses are traditionally described
(see [28]) through the dichotomy

S|<o, += D=0,

|S| > 0% = S = O x D +SQ with { aher S2:2ug(|]|)|2)]n7 (227)

D] or D=a, (IS212)S2.

In the case of the stress So = 2v,ID we obtain the constitutive representation for the Bingham
fluid (see Figure |§| on the left) and if S = 2v, (|D[?) D then we obtain the constitutive repre-
sentation for the Herschel-Bulkley fluid. It is worth of observing that can be equivalently
written within the context of the framework for implicit constitutive equations . Specifi-
cally, considering with the expression Sy = 2v, (|]D)|2) D the equivalent formulation can
be expressed as

(S| — o)

S
S

2vg (|]D|2) D=

where ()T = max{t,0} for t € R.
On the other hand, considering (2.27) with the expression D = ay (|SQ|2) So, the equivalent

representation reads
D |\ (S| -o.)"
D=o,||S—0.—| | 27 §
(’ D] ) S|
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which is in our opinion worthy of detailed investigation.

The next class is a dual to in the following sense. If the generalized shear rate [D| is
below a critical value d,, the flow is frictionless. Inner friction between the fluid layers becomes
important only when |D| exceeds d.. Then the fluid can flow as a Navier-Stokes fluid, or a power-
law fluid (see Figure |§| on the right), or a generalized power-law fluid, or a generalized stress
power-law fluid. To summarize, analogous to , we can describe such a response through

the relation
D <4, <<= S=0,

D| >, <= D:6*|;+ag(8|2)8.

It is not surprising that this relation can be written as an explicit relation for the stress S in
terms of the symmetric part of the velocity gradient D, namely

(D —6.)"

B D. (2.28)

o (ISP?) S =

If there is vg such that
D=oq, (S°)S <= S=2i,(D?D (2.29)
then (2.28]) can be written in the form ((2.29)) describes the behavior of the fluid after activation)

(D - 6.)"

S= 2vg (|D|2) D|

D.

Explicit equivalence holds for the Navier-Stokes fluid (see (2.5))) and for the standard power-law
fluids (see (2.13)). Then we obtain the response

(D —6.)"
D]

r—2 _ +
S — 20, (E?) W]}), (2.31)

respectively (see Figure [6| on the right). We call the response (2.30) the Euler/Navier-Stokes
fluid and the response (2.31)) the Euler/power-law fluid. If

B (D" (D —6.)"
S= <2V* + 20, (d* 7|D| D,

with r > 2 we call this response Euler/Ladyzhenskaya fluid, since O. A. Ladyzhenskaya was the
first to consider the generalization of the Navier-Stokes constitutive equation to the form

S=2, D (2.30)

and

S = (2v, +20,D["*) D (2.32)
and showed that unsteady internal flows of such fluids in a bounded smooth container admit
unique weak solutions if 7 > 2 (or # in general dimension d); see |20 (18] for improvement of

the uniqueness result to r > ?1 Ladyzhenskaya used kinetic theory arguments to derive (2.32))
with r = 4; see [48, 49, 47].

Simple shear flows of the Euler/Navier-Stokes fluid For the sake of illustration of
response of the fluid we consider a simple shear flow of such a fluid. In order to char-
acterize such fluids it is also useful to consider a modified model which we call the regularized
Euler/Navier-Stokes fluid given by

_ (D[ —4.)"
S =2, <e* + |11)> D (2.33)
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Figure 7: Simple shear flows of the regularized Euler/Navier-Stokes fluid for various values of

the added viscosity e,v, and fixed C' > 0. Circles mark the point of activation y = yg £+ \/g\écr

where |u'| = v/26,. The degenerate case €, = 0 is activated everywhere, i.e., [u/| > v/26,.
Note that the velocity profiles are determined up to an additive constant (because no boundary
conditions are enforced); here we take ug = 0.

with an extra parameter €, > 0. We will consider solutions of the balance equations (see ([2.40)),
(2.41) below) for the response of the fluids described by (2.33]) (and the degenerate case (2.30))
in R?, with the velocity taking the form

v(z,y) = (u(y),0) r,y €R

for some u : R — R absolutely continuous on every compact interval in R. We note that now
we deal with solutions of the governing equations in R? so there are no boundary conditions

involved. It is easy to check that if e, > 0 then all such solutions of (2.40)), (2.41)), and (2.33))
fulfill

(e* + H(|Ju| - \/55*)) u'=-2C ae inR, (2.34a)
p(x) = —2v,Cx + po, (2.34b)
with some C' € R, H(t) = 1if t > 0 and H(¢) = 0 otherwise. The formulas (2.34)) represent

a generalization of the well-known equations for simple shear flows of the Navier-Stokes fluid,
which is a special case with d, = 0. In fact all the solutions of (2.34) take the form

~E(y — y0)? +uo ly — ol < YZhse=,

u(y) = _ 2 (2.35a)
- <(yy0)2+\/§5* v~ (“fg) +uo  Jy—yol > YZoste,

p(z) = —2v,Cz + po, (2.35b)

with any C,yg, ug, po € R. In the interval {\y — o] < ‘/gl‘;cf } the fluid is in the regime below

the “activation” threshold (where |u'| < \/55*) with the viscosity €., while outside this interval
the threshold is exceeded and the generalized viscosity has the value v, (e* +1— V29, ) Taking

[u]
the limit €, — 0+ one obtains

Y—1Yo

uly) = —C (<y o) 4 V3.

) + o, (2.36a)
p(z) = —2v,.Cx + po, (2.36b)

which indeed is a solution of the balance equations for the Euler/Navier-Stokes fluid with
any C, yo, ug, po € R. Now the flow exceeds the activation threshold everywhere except of y = o
where v/ (yot) = ¥\/§5*% and the shear rate jumps there by virtue of the vanishing viscosity.
In Figure[7] we display a family of solutions for varying €, and (matching e, = 0)
for fixed values of C, yp.

Apart of the family of solutions the Euler/Navier-Stokes fluid admits also the
simple shear flows which do not exceed the threshold |u’| = v/2d., the viscosity is zero and
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Table 1: Summary of systematic classification of fluid-like response with the corresponding
ID|-|S| diagrams

Euler/rigid Navier- fluid body allowed
Stokes/limiting 2\ to move only
i shear-rate L rigidly !
Euler/shear- shear-thickening rigid /shear-
thickening / i thickening E
Euler/Navier- Navier-Stokes rigid/Navier-
Stokes i i Stokes [
Euler/shear- shear-thinning rigid /shear-
thinning i i thinning
Euler limiting - *Z rigid/free-flow
D <é. < S=0 no activation S| <o, <= D=0

therefore any admissible velocity profile is a solution. Such solutions are characterized by

lu'| < V20, ae. inR, (2.37a)

with some locally Lipschitz continuous u : R — R and pg € R. In fact the families ([2.36) and
(2.37)) are all possible weak solutions for a simple shear flow of the Euler/Navier-Stokes fluid.

2.6 Classification of incompressible fluids

The previous exposition should indicate the broad spectrum of fluid responses that can be
described within the setting
b (ID]?)D = a (IS, (2.38)

where a and b are continuous (not necessarily always differentiable) functions.

The following Table [I] summarizes these observations in a different way, paying attention
to the broad range of models covered by (2.38). It includes the Euler (frictionless) fluid at one
extreme and a fluid that only moves rigidly at the other extreme and contains the responses
ranging from the fluids enforcing the activation criterion [D| < 6, <= S = O through non-
activated fluids to the fluids that are governed by the activation criterion [S| < o, <= D =0.
Vertically, the range of r is iterated from top to bottom: r = +o0, r € (2,400), r = 2,7 € (1,2),
and r = 1. Thus, at the bottom left corner we have perfectly frictionless Euler fluid and at the
top right corner we have a fluid that can only undergo rigid motions. In the middle of the table
the Navier-Stokes model is placed.

2.7 Activated boundary conditions

Boundary conditions can have as much impact on the nature of the flow as the constitutive
equation for the fluid in the bulk. We illustrate it explicitly in this subsection. Here, for the
sake of clarity, we restrict ourselves to internal flows, i.e., we assume that

v-n=0 on 0, (2.39)

where n : 90 — R? denotes the mapping that assigns the outward unit normal vector to any
x € 0F). The behavior of the fluid at the tangential direction near the boundary is described by
the equations that reflect mutual interaction between the solid boundary and the fluid flowing
adjacent to the boundary. These are constitutive equations which we shall concern ourselves
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with. In order to specify them, in the spirit of previous parts of the paper, we first recall some
energy estimates.
Considering the constraint that the fluid can undergo only isochoric motions

divv =0 1in Q, (2.40)

and assuming, for simplicity, that the density is uniform, i.e., p = p, > 0, motions of such a
fluid are described by the balance equations for linear and angular momenta that take the form

(see also (2.2))

ov | dva—” —divS—-Vp inQ
Pe\ot T2 oy P ’ (2.41)
S=8T in Q.

Forming the scalar product of the first equation with v and integrating the result over 2, we
arrive at

d [v|? . v]? . .
— | pi——da+ [ div|ps—0v|de= [ div(Sv)de — [ S:Ddx — [ div(pv)de,
dt Jo' " 2 Q 2 Q Q )

where we have used (2.40]) twice. Gauss’ theorem and the requirement ([2.39) then lead to

2
i/p*“’idw+/szndx+/ (=S): (v @ n)dS =0, (2.42)
dt Jo' 2 Q a0

where a ® b denotes the second order tensor with the components (a ® b)ij = a;b;. In virtue
of the symmetry of S, see (2.41]), we obtain

(-8):(v@n)=(-8):(nev)=(-Sn), v,

where 2z, denotes the projection of z : 9Q — R? to the plane tangent to 9 (at the point of
09 under consideration). Finally, introducing the notation

S = (—Sn)T (projection of the normal traction to the tangent plane),
we can rewrite (2.42)) in the form

d |v]?
— | ps——dxz+ [ S:Ddx + s-v,dS =0.
dt Jo o 2 0 B

The discussion in Section 2] thus far has been focused on discussing models within the context
of the framework G (S,D) = O (see (2.3)). In fact, the discussion concerned the restricted class
of models of the form

a(D*)D = b (|SP)S, (2.43)

where a and b were non-negative continuous (not necessarily everywhere differentiable) func-
tions.

In a manner similar to the class of models defined through , we could develop analo-
gously the identical framework of relations linking s and v, i.e., to consider various classes of
boundary conditions that fit the form

h(s,v;) =0,

where we deal with a (monotone) continuous function h : R? x RY — R9, or a more restrictive
class 5
a (|vel?) vr =0 (|s]?) s, (2.44)

where @, b : [0, +00) — [0, 400) are non-negative continuous functions.

We shall not consider the problem within the context of such generality for the following two
reasons: (i) we do not have enough experimental data that would support nonlinear relations
between s and v, and (ii) the extension of the framework developed to take into account
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such nonlinear relations is straightforward and follows in a manner similar to that discussed in
Subsections 2.TH2.5l

In what follows, we restrict ourselves to both activated and non-activated responses that
are (after activation) linear. In a manner similar to that in the introductory part of Section
where we considered the product S:ID, we notice here that the product s- v, vanishes if either

s=0 on09Q, (2.45)

or
vy =0 on 0N for all admissible flows. (2.46)

The condition is referred to as the free-slip condition condition, expressing the fact that
the boundary exhibits no friction to the flow, in the sense that the shear stress vanishes, and
fluid flows tangentially to the boundary. On the other hand, the condition (2.46)), referred to as
the no-slip boundary condition, requires that flows adhere to the boundary. It has the character
of a boundary constraint.

A linear relation between s and v, is known as the Navier-slip:

s = v, with v, > 0. (2.47)
We consider two types of activated boundary conditions. First, the relation

Is| <s.. <= wv.=0,
v,

(2.48)

ls| > 8. <— S = 5, + V4V,

[vr|

which has been coined as the stick/slip condition in the literature, but which we will refer to as
the no-slip/Navier-slip condition for consistency; s, is the yield stress that is positive. It can
be rewritten into the form ([2.44]) through its equivalent characterization

(51— 50"

v, = 2.49
VxUr |S| ( )
In analogy, the second type of activated condition is given through the description
v <ve = s=0,
(2.50)

s 1
lvr| > v = vr=v.7—+ —s5,
|s] Vx
where v, > 0. The equivalent description of (2.50)), that can be referred to as the free-
slip/Nawier-slip condition, takes the form

vy (2.51)

These responses are summarized in the Table

Simple shear flows of the Navier-Stokes fluid and the Euler/Navier-Stokes fluid
subject to activated boundary conditions Finally, in order to emphasize the role of
boundary conditions in determining the nature of the flow, we consider Poiseuille flow between
two parallel plates located at y = +L. All types of boundary conditions listed in Table [2] will
be considered. We can write boundary conditions and together as

ot
v = <s||33*)s on O(R x (L, L)) (2.52)
requiring that at least one of v, and s, is zero. Let us consider a simple shear flow of the
Euler/Navier-Stokes fluid (2.36)) in domain R x (—L, L) for given L > 0. As shown in Section 2.5
simple shear flows of the Euler/Navier-Stokes fluid are in the form (2.36) or (2.37). Let us
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Table 2: Classification of boundary activation of fluid response with the corresponding |v,|-|s]
diagrams. The last row reflects the usage of the term slip in Section [3]to describe a broad class
of boundary conditions of the slip type.

free-slip free-slip/Navier- Navier-slip no-slip/Navier-slip | no-slip
slip
s=0 lvr] € v <= |s~uv, [s| < s = | v, =0
S = 0 Vr = O
(2.45) (2.50) or (2.51) (2.47) (2.48) or (2.49) (2.46)
slip no-slip

assume symmetry yo = 0 in ([2.36a)); it will be obvious later that the converse is not possible.
Normalizing (2.36a)) to a given flow rate @ € R such that

L
/ u(u)dy = Q (2.53)

—L

we obtain

(2.54a)

w=-c(+van| L)+ v (b L),

L e
T\ 3 T e

p=—2v,Cx + pg (2.54b)

being defined for any C' € R\ {0}. It requires a trivial, but tedious, computation to check that
simple shear flow of Euler /Navier-Stokes fluid (2.54) solves the balance equations in R x (L, L)
together with boundary condition (2.52)) on {y = £L} provided that

2 + V20, L + 20 L+ 2L\ T
c=3% [ (1 _ V2L 2”*L> 50 (1 - 3o (2.55)

T 4Ls Q| C3u. + L Q]

and pg € R is arbitrary. If C given by formula (2.55)) is zero, then all flows which fulfill (2.37]),
(2.52), and ([2.53)) are solutions; more precisely if C' = 0 all the solutions are given by

lu'| < V26, ae. inR, (2.56a)
Yelu| < veve  a.e. on {|y| =L}, (2.56b)
L
/ udy = Q, (2.56¢)
-L

with some Lipschitz continuous w : [-L, L] — R and py € R. Family , and family
represent in fact all possible simple shear flow solutions of motions of the Euler/Navier-
Stokes fluid subject to no-slip/Navier-slip or free-slip/Navier-slip boundary conditions ([2.52]).
We summarize combinations of bulk and boundary activation criterions in Table

3 Mathematical analysis of flows of activated Euler fluids

Long-time and large-data existence theory (within the context of weak solutions) for a broad
class of fluids described by implicit constitutive relation has been developed in [16} [17].
These works deal with internal flows of incompressible fluids with monotone responses, asymp-
totically behaving as [S| = O (|D|"!) as [D| — oo or D] = O (IS ﬁ71) as [S| — oo with
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Table 3: Solutions for simple shear flows of the Euler/Navier-Stokes fluid in combination with
different activated and classical boundary conditions. The middle column contains |v,|-|s]
diagrams of boundary response (on the left) and |D|-|S| diagrams of bulk response (on the
right). The solid segments and the circles (colored red in the electronic version) mark the part
of the response being attained in the specific case. Note that no-slip/Navier-slip (contrary to
free-slip/Navier-slip) admits a mode with the activation threshold exceeded in the bulk with
the boundary under activation threshold. Also note that the free-slip condition admits only
Euler mode, frictionless solutions. For the Navier-Stokes limit just let d, := 0.

free-slip/Navier-slip: (2.52) & s, =0

Q| < V20.L% + 2v,. L 2.56
_ L 3(‘@‘—\/55*112—2’0*[/) Q
Q= V26.L% + 2v.L / / (2.54), € = 3uj+’Y*L iLs QT
bdry bulk

no-slip/Navier-slip: (2.52)) & v, =0

Q| < /26,12 2.56

s(1QI—v26.17)

VI <10l S VILL | | e e =T g
30, /

Q| > V20,17 + 21~ 2.54), C =
7 ~.L  3(1QI—v26.L?) 3v, s. 1.Q
. [SV*Jﬂ/*L 4L3 + 3Uat7e L QV*L:I Q[

bdry bulk

free-slip: (2.52) & s, =0& v, — o0
free-slip: (2.52) & s, =0& 7. =0
QER 256

bdry bulk

no-slip: (2.52)) & v, =0 & s, — o0
no-slip: (2.52) & v, =0 & v, — o0

Q| < V20, L2 { (2.56a)), u(+L) =0, (2.564), (2.56d)

3(1Q|—v/26. L?
QI > V26,12 g5y, ¢ = el g

Navier-slip: (2.52) & v, =0& s, =0

Q| < V20,17
’ 3(QV2.1%)

2 = «L
Q| > V26, L (2.54), C = 3uj+wL ire ]

2.50

bdry bulk
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g < r < oo (or % < r < 00 in general dimension d In order to get a pressur which
is integrable over the space-time cylinder in the unsteady case, the theory is developed with
a boundary condition allowing some kind of slip. The overview of the problem concerning the
connection between the integrability of the pressure and a specific boundary condition is given
in [31]; see also the original studies [43| 44]. Existence theory when the Navier-slip boundary
condition is enforced has recently been extended to the stick/slip boundary condition in [22]
21]. The theory for unsteady flows subject to the no-slip boundary condition can be found in
a more recent study [13|, where the solenoidal Lipschitz approximations of solenoidal Bochner-
Sobolev functions are constructed and analyzed (from the point of view of dependence of their
mathematical properties on approximation parameters). With such constructions, the analysis
of the problem can be performed without introducing the notion of pressure.

In this section we will provide an existence theory for steady and unsteady flows of activated
Euler fluids considering various types of behavior after activation and various types of boundary

conditions. More specifically, we will study the systemﬂ

dive =0 in (0,7) x €, (3.1a)

O;—:; +diviv®@v) —divS=-Vp+b in (0,7) x Q, (3.1b)
S = 2v. (D] - 6.)" S(D|) B; in (0,7) x Q, (3.1c)

v-n=0 on (0,T) x 99, (3.1d)

h(s,v:)=0 on (0,7T) x 09, (3.1e)

v(0,-) = vg in Q. (3.1f)

Here S : [0,00) — [0, 00) is supposed to be of the following forms: either
S=1

giving the Euler/Navier-Stokes fluid (2.30)), or

r—=2

Sd)=(£)™" o S =(A+ (1)) T, axo,

leading to the Euler/power-law fluid (2.31]), or
S@)=1+A(L)% r>2 A>0

leading to the Euler/Ladyzhenskaya fluid.
It is not difficult to verify (see Appendix that the graph G C R3X3 x R23%3 defined through

sym X Rggm
(S,D) € G if and only if S and D fulfill

is a maximal monotone r-graph, i.c., G has the following properties:

(G1) (0,0) € G;

(G2) (S1—S3): (D —Dy) >0 for all (S1,D;) € G and (S2,Ds) € G;

(G3) if S,D € R2? satisfy (S —S): (D —D) > 0 for all (§,D) € G, then (S,D) € G;

(G4) there exist r € (1,00), o, € (0,00) such that S: D > oz(|S|r, + [D|") — 3 whenever
S,D)cGand 1 + L =1.

3In fact, in |16} |17] the results are established even in a more general setting replacing the Lebesgue spaces
by the Orlicz spaces.

4Subtle difference between thermodynamic pressure, the mean normal stress (the latter usually referred to as
pressure in mathematical literature on incompressible fluids), and the Lagrange multiplier is not to be discussed
in this paper and we refer interested reader to |59} [77]. Henceforth we refer to the Lagrange multiplier that
enforces the incompressibility condition as the “pressure”.

5We assume that density p is constant and we replace % merely by p throughout the whole section. Note
that such p, although customarily called “pressure” in mathematical fluid dynamics literature, is actually the
mean normal stress scaled by the (constant) density.
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Suitable choices of the function h(s,v.) cover the boundary conditions (2.45)), (2.46)), (2.47),

[2.49), (2.51). Analogous to the above setting, we require that the graph B C R? x R3 defined

through
(s,v) € B s and v fulfill (3.1€))

is a maximal monotone 2-graph, i.e., B has the following properties:

(B1) (0,0) €

(B2) (81 —82)- (v —v2) >0 for all (s1,v1) € B and (s2,v2) € B;

(B3) if s,v € R3 satisfy (s — 8) - (v —©) >0 for all (3,9) € B, then (s,v) € B;
(B4)

B4) there are &, 8 € (0,00) such that s-v > @ (|s|? + |v[?) — 3 for all (s,v) € B.

The requirement ( can be easily verified for the boundary conditions (2.47), (2.49)) and (2.51])).

Note that there is no boundary term in the weak formulation of the problem in the case
of the free-slip condition (2.45)); this condition does not invalidate the analysis. On the other

hand the no-slip boundary condition (2.46|) needs to be treated separately.

Apart from the general purpose of this paper we are further motivated to study the prob-

lem (3.1) for the following reasons.

1. The most studied systems of PDEs (partial differential equations) in fluid mechanics are
the Euler equations (when S = @, or 4, — oo in (3.1c|)) and the Navier-Stokes equations
(when § = 2v,D, or 6, = 0 and S = 1 in (3.1c)). The system of PDEs considered
here is placed between them, as . € (0,00). While (3.1a)-(3.1c) can, particularly for é.
large, share several features associated with the physics of the Euler fluid (or the Euler
equations), we will document that the mathematical properties of the flows described by
are similar to those described by the Navier-Stokes equations. This is important
as recent achievements in the mathematical theory of the Euler equations considered in
a reasonable physical setting show that the equations exhibit pathological solutions within

the framework of weak solutions with bounded (kinetic) energy (see [24} [82]).

Fluids described by ([3.1c|) seem to have been completely overlooked both in physics and
mathematical fluid dynamics literature; this may well be due to the fact that such behavior
has not been observed. Below, we will focus on filling this lacuna and on developing the

mathematical foundations associated with the problem (3.1).

2. It is worth noticing that the activated Euler fluids characterized by (3.1c) represent the
models dual to the Bingham fluids that are obtained by interchanging the role of D and S
in (3.1¢). A mathematical theory for Bingham fluids, in the spirit of the theory developed

here, is given in |21} 22, 63|, where the reader can also find more references concerning

the earlier results on the analysis of flows of the Bingham fluids and their generalizations.

3. The set-up of the problem considered here will be also used to show how different types of

boundary conditions can be treated (while restricting ourselves to internal flows). We will

also focus on the relation between the considered boundary conditions and the properties

of the mean normal stress p.

4. Since the operator — divS is elliptic and degenerates for |S| < 4, the theory presented

below can be viewed as an approach for studying degenerate problems.

5. Finally, the constitutive relation (3.1d)) is regularized by

- +
S¢(D) = <e|1n>|q2 n 21/*(|M|D|6*)S(D|)> D

with € > 0 and ¢ > 2 large enough. This explicit regularization allows us to proceed

explicitly in the subsequent analysis.
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3.1 Function spaces

In what follows we assume that 2 C R? is a domain, i.e., a bounded open connected set. For
1 <p<oo, k€N, LP(Q) and WFP(Q) denote the standard Lebesgue and Sobolev space
respectively, i.e., spaces of measurable functions of finite norm

lrey = I£lpa = ([ 177)°

k
1 lwesie) = Iflkpa = Y IV fllna 19961 = (ZID”‘f\)

J=0 |or|=3

respectively. When there is no risk of confusion the subscript €2 can be omitted. Often we will
use symbol L? (Q)f;(rf; to denote functions with values in symmetric tensors with LP-integrable
components. Bold-face symbols W*? and LP will denote vector-valued Sobolev and Lebesgue
functions respectively. Parentheses (-,-)q will denote duality pairing in LP(Q) and L7 1 (£2)
including vector and tensor-valued case; the subscript 2 will be typically dropped where is
no danger of confusion. Analogously, angle brackets (-, >v* denote a duality paring between
spaces V* and V|, where V* denotes the dual of V'; the subscrlpt can be omitted. For any vector-
valued function v, the symmetric part of the gradient is defined through Dv := 3 (VIH— (Vo) )
We use notation L(0,T; X) and C*(I; X) to denote Bochner spaces of functions with values
in the Banach space X and k-times continuously differentiable functions on interval I C R
with values in X respectively; C¥(I; X) denotes functions from C*(I; X) which are compactly
supported in I.

The function spaces relevant to the problems that are being investigated vary depending on
the type of boundary conditions. Two cases are being considered separately. First, the case of
the no-slip boundary condition (the no-slip case, in short) and then other boundary conditions
that involve various kinds of slipping mechanisms (the slip case, in short), cf. Table

3.1.1 No-slip case

We consider the space of compactly supported smooth functions and its subspace of solenoidal
functions:

C5° = {v:Q— R% v smooth; suppv C Q}, Cy;, = {v € CF; divw =0}

and their closures in LP-norm, W!P-norm (with 1 < p < o) and W32-norm:

1 Sl llwt,
Wom COO v p’ 3.2 —=5l-llws.2
Wy©=Cq

)

Sso—I-llze

LP — (O
w32 . @x® oI llws.2
0,div "— ¥0,div .

n,div "~ ¥0,div )
1,p . TH‘le,p
WO,div T cO,div )

As a consequence of the Poincaré and Korn inequalities, see [2, Corollary 6.31], [26, Theorem
5.15], the following norms are equivalent on Wy (and Wyt < WgP) for 1 < p < oo

Do, < [IVollp < [0l < CellVoll, < CrCx Dol for all v € Wy, (3.2)

with [|Vvll, = |[|Vv]l|p, |Dv|, = ||[Dv||,; the constant Cp > 0 that appears due to the
Poincaré inequality depends on p and 2, while the constant Cx > 0 that appears due to the
Korn inequality depends only on p.

Note that for a domain Q (without further regularity assumption on the smoothness of 92)
we have the embedding W0 3 W2 e Whee(Q)3. If additionally Q is a C%' domain, i.e.,
) is a domain with Llpschltz boundary 052, then the following characterization holds true:

W(l)’p = {'v € Wl’p(Q)3; v = 0 on 09 in the sense of traces} ,

1 o (33)
Wil = {v e Wy dive = O} ;
moreover we use (B.3) as a definition of W™ and Wéfﬁv in the case that p = oo and Q is
a C%! domain.

We can occasionally denote the norm on (Wé’p)*, the topological dual of Wé’p, by || [|=1,p-
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3.1.2 Slip case

Here we assume € is a C%! domain. We denote by n : 9Q — R3 the unit outer normal vector
to 092. The space of smooth vector-valued functions with vanishing normal component on the
boundary and its solenoidal subspace are then introduced through:
Cy = {v:Q—>R3; v smooth; v~n:00n89},
Coaiv = {v €Cy; dive = 0}.

Since 02 is Lipschitz we can define the following spaces with vanishing normal trace:

W22 = {v e W?(Q)*; v-n =0on 0Q},
w2 = W22

n,div n,divy

and subsequently, for 1 < p < oo,

——5llw
glllwte 1 2
Wolm’p =Wy . Wb = w2

n,div n,div

I-llwp

The condition v-n = 0 on 02 for Q2 bounded is sufficient for validity of the Poincaré inequality:ﬁ
for 1 < p < oo there exists Cp > 0 depending on p and €2 such that

IVoll, < |v]1,, < Cp||VYlp forall v e W;p (3.4)

For the steady problem we will consider two inequalities of the Korn type depending on whether
the type of considered boundary conditions leads to the control of the trace of v on the boundary
or notm In the first case, it follows from |19, Lemma 1.11] and : for 1 < p < oo there exists
Ck > 0 depending on p and €2 such that

[V, < Cx (IDvl|, + [[v]|2,00)  for all v € W,,? with v, € L*(09). (3.5)

The second situation when s = 0 on 92 requires us to rule out domains that admit nontrivial
rigid motions. We say that (2 is axisymmetric if there exists a rigid body motion tangential to
boundary, i.e., there is v € W5* with Dv = Q and Vv # Q constant in §2. In the other words,
there is v € WL of the form v(z) = Q(x — o) for some Q C R3*3 non-zero skew-symmetric
matrix and constant o € R3. From [9, Theorem 11, Remark 12] it follows that if € is not
axisymmetric and 1 < p < oo there exists Ckx > 0 depending on €2 and p such that

V|, < Ck|Dv]|, for all v € WLP. (3.6)
For the unsteady case we will use the following Korn-type inequality:ﬂ

Vo, < Ck(IDv], + v]l))  for all v € WLP. (3.8)

6To verify it, assume for the sake of contradicion, that there is {v7 32, C WP with IVvI], — 0 and

||v3:||1,p = 1. Relying on the compact Sobolev embedding, it follows that there is a (not relabeled) subsequence
{v? }]"‘;1 which converges strongly in LP(Q)2 to some v € LP(Q)3. This implies that {v7 }J"il is a Cauchy
sequence in W;’p and converges in W,ll’p tov e W},’p with Vv = 0. Hence v is constant and by virtue of the
boundedness of €2 and the boundary condition it follows that v = 0, which is a contradiction.

7A priori estimates for a steady problem subject to a slip-type condition given by a maximal monotone
2-graph with ( will ensure control of ||vr||2,590. On the other hand, under the free-slip condition ([2.45) there
is no a priori control over the tangential velocity |lvr||2,00 and rigid motions, if admissible in WL prevent
one to obtain a steady solution.

8This is a consequence of another Korn-type inequality:

Vo]l < Ck (IDwllp + [[olls)  for all v € WP (Q); (3.7)

see |56, Theorem 1.10]. To verify (3.8), assume that there is {vj};?';l C Wy? such that IVv7|p, = 1 and
|IDv7 ||, + ||v7]]1 — 0. Poincaré inequality (3.4) implies that {vj};?’il is bounded in WLP. By virtue of

its reflexivity there is a (not relabeled) subsequence such that v/ — v weakly in W,lm‘p and by the Sobolev
embedding v/ — v in LP. On the other hand v/ — 0 in L! hence by uniqueness of the limit we conclude v = 0.
Summarizing, the right-hand side of (with v7 in place of v) goes to zero but the left-hand side is equal to
unity, which is a contradiction.

We can see that in fact holds independently of the considered boundary condition, i.e., for all W1:P,
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3.2 Analysis of steady flows

In this section, we investigate internal flows that are independent of time. Under such circum-
stances, the governing system of equations takes the form

dive =0 in £, (3.9a)
divivev—8)=-Vp+b in €, (3.9b)
(S,Dv) € G in , (3.9¢)
v-n=0 on 01, (3.9d)
where G is a maximal monotone r-graph, fulfilling (7(, of the form
G = {(S,D) e RVE X RYS S = 2w, (D — 6,)F S(|]D\)u%|} . (3.10)

We will distinguish two cases depending on the class of boundary conditions considered.
The first case concerns the no-slip condition, i.e.,

vy =0 on ON. (3.11)

The second case includes all other boundary conditions involving tangential part of the normal
traction; it refers to either

s=0 on 0f)
or
(s,vr) €B on 09,
where B is a maximal monotone 2-graph fulfilling (H1)—(54)).

3.2.1 No-slip case

Let ©Q C R? be a domain, r > %, be (W(l)’r)* and G be a maximal monotone r-graph specified

in (3.10). We say that
(v,8) € Wi, < L7 (D350
is a weak solution to (3.9), (3.10]), (3.11) if
S, Dy) — (v®@v, V) =(b,¢) forall ¢ € Cqy;, (3.12)
and

(S$,Dv) G ae. in (3.13)

1,53
equivalently, we can require that (3.12)) holds for all ¢ € W 777 N W(l)’giv.

Theorem 3.1. Let Q C R? be a domain. Letr > S, b e (Wé’r)* and G be a mazimal monotone
r-graph of the form (3.10)). Then there is a weak solution (v,S) € Wé:giv X L’“I(Q)Syxn? to (3.9),
(13.11) which fulfills (3.13) and

(Slecp) - (’U ® ’U,DLP) = <b7 <lo>

1,r . 9
wO,div ifr =3

) 3.14
for all ¢ € { JU 6 9 (3.14)
Woa ' ifre(s3)

In addition, if Q is a C%' domain then there is

L (Q) ifr>2 /
€ : dz =0, 3.15
p { | EICED) (Q) ZfTE (27%) Qp x ( )

such that ]
(S, Dy) — (v®@ v, Vo) = (p,dive) + (b, )

Wi ifr >

, 3.16
for all ¢ € { W?% ( )
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Proof. The case r > %. Since Wé’giv is separable, there is a countable basis denoted by

{w"}>2 . For N € N arbitrary, but fixed, we first look for the vector ¢V = (c{v, o c%) e RN
such that
N
oV (z) = Z cNw"(x)
r=1
satisfies the system of N nonlinear equations
SV, Dw") - (vN @ vV, V") = (byw"), r=1,...,N, (3.17)
where
S =8 (Dv) = 2w (Dv™| - 6,) " S (Do) Bex. (3.18)
Introducing the (continuous) mapping PV : RY — R¥ as
(PN(CN))T = (SN,]D)wT) — ('UN ®vN,VwT) —(b,w"), r=1,...,N,
then
PY(cN) eV = (SV,Dv") — (b,v"). (3.19)
It follows from (G) and that
PY(c") -V >0 for |cV] sufficiently large. (3.20)

As a consequence of Brouwer’s fixed-point theorem (see [51, p. 53]), (3.20) implies the existence

of ¢V fulfilling PN (CN) =0, i.e., (3.17) holds, and, by (3.19)),
SV, Do) = (b,vV). (3.21)
This together with (, (13.2) and Young’s inequality leads to

IS™|r + V™|, < culibll¢

= wir)” e

This implies the existence of v € Wé:giv andS € L" ()23 such that for suitable (not relabeled)
subsequences

oV — weakly in Wé:giv, (3.22a)
Do — Do weakly in LT(Q)E;H?I’, (3.22b)
SN 8§ weakly in L (©)2%2, (3.22¢)

as N — oo. Consequently, as Wol’q (Q) is compactly embedded into L?(Q) for any q > g, we
also have
v — v strongly in L*(Q)3 as N — oo.

Then, (3.17) leads to, for r > 2,
(S,Dw®) — (v@v,Vw’®) = (byw®), s=1,2,.... (3.23)

Note that the restriction r > % is due to the requirement that for s € N arbitrary
/(v ®v): Vw'dz < oo for v,w® € Wi,
Q

Hence ((3.23]) implies that
(S,Dw) — (v @ v, Vw) = (byw) forall we W, (3.24)

0,div>’
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which completes the proof of (3.14) for r > % Taking w = v in (3.24]) one obtains

(S, Do) = (b, v). (3.25)

Taking the limit with N — oo in (3.21), we conclude from (3.25) and (3.22a)) that

lim (SY,Dv") = (S,Dv).

N—o0

In virtue of the graph convergence lemma (see Lemma in Appendix) this implies together

with - ) that (S,Dv) € G, i.e., - ) holds.

The case r € (g g) In this case, we consider, for € > 0, the following approximating problem:

—divS+eDv—-—v®v)=—-Vp+b inQ,

dive =0 in Q, (3.26)
(S,Dv) e g in Q, '
v=0 on 0f).

For fixed ¢, the existence of a weak solution to (3.26|) follows from the above proof for the case
r > g. More precisely, following step-by-step the proof of existence via the Galerkin method

used above we can show that, for € > 0 fixed, there is (v¢,8) € W' x L™ (Q)3%3 such thatﬂ

sym

(8¢ + eDv® — v @ v, Dy) = (b, ) forall p € Wé:iiv, (3.27a)
(8¢,Dv¢) € G a.e. in Q. (3.27b)

Moreover, taking ¢ = v° in (3.27a)),
(8%, Dve) + € [Dve|f3 = (b, v°).
The last identity together with the assumption ( implies the following estimate

8157+ D7+ D3 < Bl - +C- (3.28)

0

This implies the existence of (v,S) € W(l):giv X LT/(Q)S},XH?; such that, for a suitable vanishing
subsequence {¢,}52; and (v",8") = (v, S),

s*—8 weakly in L"/(Q)g’;n?;, (3.29a)
Dov" — Do weakly in LT(Q)gyXH?I’, (3.29b)
" = strongly in L%(Q)? for all ¢ € 1, 25). (3.29¢)

The last piece of information provides the strong convergence of {v"}2°, in L?(Q)? provided
that 33_TT > 2, which gives the bound stated in the formulation of the theorem, namely r > g.

limsup/SN:]D'vNS/S:D'u,
N—oco Jo Q

/SN:DvN+e/|DvN‘2:<b,vN>,

Q Q
/S:Dv+e/|]l)v|2:<b,v>,
Q Q

the weak lower semicontinuity of the L2-norm of Dv®, and the inequality

91In order to verify that

one uses the identities

liminf ap + limsup b, < limsup(an + bn)

n—oo n—o0 n— o0

applied to any sequences {an}>2 1, {bn}52; with an >0, by, > 0 for all n € N.
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Consequently, v and S fulfill (3.14)). It remains to prove that (S,Dv) € G a.e. in Q. By the
graph convergence lemma (Lemma [A.6)), it is enough to show that

lim sup (S",]Dv”) < (S,]D'v).

n—oo

To prove it, we first subtract (3.14) from (3.27a)) to obtain
(S" =8, Dyp) + ¢, Dv", D)+ (v@v—v" @v",Dyp) =0

o (3.30)
for all ¢ € Wé:iiv N W(l):jirv_e-

Let B C R? be an arbitrary ball of radius R such that £ ¢ B C 2B C Q and x € C{°(B) be
such that x =1 in g, x<1in B, and |Vx| < CR™!in B. Then we set

u" = X(v” - v) —h",
where h" € W™ (B) solves
divh" = Vx - (v" —v) in B,

which is solvable as the compatibility condition [ Vy - (v™ —v) = 0 is met. In fact, there

is a continuous linear operator B : {¢ € L(B), [,q = 0} — W, P(B) : g — u such that
divu = g, cf. Remark . Consequently, u™ extended by zero in Q \ B fulfill divu™ =0
in Q. Next we consider divergence-free Lipschitz approximations ©u™* to u” from Lemma

v (d)

Taking ¢ = u™" in ([3.30)) and letting n — oo, we conclude, using in particular the propert
of Lemma and ((3.28)), that

lim (S" —S§,Du™") =0. (3.31)

n—oo

Using the properties of u™* (see Lemma [A.4]) and splitting the integral on the left-hand side
of ([3.31) into integrals over O™* and B\ O™*, we conclude

lim (S" —S,Du")

n— 00 B\Om™*

<C27% forall k e N.

It follows from the definition of u™, the properties of the operator B and the compactness of v™
that

lim (S" —8): (Dv" —Dwv) x < C27% for arbitrary k € N,

n—oo B\O"vk

which implies, by applying the Holder inequality, that

lim [ [(§" —8): (Dv" - ]Dv)|%x% < C27%  for arbitrary k € N.

n—oo B

This leads to

lim |(S™ —8): (Dv" — ]D)fv)|% dz < C27% for arbitrary k € N.
n—oo B
El

Let us set g == |(S" —8): (Dv"™ — ]Dv)|. Clearly g™ > 0 and ¢g" — 0 almost everywhere in g.
But as B is arbitrary, we conclude that

g" — 0 almost everywhere in Q. (3.32)

Since {g"}°°; is bounded in L'(Q2) and has the pointwise limit (3.32)), Corollary a con-
sequence of the biting lemma (Lemma [A.2), then implies existence of a subsequence {g"/ }32,,
and a sequence of sets {Ej}7°, with @ D Ey D Ey D ..., |Ek| — 0 such that for all k € N

g™ — 0 strongly in L*(Q\ Ey).
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From the definition of ¢g"# we conclude that

lim sup/ (S —8): (Dv™ —Dv) =0,
O\ By,

j—o0

which implies as a consequence of (3.29a]) and (3.29b)) that for all £ € N

limsup/ S" D™ :/ S :Dw.
j—oo  JO\E, Q\FEy,

Since |Ex| — 0, we can conclude from the graph convergence lemma (Lemma |A.6) that

(S,Dv) € G almost everywhere in

so that (3.13]) holds and the first part of the theorem is proved.
On the pressure. Setting

(F, ) = (8,Dp) — (v@v,Ve) — (b, @)
we observe that
(F,) =0 forall p € Cqyiy
and
Fe { (Wé)si . ifrz3, (3.33)
(W) ifre(8,2).
By the de Rham theorem, see |6, Theorem 2.1], there is p € (C[‘)X’ (Q))* such that
(F,p) = (=Vp,p) forall ¢ € Cy. (3.34)
Since 2 is C%! domain, the Necas theorem (see Lemma Remark together with
and implies and . O
3.2.2 Slip case
In this part we replace the no-slip boundary condition either by
v-n=0 and s=0 ondN (3.35)

or by
v-n=0 and (s,v;)€B on 09,
where B fulfills the conditions (B1)—(54)).
We prove the following result.

Theorem 3.2. Let Q@ C R3 be a C1! domam Let further r > g, b e (W#”)*, G be
a mazimal monotone r-graph of the form (3.10).

(3.36)

(i) (Boundary condition (3.36))) Let B be a mazimal monotone 2-graph. Then there is a weak

solution
(v.8S,8) € Wy x L7 ()33 x L2(09)°
to (3.9) and (3.36) such that
(S,Dv) € G a.e. inQ, (3.37)
(s,v7) € B a.e. in 09, (3.38)

and

(8:Dp) — (v R v, Dp)+(5,¢) 5, = (b,¢)
W, ifr>2
»d = 5
for all ¢ € { el 00 (3.39)
Wn,div Zf’I“E (573)‘
10Tn the case of the boundary condition ([3.35)), the required regularity of the boundary can be weakened at
the cost of losing the information concerning the pressure.
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(i) (Boundary condition (3.35))) Assume that Q is not azisymmetric. Then there is a weak
solution

« Lr/(Q)3><3

sym

(v,8) e WL”

n,div

to (3.9) and (3.35) such that (3.37) and (3.39)) with s =0 hold true.

In addition, there is

'@  ifr>3 /
€ - , dx =0 3.40
p { L2(33—T>(Q) ifre (g’%) Qp T ( )

such that

(S,Dyp) — (v @ v,Dp)+(s,¢) o = (p,dive)+(b,¢)

WL ifr > 9,
for all ¢ € { ?5%6 f B 56 0 (3.41)
n ZfT S (g,g)

Proof. The proof of existence of v, S, s with (3.37)), (3.38]), and (3.39) follows the same scheme

as in the case of the no-slip boundary condition. The only differences are

(i) due to a different choice of the function spaces for the velocity as Wé’giv is replaced by
WLT'

n,div’

(ii) due to the presence of the term [, s - ¢ in the weak formulation of the balance of linear
momentum,

(iii) and due to the necessity to verify validity of the boundary condition h(s,v,) = 0.

Note that in the case s = 0 on 012, the last two differences disappear. In the case of the

1 (sl=o)?*

stick/slip boundary condition v, = ~ s S we start with its approximation

_ 1 (sl=0)"
= sl Z o)

s+ is, € > 0.
e |s| Ve
Other boundary conditions of the type (3.36) employ similar approximations.

For r > %, the proof then proceeds as in the case of no-slip boundary conditions up to the use
of the appropriate form of Korn’s inequality ((3.6) for boundary condition assuming the
domain is not axisymmetric, or for boundary condition ) and the following points.
The additional term [, 20 sN . in the balance of linear momentum is treated using the weak
convergence sV — s in L2(9Q). Since W' (Q) « W'=+7(0Q) < L2(dQ) provided r > 3
and Q is a C%! domain, the space WL" is compactly embedded into L?(9Q) even for r > %,
and consequently v — v, strongly in L?(99Q) and thus

/ sV.ovl - ER (3.42)
o9 o9

This implies (see Lemma [A.6) that (s,v,) € B a.e. on 09).
For r € (g, %), the validity of (S,Dv) € G a.e. in ) can be established in the same way as in
the no-slip case since the proof is based on local (interior) arguments. It remains to show that

(s,v7) € Bae. on 9Q. For r > 2, it follows from (3.42)) and Lemma To use Lemma
also for r € (6 3], it suffices to show that

502
limsup/ sV .ol §/ s v.
N—oo Joa a0
However, for r > 1: W7 (Q) << L1(9Q), the strong convergence v — v, in L!(99) together

with Egorov’s theorem implies that for any § > 0 there is Us C 9 such that |02\ Us| < § and
vl — v, strongly in L°°(Us)3. Hence

limsup/ sN~v£_V§/ I
N—oco Us Us
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Consequently, by the graph convergence lemma (Lemma in Appendix), (s,v,) € B a.e. in
Us. As 0 > 0 was arbitrary, we conclude that (s,v;) € B a.e. on 9Q. The proof of the first
part of the theorem is complete.

It remains to prove the existence of pressure fulfilling . Let us define a linear
functional F' through the relation

(F,p) =(bp) = (S—v@v,Dp)—(s,0),, foranypecCy.

sifre(g,?) and

From (3:39) we can see that F € (W5?)" where g =7 if r > 2 and ¢ =

57“
(F,p)=0 forall¢c Wn T (3.43)
Now consider a variational problem to find p € Lq/(Q) with fQ p = 0 such that
(p,—A¢) = (F,V¢) forall ¢ € W»9(Q) with Vo € W 9. (3.44)

As a consequence of the C''! smoothness of the domain, one can employ Lemma to
conclude that (3.44) is equivalent with the problem: find p € L9 () such that [, p =0 and

(p,q) = (F,VA™'q) forall ¢ € L) with /Qq =0 (3.45)

where A~ is the solution operator for the Neumann-Poisson problem . The problem
has a unique solution by virtue of Lemma Thus we have constructed p with proper-
ties (3.40]). To verify 1-) consider a test function ¢ € WL4?. With the Helmholtz decompo—
sition (see Corollary |A.12[in Appendix) ¢ = V¢ + ¢¢ with V¢ € WL and ¢, € wli

can immediately obtain, using (3.43) and (3.44), that

<Fa(P> = <F>v¢> + <Fa§00> = (pv_Ad)) = _<p7d1V"p)
This proves (3.41)). The proof of Theorem [3.2]is thus complete. O

n, div V!

3.3 Analysis of unsteady flows

In this section, we investigate unsteady internal flows, i.e., flows governed by (3.1). Again,
we treat separately two cases: the no-slip boundary condition and the boundary conditions
allowing slip.

3.3.1 No-slip case

We first provide an existence result for the no-slip case, i.e., we investigate the system (3.1a)—

(3.1d)), (3.1f), and v+ =0 on (0,T) x IN as a special case of (3.1€]).
Theorem 3.3. Let T € (0,00), @ C R® be a domain and Q = (0,T) x Q. Let r > &,
.div Let further G C R3X3 X R3YX3 be a mazimal monotone

be L (0,T;(Wy")*) and vy € L2
r-graph of the form (3.10) fulfilling (q) ( Then there exzsts a pair (v,S):

v e L>(0,T;L7 4,) N L7 (0, T; W'y ), (3.46a)

r’ 3x3
Se L™ (Q)m (3.46b)

satisfying
. N 2 _
t1_1>r(1)1+/9 lv(t,-) — vl =0, (3.46¢)
r ow
/S:]D'w:/ (b,w)—l—/v®v:]]))w—|—/v-——|—/v0-w(0,-)

Q 0 Q Q@ Ot Q (3.46d)

for all w € C5° ([0, T)'Wé’giv) q = max{r, 2 1,
S = 2v, (Dv| — 6,)" S(|Dv|) B2 Do) @lmost everywhere in Q. (3.46e)
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Moreover, the energy inequality holds:

/le(té-)l2 +/Ot/QS:Dv</Q v§|2+/ot (b, v) )

for almost all t € (0,T) and fort =T,

ifr> 15—1, 3.47) becomes equality.

In addition, if Q is a C%' domain with sufficiently small Lipschitz constant (smallness
depending only on 1) or 2 is any C' domain, then there are P* € L>(0,T;L5(%)), P(t,)
harmonic in Q for almost every t € (0,T) and p* € LY (Q) with ¢ = max{r, 55—26} such that

T Ow
/S:Dw:/ <b,w>+/v®v:]])w+/v~—+/vo~w(0,~)
Q 0 Q o 0t Ja

or allw € C°([0,T); W),
—/Pldiva—wwL/deivw J 0 ([ ) 0 )
Q ot Q q:max{r,%}.

(3.48)

Functions P' and p* can be chosen such that [, P'(t,-) = [,p*(t,-) = 0 for almost every
€ (0,7). If, in addition, Q is a C*' domain then it holds VP' € L>(0,T; L*(Q)) N L= (Q).

Remark 3.4. (1) We could define the weak solution to the problem considered differently. We
could say that v is a weak solution to the problem if v fulfills (3.46a)), (3.46c) and

/ZV*(\DU|—(5*) S(IDo|) B2 : Duw / (b, w) + /v@v:Dw
Q

ow
+/Qv v /Qvo-w(o,-)

for all w € C3°([0,T); W'y, ), ¢ = max{r, 525 .

(2) It holds v € C(0,T; L*(Q)%) if r > & and v € C(0,T; L2, ()?) if r € (2, 1),

Proof of Theorem[3.3 We shall distinguish two cases (that can be also identified via behavior
of the total dissipation of energy with respect to scaling invariance of the governing equations,
see [58]): the subcritical/critical case r > L and the supercritical case r € (£, 2). The problem
can be analyzed in an arbitrary spatial dimension d; then the supercrltlcal case corresponds
tor € (£%,1+ #%) and the subcritical/critical case to 7 > 1+ 2%. Note that the case
r = 2 (including the Euler/Navier-Stokes fluid) belongs to the supercritical case in any spatial
dimension d > 2.

The case r > % Step 1. Galerkin approximations. We first construct a finite-
dimensional approximation to the problem by the Galerkin method. To proceed, we consider

an auxiliary eigenvalue problem to find A € R and w € W i < W2 (Q)? satisfying
(w, @) = Mw, ) for all p € W2 dive (3.49)

where (-, -) is a scalar product in L?(€2)? and (-,-) is a scalar product in nghv, ie, (w,p) =
(V3w, V3¢p) + (w, ¢). It is known, see for example [56, Appendix A.4], that there exist eigen-
values {\,}~_, and corresponding eigenfunctions {w™},°_, for the eigenvalue problem (3.49)

such that 0 < A\; < A2 < ..., Ay = 00 as m — 00, (W™, w") = dpmn, ((ﬂ w? )) = Omn-

VA VAn

Furthermore, the mappings PY : ngﬁv — HY = span{w’,w?, ..., w"} defined by PNv :=
Ziv:l(v,wi)wi are continuous orthonormal projectors in L2(£2)3, nghv and (ngﬁv)*, in
particular
Py 5y < 1 Py <1, PN o < 1. 3.50
1B ezm <1 1P e ) <1 P (g )) < (350
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Galerkin approximations v (t) € HY of the form v (t,z) = Z;V=1 cé\’ (t) wI(x) are intro-
duced in such a way that the coefficients ¢V = (¢, cd, ..., cN) fulfill

(% w') = (¥ 20N, V) + (SDv"),Dw’) = (PVb,w/) j=12,...,N,

’UN(O’ ') — PNUO, (3.51)
where
SMD) =20, (B| - 6.)" S(D)) B..

Since the mappings z — z ® z and z — S(Dz) are continuous, the Carathéodory theory for
systems of ordinary differential equations implies local existence of a solution ¢ solving (3.51]).
Global existence then follows from the fact that

sup |V (t)|gy < oo
te(0,T)

This piece of information is a simple consequence of the orthogonality of the basis {w’ }°° ; and
a priori estimates that will follow, see - ) below.
Step 2. Uniform estimates and their consequences. Multiplying by cév (t), taking
the sum over j =1,2,..., N, using the fact (z ® z,Vz) =0 for z with divz =0, z-n =0 on
0f), we obtain
1d
2dt

Since G is an r-graph fulfilling (, we conclude that for all ¢ € (0,T]

— o3 + (S(DvY),DvY) = (PVb,v"). (3.52)

¢
@13 +a [ (I8VI+IDoVE) < (8, lool bl @rows s ) - (353)
0 0, d
Using the orthogonality of {w’ };\;1 in L2(Q2)3, this, in particular, implies that

sup |V (t)|gy < o0 (3.54)
te(0,T)

so that the proof of global-in-time existence of ¢V : [0,7] — RY is complete.
Furthermor, Korn’s inequality, see (3.2, the interpolation inequality

(1=Nay. 1A . _3r(g—2)
Jullg < [lulls q”“”gsi with Ag = 6

and the embedding W} — L%(Q)?’ together with (3.53]) imply

TN E 2
5
| 101 < € (Bulloul 8l rmaws ) -
Finally, since for all ¢ € L*(0,T} ngjiv)
/T ﬂ,cp =/T M,PNLP :

it follows from - the fact that 27" = T2T1 < 53T r> 31 and -, that

E NN it
dt (LT(OvT;Wg:fliv)> el (OTWS W) 0 dr ’
19, (o rwz2 )"

<(C ﬁ7Hv0H§’”b” r 1,r :
(L (WO:div))



3. ANALYSIS OF ACTIVATED EULER FLUIDS 31

Consequently, there are (not relabeled) subsequences so that

oN A * -weakly in L>(0,T; L*(Q)?),
DoN — Do weakly in L"(0,T; LT(Q)S;IT?;)7
Vol - Vo weakly in L" (0, T; L™ (Q)3*3),
sV 8§ weakly in L (0, T; LT’(Q)San?%
oY = B weakly in (L"(0,T; ngﬁiv))*’
oV = o strongly in L(0,T; L%(2)?) for all ¢ € [1, %), (3.55)

where the last limit - follows from the Aubin-Lions compactness lemma applied to
Wg ilv — WO div —— L - (Wg’?ilv) :

n,div

F inally, lettmg N — o in for j € N arbitrary but fixed, one concludes that (v,S)

satisfy
/OT <<g§"”> — (e, Vw)+ (S’Dw)> o(t)dt = (b, we)

valid for all ¢ € C§°(—00,00) and w € W0 div- Since the space nghv is dense in Wé:giv as
r > 4L and functions of the form ¢(t)w(x) are dense in L"(0, T} Wé:giv), and finally

1

T v T
g(/ ||v||2r/> (/ ||vw||r>
T A\ T
gc(/o v||g> (/ ||vw||:><+oo,

/OT(v®v,V¢)

we deduce that (v,S) satisfies

T
/ <8t'u,w>—|—/S:Dw:<b,w>+/ (v ® v, Dw)
0 Q Q
for all w € L7(0,T; Wi ). (3.56)

This implies that d;v € L (O, T (Wégw)*) Inserting w = v into , we obtain the energy
equality . It remains to show .

Step 3. Attainment of the constitutive equation. To prove 7 we wish to use the
graph convergence lemma (see Lemma in Appendix). To apply this lemma, we need to
show that

limsup/SN:]D'uNg/S:]Dv.
Q

N—o0

However (3.55|) implies, in particular, that
oN(t) = v(t) in L*(2)3 for almost all t € (0, 7).

Integrating (3.52)) from 0 to such ¢’s, and letting N — oo, one concludes

t
()3 +hmbup/0 QSN D™ = (b, v) + w3

N—o00

By comparing this identity with (3.47)) (which is an equality as r > %) we conclude

limsup/SN:]D'uN:/S:]D'u.
N—oco JQ Q
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The graph convergence lemma (Lemma |[A.6) then implies that S and Dv fulfill (3.46¢). The
proof for r > 15—1 is thus complete.
The case r € (g, 15—1) Step 1. Approximations and their validity. For ¢ > 0, we look for

(v¢,8¢) such that

v € L%(0,T; Ly, g) N %(0 T; WO’dolv) (3.57a)
ot € L (0,75 (Wy .)"), (3.57b)
§° e L (3 (3.57¢)
satisfy
/ Se :]Dcere/ IDv¢|5 Do : Dy
Q Q
<b’90>+/Q(Ue®’UE)SD<P+/QvE~%‘;Jr/ﬂvo-ga(o,-) (3.58)
for all p € L% (0,T; Wy ) with o(T,) = 0
and

S¢ = 2u, (Dv¢| — 6,)" S(|Dv|) R |Dv€| almost everywhere in Q. (3.59)

The existence of (v¢,S¢) fulfilling (3.57)(3.59) for arbitrary but fixed ¢ > 0 can be proved
in the same way as the existence of a Weak solution to the problem for the case r > 151. In

addition, by taking ¢ := v, we have

o ()2 - Lwol3 + ¢ / Do) 5+ / / ST Dvf = (b o xonn)  (3.60)

for almost all ¢ € (0,7) (and for t = T') where Dv° and S€ satisfy ([3.59).
Step 2. Estimates uniform with respect to ¢ and their consequences. Since S:ID >

o(D|" + |S|’”/) — f for all (S,D) fulfilling (3.59), i.e., (S,D) € G, the energy identity (3.60)
implies that

{v;e > 0} is bounded in L>(0,T; L*(Q2)?), (3.61a)

{v; e > 0} is bounded in L" (0, T} Wé:giv), (3.61b)
{Dv*; e > 0} is bounded in L"(0,T; L" ()23, (3.61c)
{eTTDv; ¢ > 0} is bounded in LS (0,T; L% (2)?), (3.61d)
{S; ¢ > 0} is bounded in L" (0,75 L™ (2)23). (3.61¢)

Using the fact that

/OT@tUE’@Z—/Q’Ue'aﬂp—/QUO"P(O,')

for all p € L5 (0,T; W(l):d%:v) with ¢(T,-) = 0 we conclude from (3.58) and (3.61)) that
{0:v°; e > 0} is bounded in (LSfiif5 (0,T; Wéﬁ(ﬁ))) .

These estimates together with Korn’s inequality (3.2)) and the Aubin-Lions lemma lead to the
existence of v and S such that for suitable sequences (v™,8™) == (v ,8%") and m — oo the
following convergences hold:

v S «-weakly in L>(0,T; L*(Q)%),
v = weakly in L"(0,7; Wo 'l ),

Dov™ — Do weakly in L" (0, T; LT(Q)S;TS), (3.62)
S —~8 weakly in L (0,73 L (2)3%3), (3.63)

" — v strongly in L9 (O,T; L) ) for all ¢ € [1 5T).
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Also (3.61d)) implies that
1 = 11 % m—o0
en / Do F Do D < i (e [ Do) Dol 0. (3.64)
Q Q ?

Let us consider (3.58) with ¢ € L(0, T} Wé:giv), q=:2%, o(T,-) = 0 and let m — co. Then
we easily arrive to ([3.46d))
Step 3. Attainment of the constitutive equation (3.46€). In order to apply the graph

convergence lemma (Lemma [A.6)) we need to proceed in a more subtle way as w = v is not
an admissible test function in (3.46d}). For u™ := v™ — v, the following identity holds

—/('vm—'v)-8tw—|—/(Sm—S):]Dw+em/ |Dvm|%Dvm:Dw
Q Q Q

:/(vm®vm—v®v):Dw (3.65)
¢ for all w € C*([0, T]; C5aiv)

and
LN +-weakly in L>®(0,T; L3, 4,),
u™ 0 weakly in L"(0,T; Wéjl}iv),
u™ =0 strongly in L7(0,T; L9(2)3) for all g € 1, %7)

We also observe that besides
(" -S)=H"—~0 weakly in LT,(Q)7
1
(61 |£v<§:1|15—n::; vm)> =H; -0 strongly in L7(Q) for some o € (1’ %T)

and we rewrite (3.65)) as

/um-atw:/HT:Dw+/H§”:Dw.
Q Q Q

Let Qo C Q be any parabolic cylinder. Take ¢ € C§°(§Qo) such that
X1Qo <€ S X1
Then applying the Lipschitz truncation (Lemma [A.5) we conclude, using the above conver-

gences, that

lim sup <027k,

m—r oo

[Q . (8" ~8): (D" ~ D)

This, together with the property of the truncation lemma (Lemma and Hélder’s in-
equality, implies that

=

<027k,

m— 00

lim sup/ |(S™ —8): (Dv™ — Dv)|
3 Qo
Set g™ = [(§™ —8) : (Dv™ — Dw)|. Clearly g™ > 0 and g™ — 0 almost everywhere in Q.
But as Qg is arbitrary, we conclude that
g™ — 0 almost everywhere in Q. (3.66)

Since {g™}%°_, is bounded in L'(Q) and has pointwise limit (3.66]), Corollary a conse-
quence of the biting lemma (Lemma|A.2)), ensures the existence of a subsequence {g™7}32; and
a sequence of sets {Ey}72, with @ D E1 D Ey D ..., |Ex| — 0 such that for all k € N

g™ — 0 strongly in LY(Q \ Ey).
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From the definition of g™ we conclude that
lim sup/ (8™ —8): (Dv™ —Dv) =0,
=0 JQ\E,

which implies with the help of (3.62) and (3.63) that for all k € N

limsup/ S™i D™ :/ S : Dw.
J=0  JOQ\Eg Q\Ek

Since |Ex| — 0, we can conclude from the graph convergence lemma (Lemma [A.6) that

(S,Dv) € G almost everywhere in @

so that (3.46€]) holds.

The energy inequality and the initial condition. Since (S,Dv) € G and G is monotone, we
first observe that g™ = (8™ —8) : (Dv™ — Dw) > 0. It thus follows from (3.66]), Fatou’s lemma
applied to the functions {¢g™}2°_,, that are non-negative, and from the weak convergences

(:62) and (B:63) that

S:Dv < liminf/ S™ :Dov™.
Q

Q n—oo

It is then easy to conclude the energy inequality (3.47)) from (3.60)).
Attainment of the initial condition (3.46¢)), which is proved with the help of the energy

inequality (3.47)), is standard and we omit it; see [58 sections B.3.8-10]. Thus the first part of
the theorem is proved.
On the pressure. Let us consider for fixed ¢ € (0,7") the functionals

@Wﬁ@%zé@@J*%%%
(0. 0) = [ 1§ -vev) Dp— ([ b.e)

for ¢ € Wy with ¢ = max{r, 2= }. Clearly F'(t), F2(t) € (Wé’q)* for almost every

t € (0,T). Testing (3.46d) by w? € C5°([0,T); C§y;,) such that w’ — w and

(3.67)

_ [ e@ selon),
wton)={ § 1€

with arbitrary ¢ € C§%;, and comparing with (3.67) we obtain

<(F1 + F2)(t), Lp> =0 for all ¢ € Cgy;, and ace. t € (0,7). (3.68)

Now consider the Stokes problems
—AU'+VP! = F!, divU'=0 in Q, U'=0 on (0,7) x 09, (3.69a)
—AU?+VP? = F?, divU? =0 inQ, U?=0 on (0,T) x 9N. (3.69b)

By virtue of the assumptions on the domain, we conclude from (A.4) of Lemma that
VU ®)lls +IIP*t)lle < Cllo(t) = voll-1.6 < Cllv(#) = woll2,
IVU2(®)llg + 1P (t)llyr < CIF?(t)l|-1.0
t ¢
<c[Is-veovly+C [ bl
0 0
which leads to P! € L>(0,T;L°) and p? := 9,P? € LY (Q). Testing (3.69a) with V¢ for
¢ € C§°(Q) we get

(VU (t), V2¢) —(P'(t), Ag) = (v(t) — vo, V) = —(div(v(t) — vg),¢) =0
| S
(divU (£),Ap)=0
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so that (P1(t),A¢) = 0 for all ¢ € C§°(Q2) and Weyl’s lemma (cf. [81, Lemma 2], [33, Chapter
10]) yields that P1(t) is harmonic.

Testing (3.69) by ¢ € W(l):giv we obtain, by using ([3.68]),
(VU () + U*(1)), Vo) =0  forall p € Wy and ae. t € (0,7),

which shows together with U (t)+U?(t) € Wé’g;v that U +U? = 0. Now we are in a position
to sum up (3.69), test by dyw with w € cse([0,7); Co.aiv); integrate over @, and use the facts
shown above and P%(0) = 0 to obtain (3.48).

Furthermore, when Q is a C1'! domain, from Lemma yields

VU D)l + IVP D)2 < Cllo() — volle,
VU )]s + VP (®)] 5 < Cllo(t) — voll

T 5 T
so that esssup,e (o 1) IVPL(#)]2 < Cesssupye (o 1) [[v(t) — voll2 and fo HVP1||52J < fo |lv —

5r
vol| 2. < C and the proof is complete. O
3

3.3.2 Slip case
Here we consider the boundary condition
v-n=0 and s=0 on (0,T) x 09 (3.70)
or the boundary condition
v-n=0 and (s,v.)€DB on (0,7T) x 99 (3.71)
where B fulfills (B1)-(44). The following result holds.

Theorem 3.5. Let T € (0,00), 2 C R?® be a C%' domain, and Q == (0,T) x Q. Letr > £,
beL" (0, T, (W}lr)*), and vy € L2 Let G C R3X3 x R3%3 be a mazimal monotone r-graph

n.,div* sym sSym

of the form Fulfilling (1)~ (G4)-

(i) (Boundary condition (3.71)) Let B C R3 x R?® be a mazimal monotone 2-graph fulfilling
(B1)-(B4). Then there exists a triplet (v,S,s) satisfying

v e L®(0,T;L} 4;,) N L7(0, T W, 'y0), (3.72a)
Se L Q) (3.72b)
s € L*((0,T) x 99)°, (3.72¢)
and
. N 2 _
Jim [ fott.) = oo =0, (3.720)
T

/S:Dw+/s~w:/ (b,w}—i—/ v®v:]D)w+/ 'v~a—w

Q 0 Q Q ot
(0,T)x9Q (3.72¢)

for allw € Cgo([O,T);Wil’qdiv),
+ / vo - w(0,-) ’
Q q= max{r, 5526

S = 2u, (Dv| - 4,)" S(|]D'v|)“]g—z‘ almost everywhere in @, (3.72f)
(s,w.) € B almost everywhere in (0,T) x 9Q. (3.73)

(#i) (Boundary condition (3.70)) There exists a couple (v,S) satisfying (3.72a), (3.72Db)),
(13.72d)), (3.72), and (3.72€) with s = 0.
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Moreover, the following energy inequality holds:

Iy WAy WY e iy AL

for almost allt € (0,T) and fort =T;

ifr > 1—51, then (3.74]) becomes an equality.
In addition, if Q is a CY'' domain, then there is p € Lq/(Q) with ¢ = max{r, = 6} such
that [, p(t,-) = 0 for almost every t € (0,T) and

/S ]Dw—l—/sw /(bw /U®U:Dw+/v-a—w+/vo-w(0,-)
o Ot Q

(0, T)x 0

+/pdivw for all w € C3°([0,T); W9).
Q

Remark 3.6. (1) In the case of the boundary condition (3.70) we could define the weak solution
to the problem considered differently. We could say that v is a weak solution to the problem

if v fulfills (3.724), (3.72d)), and

/QQV*(|DU|_5*) S(IDw)) B ]Dw_/T(b,w>+/v®'u:]Dw

0 Q

ow
+/Q’U'at+/g’00'w(07‘)

for all w € C§°([0,T); W% ), ¢ = max{r, 2

n,div

’5T6

(2) 1t holds v € C(0,T; L*(Q)3) if r > & and v € C(0,T; L2, (%) ifr € (&, 1),

Proof of Theorem[3.5. We focus only on the details in which the proof differs from the proof of
Theorem Note however that a remarkable difference concerns the pressure: for the no-slip
boundary condition the pressure is not integrable up to the boundary; here, for C''! domains,
we establish the existence of the pressure belonging to L*(Q) for some s > 1. This concerns
in particular the no-slip/Navier-slip boundary condition which “approximates” well the no-slip
boundary condition and in addition its mathematical theory admits integrable pressure.

Regarding the case r > 1L, the main departures from the problem with the no-slip boundary
condition is due to the ch01ce of function spaces and due to the formulation of the eigenvalue
problem that generates the basis for Galerkin approximations. Here, we look for A € R and
we W2 oy Wheo(Q)3 satisfying

n, dlv

(w,p) = XMw, ) for all p € Wi’bzdw,
where (-, ) is again the scalar product in L2(Q)% and (-, -) is a scalar product in W2 “aiy defined
through (w, @) = (V3w, V3p) + (w, ¢) + (wr, ¢+ )aq. The properties of the eigenfunctions are
the same as in and consequently, for the free-slip boundary condition there is no
other change in the proof.

If the other slipping conditions are considered, then we regularize the boundary conditions as
in the time independent case. Independent of the approximation parameter, we, in addition to
standard uniform estimates, know that {s"}°°; and {v2}2° ; are bounded in L?(0, T’; L*(952)3).
Furthermore, as W17 (Q) compactly embeds into W=9(9) for all ¢ < r, we conclude that

vY — v, strongly in L” (0, T L1(89)3).
Then (up to a subsequence which we do not relabel)

vY - v, ae on (0,T) x 9Q
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and by Egorov’s theorem, for any ¢ > 0,
v — v, strongly in L™ (Us)

where Us C (0,T) x 09 is such that |(0,T) x 092\ Us| < ¢. The last convergence implies that

limsup/ sN~'u.f.V:/ S V.
N—oo JUs Us

Consequently, by Lemma (s,v,) € B a.e. on Uys. This is true for all » > 1 and gives .
Ifr e (g, %), the proof of (S,Dv) € G is carried out as in the no-slip case, as the proof is
based on local analysis in the interior of 2.
Finally, we reconstruct the pressure. We set p = p1 + p2 where p; € L% (Q) solves

(p1,—Az) = (v©@ v, V?2) for all z € W55 with Vz € W;ﬁ,
/p1(t) =0 for a.e. t € (0,7T)
Q
and py € L (Q) solves
(P2, —Az) = (b, Vz) — (§,DVz) — (s, Vz)on for all z € W55, Vz € Wiiﬁv

/ p2(t) =0 for a.e. t € (0,7).
Q

Note that this is a well-posed definition because of the C'!'! regularity of the domain € and
Lemma Now consider a test function ¢ € L7(0,T; WL9) and its Helmholtz decomposition

using Corollary
@ =Vo+ o with Vo e LI(0,T; W57, @y € L0, T; Whe. ).

n,div

Then we have

<%::,so> — (p,divep)
ov

0
= (52,90 +¢0) — (0, V(Yo + @0)) = {5 @0) + (b1 + p2, ~A0)

= (v ®v,Dgg) — (S, Do) — (s, p0)aq + (b, o) + (v v, V>9)
+ (b, Vo) — (S,DV¢) — (s, V)an
= (v®v,Dp) — (§,Dp) — (s, ¢+)aa + (b, @)

for a.a. t € (0,T). Thus the theorem is proven. O

4 Concluding remarks

We have classified incompressible fluids that span the gamut from Euler fluids — Navier-Stokes
fluid — power-law fluids — generalized power-law fluids — stress power-law fluids — to fluids that
only undergo rigid motions, that can change their constitutive character due to an activation
criterion based on the value of the norm of the symmetric part of the velocity gradient or
the shear stress. In the process we came across constitutive relations that have hitherto been
unrecognized but could possibly be useful. In the course of our investigation we have delineated
how an Euler fluid is different from a fluid that behaves like an Euler fluid prior activation and
behaves like a viscous fluid when the activation criterion takes place. The latter fluid would
lead to governing equations that imbed the boundary layer equations as a special case, the
philosophy behind the development of the boundary layer equations and the equations governing
the activated fluid being totally different. We have touched upon one important aspect in this
study, namely the tremendously different properties that are exhibited by the Euler fluids and
the activated Euler fluids. It is known that while the Euler fluid exhibits pathological features
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(such as existence of a nontrivial solution to internal flows with zero initial data and vanishing
external body forces), we have shown that the new class of activated Euler fluids admits a weak
solution that might be even unique in its dependence of what kind of response occurs after
activation.

A classification similar to that presented here for incompressible fluids can be carried out
within the context of compressible fluids, where however the framework is more complicated as
there are two type of viscosities (bulk and shear) and corresponding fluidities. This issues will
be addressed in a subsequent study.

Appendix A Auxiliary convergence tools

In this section, we state, without proofs, several characterizations of weak compactness in L.
Then, following [13], we summarize several properties of refined (divergence-free) Lipschitz ap-
proximations of (divergence-free) Sobolev and Bochner-Sobolev functions. Next, we present
a convergence lemma (proved recently in [21]) regarding stability of maximal monotone consti-
tutive equations (maximal monotone r-graphs) with respect to weakly converging sequences.
Finally, we close this section by the Necas theorem and Sobolev regularity results for the
Neumann-Poisson problem and the Stokes system.

In the following lemma, several assertions characterizing weak compactness in L', namely
the Dunford-Pettis criterion (ii), uniform integrability (iii), and the de la Vallé-Poussin criterion
(iv), are provided. The exact statement is taken from |29, p. 21, Theorem 10].

Lemma A.1 (Characterization of weak compactness in L'). Let Q C RM be a bounded mea-
surable set and V C L*(Q). Then the following conditions are equivalent:

(i) any sequence {v, }5°; C V contains a subsequence weakly converging in L'(Q);

(ii) for any e > 0 there exists K > 0 such that for allv € V

/ [o(y)ldy <
{lv|>K}

(iii) for any e > O there exists 6 > 0 such that for allv € V and for any measurable set M C Q

such that | M| < 6
[ 1)y <«
M

(iv) there exists a nonnegative function ® € C([0,00)) fulfilling

P
lim (2) = 00,
Z—00 z

such that

ggAMMMM<m

Since L' is not reflexive, weak precompactness does not follow from boundedness. Instead
bounded sequences in L' can exhibit local concentrations weakly converging only in the space
of measures. The next lemma ensures that these concentrations are located on arbitrarily small
sets and when removed (by “biting”), bounded sets are L!-weak precompact on the complement
("unbitten” part). See original reference |15] and also [8] for a simple proof and other references.

Lemma A.2 (Biting lemma). Let Q@ C RM be bounded and measurable. Let {v,}° be
a sequence bounded in L'(Q). Then there exist a subsequence {vn,}32, C {vn}s2,, a function
v € LY(Q), and a sequence of measurable sets {E,}22,, Q@ D E1 D Ez D ..., |Ex| — 0 such
that for all k € N

Vp, = v  weakly in L'(Q\ Ey) as j — oc.

J

In the following corollary of the preceding lemmas we establish strong convergence in L' up
to arbitrarily small sets for a pointwise null sequence bounded in L!.
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Corollary A.3. Let the assumptions of Lemmal[A. be fulfilled. Furthermore, assume that
v, =0 a.e in @ asn — oo.

Then for the sequences {vn,}32; and {Ex}32, from Lemma and for every k € N
Un, =0 strongly in L'(Q \ Ex) as j — oo.

Proof. Let k € N be fixed. The sequence {v,,}32, provided by the biting lemma is weakly
compact in L'(Q \ Ej) and by the lemma [A.1} (i), {vn,}32; is uniformly continuous with
respect to the Lebesgue measure on @ \ E. By the Vitali convergence theorem, the assertions
follows. O

Lipschitz approximations of solenoidal Bochner-Sobolev functions is another useful tool
needed in the analysis of isochoric flows. There are several variants: Acerbi and Fusco survey
the basic properties of Lipschitz approximations of Sobolev functions in [1]; further refinements
have been put into place, see [30} [25]. The extension to evolutionary problems goes back to [41}
42| 27). Further extensions have been established in |17} [13].

We first state the version |13, Theorem 4.2], which is suitable for analysis of steady problems.

Lemma A.4 (Divergence-free Lipschitz truncation of Sobolev functions). Let B C R?® be
an arbitrary ball. Let r € (1,00). Let {u™}5°_, C Wé:giv(B) be weakly converging to zero in

1,r
WO,div(B)'

Then there is a double sequence { A i }os -y C (0,00) with
() 22" < Ay <2271,

a double sequence of functions {um’k}ﬁkzl, a double sequence {Om’k}fyik:l of measurable
subsets of 2B, a constant C > 0, and ko € N such that for all k > ko it holds:

(b) u™* € Wé:g?v(QB) and u™* =u™ in 2B\ O™F for all m € N,
(c) IVu™*|| o (25) < CAmyie for all m € N,

(d) u™* — 0 strongly in L>=(2B) as m — oo,

(e) Vu™F 0 weakly-+ in L=°(2B) as m — oo,

() M )"|O™ k] < C27F||Vu™||m for all m € N.

Next we will formulate the assertion suitable for analysis of time-dependent problems; the
presented version is taken from [13].

Lemma A.5 (Divergence-free Lipschitz truncation of Bochner-Sobolev functions). Let Qo =
Iy x By C R x R3 be a space-time cylinder. Let 1 < r < oo with r,v' > o > 1, %—|— % =1.
Assume that there are sequences of functions {u™}5°_; and {H™}2°_, such that

divu™ =0 a.e. in Qo,
ou™

5 = divH™  in the sense of distributions (Cgf’div(Qo))* ,

u™ — 0 weakly in L" (I, W (By)),
u™ — 0 strongly in L7 (Qo),

and H™ = H* +H3 satisfies

H* — O weakly in L (Qo)),
HY* — O strongly in L° (Qo).

Then there is a double sequence {A™*}>°, | C (0,00) with

(a) 22k S )\m,k S 22k+1}
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a double sequence of functions {um’k}ﬁ,kzl C LY(Qo)3, a double sequence {Om’k}ﬁ,kzl of
measurable subsets of Qg, C > 0, and kg € N such that for all k > kq:

(b) w™k € L*(3Io, W% (£Byo)) for all s € (1,00),

(c) suppu™* C §Qo,

(d) u™* =u™ a.e. on %Qo \ O™k

(6) VU™ 1 (3, < CA™,

(f) u™F — 0 strongly in If"’(i@o)3 as m — oo,

(9) Vu™F — 0 weakly in LS(%QO)S for all s € (1,00) as m — oo,
(h) limsup,,_, . (A™F)"|O™F| < C27F,

(i) lim Supm~>00|fQ0 H™ : Vu™F dz dt| < Climsup,, ., (A™F)"|O™*].

Moreover, if in addition {u™} is bounded in L°°(Iy, L°(By)) then
- _k .
(j) hmsupmﬁoo|féQo\Om,,c HY™ - Vumﬁd;vdt| < C2 v, where § € C(‘)’O(%) with Xiqo < &<
X%Qo .
Another tool that we use is a simple lemma concerning the stability of the constitutive equa-

tions (represented as maximal monotone r-graphs) with respect to weakly converging sequences;
see |22] for a short proof.

Lemma A.6 (Graph convergence lemma). Let D C RM be an arbitrary measurable set and let
a graph G fulfill the assumptions (Q@) and (Q@) on page . Assume that, for some r € (1,00),

(8",D") € G almost everywhere in D,
D" ~D weakly in L™ (D)%,
S" —~S  weakly in L7 (D)%,

limsup/ S”:]D"S/S:]D.
n—o00 D D
Then

(S,D) € G almost everywhere in D.

Next, we state a theorem due to Necas [65]; the following version is from [6, Corollary 2.5 ii)].

Lemma A.7 (Necas theorem). Let Q C RM be a domain of class C%'. Let r € (1,00). Then
there exists 8 > 0 such that

IVl ey = s BB ggl poraitge @) win [g=0. (A1)
(W)™ ewir 1Vells o

Remark A.8. Lemma is closely related to the results known as the Lions lemma (coined
in [55]]), the Babuska-Aziz inequality, or the Ladyzhenskaya-Babuska-Brezzi condition (see [,
14]). If we set L} = {q € LP(Q), fQ q= O}, the statement of Lemma can also be rephrased
as the following:

(i) the gradient operator V : LSI — (Wé’r)* is injective with closed range,

(ii) the divergence operator div : Wé’r — Lg is surjective and has a continuous right inverse,
i.e., there is a bounded linear operator B : L — Wy such that

div B is identity on L.

The operator B is usually called the Bogouskii operator due to the explicit construction by
Bogovskii [10,|11]. We refer the reader to [6], where these relations are discussed in detail.
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Remark A.9. It is shown in [0, Proposition 2.10 ii)] that for the validity of the estimate of
Lemma it is sufficient to assume a priori that q € (CSO(Q))*, fQ q=0, and Vq € (W(l)’r)*,
Then, provided that Q) is Lipschitz, ¢ € L (Q) and the estimate (A1) holds.
Remark A.10. The Lipschitz condition on Q in Lemma[A.7 can be weakened, see for example
120

Now we mention few regularity results for the Neumann problem and the Stokes system.
Lemma A.11 (W?249-regularity of Neumann-Poisson problem). Let Q be a domain of class

CHl. Let 1 < q < oo be given. Then there exists C > 0 such that for every f € L1(Q) with
Jo f =0 there is a weak solution w € W9(Q) of the problem

—Au=f in Q, (A.2a)
g% -0 on 09, (A.2D)
Ju=0 (A.2¢)
Q
fulfilling uw € W24(Q), Vu € WL, and
IV2ullg < Cllfllg-

Proof of Lemma is outlined in [5, Remark 3.2] and invokes [3} 37, [52]. As a consequence
of the lemma, we get the following result concerning the Helmholtz decomposition for functions
from WL,

Corollary A.12 (Helmholtz decomposition). Let Q be a domain of class Ct*t. Let 1 < g < oo
be given. Then there exists C > 0 such that the following holds. For every ¢ € WL there

exists a couple (¢, o) fulfilling
peW>1(Q), Ve Wi  poeWhe

n,div’
e=Vo+epo, V¥l +IVeolly < ClVel,

The following lemma contains certain regularity results for the Stokes system, see |32, The-
orem 2.1], |6, Proposition 4.3].

Lemma A.13 (Regularity of the Stokes system). Let @ C RM™ be a domain and 1 < q < oo be
given.

If Q is of class C%' with sufficiently small Lipschitz constant L > 0 (i.e., L < Lo with
Lo > 0 depending only on M and q) or Q is of class C' then there exists Coy > 0 (depending on
Q, M, q) such that for every b € (Wé’q/)* there is a unique weak solution (v,p) € Wé’q x L1(Q)
of the problem

—Av+Vp=>b in €, (A.3a)
dive =0 in £, (A.3b)
v=0 on 99 (A.3¢)

and the following estimate holds true

IVollg + [lplly < Collbll(wé,q/)*~ (A.4)

Furthermore, if Q) is of class C11 then there exists C1 > 0 (depending on Q, M, q) such that for
every b € LY(Q)3 the unique weak solution (v,p) € Wé’q x L1(Q) of the problem (A.3) fulfills
additionally v € W24, p € WH4(Q), and admits the estimate

V2ol + [ Vplly < Callbll,- (A.5)

Proof. The first part of the lemma is exactly the statement [32, Theorem 2.1]. This statement
guarantees existence of unique (v, p) € W(l)’q x L1(€2) and gives under the aforementioned
conditions.

The second part, i.e., the inclusions v € W24, p € W4(Q) and the estimate follow
from [6, Proposition 4.3]. Remark 4.4 therein warns that Proposition 4.3 ibid. is not an existence
result and that holds only if a solution in the appropriate spaces exists. But we know
this is the case due to the first part, in virtue of [32]. O
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Appendix B Examples of maximal monotone graphs

Let us consider a graph G € R3X3 x R3X3 characterized by the relationship

sym X Righ
S,D)ecGeS= WS(DDD (B.1)

with
cither  S(d) = (1+d2) =, (B.2a)
or S(d)=1+d"2. (B.2b)

We will prove the following statement.

Lemma B.1. The graph G characterized by and with some 6, > 0 and r € (1,00)
is a mazimal monotone r-graph fulfilling (G1)-(G4).

The graph G characterized by (B.1]) and with some §,, > 0 andr € (1,00) is a mazimal
monotone q-graph fulfilling (7( with ¢ = max{r,2}.

Proof. (i). Clearly (0,0) € G.
(ii). Let § = (‘“”“})‘T*“ (14 D?) 7 D and D, =Dy + s(D; —D,) for any Dy, D, € R3X2. Then

sym

(S(D1) —S(Dy)) : (Dy — Dy)

1
d

1 o + r2
= |]D1 —D2|2 / 7(‘DS| 5*) (]. -+ |Ds|2) 2 ds
0 D, |

(D] —8.)"

ds
D |

(1+ |1DS|2)%DS

! ) _ 2 B (1+|Ds|2)%2
+ [ .y -Dy) {H(Ds| 6

(|DS| _5*)+ (|D9| _6*)+

4 (r—2) (14 D,2) 7 —212%) (4 4 p 2y = L
D] D, |

Since H (|Dy| — d.) — W = \11(;*\ if D] > d. (otherwise it is zero), we observe that for
r>2

(S(D1) —S(Dy)) : (Dy —Dy) > 0.

If r € (1,2), then the property (G2) follows as well from the fact

1 ot s
|]D1—]D2|2/ (D] =0)" (1 |, p, )™= as
0

D, |
1 _ + r—4
~e-n [ @m-p P ) as
0 s
! Ds - Ux + =
2|]D1—]D>2|2/ (h])é)(l—&—ﬂ])sﬁ) T (14 D? — (2—7)Ds[?) ds
0 s
1 Ds _6* + r2
2(r—1)|]]])1—][))2|2/0 W(Hmsﬁ) 7 ds>0.

This also implies the monotone property for the graph with S(d) = d"~2 and r > 1. Conse-
quently, the same is true for S(d) =1+ d" 2.
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(iii). In order to show that the graph is a maximal monotone graph, we note that the assump-
tion: (S, D) € R3%3 x R33

(S-S,D-D)>0 forall (SD)eg
implies, using and , that

N +
D - (5* ™~ N ™ D
(S _ (|||D)S(|D|)D> . (]D) —]D)) >0 forallDe Ri’;ﬁ (B.3)

Taking D = D + MA, A arbitrary, A > 0, we conclude from (B.3)) that

D+ M| -5)"
;A:(S—“ |Di|m ) S(Di)\AD(Dj:)\A)) > 0.

Letting A — 0+, we finally obtain (using continuity of the involved functions)

J— + P
<s - “I)'D(S*)sqmn) A=0 forall AcR¥E,

Hence S and D fulfill the right-hand side of (B.1) and thus (S,D) € G.
(iv). Assume that d, > 0. For d > 0 we have

r—2

min{L %}H(d 20 < (14 )T d < (14 d?)

r—1
2

r—1

<A+d)t< ((25*)*1 max{d, 26, } + max{d, 26*}) , (B.4)
dq—l S (1 +dr—2)d: d+dr—1
< (26.)* 9 (max{d, 26,})""" + (20,)" ¢ (max{d, 26,}) """

where ¢ = max{r,2}, H(t) =1 for t > 0, H(t) = 0 otherwise. Let us define

] case (B.2a)),
9 max{r,2} case (B.2b]).

Due to we have, for the both cases in ,
C1(8,, 1) H(ID| — 26.)D|*~! < S(D)[D| < Co (6., ) (max{[D], 26, })* " (B.5)

with certain C1(dx,7), C2(d«,7) > 0 independent of D. Notice also that

(Pl —5.)" _ 1. (B.6)

1 — <
JH(D| - 25.) < =5 <

Now define S = %S (ID|)D and observe that with the help of the right-wing inequalities

of (B.5) and we obtain

’

DI + 817 < I+ (Cal6er) (max{D], 26.1)" ")
< Cs(8..7) (max{|D|, 26, })”

with certain Cs(ds,r) > 0 independent of D and S. Hence, with the help of the left-wing

inequalities of (B.5) and ,

Cs(3e, )~ (D2 +[S17) - (26.)% < (max{[D],26.})" - (26.)°

D] —d.)*

< H(ID| - 25.)[D|? < 2C4 (6., 1)< B S(D))D? = 204(5,,r)"'S: D

which is the last property ( We leave the case §, = 0 as an exercise. O
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Chapter 11

Localization of the W14 norm
for local a posteriori efﬁciencym

1 Introduction

The weak solution of the Dirichlet problem associated with the Laplace equation is a function
u characterized by

u—uP e WyP(Q), (1.1a)
(Vu, Vo) = (f,v) Yo e W2(Q). (1.1b)

Here Q C RY d > 1, f € L*(Q), and uP® € WH2(Q). A typical numerical approximation of u
gives uy, such that uj, —uP € Vho C Wol’z(Q); we assume for simplicity that « lies in the same
discrete space V}, C VVO1 2(Q) as up, so that there is no Dirichlet datum interpolation error.

The intrinsic distance of uy, to u is the Wy'>(Q)-norm error given by ||V(u — uy)|. This
distance is localizable in the sense that it is equal to a Hilbertian sum of the W12 (Q2)-seminorm
errors || V(u — up)||x over elements K of a partition 7y, of Q, i.e.,

IV (u—un)l| = { > IIV(u—uh)II%} : (1.2)

KeTy,

It is this problem-given intrinsic distance that is the most suitable for a posteriori error control.
Under appropriate conditions, namely when the orthogonality (f,1¥s) — (Vup, Vibg) = 0 is
fulfilled for the “hat” functions v, associated with the interior vertices a of the partition 7y,
there exist a posteriori estimators 7k (up,), fully and locally computable from wy, such that

IV (u = un)|| < { > nK(Uh)Q} (1.3)

KeTn

and such that

1
2
i (un) < C{ > V- %)II?«} : (1.4)
K'eTk
where C' is a generic constant and T is some local neighborhood of the element K, see
Carstensen and Funken (23], Braess et al. [15], Veeser and Verfirth [50], Ern and Vohralik [34],
or Verfurth [53] and the references therein. Property is called local efficiency and is
clearly only possible thanks to (1.2)), the local structure of the W, 2(2)-norm distance. A dif-
ferent equivalence result where locality plays a central role is that of Veeser [49], see also [3],

1This chapter is a pre-copyedited, author-produced version of an article accepted for publication in IMA
Journal of Numerical Analysis following peer review. The version of record [Jan Blechta, Josef Mdlek, and
Martin Vohralik. Localization of the W =19 norm for local a posteriori efficiency. IMA J. Numer. Anal., 2019.
Ozford University Press.| is available online at https://doi.org/10.1093/imanum/drz002,
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who recently proved that the local- and global-best approximation errors in the VVO1 ’Q(Q)—norm
are equivalent.

Many problems are nonlinear; the basic model that represents one example of a general
class of nonlinear models considered here is the Dirichlet problem associated with the p-Laplace
equation, where, in place of (1.1)), one looks for function u such that

u—uP e WoP(Q),
(0(Vu),Vo) = (f,v) Yo eWyP(Q),
o(g)=|g/" %9 geR?

for some p € (1,00), uP € WHP(Q), and f € L4(2) with % + % =1. Let up, € V,, C WHP(Q)

fulfilling up, — uP € V0 C WO1 P(Q) be a numerical approximation of the exact solution u and
let R(up) be the residual of up, given by

<’R(uh),U>W71,q(ﬂ)’wg,p(m = (f,v) — (6(Vuy), Vv) v e Wy P(Q); (1.5)

R(up) belongs to W=14(Q) = (Wol’p(Q))/, the set of bounded linear functionals on W, (),
see Example below for more details. In the present paper, we take for the intrinsic distance
of up, to u the dual norm of the residual R (up,)

IR lw-rog = sup (RO vy syt #on’ (16)
vEWS P (Q); [[Vllp=1
of course || R(un)|lw-1.2(0) = [|V(u—wup)|| when p = 2 and o(g) = g. Note, however, that other

distances might be called intrinsic. Considering for simplicity «® = 0 and defining the energy
by

E() = %Hwng —(f,v) = /Q <;|wp — fv) de  veWyP(Q), (1.7)

the energy difference £(up) — E(u) is often considered as the intrinsic distance, see, e.g., Re-
pin [46, Section 8.4.1], and is actually proportional to the squared quasi-norm error (that again
can be used as an intrinsic distance) introduced by Barrett and Liu in [6, 7], see Diening and
Kreuzer [29, Lemma 16] or Belenki et al. [10, Lemma 3.2], cf. also Remark [3.5 below.

Sticking to , the analog of can then be obtained: there are a posteriori estimators
Nk (up), fully and locally computable from wuy, such that

IR (un)llw-1.a(0) < { >, UK(Uh)q} ; (1.8)

KeTy,

see, e.g., Verfiirth |52} [53], Veeser and Verfirth [50], El Alaoui et al. [31], Ern and Vohralik [33],
or Kreuzer and Siili [40]. This can typically be proved under the orthogonality condition

<R(uh)7¢a>W*1,q(Q),W3”’(Q) =0 Va € Viiznt7 (1'9)

where V™ stands for interior vertices of the mesh 7, and 1), are test functions forming a
partition of unity over all vertices a € V},. However, the analog of the local efficiency
for p # 2 does not seem to be obvious. The foremost reason is that the intrinsic dual error
measure does not seem to be localizable in the sense that

IR )l 1oy # { S ||R<uh>|3vl,q(m} ,

KeTy

in contrast to (1.2]).
For certain estimators from (|1.8]) with piecewise polynomial uy, global efficiency in the form

-

{ Z nK(Uh)q} < CIR(un)|lw-1.a(e)

KeTy,
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has been shown previously, cf. |53 31, 33, |40] and the references therein. Carrying on the
results and the proofs in |52} 53|, it is, in fact, possible to show that

nx (un) < C{ > ||R(Uh)||3V-1,q(wa)} ; (1.10)

ac€Vk

where Vi stands for the vertices of the element K € 7}, and w, is a patch of mesh elements
around the vertex a, see for example |33, Theorem 5.3], |31, proof of Lemma 4.3], [40, proof
of Theorem 21] for general p € (1,00), or |28, equation (3.10)] for the Hilbertian setting p =
2. Note, however, that all these results are connected with a certain class of PDE problems
considered in these studies as well as with a certain appropriately constructed error estimator.
To conclude, we observe the following points:

1. Inequality (1.8)) together with (L.10]) imply

IR () w100y < Co { 3 ||R<uh>||%vl,q(%)} . (111a)

acVy,

For p = ¢ = 2, this has probably been first shown in Babuska and Miller [5, Theo-
rem 2.1.1].

2. It can also be shown that

{ D IRy 10 } < G| R(un)llw-1.9(0)- (1.11Db)

acVy,

See in particular [5, Theorem 2.1.1], Cohen et al. |28, equation (3.23)], Ciarlet and
Vohralik [27] Theorem 3.3], and the revised version of Ern and Guermond [32] for p =
q=2.

3. Thus, for the error measure ||R(up)||w-1.4(0), the a posteriori estimators 7y (up) lead to
an a posteriori analysis framework where one has localization of the error measure ,
global reliability (L.8] ., and local efﬁmency - ThlS is thus a fully consistent and
analogous situation to , and (T.4) of the W,*(Q) setting.

The main purpose of the present paper is to give a minimalist and direct proof of the two
inequalities for general exponent p, including also the limiting cases p = 1 and p = oo, and
without considering any particular partial differential equation or a posteriori error estimators.
In particular, Theorem shows that, under the orthogonality condition , dual norms
of all functionals in W~14(Q) are localizable in the sense that holds, with C; and Cy
only depending on the regularity of the partition 7p; in particular the constants are robust
with respect to exponent p € [1,00]. The orthogonality condition is only necessary for
robustness of C'; with respect to the mesh size h; the constant C'; depends merely on maximal
overlap of the partition Ugey, wq. The result of Theorem @ applies to, but is not limited to,
dual norms of residuals of (nonlinear) partial differential equations of the form (L.5). Besides
implying local a posteriori error efficiency, the localization of a seemingly only global distance
of the form may have important consequences in the adaptive approximation theory or
for equlvalence of local-best and global-best approximations as in [49]. We discuss localization
of the Wy (Q)-norm error in Remark [3.4]and the localization of the global lifting of R(uy) into
Wl’p (©) in Remark Remark further shows that can be strengthened to hold
patch by patch wg, with a global lifting of R(uy) on the right-hand side. All these results are
presented in Section [3] after we set up the notation and gather the preliminaries in Section

Localization concepts that take form similar to also appear in the theory of function
spaces, cf. Triebel [48], where they are of independent interest. Consider the Whitney covering
of the domain , which we here denote as {wg}acn, and a subordinate partition of unity
Y aenVPa = 1 with 0 < 9y < 1, ¥q smooth, compactly supported in wgq, and all derivatives
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controlled by distance to boundary: |[V*4g]|o0 w, < Car dist(wa,dQ) ™ for all M € N. For E-
thick domains © (which includes bounded Lipschitz domains), there holds the so-called refined
localization property

lollw 1.0y ~ {anamw lq(%)} Vo e W), (1.12)

acN

i.e., the term on the right-hand side is an equivalent quasi-norm. For precise definitions and
statements, see [48, Theorem 3.28]. This result holds for spaces of F-scale comprising Lizorkin—
Triebel and classical Sobolev spaces, including negative differentiability and specially the case
W~=14(Q), which is incidentally of interest here and which we only indicate in . Note that
there is no sequence of partitions here (the partition {wq }acn is fixed, arbitrarily fine close to
the boundary 9€). In contrast, the aim of this study is robustness of the constants C; and
Cs in with respect to all possible partitions 75 (subject only to regularity), including
arbitrary refinement in the interior of the domain ).

Finally, we are also interested in the situations where the orthogonality condition is not
satisfied. In practical applications, this is typically connected with inexact algebraic/nonlinear
solvers. Our Theorems and give two-sided bounds on [[R(us)|lw-1.4¢q) in this setting
and Corollary proves therefrom that the h- and p-robust localization result of Theorem
can be recovered provided that the loss of orthogonality is small with respect to the leading
term. In Remark we comment that holds even without orthogonality condition ,
but with C; deteriorating with mesh refinement (for decreasing h). This is intuitively consistent
with the result , where the fixed partition is coarse in the interior of 2 and arbitrarily fine
only close to the boundary 0€). We collect these results in Section [4] including Theorem [4.10
that presents an extension to vectorial setting. Its typical practical applications stem from fluid
mechanics or elasticity; the results established here indeed represent one of the key tools used
in [14] for deriving a complete theory of a posteriori error estimation for implicit constitutive
relations in the generalized Stokes setting, capturing the most common nonlinear fluid models
in a unified way. To conclude, Section []illustrates our theoretical findings on several numerical
experiments.

2 Setting

We describe the setting and notation in this section, detailing the partition of unity that will
be central in our developments. We then state cut-off estimates based on Poincaré—Friedrichs
inequalities necessary later.

2.1 Notation, assumptions, and a partition of unity

We suppose that Q@ ¢ R¢ d > 1, is a domain (open, bounded, and connected set) with a
Lipschitz-continuous boundary and diameter hq. Let 1 < p < oo with % + % = 1. We will work

with standard Sobolev spaces W1?(Q) of functions with LP(Q)-integrable weak derivatives, see,
e.g., Evans [35], Brenner and Scott [16], and the references therein. The space W, *(2) then
stands for functions that are zero in the sense of traces on 0). Similar notation is used on
subdomains of (2.

For measurable subset w C Q and functions u € L(w), v € LP(w), (u,v), stands for
[, w(x)v(x)dz and similarly (u,v), = [ u x)dx for u € [L9(w)]? and v € [LP(w)]%;
we simply write (u,v) instead of (u ’U)Q When w = Q and similarly in the vectorial case. We

1
follow the convention [|[v||,. = ([ |v(z)[Pde)? for 1 < p < 00, [|[V]eow = esssupge,, [v(x)],
[vllpw = ([, v(z |pdw)” for 1 < p < o0, and ||v||cc,w = esssup,e, |v(x)|, where |v| =
1
(Zi:l |v;|*) 2 is the Euclidean norm in R%. Note that, when p # 2, Vo[, is different from
(but equivalent to) |v]1,pw = (Zlenawiv

1
|£,w) Pif1 <p <00, |v1c0w = maxi=1,... alOv

|OO,(A)

m i
Vi|p) P

for v € W1P(w); we will often use below the equivalence of IP(R™) norms |v|, = (Zi:l
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if 1 <p<oo, |V]ee = max;=1,.m |Vi|

Vlp < |vlg <miFlv, WeR™ 1<q¢<p< . (2.1)

We also denote by |-|> the spectral matrix norm, given by [Als = maxycrm; [v|,=1|Av]|2 for a
matrix A € R™*™,

We suppose that there exists a partition of unity

Z Ve =1 a.e. in (2.2)

acVy,

by functions 1, € W1>°(Q) with a local support denoted by wg. More precisely, w, are
open subdomains of the domain 2 of nonzero d-dimensional measure, diameter h,, , with a
Lipschitz-continuous boundary, and satisfying Ugey, wa = 2; wgq is called a patch. The index a
denotes a point in i, called a vertez, termed interior if @ € 2 and termed boundary if a € 0€;
the corresponding index sets are V), = Vint U Vgxt, pint n Yext = (. For a € V§**, Qwg N 09
is supposed to have a nonzero (d — 1)-dimensional measure. We identify 1, with g, and
suppose that 1, takes values between 0 and 1 on wg, ||[¥allco,w, < 1; ¥ is zero in the sense of
traces on the whole boundary dwg for @ € Vi** and on dw, \ 9 for a € VE*',

The partition of the domain §2 by the patches wg needs to be overlapping, i.e., the intersec-
tion of several different patches has a nonzero d-dimensional measure. We collect the closures
of the minimal intersections into a nonoverlapping partition 7, of Q with closed elements de-
noted by K, with diameter hx. We suppose that each point in (2 lies in at most N, patches.
Equivalently, each K € 7T, corresponds to the closure of intersection of at most N,, patches,
and we collect their vertices a in the set V. Vice-versa, the elements K € 7, cover . There
in particular holds

1
1 P
{NO > ||v||§7wa} < vl Yo e LP(Q), 1 < p < oo, (2.3a)
v acVy,
max [|v]cows = [[V]lec Vv € L®(). (2.3b)
acVy

We shall frequently use the patchwise Sobolev spaces given by

{v e WP (wg); (v,1)y, = 0} if a € Vint,

W*l’p(wa) =
{v € WP(wa); v="00n 0w NIV} ifae V™,

(2.4)

having zero mean value over w, in the first case and vanishing trace on the boundary of €2 in
the second case. The Poincaré—Friedrichs inequality then states that

[Vllpwa < CPPpwaltvalVollpwa Vv € WP (wa), (2.5)

where, recall, h,,, stands for the diameter of the patch wq. In particular, for 1 < p < o0, a €

Vint | and we convex, Cpr p o, = 2 (g)%, see Chua and Wheeden [26]; for p = 1, Cpr 1w, = % in
this setting, see Acosta and Duran [1] or 26|, and for p = 00, Cpp cow, = 1 is straightforward.
This implies that % < Cprpw, < CPF 20,0, = 2e3 a 2.404 for all 1 < p < o and a convex
interior patch. The values for @ € Vi* and nonconvex patches wg, are identified in, e.g.,
Veeser and Verfirth [51, Theorems 3.1 and 3.2] for 1 < p < oo; whenever w, is star-shaped,
CpF,00,w, = 2. Finally, Cpr ., =1 for a € Vi** when dwg N 0N can be reached in a constant
direction from any point inside wq; bounds in the general case can be obtained for instance as

in [50, Lemma 5.1]. We describe the regularity of the partition by the number
Ccont,PF = Il’éa{)X‘{l + CPF;p;wa hwa ||v'(/}a||oo,wa}7 (2'6)
a h

which we suppose to be uniformly bounded on families of the considered partitions indexed by
the parameter h := maxqgecy, hw, -
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2.2 Examples of partitions of unity
We now give three examples of possible partitions of unity 1, and subdomains wg.

Example 2.1 (Simplicial or parallelepipedal meshes from the finite element context). A proto-
typal example we have in mind is the case where Q is a polytope, Uget, K = 0, each element K
is a closed d-dimensional simplex (triangle in d = 2, tetrahedron in d = 3) or a d-dimensional
parallelepiped (quadrilateral in d = 2, hexahedron in d = 3), and the intersection of two differ-
ent elements K is either empty or their d’'-dimensional common face, 0 < d < d —1. Then
Ny = d+1 for simplices and Noy, = 2% for parallelepipeds, wq is the patch of all elements shar-
ing the given vertex a € Vi, and takes form of equality. In particular, for the seminorm
on WhHP(Q),

1

N > Ivelb., =IVol? Yo e WHP(Q), 1< p < oo, (2.7a)
v aevy,
WA [|Volloowy = [VOllo Vv € Whe(Q). (2.7b)

We then take g as the continuous, piecewise (d-)affine “hat” function of finite element analysis,
taking value 1 at the verter a € Vi, and 0 in all other vertices from Vy,. Denoting by k7,
the mesh shape-regqularity parameter given by the mazximal ratio of the diameter of K to the
diameter of the largest ball inscribed into K over all K € Ty, it follows from Veeser and
Verfiirth (51, Theorems 3.1 and 8.2], Carstensen and Funken [25], or Braess et al. [15] that
both Cp¥ p., Of and Ceont,pr Of only depend on k,. Note further that in the context
of approximation of the solution of a partial differential equation by the finite element method,
with the residual R described in Remark below, the crucial orthogonality condition
amounts to requesting the presence of the hat functions g, a € V}Lnt, in the finite element basis.
Example 2.2 (B-splines supports from the isogeometric analysis context). Let the space di-
mension d = 1, let Q0 be an interval, and let T, be a mesh of Q consisting of intervals K of
size hie, UgeT, K = Q. B-splines are non-negative piecewise (with respect to Tp,) polynomi-
als of degree k and class C', k > 1, 0 < 1 < k — 1, with smallest possible support and given
scaling; typically | = k — 1, i.e., one requests continuity of the derivatives up to order k — 1.
Denoting them g, the subdomains wg can simply be taken as the supports of the B-splines
1Yq. Then the vertices a that form the set Vy, lie inside wq if the value of 1q on the boundary
of the domain § is zero, and are the corresponding endpoints of Q) otherwise. Crucially, the
partition of unity holds for B-splines. For k = 1 and | = 0 (piecewise affine functions
with C° continuity), this setting coincides with the finite element context of Remark , In
general, however, the subdomains wq are larger here, leading to increased overlap between wq
and higher value of the overlap parameter N, in dependence on the continuity parameter . In
the context of the partial differential equation residual R of Remark[3.9 below, the orthogonality
condition amounts to the use of the B-splines/isogeometric analysis approximation, see
Bazilevs et al. [§] or Buffa and Giannelli [18] and the references therein. Extension to higher
space dimensions d > 1 is straightforward by tensor products for Q being a rectangular paral-
lelepiped; general domains can be treated via non-uniform rational basis splines (NURBS) and
transformation from the parametric space into the physical space.

Example 2.3 (Meshfree methods). In general, the approach developed here can be applied to
any setting that is based on the idea of basis functions having local (small, compact) support and
forming the partition of unity . The partition of unity method, see Babuska and Melenk [43,
4, and in general meshfree methods, see (37] and the references therein, can serve as examples.

2.3 Poincaré—Friedrichs cut-off estimates

The forthcoming result, following the lines of Carstensen and Funken [23, Theorem 3.1] or
Braess et al. [15, Section 3], with WP (w, )-Poincaré-Friedrichs inequalities of Chua and Whee-
den [26] and Veeser and Verfiirth [51], will form the basic building block for our considerations:

Lemma 2.4 (Cut-off estimate). For the constant Ceony,pr from (2.6)), there holds, for all
a €<V,
IV (%av)llpwe < Ceont pEl|VOllpwa Y0 € WiP(wa), 1 <p < oo
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Proof. Let a € V;,. We have, employing the triangle inequality, ||%a/co,w, = 1, and (2.5)),

IV (%av)llpwe = Vbav + aVvpw,
< N V¥alloowa lVllpwa + 1¥alloowa VOl pwa
< (1 + CpF pwa hwa IVYalloo,wa) IV pwa s
and the assertion follows from the definition . O

2.4 An overlapping-patches estimate

We finally provide an auxiliary coloring-type estimate for a sum of functions from I/VO1 Plwg)
that will be used later.

Lemma 2.5 (An overlapping-patches estimate). Let 1 < p < co. Assume there is a collection

of functions {v*}acy, with v® € WyP(wa), extended by zero to Wy (Q). Then D acy, V€
WyP() and
1
1 a 1 a ! .
HVNOV Z v < {Nov Z Vv ||p,wu} if 1 <p < oo, (2.8a)
acVy p acVy
1 .
Vi 2| S 1T e ip=oe )
a h [e'e)

Proof. Let 1 < p < co. Fix K € T;, and denote the number of vertices in K by |[Vi|. The
triangle and Holder inequalities give, a.e. in K,

vt < > Vet < { > |wa|P}p [Vic|a.

acVk acVg acVk

By assumption it holds |Vk| < N,y for every K € Tp, so that, since % =p-—1,

P
1 a 1 a
Vo > v < N > v (2.9)
acVk acVi
Integrating both sides of (2.9)) over K, summing over all K € T, and taking %—th power of the
result gives (2.8a)). Estimate (2.8b)) is trivial. O

3 Localization of dual functional norms

In this section we state and prove our main localization result; we also present some of its
consequences. We first fix some notations and introduce the overall context in more detail.

3.1 Context
For given p € [1, 00|, denote

V=W, P(Q) (3.1)
and consider a bounded linear functional R € V’'. We denote the action of R on v € V by
(R,v)y+,v and define

IRv = sup  (R,v)vr,v. (3.2)
veV; [ Volly=1

Similarly, for vertex a € V}, and the corresponding patch subdomain wg, set
Ve =Wy (wa)
and define the restriction of the functional R to V¢, still denoted by R, via
(R,v)(vay va = (R,v)v: v ve Ve, (3.3)
where v € V' is extended by zero outside of the patch wg to v € V. Let

IR|(vay = sup (R,v)(vay, va. (3.4)
VEV e [[VU|lpwq =1
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3.2 Examples of functionals R
To fix ideas, we give two examples fitting in the context of Section [3.1]

Example 3.1 (R being divergence of an integrable function). Let & € [L9(f2)]%.

example of R € V' is

A simple
<R,’U>V/’V = (E, V’U) veV. (35)
In this case, immediately, for any a € Vy,
<R, v)(V“)’,V“ = (5, V’U)wa ve Ve
Moreover, using definitions (3.2) and (3.4)), we easily obtain via the Hélder inequality the bounds

IRIv: < 1&g, (3.6a)
IRl vay < l€llgwa  Va € Vi (3.6b)

Example 3.2 (R given by a residual of a partial differential equation). Let 1 < p < oo,
% + é =1,uP e WHP(Q), f € LY(Q), and let (u,o) be a weak solutz’onﬂ to the problem

—dive=f in £, (3.9a)
u = uP on 09, (3.9b)
h(o,Vu)=0 in Q. (3.9¢)

Here o € [L9(Q)]%, u € WHP(Q) such that u — uP € Wy*(Q), and a nonlinear function
h:R? x R? —» R? is such that it holds, with some o, 8 > 0,

sd>af|s|”+|d|P) - whenever s,d € R and h(s,d) = 0. (3.10)

2 Assuming 1 < p < co, weak solution to problem (3.9) can be defined as: to find v : @ — R and o : Q@ — R?
such that

u—uP eV, (3.7a)
o € [LY(O)]4, (3.7b)

(o, Vv) = (f,v) Yv eV, (3.7¢)
h(o,Vu)=0 almost everywhere in Q. (3.7d)

This problem has at least one solution if, for example, the function h fulfills, with some «a, 8 > 0, the following
conditions:

1. h(0,0) = 0;
2. if s',s2,d',d? € R? and h(s',d') = h(s?,d?) = 0 then

(s' —s%)-(a' —d?) > 0 (3.8)

3. if the couple (s,d) € R? x R? fulfills
(s—3)(d—d) >0 forall 5,deR? with h(3,d) =0,

then (s, d) also fulfills h(s,d) = 0;

4. if h(s,d) = 0 then (3.10) holds;

see [36] and also |19} 21} 20| for fluid mechanics context. If, in addition, inequality is strict whenever
s! # 52 and d! # d?, then such a solution is unique.

For a novel theory of weak solutions in the non-reflexive case p = oo and within the context of solid mechanics,
we refer the interested reader to |9].
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Typical examples of function h are

1+|d|)
1+1]d)"*d

E regularized p-Laplace
—(1+1s| ) .

( generalized p-Laplace
_ (sl—o)"

1+ Isl)

|s| —0.)"

h(s,d)=d — ( (1+ |d\ activated p-Laplace

|s|

h(s,d) = s — (di—8.)" |d5*) (1+ |d?)

h(s,d) = s — |d|P~*d,
h(s,d)=d - |s|q_2s,

}
}
nts.d) =a- D (1 sp) ’

} classical p-Laplace

where ()T = max(t,0) and 0., 8, > 0 are given real parameters. Note that the last two examples
give identical response since

s=|d|P*d = d = |s|7%s.

Consequently

q p
s.d:(1+1>5.d:|s|+d|

P q q p

which not only verifies, but also motivates the assumption (3.10) above. To verify that the other
models fulfill (3.10), we refer to [20, Lemma 1.1] and [13, Lemma B.1]. Finally, the responses
given by

h(s,d) = s— %, } fluz: limiting p-Laplace
(1 +[d])

h(s,d)=d — %, } gradient limiting p-Laplace
(1+1]s?)?

with some a,b € (0,00) give automatically o € [L>=(Q)]?, Vu € [LY(Q)]¢, respectively o €
[LY(Q)]?, Vu € [L>®(Q)]? and concern the limit cases p = 1, p = oco. We refer to [15], where
such models are summarized in the context of fluid mechanics, and [22, |41|] for examples from
solid mechanics. This general setting with implicit function h is, for example, interesting to
employ mized finite element methods. In fluid mechanics context, this has been studied in [38,
7).

The above rather complex example still fits perfectly into our setting. Indeed, let o) €
[L4(Q)]¢ be an arbitrary approzimation to o. Then we can define a linear functional R on the
space 'V as

(R,v)vry = (f,v) — (o, VV) veV.

Note that the Hélder inequality and the Poincaré—Friedrichs inequality (2.5)), used in the entire
domain Q on the space V', imply that

(R, o) < (I flleCrr poha + llonll) Vol

Consequently, R is indeed bounded, R € V'. To complement, let also u, € WHP(Q), uj, —uP €
V', be an arbitrary approximation to u. Then one in general also wishes to measure a deviation
from equality when oy, together with uy, are plugged therein in place of o and u. There
are various ways to evaluate this error; compare, e.g., [40, |14).
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For the rest of this example, we limit ourselves to the following specific but important subcase:
1 < p < oo and the implicit function h admits an explicit continuous representation s = a(d),ﬂ
more precisely we assume that all solutions (s,d) € R? x R? of h(s,d) = 0 are given by
s = o(d) with continuous o : R? — Re. Then the weak formulation of problem simplifies
to: find u € WHP(Q) such that

u—uP eV, (3.11a)

(o(Vu),Vv) = (f,v) YvoeV (3.11b)

and admits at least one weak solution under classical assumptions[f] This gives rise to the
standard notion of the residual R of an arbitrary function u, € W'P(Q) such that up, —uP €'V,

defined via
(R,v)vr v = (f,v) — (6(Vuyp), Vv) veV. (3.12)

The Hélder inequality and (2.5)) again imply that R € V', since
(R, )| < (1fllaCpr p.oha + [lo(Vun)ll) [Volp-

Here, actually, R =0 if and only if up, solves (3.11b)). Then ||R||y+ is the intrinsic distance of
up, to u, the dual norm of the residual. Remark that this problem can also be cast in the form

of Example taking € .= o(Vu) — o(Vuy), with any u € WHP(Q) solving (3.11)).

3.3 Motivation

We now give four remarks motivating our main question whether ||R||y, a priori just a number
defined for any R € V', expressing its size over the entire computational domain Q, can be
bounded from above and from below by the sizes | R|(ya) of R localized over the patches wq.

Remark 3.3 (Localization of the L?(§)-norm error in the fluxes). Consider R given by (3.12))
from Ezample [3.3 in the finite element context of Remark[2.d. We immediately obtain from

(3.6a) and (3.6b)
[Rllv: < llo(Vu) — a(Vun)|q, (3.13a)
IRl|(vey <llo(Vu) —o(Vun)llgw, — Ya €V, (3.13b)

and observe that the flux error norm on the right-hand side of (3.13a) localizes, as in ,
into the right-hand sides of (3.13b)) by the formula

lo(Vu) = o (Vun)llq = {Nl > llo(Va) - U(VUh)IIZ,%} : (3.14)

YV aev,

Note that, unfortunately, it is unclear when (3.14)) is, up to a constant, bounded back by |R||v-,
so that these considerations do not give an answer to the question of localization of |R||v-.

Remark 3.4 (W, ?(Q)-norm error localization). Remark that similarly to (1.2), there always
holds, for 1 < p < oo,

71}, = { )» |Vv|z,K} . vev.

KeTh

31f h(s,d) = 0 does not admit explicit solution s = o (d), which happens for some examples given above, one
can approximate up to (in certain sense) arbitrary precision, by explicit relation s = o¢(d), and later pass in
the limit € — 0+. This is an approach of many studies, ranging from PDE analysis to a priori convergence of
finite element schemes; see, e.g., |36} 19} |20} |30} |40].

4This holds, for example, if

1. o :R% — R? is continuous,
2. 0(0) =0,
3. (o(d1) — a(dz))-(d1 — d2) > 0 for all dy, d2 € R,
4. C1]d]P < a(d)-d, for all d € R?,
5. |o(d)| < C2(1 4 |d|)P~? for all d € R<.
See, e.g. [42].
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In particular, in the context of Example[3.3, on meshes from Remark[2.1}, for 1 < p < oo,

IV (u = un)llp = { D V(- uh)llﬁ,K} : (3.15)

KeTy,

The Wy (Q)-norm V||, is always localizable, but it seems difficult/suboptimal to derive a

posteriori error estimates of the form (L.8), (1.10) for ||V (u — up)l|lp in place of |R||v/, see,
e.g., the discussions in Belenki et al. [10] and [35].

Remark 3.5 (Energy difference/quasi-norm error localization). As mentioned in the introduc-
tion, still in the context of Example there are other possible substitutes used in both
a priori and a posteriori error analysis. Besides Wy (Q)-norm error |V (u—up)||p, the energy
difference E(up) — E(u), where the energy is defined by , is used mostly for the problem
involving the p-Laplace or its nondegenerate/nonsingular modifications. Following Kreuzer [29,
Lemma 16] or Belenki et al. (10, Lemma 3.2/, there holds

E(un) = E(u) = [IV(u —un)lty) = [1F(Vu) = F(Vup)|?, (3.16)

where ||-||(py is the quasi-norm of Barrett and Liu (6, |7] and F(v) = \U|L52v. Here | F(Vu) —
F(Vup)|l* = Y ker |F(Vu) — F(Vuy)|% localizes immediately. However, unfortunately, the
constants hidden in (3.16) depend on the Lebesque exponent p.

Remark 3.6 (Localization of the p-Laplacian lifting of R). Let 1 < p < co. Let 2€ V be the
analogue of the Riesz representation of the functional R by the p-Laplacian solve on €, i.e.,
v €V is such that

(IV4P2Ve, Vv) = (R,v)vy  YweV. (3.17)

Then, we readily obtain
VAL = (V4P >V Vo) = (R, vy = [R]}.. (3.18)

Consequently, on meshes Ty, from Remark[2.1}

IV 4l = { > IIVM,K}F (3.19)

KeTy

suggests itself as a way to measure the error with localization and a posteriori estimate of the

form (1.8)). Also an equivalent of (1.10]),

Nk (un) < C{ > v /}q ,

K'eTk

would hold. The trouble here is that (3.17)) is a nonlocal problem, obtained itself by a global
solve. Remark also that the definition of the lifting 2 by (3.17)) is dictated by the choice of the
space V in (3.1)) together with its norm ||V-H,,.E|

3.4 Main result

Recall that 1 < p < oo, % + % =1,V = Wol’p(Q), the partition Ugey, wq covers the domain
Q with maximal overlap Noy, the patches w, are indexed by the vertices a where a € Vit
lies inside 2 and a € V§** on the boundary of Q, and that the constant Ceont pr from is
supposed uniformly bounded for different partitions.

Our localization result is:

5 Consider an alternative choice of the space, V = {v € W1P(Q);(v,1) = 0} with the norm ||Vv|,. We
have [|R|ly/ == SUPy V|| Vol ,=1{R: V)V, v, as in (3.2). For R € V', one can define a lifting 2 € V as a solution
of the Neumann p-Laplace problem — div(|V4P~2V ) = R in ; [V4P~2V2n = 0 on 9Q; (4 1) = 0. The weak
formulation (3:17), the W1:P(Q)-norm equality (3.18)), and the localization (3.19) hold with the appropriate
replacement of V.
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Theorem 3.7 (Localization of dual norms of functionals with 4-orthogonality). Let R € V'
be arbitrary. Let
(R,%a)vrv =0  VaeW" (3.20)

Then, when 1 < p < oo,

1

1 q
||R||V’ < NOVCcont,PF {N Z ||R||((1V°)’} ) (321&)
N Gevn

1
1 q
{N Z ||R||((1vay} <[Rllv, (3.21b)
ov aevh
and, when p =1,
”R”V/ < Novccont,PF I%%}X”R”(Va)', (322&)
acVh

ay < , .22b
max||Rf ey < [Rllv (3.22b)

Condition (3.20) is actually only needed in (3.21a]) and (3.22al).

Proof. We first show (3.21a]) and (3.22a)). Let v € V with ||Vv||, = 1 be fixed. The partition of
unity (2.2)), the linearity of R, definition (3.3)), and the orthogonality requirement (3.20) give

<R7U>V',V = Z <R7 waU>V’,V = Z <R7 '(/)g,'U>(Va)/’Va.

acVy, acVy,

= Y (Rva(v—Tow,v)veyve + 3 (R,¥at) ey ve,

int ext
acVy acVy

(3.23)

where Iy, v is the mean value of the test function v on the patch wq. There holds (v —
Mo, 0)|w, € Wi (wa), where WP (wg) is defined by (2:4), and (¢q(v — Iy, v))|w, € V* for
a € Vint. Thus, using (3.4) and Lemma [2.4] yields, for a € Vint,

(R, va(v = o wev))(vey ve < [[Rllvey[V(a(v —Tow,v))llp.wa
< Ccont,PF”R”(V“)/ HV(U - HOMa”)”PMa
= cont,PF”RH(V")’HvU

Ip#‘-’a'
For a € V&<, there holds v|,, € WP (wa) and (Yqv)|w, € V. Hence, similarly, we obtain
(R, ¥av)(vay ve < Coont,pF[Rl(vayl[Vollpw,-

Thus, the Holder inequality gives, for 1 < p < oo,

1 1
1 ¢ 1 i
(R,0)v',v < NovCoont,PF {N > ||R||gva),} {N > ||vv||p’wa} .

aceVy aceVy

Combining (2.3)) used for Vv with (3.2]) now implies the result if 1 < p < co. Cases p =1 and
p = oo are obvious modifications.

We now pass to (3.21b)) and (3.22b)). First assume that 1 < p < oo. From (3.4 we deduce
that for any a € V},

||’R’||((1Va), == sup <R, /U>(Va,)17Va,.

a. _ -1
VeV [ Vollp e =IRIG 4,

For a fixed @ € Vj,, we can characterize the supremum by a sequence {#}}52; C V¢ with

IV lpwe = ||R||((1‘;i)/ (with convention 0° = 1) (3.24)
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and
||,R’||l(lva)l = ]11)120<R7 Z?>(V")’,V"' (325)

After summing over a € Vy, dividing by Ny, and using (3.3 together with the linearity of R,
we can estimate

1 . 1 a . 1 a
N 2 IRIEvey = lim <R,N > %> < lim [Rllv || 5=V D 4| -
Y acy, Y acv vV Vo acv, D

Using Lemma [2.5 and (3.24) we get

LS Rty < { IRl {5 e Ry} 1<p <o,

acvy IRlv p =00,

which proves (3.21bf). The case (3.22b]) follows easily by (3.2)—(3.4). O

ov

3.5 Remarks
We collect here a couple of remarks associated with Theorem

Remark 3.8 (Expressing local norms using p-Laplace local liftings). Let 1 < p < oo. In this
case V' is reflexive, so for the sequence {@2’};‘;1 from the proof of Theorem there is a sub-
sequence which converges weakly to some 2* € V' with ||V | pw, < liminf; ||V |pw, =
||R||q_i), thanks to weak lower semicontinuity of norm and (3.24). On the other hand, from
i

.25)) and the weak convergence, we conclude that
||,R’||((1Va)/ = <R7 Za>(V“)/,V“a (326)
which implies that ||R||‘(1‘;i), < |\ V| pw,- Hence, altogether we have that

IRy, = IV 2E,.. (3.27)
Moreover, as V' (or, equivalently, ||V-[|} ) is a strictly convex (in fact uniformly convex)
space, when 1 < p < 0o, ¢* € V'@ with properties (3.26)), (3.27)) is unique. For proof assume that
R #0 onV* (the case R =0 on V@ is trivial) and that there is & # a2 and & satisfies (3.26))
and (3.27) with & in place of ¢*. Define z2 = HVA €V with |V2*|pw, =1 and

(#+7)p,wa

observe using (3.26)), (3.27) and the strict convezity ||V (& + ) |lpwe < IV pwa T IV pwa

that (R, %%)(vay va > [|R|(vey, which is a contradiction with (3.4).
It is easy to check that the unique solution 2* € V' of (3.26)), (3.27) is in fact the solution

of p-Laplacian solve on the patch wg:
(|Vza|p—2vea, V’U)wa = <R,U>(V¢1)/,V¢1 Yv e V. (328)

Note that the above reasoning about the existence and uniqueness of representation (3.28)),
which in its gemerality referred only to reflexivity and strict convexity of V%, applies also to
global representation of R on V, as defined by (3.17)); see also footnote @ on page .

Remark 3.9 (Localization based on weighted Poincaré-Friedrichs inequalities). Poincaré—

1
Friedrichs inequalities can be derived for the weighted LP(Q)-norm of v on wa, |[V&v|pw, in
place of ||v]|pw, in , see Chua and Wheeden @ and Veeser and Verfiirth . Then, in
the spirit of Carstensen and Funken and Veeser and Verfiirth @, weighted equivalents
of Lemma and Theorem could be given. This might reduce the size of the constants

in (3.21)—(3.22), originating from overlapping of the supports of the test functions g, at the
price of making the formulas a little more involved.

We finally show that inequality (3.21b|) can be split into local contributions when passing
from dual norms of the functional R to its liftings.
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Remark 3.10 (Splitting (3.21b)) into local contributions using lifted norms). Let 1 < p < oo
and let R € V' and a € Vy be given. Define the global lifting 2 € V of the functional R
by (3.17) and the local lifting ¢* € V* by (3.28). Then it holds

IRl vey = IVEELL < IVADL,- (3.29)

P,Wa

Indeed, the equality has been shown in equation (3.27)) and the inequality follows using defini-
tion (3.4), definition of the global lifting (3.17), and the Holder inequality

[Rlvay = sup (R,v)vrv = sup (IVAP2V 2, Vo), <|[V25...
VeV [|VUllp,we =1 vEV 3 [V p,we =1

Note that summing (3.29) in g-th power over all vertices Vy, and using (2.3a]) and (3.18]) one
gets (3.21b)) as a trivial consequence.

4 Extensions

This section collects various extensions of the main result of Theorem [3.71

4.1 Localization without the orthogonality condition

We begin by a simple generalization of Theorem to the case without orthogonality (3.20))
to the partition of unity functions .

Theorem 4.1 (Simple localization of dual norms of functionals without ¥4-orthogonality). Let
R € V' be arbitrary and define

hoCpr.p.0
e = EPERE R ) vy val- (4.1)

|wa| ¥
Then, when 1 < p < oo,

1

1
HRHV/ < Nochont,PF{ Z HR”(Va } +N0v Niov Z (Ta)q ,

ov acVy

Q=

{ Y IRIay } < Rlv, (4.2b)
aevh

and, when p =1,
||R||V’ < Nochont ,PF maX”R”(V“)’ +N0v m%]}[(‘tr (433“)
Rl vay < [|R||v:. 4.3b
gg}f” lvay <RIV (4.3b)

Proof. Estimates (4.2b)) and (4.3b)) have been proven in Theorem Estimates (4.2a) and
(4.3a) are proven along the lines of Theorem counting for the additional nonzero term

> (Mo, v) (R, Ya) (vay,ve (4.4)

Vi
in . For each a € th the Holder inequality gives

1 1 _ 1 1 _
lwal? (o wav) = wal? (v, D lwal ™" < wal?[V]lpwa Wl [wa| ™ = [[0]lp.w,-
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Thus, the Holder inequality, the Poincaré-Friedrichs inequality (2.5) used in the entire domain
 on the space V, and ({2.3]) lead to, for 1 < p < oo,

_1 1
Z (HO,wav)<R7¢a>(V“)’,V” = Z |wa| p<R7wa>(V“)’,V“|wa|p(HO,waU)

acyint acyint
1 1
q p
1 _1 q 1 p
< Nov Y (wal #I{R, Ya) vay,val) v o Il
Y agyint Y agyint
1
1 q
S Nov Z (,ra)q HVUHP’
oV gqeyint

and (3.2 gives the assertion. Cases p = 1 and p = co are proved with obvious modifications. [J

This result implies the following remark:

Remark 4.2 (h-unstable localization of dual norms of functionals). Observe that in (4.2a))

and (4.33), we can apply (R, Va) ey ve| < [|Rl(vayl|Vialp and the Hélder inequality in
order to arrive at

1

s 1 ‘
IR|ly: < NowCs; {N > ||R|?Va),} , 1<p<o, (4.5)
ac€Vy
IRllv: < NowCi® max|[ R vy p=1, (4.6)
with
C}%) = (Ccont,PF + hQCPF,p,Q rggi}gt”v'l/}a”oo,wa) . (47)
acVy,

Whereas hq and Cpr p.o do not depend on the partition and Ceone, pr @5 uniformly bounded for

reqular partitions, there typically holds maxaeV}imHVd)aHooy% ~ h7L, so that C’,% explodes for
small patches wq, a € V. We note that one can actually estimate a little more sharply with

O = 1+ haCpr p.0 maxaey, | Vel cowa -

Estimates (4.2a)) and (4.3a) of Theorem ke a simple form but, unfortunately, as Ex-
4.2aj

ample below shows, the second term in (4.2a)) may severely overestimate |R||y+. Corre-
spondingly, and f Remark blow up with mesh refinement due to presence of
maxXgeyint | Viballoow, in (4.7). We discuss in Example hat it is related to [>-norm estimates
of the algebraic residual vector from numerical linear algebra; in both cases, the local contribu-
tions are first taken in absolute value in (4.1f) and then the size of the resulting algebraic vector
is measured in the second term in (4.2a)). The following estimate, obtained while employing
the ideas of [39} Section 7.3] and [44], removes this deficiency, while first summing the local
contributions and then constructing a discrete H(div, )-lifting.

Theorem 4.3 (Improved localization of dual norms of functionals without 14-orthogonality).
Let R € V' be arbitrary and define v, € Py(Tp) to be the piecewise constant function with
respect to the partition Ty, given by

1
Th|K = Z 7<R, ¢a>(va)'7va VK € 7;L (48)

evireny [wal
a h K
Let o, g € H(div, Q) == {v € [LY(Q)]% dive € LI(Q)} be arbitrary but such that

div Ohalg = Th- (49)
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Then, when 1 < p < oo,
1

1 q
[R[lv: < NoyCoont,pF {]Vo Z ”R”?Va)'} + llon,agllq, (4.10a)

v a€Vy

1 q
{N Z ”R”((]Va)/} < [IRfv, (4.10b)

acVy,
and, when p =1,
IRllv+ < NovCeont,pr max|[Rljve) + llon,alglloc, (4.11a)
h

max||R||(vay < IRy (4.11b)
acVy

Proof. The proof consists in finding an alternative, sharper bound on the term (4.4) above. Let
v € V with [|[Vu||, =1 be fixed. Note that, for each interior vertex a € V™,

1
(HO,wav)<Ra ’l/)a>(va)/,va = 7(<R7 1/1a>(va)’,va7 U)wa .

|wal

Hence, considering ﬁ(R, wa>(va)/ yve as constant on wg and zero elsewhere and using defini-
- ;

tion ,
1
> (Mowav) (R, va)vay ve = » (<Rawa>(V“)’,Vﬂ7U> = (rn,v)

acyint acyint |wal
= (divopalg, v) = —(0h,a1g, VV) < ||onaglel|VUllp = lon.agllg,

where we have also applied the requirement (|4.9)), the Green theorem, and the Holder inequality.
Actually, generalizing [39, Theorem 5.5] to the present setting, it follows that, at least for
1 <p<oo,

sup > (M) (R, ta) (veay,ve = min llohatgllg:

1
VeV Vel =1 o a1 €H (v, 2); div o1 atg=ri

so that this estimate is as sharp as possible.
O

Example 4.4 (Construction of o, a14). Several practical constructions of opas in finite-
dimensional subspaces of H?(div, ) in the context of simplicial or parallelepipedal meshes of
Remark are possible, employing the lowest-order Raviart—Thomas—Nédélec (RTNy) space,
cf. [17] and the references therein. A construction with a cost linear in terms of the number
of mesh elements of T, has been proposed in [39, Section 7.83]. It consists in a (sequential)
sweep through all mesh elements in a proper order. Numerically often much sharper construc-
tion has been proposed in (44, Definition 6.3]. It needs a hierarchy of meshes of whose Ty, is
a refinement, in the multigrid spirit, and consists in an exact solve on the coarsest mesh and
a (parallel) sweep through all mesh vertices on all mesh levels. This latter construction can be
shown to be an optimal estimate (giving both upper and lower (up to a constant) bounds)(work
in progress). Note that although references (39, 44 consider the Hilbertian setting p = 2, there
is no structural loss in passing to p # 2, see [31,|33] and the references therein.

Remark 4.5 (Localization of | agllq). Note that from (2.3), one has |opaglll <
ZaeV;L U'h,alg”Z,wa < N0V||0'h7alg||g. In the context of Remark actually
1

1
lonaglls = {7 Laev, lonagle, |
of (4.10a) and (4.11a)) are fully localizable.

Thus, the second terms on the right-hand sides

Example 4.6 (Link of estimate of Theorem to the [2-norm of the algebraic residual vector
when p = 2 and their deﬁciencyE[). Consider p = 2, d = 1, Q = (0,1), and the following

6We would like to thank the anonymous referee for suggesting this illustrative example.
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===Tp
— Ohalg

0

0 ' ; ]
" " " y 0 h 1-h 1
ap = ay=h ay=2h az=3h ay=4h=1 —h /

Figure 1: Example Setting and exact solution u, approximation u; on the mesh 7, and
approximation ugy on the twice coarser mesh 7Ty (left); 7, from (4.8) and optimal o7, a1 from
RTNj (right).

situation: —Au = —u” = 2 in Q and u = 0 on 9Q, so that the solution of this PDFE is
u(z) = xgl — ). In the context of (3.11) of Example let V.= W3*(Q), and, for any
ug € Wy(Q), let R € V' be defined by
1
(R,v)v v = (2,v) = (Vug, Vv) = / (20 — uyv') dz, vev, (4.12)
0
leading to

IRl = 19 — ) 2 = { / (- uH>’de}2 .

Let us consider an even integer N > 0, define h == 1/N, and introduce a mesh T of
given by the vertices a; = ih, i = 0,..., N, forming the set V), and the elements (intervals)
K; =la;,a;41],i=0,...,N—1. We also consider the twice coarser mesh Ty given similarly by
the points ag; = 2ih, i =0,...,N/2. Let now ug be piecewise affine with respect to Trr, C°(Q)-
continuous, taking the values of the exact solution u in the vertices a; = 2ih, 1 = 0,...,N/2,
see Figure[d], left. This uy is the finite element solution on the mesh Ty, or, equivalently, the
Lagrange interpolate of w on the mesh Ty (with mesh size 2h). Consequently,

IRllv: = [IV(u = um)l2 = O(2h) = O(h), (4.13)

where g(h) = O(h) when there exist two positive constants ¢,C independent of h such that
ch < g(h) < Ch for all h > 0. The residual R generated by the function ugy by (4.12)), though,
does not satisfy the orthogonality condition (3.20) on Tn. A simple calculation gives

<R7 wa>V’,V = (2>wa)wa - (qu7 v’(/}a)wa
_ |wa|:2h a:agiHGV}lﬂt odd,z‘:O,...,N/Zfl,

- {—|wa|:—2h a=ay €V even,i=1,...,N/2 — 1. (4.14)

Consequently, as hg = 1 and Cppao = 1/7, % given by [@.1) take the values r* = (2h)2 /.
Thus, since Noy =2 and q = 2,

Q=
|

NOV NLOV Z (Ta)q

I
[\
Nl
—
=
Q
~—
]
I
=
|
—_
~
Nl=
I
S
—~
—_
~—

(4.15)

agyint agyint

Thus by comparison with , the second term on the right-hand side of critically
overestimates |R||v:. The same holds for estimate with ([L7). Indeed, C’% = Ceont,PF +
O(h™Y) and consequently and give that the right-hand side of behaves as
O(h) +0(1).

Let now uy, be piecewise affine with respect to the mesh Tr,, C°(Q)-continuous, taking the
values of the exact solution w in the points a; = th, i = 0,...,N. The function up is the
finite element solution on the mesh Ty, or the Lagrange interpolate of u on the mesh Ty, see
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Figure left. (If the residual R would be defined from wuy, and not by (4.12)), it would satisfy
the orthogonality condition (3.20))). The triangle inequality gives

IRllv = IV (u—um)lle < [V(u—un)lla + IV (un — w)2- (4.16)

Immediately, |V (u — up)||2 = O(h) and also |V (up, —um)|l2 = O(h), so there is no structural
loss in this inequality. Viewing ug as an approzimate solution to up, ug = Zf\:ll up(a;)Va,,
Uy e RVN=1 (Ug)i =ugla;),i=1,...,N—1, where only uy is supposed to be known explicitly
but not up, we now consider the most commonly used estimate on the “algebraic” error

IV (un —ur) 13 = (A7 'Ra) Ru < [A7 ][R 3,

cf. [45, Section 3.1] and the references therein; here

2 -1 2h
-1 2 -1 2h
1 . . .
Ah = E c. c. T s Fh =
-1 2 2h

are respectively the finite element matriz and the right-hand side vector and
2h
—2h
Ry :=Fy — AUy = | 21

2h
is the algebraic residual vector; note that (Rp); = (R, ¢a, v v = (=1)"12h, i =1,...,N — 1,

using (4.14). Now, cf. [39, Section 7.1] or [45, Section 5.2] and the references therein for
similar developments,

N—-1 2
Rpl2 = {Z |<Rh>i|2} = 2h(N — 1) = O(h%)
=1
and
o
Amin(Ah)

where the characterization of the smallest eigenvalue Amin(Ar) = O(h) of the matriz Ay in one
space dimension is standard, see, e.g., [32, Example 9.15]. Altogether,

ALY, = Amax (A1) = =0O(h™),

IV (un = um)ll2 < [AL1Z Rala = O(1). (4.17)

We conclude that the simple estimate of Theorem[4.] has in this case the same quality as the
commonly used 12-norm estimate of the algebraic residual vector from numerical linear algebra,
and that both are greatly imprecise.

Example 4.7 (Optimality of estimate of Theorem [4.3). We now investigate, for the same set-

ting as in Example[{.6, the quality of the upper bound (4.10a) of Theorem[4.5 Following (4.14)),
the quantities ﬁ(R, Ya)(vay, ve in take here the value 1 for odd vertices and —1 for even
vertices. Thus, the elementwise constant function ry, actually vanishes in all the elements ez-
cept for Ky and Ky, where it takes the value 1, see Figure[d] right. Then, it is easy to check
that the best-available o, a1g from RTNg such that div oy, a1 = 71, 95 the function vanishing on
all the elements except for K1 and Ky, depicted in Figure[l, right. This leads to

3
lohigll2 = O(h2),
The construction of o, aig from [39, Section 7.3] then still leads to ||oh aiglla = O(h?), whereas
that from ({4, Definition 6.3] yields ||oh.agll2 = O(h). Consequently, in both practical con-

structions of E'xample the second term on the right-hand side of (4.10a]) does not spoil the
quality of the estimate, in contrast to (4.2a]) with (4.15) and (4.16) with (4.17).
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Having identified the additional t in i lities (4.2 d (4.10 typicall -
aving identifie e additional terms in inequalities an , one typically conl

trols adaptively their size of with respect to the principal contribution {ﬁ > acw, ||R||‘(1Va)/ } a
(and similarly for maxgscy, [|R[[(va)y if p = 1), see, e.g., [39, equation (6.1)] or [33, equa-
tion (3.10)]. The following corollary shows that localization of ||R||v+ can be restored in this

way. It, however, follows from Examples [£.6]and [£.7] that it may be excessively costly to satisfy
the balance condition (4.18)) in the case of Theorem in contrast to the case of Theorem

Corollary 4.8 (Localization of dual norms of functionals with controlled loss of orthogonality).
Let R € V' be arbitrary, and consider either the context of Theorem with

a

1

Tres *= Z (r*)? if 1 <p<oo, Tres = max r® if p=1,
Ny - acyint
agyirt
or the context of Theorem [{.3 with
Tres = Niuah,alg;”q'
ov
Assume moreover that
1
1 q
Tres < 'Yresccont,PF {Jvov Z IR?VG.)/} 5 1 <p< oo, (4.18&)
acVy
Tres < VresCeont,PF Max||R||(va), p=1 (4.18b)
acVy

for some parameter Yyes > 0. Then, when 1 < p < oo,

NOV

1
1 q
HRHV’ S (1 +’Yres)N0chont,PF { Z |R[(1Va)/} 3
acVy

1
1 q
{N }jmn‘gva),} < [Rlv-,
ov

a€Vy

and, when p =1,

HRHV’ S (1 + Vres)Novocont,PF maXHRH(V“)’a
a€Vy

Rl vay <||R|v:.
max|[R[|vey < [[Rllv

4.2 Localization in vectorial setting

We now finally present a vectorial variant of Theorem with typical applications in Stokes-
type fluid flows, cf. [14]. We only make a concise presentation, as the extension from the scalar
case is rather straightforward.

Let Vo for v € [IWhP(w)]? be the matrix with lines given by Vw;, 1 < i < d; in accordance
with the notation of Section IVolpw = (fw(Z?:l Z;l:l |6mjvi(a:)‘2)§ dm)%. For vectors
u,v € R u ® v defines a tensor T € R%*? such that T; ; == u;v;. Then the vectorial variant
of Lemma 2.4 is:

Lemma 4.9 (Cut-off estimate in vectorial setting). There exists a constant Ceont,pr.da > 0,
only depending on the space dimension d and on the constant Ceont pr from (2.6)), such that for
all a € Vy,, there holds

IV(¢a®)llpwe < Coont PrallVOllpwa Yo € WP (wa)]”.
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Proof. Assume first 1 < p < co. Using the scalar Poincaré—Friedrichs inequality (2.5 and the
norm equivalence (2.1)),

a BT ’ }
ol = | [ (Zm(wm) dz| <C,, (Z / |vz-<w>|pdw)
Wa \j=1 i=1"YWa

d
< O, aCPF pwa b, <Z||Vvi|g,wa> < Cp aCp.dCPF pwo Mg [V p s
1=1

Yo € [W*l’p(wa)]d,

=

where

and

1

Denote C, g = C, 4Cpa = 1273 and notice that 1 < Cp.q < Vd. Then, we readily arrive at

IV (¢av)]

pwa = V8 Via +9aVolpu,
< IV¥alloowa [0llp.wa + [1Valloo wa IV Vllp,wa
< (1 + CpaCpr pwe M [ Valloo,wa ) [ VO]

P,Wa

and the assertion follows with Ceont,pr.d = Mmaxgev, {1 + Cp.dCrF pwa Py | V¥allcows ;- Case

p = oo is an obvious modification. O
Denote
V= WP (),
ReV/,
IRV = sup  (R,v)viv.

vEV; |Vlp=1
For a vertex a € Vp, let the local setting be
Ve =Wyt (wa)l?,
<R7’U>(V°’)',V°' = <R7'U>V/7V v E Va,

||R||(V"')’ : sup <R,’U>(Va.)lyva,_
veVe; vaHp,wazl

Define 14 m, 1 < m < d, as the vectorial variant of the partition of unity functions 1, such
that (Ya,m)m = Ve and (Ye,m)n = 0 for 1 <n < d, n # m. The following is a generalization
of Theorem [3.7] to vectorial setting:

Theorem 4.10 (Localization of dual norms of functionals in vectorial case). Let R € V' be
arbitrary and let |
(ReWamviv =0  V1<m<d VaeVp"

Then, when 1 < p < o0,

1
q

1
HRHV' S Novccont7PF,d {Nov Z ||R||((1V“)'} )

acVy

Q=

1
{N > mzvay} < |Rlv,

acVy
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and, when p =1,
IRllv+ < NowCeont,pr.a max|[Rl|vey,

R a/< R !,
max R vy < [Rllv

The orthogonality condition is actually again only needed in the first inequalities.
Proof. Along the lines of proof of Theorem [3.7] using Lemma [4.9] instead of Lemma 2.4 [

Extension of Remark [3.10] Theorems [£.1] and 3] and of Corollary [£.8] to vectorial case is
straightforward.

5 Numerical illustration

We now numerically demonstrate the validity of Theorem [3.7] in the setting 1 < p < co. The
experiments were implemented using dolfin-tape [11] package built on top of the FEniCS
Project [2]. The complete supporting code for reproducing the experiments can be obtained
at [12].

Let Vj, == P1(T) N WHP(2) be the space of continuous, piecewise first-order polynomials
with respect to a matching triangular mesh 7, of the domain £ C R?, see Remark Let
VY =V,n Wo1 P(Q) be its zero-trace subspace and let u;, be a finite element approximation to

the p-Laplace problem (3.11)) of Example ie.,
up, — up € V2, (5.1a)
(\Vuh|p_2Vuh, Vvh) = (fh7 ’Uh) Yy, € V,?, (5.1b>

where u}) € Vj, is a Py-nodal interpolant of uP € W1?(Q) N C°(Q) (approximation error
of uP by u} is neglected) and (f,-) approximates (f,-) by a six-node quadrature rule with
fourth-order precision from [47, p. 184, Table 4.1]. We consider R € V', the residual of
up, with respect to equation (with o(Vu) = |[Vu[P~2Vu) given by (3.12). Taking
Vp = g in immediately gives the orthogonality property for all interior vertices a €
V,ilm. Computationally, regularization and linearization of the degenerate p-Laplace operator
is employed to approximately solve (5.1). The arising errors are secured to be small by error-
distinguishing a posteriori estimation techniques of [33], thus ensuring sufficiently approximate
fulfillment of the Galerkin orthogonality .

The evaluation of the norms ||R||y+ and ||R||(ya) in (3.21)-(3.22) is equivalent to solving
respectively for the global lifting 2 on Q defined by (3.17) and for the local liftings ¢* on every
patch w, defined by . Again, only approximations 2, € V and ¢ € V¢ are available,
where the evaluation error £, € V' is given by

<(€h,v>vl’v = (\Vzh|”_2Vzh,Vv) — <R, U>V’,V veV.
Since, simultaneously,
IRIv: < [Ellv: + IVl
IV anlls™ < [Rllv: + [[Enllv,

we obtain L
IV enl5=t = IR[lv [Enllv
—1 — -1
IV 25 g

Consequently, using a posteriori techniques from [33], the approximation

IRIlv: 2 11V 2l

is guaranteed to hold with a given relative accuracy that we set to 1072, Similarly, we secure
the relative accuracy of the approximation

IRl (vey =V AL,

P;Wa
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to 1072, For clarity of notation, we drop the subscript A in what follows.
In order to plot local distributions, we find it natural to define two non-negative functions
from Py (7},)

(
€§1ob = Z IV . |wa|v (5.2a)
acVy, a
e = vel,, Lo 2b
€loc = Z || 2 ||p,wam' (5 )
acVy a
The employed normalization gives on simplicial meshes |wq| ™ (¥q, 1)w, = Ngt (with Noy =

d+ 1) and together with (2.7a]) ensures that

legoblld = 9415 &= 1R|1E,

1 a
lewell = x— D_ V2

YV acv,

p
P;Wa

1
2 = X IR

Y aevy,

Consequently, Theorem can be rephrased as

Heglob”q < Novccont,PF”flocha
l€toclly < [l€giobllq-
Moreover, the second inequality above can be split into local contributions using Remark

so that
€loc < €glob- (53)

Let us also introduce the effectivity index of an inequality (ineq)

rhs of (ineq)

Eﬁ(ineq) = Z 1.

lhs of (ineq)
For testing, we choose

o Chaillou-Suri [25,[33), Q@ = (0,1)2, p € {1.5,10}, uP(x) = ¢~ 1(0.57 — |x — (0.5, 0.5)[7),

f=-ApuP =2
e Carstensen—Klose [24, Example 3], Q = (=1,1)2\ [0,1] x [-1,0], p = 4, vP(r,0) =
s sin(6), f = —ApuP.

As we have the exact solution u = «P in our hands, we can also check the distribution of the flux

error ([3.14) and of the W, *(2)-norm error (3.15). Therefore, as above, we define non-negative
functions from Py (7)

(2
hux = Y lo(Vu) = G(VUh)llq,waﬁ> (5.4)
acVy a
(B
= Y |IV(u— Uh)ll”,waﬁ (5.5)
acVy a
having properties
leauxllg = llo(Vu) — o (Vun)llq,
[€enllp = IV (w — un)lp-
Estimates (3.13)) translate to
l€gionllq < [l€uxllq; (5.6a)
€loc < €flux- (56b)

The results of numerical experiments are shown in Table [I] and Figures 2] Effectivity in-
dices in Table[I]show that the reverse bound (3.21b) is quite tight but the forward bound (3.21a))
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(5.7), and of esti-

),

B21

Computed quantities of localization inequalities

mate (3.13a) for the chosen model problems.

Table 1:

IRIv:, ll€wocllq

Recall that ||eglob|

IRy}, and llepuclly = llo(Va) = o(Tur),.

1

1
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suffers by a larger, though still reasonable and predictable, overestimation. This overestimation
decreases a little when improving ([3.21a)) to

1

1
HRHV' < Noy {N Z (Ccont,PF,wa||R||(Va)’)q} 5 (57)

ov aceVy

where Ceont, PF,wy = 1 4+ CPF p.we Pwe | V¥allcow, i the continuity constant of each patch; this
improvement is much more significant for the case with singularity (Carstensen—Klose), see
Table [T} we conjecture that the improvement would lose its significance if the residuals R were
obtained on a sequence of adaptively refined meshes.

Figures andnicely demonstrate the local inequalities and as expressed
by and (5.6b]), respectively. The figures also show that there is no hope of locally comparing
the Wy * (€2)-norm error ||V (u—us)|% (expressed here by €2, of (5.5)) and the lifted residual error
[V 2| (expressed here by el ;, of (5-24)). The colorbars systematically present the minimal
and maximal values, taken at the vertices a € V. In the plots, there is one color per triangle,
corresponding to the mean value over its vertices.

In conclusion, the main result, Theorem as well as Remark are well supported by
the performed numerical experiments.
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Figure 2: Distribution of |legion||d = [ R[[Y, (top left), [lewclld = ey, %HRH‘(IV,,), (top right),
||eﬂux||g = ||lo(Vu) — O'(Vuh)Hg (bottom left), and ||een||§ = ||V(u— uh)||£ (bottom right) for
the case Chaillou—Suri, p = 1.5, #cells=1600
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The top and middle row express effectivity of inequalities and respectively, hence
the quantities are bounded from below by one; the bottom quantity is not known to be bounded

from below by one and did not turn out to be bounded in the experiments.
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Chapter III

Analysis of PCD preconditioner
for Navier-Stokes equations

It is a tool that does suck up dust to make
what you walk on in a home tidy.

Berchenko-Kogan [4]

1 Introduction

In this chapter we are concerned with a boundary-value problem for steady flows of Navier-
Stokes fluid. Given a domain Q C R?, an inflow boundary Iy, C 09, an outflow boundary
Tout C 09, a body volumetric force f, and an inflow velocity vP, the problem is to find velocity
v and pressure p such that

v-Vv—Av—-Vp="1 in Q, (1.1a)
divv=0 in €, (1.1b)
v=vP on Iy, (1.1c)
v=0 on OO\ (T'in UTout) , (1.1d)
ov
o pn =0 on Loy, (1.1e)

where n is the unit outer normal to 0f2.

Note that despite the importance of problem in science and engineering, this is a dif-
ficult problem from the standpoint of mathematical analysis. The classical theory of weak
solutions for incompressible flows by Leray, Hopf, Schauder, Ladyzhenskaya, Lions, Solonnikov,
and others (see |37] and references therein) is not directly applicable to this problem because
the do-nothing boundary condition prevents validity of a priori estimates. Roughly said,
it is difficult, if not impossible, to a priori guarantee the outflow boundary 'y, to carry away
a sufficient amount of kinetic energy (which is brought from the inflow Iy, or created by the
volumetric force f). A number of remedies, mostly based on certain modifications of ,
have been proposed; see, e.g., |54, |7], also |38]. We ignore this issue as it is not important
for the subsequent exposition. However, it should be remembered that it is hard to a priori
guarantee the sign of v -n on 'y, for a solution of 7 if it exists, as well as for a sequence
of numerical approximations. On the other hand, the direction of the Dirichlet datum on T,
is in many applications inwards so that v-n =vP-n <0 on I'j,, both for a solution of (L.1]),
if it exists, and properly constructed numerical approximations.

We consider a linearization of system , namely Oseen linearization which is equivalent
to the Picard iteration. The linear boundary-value problem to be solved during one nonlinear
iteration is then to find a velocity v and a pressure p for a fixed wind b, a parameter « € [0, 1],
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and the other previously fixed data, such that

1-—a)b-Vv+adivivdab)—Av-Vp=f in €, (1.2a)
divv=0 in €, (1.2b)
v=vP on Ty, (1.2¢)
v=20 on OO\ (T, UTout) s (1.2d)
0
8—:1 —pn=20 on Lous. (1.2e)
In the subsequent analysis, we may need to assume either that
b-n<0 on I, (1.3)
or
b-n>0 on I'out, (1.4)

depending on the particular choice of preconditioner. We keep in mind, in the spirit of the
preceding paragraph, that is, for many numerical schemes, much less restrictive than .
The effort to obtain a priori estimates for brings another lesson: testing by the solution
makes the convective term disappear (up to the aforementioned issue of uncontrollable energy
flux through the outflow boundary T'yt) thanks to the property ensuring conservative
energy transport; mimicking energy estimates for the linearized problem may require the
assumption that div b is in a certain sense small, so that the linearized kinetic energy transport
is close to conservative. First observe that if div b vanished pointwise, the problem would
be equivalent for all « € [0,1]. The special distinct cases are o = 0 (convective form), o = %
(skew-symmetric form), and @ = 1 (conservative form)ﬂ With the skew-symmetric form the
smallness of div b is not needed to obtain a priori estimates because testing by a solution makes
the whole convective term disappear.

We would like to point out that a Newton linearization of is not in principle excluded;
more precisely, the following analysis of the preconditioner does not rely on a particular lin-
earization; is considered a model problem which under mild assumptions admits energy
estimates. In fact, additional terms, should they appear in from a derivative of ,
easily render the convective term linearization too far from the skew-symmetry unless b is close
to a solution.

For the sake of construction of the preconditioner we write problem (1.2)) in the block form

o(3)-(5)

with operator @ (acting from a Cartesian product of a suitable velocity space and pressure
space to its dual) given by

Q<_A+(1—a)b-v+adiv(°®b) V)_ (1.6)

o —div 0

A good approximation to @ is an upper triangular approximation of its Schur complement
factorization

_ [ “A+(1-a)b -V+adiviexb) V
P, ( ) s ) (1.7)
where the pressure Schur complement S is
S=—div(-A+(1—a)b-V+adiv(exb) ' V. (1.8)

1The skew-symmetric form is preferred for convergence analysis of velocity-pressure numerical schemes as
testing by a solution makes the skew-symmetric term disappear (even when the discrete velocity is not divergence-
free) in order to recover energy inequality, see, e.g., |60} |16]. The conservative form is of special interest for
non-Newtonian fluids in W1" spaces with small 7 but it seems to only work with pointwise divergence-free
velocity approximations, see |16} section 3.2].
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The preconditioned operator then reads

—1 [ 0
QP:F :( —div(fAJr(1—a)b.v+adiv(.®b))—l ﬂ:]) (1.9)

The GMRES method applied to QP ! converges in at most two iterations because the minimal
polynomial of QP is p(t) = (t — 1)(t F 1), which is the argument due to Murphy, Golub, and
Wathen [49]. But the Schur complement S is non-local for any local discretization, e.g., FEM,
of (L.5)), and hence its inversion is not computationally feasible. A possible remedy is to further
approximate S by formally swapping the order of operators in . This results in a pair of
possible approximations to the inverse of the Schur complement S~!:

Sla (=A+(1—a)b-V+adiv(be)) (-A) " = X! (1.10)
and
STl x (=A) " (~A+(1—-a)b-V +adiv(be)) =YL (1.11)

This idea first appeared in studies [33} |57, [34]. It was originally motivated by constructing
an approximation to the Green’s function of the Schur complement solution operator S—!
by approximating the Green’s function of the Laplace operator by the Poisson fundamental
solution. This corresponds to the fact that, provided the wind b is constant, the commutation
leading to or is exact unless a boundary is present, i.e., the commutation holds if
periodic boundary conditions are assumed or 2 = R3. In this case, X ! =Y ! = §~!. In the
case of the boundary-value problem the commutation is not exact and applicability of the
approach strongly depends on the boundary conditions used to define the particular operators
in or . This is by far not an obvious problem with the exception of enclosed flows,
ie., Iy = Towe = 0, where it is more or less obvious that natural boundary conditions are
appropriate.

This approach has been named the pressure convection-diffusion (PCD) preconditioner due
to the presence of the convection-diffusion operator (—A + (1 — a)b -V + adiv (be)) in (L.10).
The variant has been considered later |23, 22]. It has been immediately noticed that
PCD can be viewed as an extension of the “Stokes” preconditioner S~! ~ I. Indeed, when
b = 0, both PCD variants take the form X' = Y~! = I, which is a good preconditioner for
the Schur complement of the Stokes problem and also for small data (low Reynolds number, or
high viscosity) Navier-Stokes problem. See |19} p. 1300] for a comprehensive list of references;
of particular note is the field-of-value analysis by Klawonn and Starke [35], who show that the
preconditioned operator QP~', with the approximation S ~ I in , has a numerical range
bounded away from zero and infinity uniformly in discretization. Nevertheless, the dependence
on data size (Reynolds number) is severe and this preconditioner quickly becomes ineffective
with increasing data. Thus the compact perturbation proportional to b in , can
be viewed to be balancing the compact perturbation in S growing with b. This is actually
an important philosophical point of the analysis provided in this work. Rather then trying
to evaluate deviation from the commutation, i.e., the smallness of SX~! — I or SY~1 — I,
which would be zero if the commutation was exact, we are concerned with the smallness of
SX—1 - g §y—l _ § respectively, where §° = —div(—A) 'V is the Stokes Schur
complement. This is motivated by the following. While SX~! — I, SY~! — I vanish in the
no-boundary situation (and constant wind b), they are certainly non-zero as long as a boundary
is present. On the other hand SX ! — §°°, SY ! — §% vanish whenever b = 0 even in the
presence of the boundary. Hence the smallness of SX ' — §°, SY ! — §% expresses the
ability of the preconditioner to compensate for the departure from the Stokes case b = 0 and
corresponds to the expected deterioration of the preconditioner with increasing b. We remark
that any published a priori estimates for SX !, SY~! were using the worst-case estimate
SXL < |1S|||X 1|, and similarly with Y ~!. Any such estimate is worse than an analogous
estimate for the Stokes preconditioner S~! =~ I, when the preconditioned Schur complement is
just S, and such estimate is thus not able to explain the success of the PCD correction X ' —1,
Y ! — I, which compensates for the perturbation S — S*°. The important observation thus
is that the improvement of PCD over the Stokes preconditioner has never been quantitatively
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explained. To this point, we observe that SX ~! — S is compact and can be written as a formal
commutator of certain three differential operators; see . This makes it possibly amenable
to Fourier analysis, which we were not fully successful with but which we sketch in Section
We stress once more that the synergistic effect of the compact perturbations S — S°° and
X! — I, which are both proportional to b, still remains to be fully explained. The same holds
mutatis mutandis for Y~ — §°°; see (2.76).

In Section [2] we develop a theory for the PCD preconditioner in the setting of infinite-
dimensional function spacesﬂ The setting allows us to treat both variants of the PCD precon-
ditioner and we obtain artificial boundary conditions needed for both versions as a consequence
of the effort to obtain a priori estimates and invertibility of the preconditioner. A distinctive
feature of our analysis is that we do not require restrictive conditions on the wind b such as
uniform bounds on ||b||» and || div b]|3, or even the assumption divb = 0, which appear more
or less explicitly in existing studies. Specifically, we only require the aforementioned correct
direction of the wind on the part of the boundary, i.e., the sign of b - n, the smallness of divb
in a certain sense, and a uniform bound in a native energy space ||b||1 2. The lack of a need for
extra regularity of wind is balanced in our study by an assumption of the W1 3+¢_regularity for
the Dirichlet-Neumann Laplacian problem. It turns out that existing literature provides such
estimates under very reasonable conditions which are typically met in practice; see . The
section continues with an analysis of the GMRES method; specifically we relate the conver-
gence of the GMRES method applied to the preconditioned system to the convergence of the
GMRES method applied to the preconditioned Schur complement. That allows us to simplify
the analysis by considering only SX ', SY~!. Important structural observations about the
preconditioned Schur complement are made and a certain worse-case estimate for the conver-
gence rate is obtained. We make progress towards the goal of explaining the approximation
quality of the PCD operator to the Schur complement. We sketch a simplified analysis of the
synergistic effect of the PCD correction in the preconditioner and the convection perturbation
in the Schur complement at the end of the section.

Section [3] provides a precise methodology for the construction of a discrete PCD operator,
first in a general setting, and subsequently applied to some important specific discretizations.
We obtain several novel variants of PCD, but also one which has been previously described
by a verbal description, which is, in our opinion, prone to possible misinterpretation. The
constructed operators are, under appropriate conditions, guaranteed to be invertible and inherit
in certain cases the a priori bounds of Section 2] We make progress towards establishing
approximation and convergence properties of the PCD preconditioner by transfering some of
the results of Section [2] derived for infinite-dimensional operators to the derived discrete cases.
For that there are missing pieces which might be quite technical and difficult to obtain, e.g.,
validity of the aforementioned W13+¢_regularity in the discrete case. We close the section
by commenting on already published works on PCD and comparing with our results.

Appendix [4] collects some results of functional analysis which we need in Section [2] and in
Appendix [B] Appendix [B] contains new results concerning convergence of the GMRES method
under compact perturbations, which were obtained as a byproduct of this research and are used
in Section

2  Analysis of PCD in infinite-dimensional spaces

2.1 Preliminaries

Let Q c R?, d = 2,3, be a bounded Lipschitz domain and T', D subdomains of 9Q of positive
measure. Let n denote the outer unit normal of §Q2. We will fix the definition of I' and D later.
We denote the Lebesgue norm [ull, == ([, |u[P)? for any measurable function u and similarly

1
[ull, = (f;,[ul’)”. We define the usual Sobolev space W' consisting of all measurable

2This approach is often called operator preconditioning but one could call that just analysis. For examples
of applications of the approach see the survey monograph by Malek and Strakos [45] and the references therein.
The advantage of the approach is that the analysis does not rely on any assumptions about discretization and
its properties, which are often very technical. That allows to establish desirable properties of the preconditioner
in the PDE context and eventually transfer the properties to its discretized version.
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1
PN
vector-valued functions u : @ — R? having finite norm |lul|;, = (fQ (Ju]® +[Vul?) 2) " and
define the usual Sobolev space Wll’p consisting of measurable scalar functions u : 2 — R with

1
zero trace on I' having finite norm ||[Vull, = ([, |Vul?)”, and similarly the vector-valued

space W of functions vanishing on D with the norm |[Vul|s. We define the Sobolov-Poincaré
embedding constant

' *
Cp(p7 Qa F) ‘= sup Ilv L
R T

P

Wherep*:f_—ppWhen1§p<3andp*:oowhenp>3.

Now we can fix the definition of the Laplacian solve in the PCD operator (1.10) or (1.11).
We denote by Ar : er’2 — (WIE’Q)# a Laplace operator restricted to Wll’Q, ie., (Arr,q) =
Jo Vr - Vg for any r,q € Wll’2. By the standard theory A;l € E((Wllg)#,Wl}’z) and it is
a solution operator for the mixed Poisson problem

—Ar=sin €, (2.1a)
r=0onT, (2.1b)
g—; =0 on OO\T, (2.1c)

i.e., we write r = A;ls.

We will also use a further regularity assumption on A 1 If the Lipschitz domain € is
additionally a creased Lipschitz domain then there exists €(Q,T') > 0 and C(Q2,T') > 0 such
that

P 2Fe(S2,T)
Wr

IVrlster) < C(Q,T)HSII( , 3+e<n,r>># (2.2)

whenever r = A s, see [47, Theorem 8.2, Corollary 8.3]. Roughly said, a creased Lipschitz
domain is a Lipschitz domain with interior angle less than 7 at the intersection of the Dirichlet
boundary I" and the Neumann boundary 9Q\T', thus avoiding the critical Zaremba singularity.
See |47, section 2, Definition 2.3] for a precise definition.

Summarizing the last two paragraphs, we have that Ap Ler (LQ,W;Q) and Ap L
even compact in this topology thanks to the Rellich-Kondrachov embedding. Furthermore,
when  is a creased Lipschitz domain, then Ap' is compact in £ (LZ,WFL?’) and also in

L (LZ, W;’3+€(Q’F)) for some ¢(Q,T) > 0. Let us point out that the norm of Ax" in all these

topologies depends solely on Q and T'.
Next we fix the definition of the convection operator K, w,r. For parameter « € [0, 1] and
wind w € W2 we define Ko w,r by duality

<K0t7W7Fr> q) = w-Vrqg+adivwrg
Q
> i =
whenever r,q € Wll’2 orrelL? qe Wll’?’“, { e>0 ifa=0,

e>0 ifae(0,1]. (2.3)

This definition includes the standard convective term when o = 0, the skew-symmetric form
of the convective term when a = %, and the conservative form when o = 1. Obviously
Kowr € E(WIE’Q, (W;Q)#) thanks to the Sobolev embedding W12 — L5 and also K, wr €
LWt L?) with any e from [2.3).

Now we are in the position to characterize the injectivity of the convection-diffusion operator
Fowr = Ar + K, w,r, which is also bounded in E(WIE’Q, (WIEQ)#) for any w € WH2,

Lemma 2.1 (Ellipticity of F wr). Let w € Wh2 and w-n > 0 on OQ\I. Then it holds that

<Fa7w,Fr7 7">

>1—la—1Cp(2,9,1)? divw]s. 2.4
TEW;’z HVTH% | 2’ P( )H H2 ( )
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Proof. Fix r € Wll’z and estimate using integration by parts (noticing » = 0 on I'), the non-
negativity of w-n on OQ\I', Holder’s inequality, and the Sobolev-Poincaré inequality ||7]|¢ <
Cp(2,0,1)||Vr|2:

2 2
(Fa,wrr,m) = ||V7‘||§+/W-VT—+204 divw—
Q 2 QO 2

2 2
= ||VT||%+(20[—1)/ divw——l—/ w-n—
Q 2 OO\ 2

200 = 1], ..
THleWHgH?“H?s

> (1 Ja— 3 Co(2,0,1 [ divw]y ) [ 973

> ||vrl; -

which is the desired estimate. O
Finally we can define the linear operator

XawF -

FowrAr' =1+ K, wrAr' (2.5)

By the considerations above, the operator X;’iv’r is bounded in L‘((WI}’Q)#) = E((Wll’z)#,
(W*)#) whenever Q C R? is a Lipschitz domain, T' C 9 is open, a € [0, 1] and w E VV1 2
Note that this abstract setting will allow us to analyze both PCD versions (1.10]) and (1.11)) by
considering either X_ ! wr Oor Y, ! wr = X", _wr, the adjoint of X1 o —w T We Will dlscuss
the construction of the Y -variant and the ch01ce 'of T for both versions in detail in Section 2.6l

We will now assume general conditions we expect from the velocity convection-diffusion
operator, which will be needed for subsequent analysis Its example appeared informally in the
upper-leftmost block of the operator in system Let us assume that we are looking for
a Picard velocity update in function space W (W[1)2) and for pressure in L?. Here D
is an open subdomain of 02 of positive measure, representing the boundary conditions ,
- Indeed, since the Oseen system 1-) is linear we can subtract a previous Picard iterate

assumed to fulfill boundary conditions (1.2d), (T.2d)) and look for an update v, which fulfills
0v =0 on D.
We assume that there is an operator F € E(Wll)’z, (Wlljz)#) such that
Fv
Foo inf VY (2.6)

vews? [[Vv]3

By virtue of the Lax-Milgram theorem this implies F~' € L(Wg5*)# Wg5°) and
HF71||L((W]13‘2)#7W]13‘2) <E

If the operator F has similar structural properties as F, w,r then estimate can be
assured in a similar fashion as in Lemma 2.1l On the other hand if F comes from the Newton
linearization of the term v — (1—a)v-Vv+adiv(v®v)—Av, then the ellipticity condition
might not hold unless b is close to a solution. In any case we will assume that holds.
Furthermore, we will assume that the convection part of F is compact in E(WBQ7 (WBQ)#),
i.e., with definition of the velocity Laplacian A € E(W]152, (WBZ)#) by

(A, ) = /Qw):vw for all ¢, € W,

we assume that K == F — A is compact in £L(W[?, (Wg*)#). This is true for both Picard
and Newton linearization. But one can think of a more general situation, e.g., F featuring the
SUPG stabilization, etc.; in such a case one has to verify the assumption on a case-by-case
basis.

Now we can define the pressure Schur complement as a mapping given by S := —divF !V,
where div € £(Wg?, L?) as usual and V = — div¥ € £(L?, (W[*)#). More precisely, S : L? —
L? is defined by S : ¢ + div ¢ such that ¢ € WBZ and

(Fo, ) = / qdiveyy  for all o € Wj°;
Q
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the definition clearly makes sense due to the ellipticity assumption (2.6) and ensures that
S € L(L?). The inf-sup constant of the divergence, or the Babuska-Brezzi constant, 3(2, D) is
defined as the largest constant fulfilling

divv
BOD) s < sup J2L9Y
vGVV];‘2 HVVHQ

It is well known, provided that €2 is a Lipschitz domain and D = 99, that there exists 8(€2, 0Q) >
0 such that (2.7) holds for all ¢ € L? with [, ¢ = 0; see Lemma We will show that 8(£2, D)
in (2.7) is also positive in the case |9Q \ D| > 0, now with any ¢ € L?, with arbitrary value
of [ q.

Lemma 2.2. Let Q C R? be a bounded Lipschitz domain and D be an open subset of OQ such
that |02\ D| > 0. Then there exists 3(2,D) > 0 such that (2.7) holds.

= ||Vq||(wllj,z)# for all ¢ € L% (2.7)

Proof. The strategy of the proof is to extend f € L2(Q) by f' € L?(Q') with certain Q’ such
that fQ, f" = 0, which allows us to use the classical Bogovskii operator for the no-slip boundary
condition.

Extend Q by a bounded Lipchitz domain €’ € R¢ such that €' > Q and 9Q N QY =
Hence Q' \ © has positive measure. We will show that there exists C'(Q,’) > 0 such that for
every f € L?() there exists f € L*(Q) such that f' = f in Q, [, f/ =0, and

£ 2.0 < C(Q, Q)| £2.0- (2.8)

Fix f € L? set f' = f in Q, and set f’ to be a constant equal to — [, /| \ Q] in Q' \ Q.
Hence f' € L*(?') and [, f = 0. It remains to show (2.8). Then we have

/112 _ |fQ f‘Q |Q|
I#lena= [, e < moa e

so that (2.8)) holds with C(Q, ) < (/14 |Q|(<|Q\ < 00.

Consider the Bogovskii operator on the extended domain B’ : L?(Q')/R — Waﬂ’ (©), which
fulfills

divB'g=g inQ, |VByl2a <Cslgl2a
2.9
for all g € LQ(Q’) with / g=0. (2:9)
S/

Such B’ indeed exists; see Remarkm Now for f € L?(f2) consider the extension f’ € L%(Q')
from the previous paragraph and define B : L*(Q) — - Wk 2( ) by Bf = (B'f’)‘Q. Using (2.8))
and (2.9) immediately yields

divBg=g inQ, [VBgllza<C(Q92)Cxllgl20

2.10

for all g € L*(Q). (2.10)
Hence for any ¢ € L?(Q) we have, by (2.10)),

. . 2
- Joadivv - Jq a div Bg . lqll3,0 - , ’
vew?y? [IVVllao ™ | IVBgll2,0 — C(% ) Cp
which confirms that (€2, D) in (2.7) is positive and the proof is finished. O
Denote the norm of div : WBZ — L% as
di
S(QD) = sup LAVVlz (2.11)

VEWB2 HVV||2

Elementary computation shows that ¥(Q,D) < v/d where d is a spatial dimension, i.e., for
Q0 C R4 On the other hand X(2,D) = 1 whenever D = 99; this follows from integration by
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parts and density of smooth functions compactly-supported in Q U (92 \ T'); see |59, equations
(7), (8)]. In the sequel we are mostly concerned with the situation when 2 C R? is a bounded
Lipschitz domain, D is an open subset of 9§ such that |D| > 0 and |02\ D| > 0] In this
case Lemmaylelds B(€2,D) > 0 and ||V - |2 is a norm on W5 so that || div Hﬁ(wl 2 g2y =

3(Q,D) < V3. We can continue with a priori estimates for the Schur complement.

Lemma 2.3. Let the conditions of Lemma [2-3 be fulfilled. Furthermore assume that F €
E(W}DQ, (Wllf)#) satisfies estimate (2.6). Then S = —div Fa_,w, V fulfills

ISz < S DIF | £aeye i) < S(QDPE, (2.12)
S = inf Jo 514 > (@, D)’F (2.13)
= gerr i T HF”fz(wg?,(wg%#)

-1 y PER e, cwigey)
1S ey <87 < BODPF (2.14)

Proof. The first inequality of (2.12) comes from the definition considering that
||v||E(L2,(W]13‘2)#) = || le ||£(W'27L2) = E(Q, D)

The second inequality of (2.12) is the standard Lax-Milgram theory, see (2.6) above. By
the same argument, (2.14]) is a consequence of (2.13).

The ellipticity estimate (2.13) is proved with the aid of (2.7) by the following chain of
inequalities

-1
o JoSaa _ . (F7'Va V)

~1Vq,Vg)
2 = 2 ANz
gz |lqll3  qer2 lqll3

> B(Q,D)? inf <
gel? ||VQH(W1 2)#
_1z,z>

— B(Q.D)* inf S HODP i E %7

zeV L2 || || D )# z€(W]13*2)# ||Z||(2W]132)#

Fv Q,D)? Fv
= B(Q,D)? 1nf12 (v, v) > 26( .D) inf < ,v2>.
VEW ||FV||(W1 2 ||F||,C(W]13’2,(W]g2)#) VEWD) ||VVH2

O

Analogously we define the Stokes Schur complement S® = — div A~'V, for which Lemma
simplifies to the following.

Lemma 2.4. Let the conditions of Lemma[2.9 be fulfilled. Then

o0 o\ —1]|— . S5™qq
1% s = SQDP, (5%) gl = inr, 2P0

= B(Q, D)2 2.15
b T A

We leave the proof as an exercise.

Study of the Stokes Schur complement S, also called the Cosserat operator, dates back
to work by brothers Cosserat and Cosserat [10]; see also the survey [36]. The recent work by
Costabel et al. [12] provides a summary of existing results and certain new developments in the
theory of essential spectrum of S°° for the case D = 0€). We are not aware of a corresponding
result for general Dﬂ Nevertheless the moral is that gess(S°) on corner domains contains
non-trivial intervals.

3The case D = () is not interesting for applications. The case D = 9 requires changing the pressure space
L? into L?/R = {q € L?, fQ g =0} in (2.7) in order to get 3(€2,0€) > 0, but most of the following results stay
true mutatis mutandis.

4Costabel et al. [12] show for Q planar polygonal domain and D = 9 that every corner of opening w

contributes to the essential spectrum of S by the interval [2 % 1y |smw|] Moreover, 1 is an eigenvalue

of infinite mult1p11c1ty To see this take ¢ = —divV¢ with any ¢ smooth and compactly supported in €.
Hence V¢ is in W , the domain of A = —div V‘Wl 2, and
S®q=divATlVdivVe =divA 1 divVVe = —divVe = q. (2.16)

This is the complete description of gess(S°°) in this case. It is not known whether 5(2,D) = inf gess(S°).
Surprisingly, the exact value of (€2, D) is not known even for the unit square domain. The study also provides
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2.2 A priori estimates and invertibility of the PCD operator
By ([2.5) we defined X . . € £(Wp?)#). But the first immediate question is whether this

7w7
operator (continuously) maps L? functions to L? functions. In the following lemmas we give

various possible conditions for ensuring this.

Lemma 2.5 (L2-bound with W13+¢ Laplacian regularity). Let Q C R3 be a Lipschitz domain,
I C 99 open, a € [0,1], and w € W2, Furthermore, let there exist ¢ > 0 when o = 0,
e >0 when « € (0,1] such that Al?l maps L? continuously into Wll’3+e. Then X(;,iv,l" maps L?
continuously into L2.

Moreover

IXgwrllews <1+ [wle HA1:1||L(L2,W13'3)

) 1 (2.17)

+ H div WHQ Cp(3+¢,Q,T) ||AF ||£(L2’W11,3+e).
Corollary 2.6 (L?-bound with (2 creased Lipschitz domain). Let Q C R3 with Dirichlet bound-
ary T and Neumann boundary OQ\L is a creased Lipschitz domain, € [0,1], and w € W12,
Then X1 . maps L? continuously into L?.

a,w,I’

Furthermore there exists C(Q,T) > 0 such that
X w o) < 1+CEQT) ([wle + all divwllz) . (2.18)

Lemma 2.7 (L?-bound with |w||s and || divwl||3 bound). Let Q C R? be a Lipschitz domain,
' C 99 is open, a € [0,1], and w € L*> with divw € L3. Then X(;iv,l—‘ maps L% continuously
into L2.

Moreover

X wrllew?) <1+ [wlle HAElIIE(Lz,W;a
+ alldivw|3Cp(2,Q,T) HAl:lH/;(L?,Wll’Q) (2.19)
<1495 Cp(2, 1) (|W]loo + Cp(2,Q,T) a|| divw]|3).

Proof of lemmas and corollary. The assertions in the lemmas follow using Hoélder’s inequality
and the Poincaré-Sobolev inequalities. The last inequality in (2.19)) holds due to

— 1 — 1
”Al“lH[:(L?,WI}*Q) < Q3 C’P(ZQaF)||Ar1|\z:((WF1~2)#,WI}’2) = Q5 Cp(2,Q,T).

The corollary is then a consequence of W!3+¢_theory for creased Lipschitz domains, see (2.2)),
respectively. O

Employing the W1 3% estimate, valid on creased Lipschitz domains, to assure boundedness of
X1 . in £(L?) uniformly in [|wl12, as presented in Corollary seems to be new. It is
interesting that this choice of function spaces and Lebesgue exponents works just sharply in
spatial dimension 3.

In the following we characterize when X(;iv,l—‘ is injective as a mapping in E((WE’Q)#).
Notice that boundedness in £(L?) is not needed in particular.
Lemma 2.8 (Injectivity of X 1 ). Let Q C R® be a Lipschitz domain, T C 952 be open,

a,w,’

a €10,1], and w € WH2 with w-n > 0 on OQ\I'. Furthermore assume that

1

GNCRINDER (2.20)

oo — 1 [ divwls <

Then X;imr is injective on (W%’Q)#.

some description of gess(S°°) for three-dimensional corner domains. A description of gess(S°°) for general D is
missing, but it seems plausible that corners belonging to the interior of D will, at least qualitatively, contribute
in the same way, as the related eigenfunctions are highly localized. On the other hand, the situation around
9Q \ D might be quite different.
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Proof. Ap! is injective on (W2*)# and F, 1 is injective on A ((Wph?*)#) = W* under the
assumptions by Lemma O

Now we can establish invertibility of X;fmr in £L(L?).

Theorem 2.9. Assume X_ |  is in L(L?) (as for evample assured by one of Lemma
Corollary . or Lemma . Furthermore let us assume that the conditions of Lemma %
in particular (2 , are met Then X ! w,r maps L? onto itself. Hence the inverse operator

Xo,wr erists and 18 continuous in E(LQ).

Proof. X —I =K, w, [‘A71 is compact in £(L?); see . Hence from its injectivity the
operator X 1 Is surjective by the Fredholm alternative, and hence invertible. Moreover, by
the bounded inverse theorem (Theorem [A 1)), its inverse is also bounded. O

awF

We conclude that Theorem ensures that X, w  exists, mapping L? continuously onto
itself. But it does not give us a bound on the norm || Xy wrllz(z2) in terms of the data, in
particular in certain norms of w and divw. Our goal will now be to get dependence only on
the norm of w in the natural energy space W12 and eventually on the smallness of divw but
definitely avoiding a dependence on |w|o and || divw]||z (or even the assumption divw = 0)
which has appeared in most of the literature. But first we start with the case with the restrictive
[lWl|loo + @ divw]||3 dependence for comparison with published results. Then we deal with
situations in which w is small in some sense allowing for especially simple treatment. We finish
this section by providing bounds which depend solely on ||w]|g and «| div w||s.

Wind controlled in L and wind divergence in L? (restrictive case)

In the preceding section we gave sufficient conditions for the existence of X, v r continuous on
L?. Assume now this is the case. Then we can write

on,w,F =1- Ka,w FFa iv r (221)
which is simply confirmed by checking ([2.5| Assummg further that Ar € E(L2 VV1 7) (note

that ¢ = 3 + ¢, 3,2 were important cases in Lemma . and Corollary [2.6) and using the
formula

Fowr=Ar' Xowr, (2.22)

we conclude that Fo?ivf maps L? into WI}’q

It is not obvious that the bounds hold in the case ¢ = 3+ ¢€,3. On the other hand for g = 2,
the Laplacian solve A_1 is bounded by the standard theory and the convection-diffusion solve
F; ! w.r is bounded by the ellipticity estimate of Lemma |2.11 This is counter-balanced by the
need for a more severe bound on K, w r resulting in strong requirements on the wind w. Now
we formulate this precisely in the following theorem.

Theorem 2.10. Suppose the assumptions of Theorem are satisfied. Then the following
bound holds:

[ Xaw,rlles) <1+ Cp(2,Q,0) Q5 (|Wl|o +a Cp(2,2,T) || div wls)
- (2.23)
x (1 —|a— 1] Cp(2,2,1)?| diva%)

Proof. By the assumptions, X, w,r € £(L?) and formula (2.21)) holds. We can express the



2. ANALYSIS OF PCD IN INFINITE-DIMENSIONAL SPACES 91

norm \|F(;‘1N7F||L((er,z)#’wr1,z) as

_ -1
1E el I eV
1,2 1,2y — _—
awF L(Wp #W ) few 12)# ||f||(W112)#
=y Mo et
= e IVELL 1Sl remie V7l (2.24)
= inf sup MZ inf M
reWp? sew) rewt?  ||Vr(3

>1—‘a—7|Cp 2,0,T)? | divwl|s,

where the third equality holds due to the surjectivity of F, wr € E(WIE’Q, (W;Q)#) by the
standard Lax-Milgram theory. The last inequality follows from Lemma [2.I] Combining the
embedding

Irll2 < Q13 [Irlle < Co(2,Q,T)[Q[3[[Vrlly  for all r € Wy
with (2.24)), we get
_ 1 . -
IF Al e was < Cr D)0 (1= |a— 3 Cp T divw]y) . (2.25)
For the convective term we have the estimate
| K o p||£ 12 12y < ([Wlloo + aCp(2,82,T) || divw]|5. (2.26)

Noticing the formula (2.21)) and using estimates (2.25)) and (2.26]) we obtain the desired estimate.
O

Small wind

Another circumstance in which the bounds on || X o w,rllz(z2) can be derived is the situation
of small data. By the formula it is obvious that for w small enough, Xa w,r s invert-
ible, X w,r can be expressed by a Neumann series, and norm || Xq w.r|lz(z2) is bounded by
a geometric series (of numbers). This will be formulated precisely in the following lemma.

Lemma 2.11 (Small data) Assume XawF is in L(L?) (as for example assured by one of

Lemma |2.5 u Corollary (2.6, or Lemma
If

1K aw,r Arlleczzy < 1, (2.27)

then Xowr € L(L?) exists, is given by formula

S
k

Xa,w,l" = Z (_Ka,w,FAgl) ) (228)
k=0

and

1

| Xawrllze) < (1 — ||KawFAp ||£(L2)) (2.29)

If in particular, any of the bounds (2.17)), (2.18)), or (2.19) hold with a right-hand side smaller
than 2, then (2.27)) is fulfilled, and if we denote the respective right-hand side by rhs it holds

[ X w., y < (1—(rhs—1))7". (2.30)

Now we can express the smallness condition (2.27) in terms of ||w||g and || div w||2 norms as in
Lemma
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Corollary 2.12. Assume the conditions of Lemma[2.5 are met. Further assume that
lwlle HA1?1||£(L2’WF1,3) +al|divw|s Cp(3 +¢Q,T) ||Al?1 Hz:(m,wrl’”e) <1. (2.31)
Then Xowr € L(L?) exists, is given by formula ([2.28), and

Xomrllewn < (1= 190 14 Negun e

. . - (2.32)
—aldivwl||2 Cp(3 +¢€,Q,T) || A- ||£(L2,W11*3+5) .
In particular, under the conditions of Corollary[2.6, if
[wlls + ol divw], < C(Q,1)~ (2.33)

with C(Q,T) from Corollary then Xo wr € L(L?) exists, is given by formula ([2.28), and

-1
[ Xawrllewz < (1 = CE,T) ([Iwlls + o diVW||2)> - (2.34)

Now we briefly mention a stronger mode of smallness which allows one to obtain field-of-

values bounds for the composition SX(X W

Observatlon 2.13 (Very small data). Let F € L(W 1 ) satisfy estimate (| As-
sume Xy p 15 in L(L?) (as for evample assured by one of Lemma C’orollary E or
Lemma
If
Ko wrA=Y o2y < ———), 2.35
” ,w, I Ap Hl:(L) HS”,C(L?) ( )
then Xowr € L(L?) exists and is given by formula ([2.28), estimate (2.29) holds, and
<SXa wrZ x> .
inf > S — ISy 1 Kawr Ar |l o2y > 0. (2.36)
ez ol ” e
Proof. This easily follows from Lemma [2.3] O

Wind controlled in L’ and its divergence in L? (the case with no restriction)

Now we focus on the case with less restrictive conditions on wind w. We want to avoid a depen-

dence on norms ||w||« and || div w3 appearing in ([2.23]). Under the conditions of Lemma
(or Corollary [2.6) and Theorem [2.9) we know by formula ) that F 3 . € L(L?, Wy 3+E)

and X, w,r € L£(L?) but we do not know yet how the operator norm || Xo w,rllz(z2) depends on
w.

Lemma 2.14 (W!3-estimate for convection-diffusion solution). Let o € [0,1] and € € [0, %)
3+e

be fized. Let Q be a bounded Lipschitz domain such that Ax' € C((W;’Q“)#,WE’SH). Let

w € Wb2 be such that F_ wr € L(L?, WE?).  Denote

. —1
oA;1<3+e> = AT, 8 e

F—l - = ||F,, W F||L(L2 Wy

It holds that
||Fon1;v,FHL(L2,W1}’3) <0y (3) Cp(3,9,T)

1 (2.37)
90 + (Iwlls + Cp(2,2,T) a | divw]z) Cpr |-
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If in addition € € (0 then

),

HFa w F||/:(L2 whAte) <

1+e€ (1+ ¢ 13—¢
w Cu-1(3+¢€) Cp(5e, Q1) |Qf 6 57
3 3

1+e

e i |
T amagm [Cap BTG A Wl Cry | (2.38)

€

| w\w

(1+9(1—%) =5
* 1+ (1— SW) Cp(2,T)Cp(3+¢€,1)"5
1+

x [Cazi 3+ €) Cp(32,Q,T) o divwlls|

jeelm

Wl

Cps

w,T

Proof. Fix f € L?. By the assumptions there exists u € W12 such that f = F,wru =
Aru + Ky wru and ||[Vulls < CF 1 Hf||2 We can therefore write u = Ap' (f — Kowrt) =

ARt — ApN(w - V) — Ant (ua div W) The first term can be estimated by

VAR Fllsve < Q1B Cp(3£,Q,1) C4 13+ ). (2:39)

The second term can be estimated by

IVAR (W V)llare < Cyr(3+ ) wlls Op (3E, Q. T) [Vully™ [[Vull5es (2.40)

where we used the interpolation ||Vu||(1,u+ ) < || Valj5™* HVquJrE and Holder’s inequality

assuming 1 =t + + 5 Ly GroF +6),* = 1. This requirement gives u = £+~ and shows that the

3+5 3 1+e€

estimate works whenever € > 0. The third term can be estimated by

VAR (uadivw)||zqe < CA;1(3 +¢€) alldivwl|s CP(SIE,Q )

3 (2.41)
x (Cp(2,9,T)[|Vul2)' ™ (Cp(3 + €, 2,1)|[Vulls1c)

with the interpolation ||u|| e ||u||é_)‘ |lull2, and Hélder’s inequality assuming % + % +
ﬁ 2 He, which is in the range (0,1) for € € (0,3) and

is A = 0 when ¢ = 0. Hence the term ||UH<>O does not appear in the case ¢ = 0, when the
embedding to L does not hold. Collecting (2.39), (2.40)), and (2.41)) gives

1. This condltlon glves A=

IVullsre < Co+ CullVully ™ [IVullsy + Col Vully™ [ Vul3; (2.42)

with Cp, C1, and Cy given by the quantities from (2.39)), (2.40), and (2.41)). Using Young’s
inequality and subtracting gives

(1= =X [Vallsse < Co+ |(L=0) O + (1= X) G5 | [ Vulle, (2.43)

which is the desired estimate if 1 — g — A > 0 which happens if € < f This proves . The
estimate is a special case for € = 0. O

Theorem 2.15. Let Q be a bounded Lipschitz domain, T' C 9Q be an open domain, and
a €[0,1]. Assume that A;t € E((WFL%:)#, WY for some e € (0, 3= ) if « =0 or for some
€0, 2 ) if a € (0,1]. Let w € WY2 be such that w-n > 0 on OQ\T. Also assume that divw
18 suﬁiczently small in the sense of ,

Then there exist positive constants Co(Q,T), C1(Q,T), Co(,T), C3(Q,T), Cya(Q,T),
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Cs(,T), 1 < Ag(Q,T) < 14 Y321 1 < A(Q,T) < 2+ Y51 such that
| Xawrllzey <14+ Co(2,T) [[wlle + C1(Q,T) af| div wl|2
+ [C2(2,T) [wli§ + C5(,T) || div wl|z || w6
+04(Q,T) || div w2 wl[g ")

(2.44)
+ Ca(T) (| divwl) M 0]
x (1 —|a— 1| Cp(2,2,1)2 diva%)*
Proof. Using the formula (2.21) we can estimate
”Xa w I‘”L(L2 < I+[wlle | F, a,w, I‘”L L2,Wh?) (2.45)
+a || leW||2 Cp(3+¢,Q,1) HFoj,\liv,FHL(L?,Wll’He)‘ .
By Lemma 2.1} the Sobolev-Poincaré embedding, and Hélder’s inequality, it holds that
-1
IFzh ol wee < 190F Cp(2,0,T) (1 —|a— 1] Cp(2,0,T)2 ||divw||%) . (2.46)
Combining estimates from Lemma mwith and - 2.46]) gives the desired estimate. Con-
stants Ag(Q,T) := 1116 and A1 (,T) = ¥Yo— and 2+ f L
respectively, due to the requirement e < %
When a = 0, estimates (2.45) and (2.37) show that ¢ = 0 is sufficient. O

Summary of obtained a priori bounds

Above we have obtained bounds on || X} wrllce) and [[Xaw,rllzz2) under different possible
mrcumstances Using Theorem [A75] these bounds immediately imply bounds on the spectrum
of Xa w.r» and in combination with Lemma also imply bounds on the spectrum of SX
More prec1sely, using appropriate btatemente rom this section, we have

awF

o(SX ) C{AeC: & <A < Co} (2.47)

a,w,I’

with certain C7, C > 0 depending continuously on

O =0, (Q,D,F,a,w, (1-Ja—3Cp(2,2.1)? | divw|s) " E-
CQ = CQ(Q,D,F,OC,W,Eil).

1 2
112wz cowstye )

(2.48)
The dependence on (o, w) is either through ||wW|le + | divwl]|s or ||w|s + af divw]z if Q
is a creased Lipschitz domain; see the preceding statements in this section. Note that the
latter is controlled by ||w||2 + |[Vw]||2, the norm of w in the natural energy space W12, The

dependence on (1 — |a — 2| Cp(2,€,T)? ||divw||%)71 expresses the fact that c% — 0+ as

la — 3| Cp(2,9,1)? | divwl|[z — 1—; see Theorem @ or m Hence either the smallness of
|| div w||% or the skew-symmetric convective term o = 5 is needed.

Although this section did not provide useful quantitative bounds, which would, besides other
things, explain qualities of the preconditioner and its superiority to the “Stokes preconditioner”
S~! =~ I, it is nevertheless a prerequisite for any subsequent analysis to have uniform bounds
in reasonable norms of the data. For example, for creased Lipschitz domains we know that
the norms of the preconditioned Schur complement (and in turn its spectrum) are bounded
uniformly in data size ||w||wn.z.

Notice that we have not yet consider any mesh discretization and we have worked in the re-
spective function spaces. Hence one might hope (and prove) that the uniform bounds eventually
transfer to discretized operators, for example by finite element methods, and will stay uniform
with mesh refinements under certain conditions, for example, quasi-uniform refinement or even
adaptive schemes.? We will provide some uniform bounds in the discrete case in Theorem [3.3

Remark [3:4] and Remark [3.5]
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We note that Deuring [15] obtained spectral bounds for a discrete version of a certain
modification of SX w,r With dependence on [|[w||o + || div w||3. Most other published spectral
estimates build on the result of Loghin [43] which requires divw = 0 and features bounds which
depend on ||w|[o. We will discuss these results in more detail in Section [3.5] p. [120}

2.3 GMRES iterations with the preconditioned saddle-point system

Let us consider the operator ) representing a linearized Navier-Stokes problem, for example
the Oseen system (1.2]), given by
F V
Q= ( div 0 > (2.49)

Remember that we assumed compactness of K = F — A in £L(W;? (WBQ)#). Now consider
a right preconditioner which approximates the ideal precondltloner and is given by

P = < E v ) , (2.50)

0 :FXa,w,F

where we can choose one of the signs F. The two variants of the preconditioned operator read

A 1 0
QP = ( —divFl £SxL L ) ' (2:51)
Due to the preceding exposition we already know that under certain conditions this operator
is well defined, specifically it is bounded in E((WBZ)# x L?). In this section we will show
how convergence of the GMRES method (described in Appendix applied to the saddle—point
operator QP; can be bounded by the behav1or of GMRES iterations with SXa W,

As was already pointed out, for operator a solution is found by GMRES after at
most two iterations, i.e., 7y = 0 holds for all & 2 2, because for any polynomial p divisible by
(1 —¢)(1 F¢) it holds that p(QP;I) = 0. For the approximation QI:’;I given by this
obviously does not hold. Assume a polynomial p of a finite degree with coefficients given by
p(t) =3, axt®. It is straightforward to check that

p()I 0
WP = (Zkakzk CTi(—divFY) p(T) )» (2.52)

where T := +8X L

a,w,['"

Now formally, we would like to use Z?;Ol T =(I-THUI-1)"!
where I is the identity operator on L2, but this is not possible because it is not guaranteed that
I —T is invertible. If it were, then Zk ay, Zk Y 7i = (p(1)] — p(T))(I — T)~ %, and it could be

conluded that, for any initial residual ro = (;p> € (Wllj’z)# x L2,
0

£ 1 _
PP ol wieyirs ) (= T) " divEY +08) |,
min < min
pere ol owgyes R Iroll w2y e
p(1)=0 (2.53)
A ||p(T)Z||2 Ip(T)z]l2
<C(Q,Px) sup min —————~ PO -T sup min —————
SCQ L) iy T, < (@ PN Tleas s min, T,
p(0)= 1 p(0)=1
p(L)=

with constant C(Q, P;) depending on the operators but independent of k£ and ry. This shows
that the behavior of GMRES with operator QP and any initial residual g is controlled by the
behavior of the worst-case GMRESH with opearator T' with a lag of one iteration. Unfortunately,
as I — T is not guaranteed to be invertible, C(Q, P:F) can be infinite. We will provide a remedy
to this problem after we look into the spectral properties of T'= £5X

awF

5See |40 |61} [24] for details about worst-case GMRES.
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Now we look into the structure of the operator SX }N r- We can write the Schur complement

S as a compact perturbation of the Stokes Schur complement S := — div A~'V. Let us recall
the assumption that the velocity convective term K = F — A is compact in E(Wllf7 (W]13’2)#).
Then indeed,

S—8%=—div(A+K) 'V +divA~'V
= —div(A+K) ' A+ K -K)A™'V +divA~'V
=div(A + K)'KA"'V
which is compact in £(L?). As a consequence we get
SX,r =50+ KawrAp') = 8% + (5 — %) + SKowrAr '
=5 +div(A + K) 'KA™'V — div(A + K) 'VK, wrA; '
Hence
SX, r =95 —div(A+K)~'C (2.54a)
C=VK,wrAr' —KA™'V (2.54b)

with C compact in £(L?,(Wg5°)#). As a consequence, using Theorem we get that
O'ESS(SX(;}N’F) = 0ess(5™). By (2.15) and Theoremwe have

Num(5%) = [6(2,D)?,5(%2, D)?]. (2.55)

Thus, by virtue of Theorern the spectrum of SX;%NI consists of 0ess () C Num(S>) =
[3(2,D)?,3(2,D)?] and at most countably many isolated eigenvalues with finite geometric and
algebraic multiplicities. In particular, for T'= —SX_ }N > either 1 is not in the spectrum of 1" or
it is an isolated eigenvalue of finite geometric multipiic’ity. In any case, thanks to Theorem
we can define, with ; C C a sufficiently tight Jordan loop around {1}, the spectral projection
P, = —i, (T — 2I)~" ' dz, (2.56)
27 Jo,
which is a bounded projection on L? commuting with T; for 7 defined as a restriction of T' to
P L? and Ty a restriction of T to (I — P;)L? it holds that o(T7) = {1} (if Py is non-trivial) and
o(Ty) = o(T) \ {1}. As a consequence P;L? and (I — P;)L? are invariant subspaces of T and
they directly sum to L2. Hence T = T} Py + To(I — P;) and

k—1 k—1 ) k—1
Nori=> 1P+ T - P)
=0 =0 =0
k—1 ]
=Y TP+ (I = T§) (I = To) (I - P1)
=0

where I is the identity operator on (I — P;)L?. We can continue with computing the term

in (252

k

k—1 k—1
Sapy TV= apy TIP+ (Z arly — Zasz’f)(Ig — 1)1 = Py)
j=0 k §=0 k k
k
~(Sadn - Tart)n
k j=0 k
+ (Z apls — ZakT2k> (IQ — Tg)il(]— — Pl)
k k

k
=Y ary TP+ apla(I, - Tp) (I - P) (2.57)
k

=0 k
—p(T)(Py + (I — To) (I — P1)). (2.58)
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Now we can express 17 in Jordan canonical form as Ty = I1 + N where N is a direct sum of left
shifts and I; is the identity operator on P;L?. Using the binomial theorem we have, on P;L?,

7 .
T{:Z(Z)Ni,

koo ki, ' i:o ko k a1 '
S-S5 (- SrE () -
§=0 i=0i=o \' im0 =i \' o\t 1

where we used the hockey-stick identityﬂ in the last equality. Denoting the length of the longest
Jordan chain in T} by L < oo, we have N¥ = (0 and

k k L—1 oo
. k41 . . k41
) 1 __ %
zakzn_zakz(i“)]v =N Z(m)ak. (2.59)
k =0 k 1=0 1=0 k=i
A requirement that all terms in (2.57)) vanish can be equivalently expressed using (2.59) as
k+1
Z( + >ak:0 foralli=0,1,...,L (2.60)
- i

with conventions that (kjl) =0for k+1<iand L =0 when P; = 0. Under (2.60) the terms
in (2.57) vanish and we have

N
[

> ary TV =—p(T)(Py+ (I, — To) "' (I — P1)). (2.61)
k

So now we can estimate the k-th GMRES residual using (2.52)) and (2.61])

<.
Il
o

Hp(Qpil)TO H(w}f)#xm

A 7ol cw
€ T 1,2
pIEO):kl Ol(W5)# > 2

min Ip(T)((Py + (I — To)~1(I — P1)) divF 7y + D),
PEPy ||TO||(WB2)# L2 (262)

p(0)=1
(2.60)

<

. T
< C(Q,Py) sup min M
zerz PEPx |22

p(0)=1

(2-60)
It is not clear to us whether the argument used to derive (2.62]) works for QP~Y T=5X o ;’F
has 1 in its essential spectrum and it is an eigenvalue of infinite multiplicity. If it is an isolated
point of the spectrum, which is true at least for a Lipschitz Q C R? in the no-slip situation D =
0%, see [12, Theorem 3.3], then the spectral projector (2.56|) can be defined; the estimate (2.62)
is then valid provided L < oo, which we cannot verify.

Now we would like to estimate the minimum on the right-hand side of (2.62)) by

R TCAE B
PEPi_+ny |22
p(0)=1

as in (2.53). Consider certain polynomials with coefficients given by summands of (2.60));
specifically consider that for : = 1,2, ...

I M (GRAN P

k
= (D D (L) = e
k k

(2.63a)

Sor the Christmas stocking identity, depending on reader’s geocultural preference
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and for 1 =0

> (B astt T = p(ee. (2.63D)

k

Hence (2.60) is fulfilled whenever p(J(1) = 0 for all 4 = 0,1,..., L. This is clearly true when
p(t) = (1 — t)L*1q(t) with any polynomial ¢. Moreover q(0) = 1 implies that p(0) = 1 and we
can estimate
i < | -1 5+ i T)z||2.
i [p(T)ells < 17 =TIk, _min [p(T):l
p(O)=1 p(0)=1
(2.60)

We will put these estimates together in the following theorem.

Theorem 2.16. Assume that the conditions of Lemma[2.3, Lemma[2.], and Theorem[2.9 are
met.

Operator —SXa wr €ither does not have a neighborhood of 1 in its spectrum or 1 is an iso-
lated ezgem}alue of ﬁmte algebraic multiplicity. Denote by L the length of the longest Jordan
chain in —SX_ |, r associated with the eigenvalue 1, i.e., L is the smallest non-negative integer
such that (I + SXa w, F)LP1 = 0, where Py is the spectml projector associated with operator
—SXa wr and eigenvalue 1.

AThen there exists C(Q, Py) > 0 such that the residuals generated by GMRES with operator
QP_ and any initial residual ro € (WIID’Q)# x L? and the worst-case GMRES with operator
SX, L wr are related by

1D(QPT ) ro| w2 (SX-
min Wy )#XLz C(Q, P+) sup min —Hp aw.r) H2 (2.64)
PEPk ||7"0||(w]152)#xL2 z€L2 PEPr—(z+1) 1212

p(0)=1 p(0)=1
for allk > L+1. The constant C(Q, Py) is finite and can be bounded by

CQ.P)= s (1 SXoh ) (avE 4 (145X 0)27)]

v 1,2 2
(z ,zp)EV(WD Y# XL
I(zY,2")lI=1

. (2.65)
(coo + (O, D)E[Cll 5 g2 w2y )
X (CioJFE(QvD)Ef (1+ ||C||L(L2,(wg2)#))>,
C =%(2,D)? + 1. (2.66)

Proof. The first part of the theorem, the existence of L < oo, follows from the theorems in
Appendix |A|as discussed above. Now we show with the specific definition of C(Q, P,).
Denote T' = SXQ }N r; define Th, Ty as a restrlctlon of T to Py L?, (I — Py)L?, respectively;

denote by I, I5 the identity operator on Py L2, (I—P;)L?, respectively. Consider formula ([2.52)),
which is valid for any polynomial p. For p(t) = Y, axt® subject to (2.60) we have, by (2.52)

and (Z31),

1 0 0
PQPYT) = < p(T)PdivF~1 p(T) > (2.67)

with P = P, + (I — T3)~'(I — Py). Now consider, with polynomial ¢, p(t) = (1 — t)L1g(¢).
By (2.63) such p automatically fulfills (2.60). With such p, using the direct sums T = T} + T,
I'=105+1I,

p(T)P = q(T) (I + I = Tt = To) "1 (P + (I = T2) (I — P))

=q(T)((I = T)" ' Py + (I, — To)" (I — Pr)),
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but due to the definition of L we have (I; — Ty)L = 0, and we get

P(T)P = q(T)(I ~ To)"(I — P1) = q(T)(I — T)". (2.68)

: : — (7o 1,2y 2
Using (2.67) and (2.68)) we obtain for any ro = (Tg) e (Wp")# x L

. iy
. IP(@P ol w2y 12 PR la(T)(I —T)*(divF~1ry + (I - T)rh) |,

I%QH ||7"0||(vvg?)# X L2 B qu’B_)(:Lf” HTOH(wgg)#xLz
< sup (I =T)E(divF~12Y + (I - T)z7) ||,
(2v,2P)E(WL2)# x L2 |\(zV,zP)||(W11),2)#XL2
< sup win JOE- DL (D2,
(2v,27) (W 2)#xL2q€7’(k)<L+1> (I =T)E(divE-12v + (I —T)zr)|,

N T
<C(Q,Py)sup min la(T)z]l2
ser2 a€Pi-n)  ||2]2
q(0)=1

so that (2.64) and the equality in (2.65]) are proved. Employing formula (2.54)), we have

I-T=I+S8X,,r=1+5%-divF'C,
11— T||L(L2) <1+ SOOHﬁ(L?) +2(Q,D)||F~ 1||L((W]13*2)#7W]13*2)||C||L(L27(W]13*2)#)
<1+%(Q,D)*+ E(Q,D)E*1||C||C(L27(W]1),2)#)

which follows from (2.12)) and (2.55)). This proves the inequality in (2.65). O

a,w,['
because it is not known to the author whether T1 — I is in this case m'lpotent. Nevertheless this

variant, corresponding to the minus sign in (2.50), is often seen to perform better in practice.
It is interesting to notice that, when Ty — Iy is nilpotent, precisely (SX ! —DIP, =0, then

a,w,I’
the estimate analogous to (2.64) holds for P_ with the constant

Remark. Theorem does not apply directly to the other case P_, where T = SX_}

CQ.P) = sup

v 1,2 2
(z ,zp)EV(WD Y# XL
I(zY,2")lI=1

L
(2 + 2 DIECllp 2, wioye )

X (CSO +2(Q,D)E T (1+ ||C||L(L2,(W11)'2)#))>a
C>® = max{%(Q,D)? -1, 1 — 3(2,D)?},

(7 - 53]

a,w,I’

) (aivF e+ (1= SX F)zfﬂ’)H2

IN

which is better than (2.65) due to C*° < C5°. This is an indication of better peformance of P,
at least for small convection, assuming L is small.

2.4 Spectrum of the preconditioned Schur complement

In Section we showed that the spectrum of SX_ (- is bounded away from zero and infinity
uniformly in a certam norm of the data. In the precedlng section we further showed that the
spectrum of SX_ |, - consists of oess(SX }N 1) = Oess(S°°) C [B(2,D)?, (22, D)?] and isolated
eigenvalues of ﬁnlte geometric multlphclty Now we employ results from operator perturbation
theory to conclude that the isolated eigenvalues accumulate at [3(2, D)2, 3(Q, D)?] at a certain

rate.
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Using Theorem (A.12)), (2.55)), and (2.54)) we obtain
> dist (A [B(2, D)%, £(2,D)%)”

Ae€op(SX, \r)

< IXh = S ey = [l div(A + K)TICIG o) (269)
if the right-hand side is finite for certain p > 1. Now we show that div(A + K)~!C is in
the p-Schatten class, see Definition for some p > 6. The first compact term in ([2.54b))

3+e
features the compact embedding L? — (WI}?)# We will now assume structurally similar
compactness in K, namely assume that K is the Picard or Newton linearization of the non-linear
velocity convective term v — (1 — @)v - Vv + adiv(v ® v). In such a situation K features the
compact embedding (L%)3 — (WBQ)#. By [62, Theorem 1.107], the approximation numbers
of these embeddings defined by decay as

1— £

1, 3+te _1712
ap(L* = Wp ) )~k ° 15 (2.70a)
ar((L%)? = (WEH#) ~ k5. (2.70b)

Considering definition and Deﬁnition representation formula and decay rates
imply that SX_ |, r — 5™ € Se12(L?) with any & > 0 because any € > 0 is sufficient to
obtain the bounds . This verifies that the right-hand side of the accumulation rate
is finite. In the following theorem we give precise conditions for the validity of this estimate.

Theorem 2.17. Let the conditions of Corollary[2.6| be fulfilled. Furthermore let us assume that
the condition of Lemma i.e., , holds. Furthermore assume that the linearized velocity
convection K = F — A is in Se(W7, (W5*)#).

Then SX;iV’F € L(L?) and

)

Oess(SX L ) C [B(,D)%,2(Q,D)?].

a,w, I’

Furthermore, with any p > 6 it holds that

B =

D dist (A [B(2,D)%, £(2,D)%)" | < 2(97D)£_1||C||SP(L27(WBQ)#) < +o0

,\eap(sx;{”)

where the eigenvalues are counted according to their algebraic multiplicity.
If, in addition, all conditions of Lemma are met, then 0 is not in o(SX_ L ).

a,w,
Note that lower bounds on |\| are eventually provided in Section for example, in Theo-
rem for the situation which is the least restrictive on data. Also note that the condition
KeSs (WBQ, (WB2)#) is automatically ensured for common linearizations of the velocity con-
vection as pointed out above; in more general situations, e.g., when using streamline-upwind
stabilization, etc., the condition has to be verified.
Proof. By Lemma and Corrolary we have S, X1 e £(L?). Thanks to ([2:12), for-

a,w,I’

mula (2:54) is valid and SX 1 L is a compact perturbation of S>. Hence for the essential
spectra Oess(SX L ) = 04s(S), where the latter is contained in [3(Q, D)2, %(,D)?] by

a,w,I’
Lemma 2.3 and Theorem A5
Using formulas (2.54) and (2.55]), Theorem [A.12] and (2.12) give the first inequality. The
first term in (2.54b)) is estimated as in (2.17) and by and (2.70a) it is in S, for a certain
p > 6. As € > 0 can be arbitrarily small, any p > 6 is admissible. The second term in

is estimated similarly. This bounds C in S, with any p > 6 and the proof is finished. O

It is fair to remark that information about the spectrum alone is not sufficient to provide
descriptive information about convergence of the GMRES method as showed by Greenbaum,
Pték, and Strakos |26]. Nevertheless we show in the next section that the inclusion C € S,
p > 6, together with the self-adjointness of S implies certain information about GMRES
convergence.
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2.5 GMRES iterations with the preconditioned Schur complement

In Section [2.3] Theorem we showed that the convergence behavior of the preconditioned
saddle-point system is governed up to a certain lag by the behavior of GMRES on the precon-
ditioned Schur complement. In this section we employ a new result on GMRES convergence
for compactly-perturbed positive self-adjoint operators which we provide in Theorem [B:4] But
first we make a few remarks on the presence/absence of superlinear convergence for the Stokes
operator.

For operators of the form T' = I 4+ C with compact C, the superlinear convergence of Krylov
subspace iterations has been shown in the literature, i.e., ||7k||/||rk-1]] — 0 with a suitable
norm. Moreover a certain rate is guaranteed when C is in some p-Schatten class; see [4§]
for GMRES, and also [30] and references therein for results on Krylov subspace methods for
self-adjoint problems. On the other hand our problem has the structure T = SX oziv,l“ =
S + C with S € L£(L?) self-adjoint and positive and a compact C' € Sgyc(L?). The Stokes
Schur complement on Lipschitz domains has fat components in its spectrum; see [12]. Hence
no superlinear convergence can be expected for the special case of Stokes; the intervals in
the essential spectrum of the Stokes Schur complement would contribute by the Chebyshev
polynomials to an eventual composite bound. Note that there appeared incorrect proofs of
superlinear convergence of a stabilized Stokes problem; [30, Example 3.9, p. 1320] uses the
incorrect assertion that the operator

A~'Vdiv 1,2 1,2
( div A-1V ) t Wy x LP/R — Wy x L?/R
(with A = _A\wm in accordance with the previous notation) is compact in E(Wé’é x L?/R).
o0
We will present a convergence result for T = SX;;V’F = 5°° 4 C which applies to the Stokes

problem as a special case by setting C' := 0.

We now apply Theorem [B4] to the preconditioned Schur complement together with The-
orem to conclude that GMRES convergence for the preconditioned system QP;l is con-
tractive up to a delay which vanishes superlinearly with a certain rate.

Corollary 2.18. Assume that the conditions of Theorem [2.16] and Theorem |2.17 are met.
Then for any € > 0 there exists C. > 0 depending on SX;;V,F such that GMRES iterations

with operator Qﬁ;l € E((Wllf)# x L?) and initial residual ro € (Wlljz)# x L? produce residuals
rE € (WBQ)# x L2 with the norm

; H—1
||Tk||(w;2)#xL2 = ;Ielgi Ip(QP} )TO||(W]13’2)#><L2
p(0)=1

which fulfils

+ Ck v (2.71)

l. Q) 2
1 Imerallwyyeas | 1 Swne
C(

Q. Py) ol wr2ye e - 1+%

with integer L > 0 and C(Q, Py) > 0 from Theorem ' in particular L and C(Q, Py) are
independent of rg.

Note that is not sharp for the Stokes case, where C. = 0. In that case one could, if
having finer information about the spectrum, construct a composite bound covering separately
isolated eigenvalues and the essential spectrum. The latter can be treated in the symmetric
case by the Chebyshev polynomials which give a better linear bound. Nevertheless in the non-
self-adjoint case it is not possible to employ the real Chebyshev polynomials and the first term
in estimate is analogous to the min-max polynomial on a disk, cf. [39].

2.6 PCD variants and boundary conditions

Equations (1.10) and (1.11)) heuristically motivated the two variants of the preconditioner. Fur-
thermore, one might be also interested in simple preconditioning by S~! ~ X;_%) r= Ya_é r=1;
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see |19 p. 1300] and references therein. So far our analysis did not cover the Y-variant and we
have not specifically discussed the boundary conditions.
Define the Y-variant of the PCD as an adjoint
Yo =X

—a,—w,I['"

(2.72)

The motivation for the sign of —w on the right-hand side will become obvious a bit later; 1 — «
instead of « is only for aesthetic reasons which will also become evident. First consider that
all the results of Section in particular surjectivity, injectivity, norm and spectral estimates
for X _ and X, wr, are Vahd also for X F mutatis mutandis. In particular we know

by Theorem H that under certain condltlons X
does Y, jv r=X_

| a._wr maps L? onto itself, and in turn so

wr- Thus we can safely compute the adjoint

1— a,
Yoz\}vF (I+K1 o, — WFA ) = I+A;1K¢1§,w,l—‘ (273)
where the operator Kfjw r= Kf7a77w711 is given, in accordance with ([2.3)), by

<K§,w,1‘7”aQ> = —/Q(W'Vqr—f— (1—a)divwrg)

e>0 ifa=0,

e>0 ifac(1 &

whenever 7, q € Wll orrel? qge VV1 e {

The operator ) features a Robin boundary condition 8—:1 —w-nr =0ond2\T in the
convection- dlffublon solve of

r=Yawrd=(Ar + K} 1) 'Are.

To see this, consider that when r is smooth enough, we can integrate by parts in (2.74]) to arrive
at

<K};‘wpr,q> = W-qu—i—ozdivqu—/ wW-nrgq. (2.75)
o Q OO\T

But considering that the case r € L? in (2.74) is important for the definition of (2.73)), we have
to retain the definition ([2.74) rather than (2.75]), which is only valid for smooth enough r.

Note also that all the spectral and GMRES convergence results provided in Sections [2.3H2.5]
for SX_ |, r are valid also for SY wr With obvious modifications. However, note that the
commutator formula ) takes a dlfferent but structurally similar form

SY,gr =957 —div(A+K)~'C,

LR . (2.76)
CY =vAa; (Kgwr) —KATV.

All results which depend on properties of C in (2.54)), e.g., (6+¢)-Schatten compactness, remain

true for CY.
All results in Sections |2 are also valid for the Stokes preconditioner S—1 ~ X;%) r=

Y_O r = I simply by bettmg w = 0 (keep in mind that the underlylng problem still can have
non-trivial convection b). Note that the right-hand side of ( in this case takes, up to the
constant C(Q, Py ), the form

min S . 2.77
I (2.77)

p(0)=1

Thanks to , which is valid under the condition , the Schur complement S has its
numerical range contained in a half-plane not containing the origin; together with (2.12) - these
are bounds on the numerical range in terms of F~! and 1F1l W2 (Wh?y#)- The approximation

problem (2.77) is tractable using field-of-value estimates; see |35| It is an interesting point
that (2.77) can be estimated (although the estimate might not be tight) in the case of the

preconditioner S™1 & X(;%),F = Y_ r = I, while in the PCD case X r (or Y,

awF

), the
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corresponding quantity is not tractable using this technique. The price for this is that,
as is empirically known, S~! ~ X o 1) r= Yafé r = I turns out to be useless as a preconditioner
with increasing data size (Reynoldé 7numbe11)7and hence any estimates of are pointless.
We omit any further details for this case.

Now we summarize particular practical choices of the artificial boundary conditions required

naturally by the above analysis:

1. preconditioner (2.50)) requires for injectivity by Lemma that

I'D{w-n<0}; (2.78)
2. preconditioner
. F \Y%

requires for injectivity by Lemma [2.8| that

I'>{w-n>0}; (2.80)
we postpone comparison to previously published results to Section [3.5

2.7 Best-approximation property of the PCD correction

So far we have not considered the synergistic effect of the two compact terms in .
All aforementioned assertions used the triangle inequality, the worst case estimate, to treat
the terms separately. Note that this includes the derivation of ||C||s,,. bounds and resulting
superlinearly-contractive convergence behavior as stated in Corollary 2.18] The advantage is
that the results are valid for the Stokes preconditioner X ;,%),F = I, which one obtains by setting
w = 0 to get Ko wr = 0. The question is why a particular choice of w := b is the best
in the sense that the first term in counterbalances with the second term — the term
stemming from the fact, that the underlying problem is the Oseen problem rather than the
Stokes problem.

In existing studies, a related question has been considered — is the commutator S — Xy w,r
or S — Y, wr small? As of our knowledge the only known answer is that the commutator is
zero when Vw = 0 and no boundary is present; see [22, section 9.2, equation (9.13)]. This
situation is equivalent to

§% =1, (2.81a)
C=0 (2.81D)

in which gives SX;%MF = [. This is derived by the same argument as the one used
to derive , which is an interior argument, with no boundary involved. On the other
hand it is known that corners of the domain cause the presence of fat essential spectrum in
S5°°; for simplicity, with a planar polygonal domain and no-slip boudary conditions D = 012,
a corner of opening w contributes to the essential spectrum of S* by [% — ‘5127[;“", % + %],
see |12, Theorem 3.3]. Thus validity of cannot be expected and it is clear that this
has nothing to do with the convection; this is a feature present even in the Stokes problem on
a corner domain. Hence we argue that rather than considering some smallness of S — X4 w.r
or S — Y, w.r, one should look into the synergy of the two terms in C because C is compact
so it does not influence the essential spectrum oess(S) = Tess(S°°) and only creates discrete
eigenvalues. Without considering any synergy of the two terms in C we showed that C is (64 ¢)-
Schatten; the ultimate goal would be to improve this rate of compactness and thus explain the
effectiveness of the preconditioner. Nevertheless we do not know whether this is true.

In what follows we provide Fourier analysis of C for a very simplified problem. It does not
give a definitive answer, but might give some insight. Consider Q = (0,7)? and the no-slip
problem on the whole boundary, i.e., D = 9Q, b = 0 on 9Q2. Note that this is a special case
which we did not treat as it requires a modified pressure space L?/R. The appropriate choice of
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the Dirichlet boundary I' in A1?1 is now I' = (), but Ar has to be defined on the space W2 /R

as it represents a pure Neumann problem. The eigenfunctions of Ap = — div V‘WLZ R
{ujk}szl, ujr = cos(jx) cos(ky),

form an orthogonal basis in L?/R and W12/R; see [44, Appendix A.4]. Analogously, the

eigensystem of A = — div V‘WLQ,
D

{vjkertjk=1,2,.,1=12, vjx = sin(jz)sin(ky),

forms an orthogonal basis of L? and W2

Let us choose o := 0 and w:=b = CZ;) so that the first term of (2.54b) applied to u;y is

1 o Ujk
VEKawrAr'uj, =V(b- va - k2)

1
= WV(—jbl sin(jz) cos(ky) — kbs cos(jz) sin(ky))
_ 1 —bleujk + bajkvji + Vb(...) (2.82)
j2 + k2 —kaQ’U,jk —|—b1j]€1}jk +Vb(...) ’

where Vb(...) stands for terms proportional to Vb. To solve the problem

3Ujk

A(ﬁjkel) = am e,

we expand @ = ¢} v, (summation implied) and test by v,, to obtain

. 8 ) ™ s
| Vo T = [ Gy = —j [ sin(a)sin(pa) [ cos(hy)sinfan)
Q o 0T 0 0
———— ——
(m2+n2)"'7‘26,,"p6"q 505p (1*(*1)’“74)(123@2
and hence
) —2j _ q
P N, N, Pp——— [ )
mn rYnqgvy 7r(m2 + nQ)( ( ) )q2 _ k2

Putting this together we have

Ou; ; 27 sin(qy)
-1 Y%k ~ k J Z q qy
——e; =1u;pe; = v €] = ——8sImyx %5 5 5€
O 1 jk€1 mn Ymn€1 T (.7 ) = q2 — k2 q2 +]2 1
q—k odd

. _10ujk . . o
with an analogous formula for A 1%@ with an appropriate change of indices. Hence we can

Y
express

KA 'Vuj; ==b- VA ' Vu,y
2

—b: 28 cos(i q _sin(gy) _ p 25 i q°__ cos(qy)

b1 cos(jr) Y | =lmii —bsin(z) Y lmel

= q€Z qEL (2.83)
qg—k odd q—k odd

(c.p.)

where (c.p.) stands for the appropriate cyclic permutation of the indices and coordinates. On
the other hand using the formulas

2 q 2 k
cos(ky) = — g ———— sin(qy), sin(ky) = —— E [
g—k odd g—k odd



3. DISCRETIZATION OF THE PRECONDITIONER 105

we can expand (2.82)) as

—1
VKQ_VW,FAF Ujk
252 . q sin(qy) 2) i k2 cos(qy)
_blT COS(]‘r) § ?—k2 j2+k2 bQ? Sln(jl‘) ?—kZ j24k2
= q€Z q€Z
q—k odd q—k odd
(c.p.)

+Vb(...). (2.84)
Using and we obtain
Cuj, = VKmW,pAl?lujk - KA71Vujk)
—b Ay cos(jn) Y LW py _Asin(e) Y Loy

= qEZ q€Z
q—k odd q—k odd

(c.p.)

+Vb(...). (2.85)

Using the formulas

Csinh(ly—3)) 4 3 gsin(qy) cosh(j(y — 3)) 3 j cos(qy)

43 - T T 2 2 3 y s 2 2 )
sinh(j3) g sinh(j3) o Pt
q even q even
cosh(j(y —3)) o gsin(qy) Csinh(j(y—3)) _ 5 Jjcos(qy)
- T o 2 2 ) s T 2 2
cosh(j%) ‘o 4 +3j cosh(j %) = a +7
q odd q odd
we can simplify ([2.85]) to
Cuji, — Vb(...)
2 .\ sinh(i(y—3)) .. cosh(i(y—3))
pEEws ( bicos(jo) sinh(33) + bz sin(jz) sinh(j5) ) k odd,
B 2 e (C.’P)')) inh(j(y—3)) (286)
j . cosh(j(y—5 . . sinh(j(y—5
e (b cos(jz) = qGTy P2 Sm(mm) k even.
(c.p.)

It is not clear how to interpret this formula. Nevertheless, by comparing (2.83)) and (2.85)) we
can see that the role of the PCD correction (2.84) is to replace factors kziiqZ and kz,qi_qZ by
jgﬁ and JJ%, respectively. This possibly achieves the elimination of modes with high j, i.e.,
high frequencies in the y-direction, which thus ensures the recovery of high frequencies in lower
with fewer GMRES iterations. Correspondingly, the hyperbolic factors in (2.86) tend to zero:

cosinh(j(y — g))
cosinh(j %)

—0 as j — oo for all y € (0, )

where cosinh stands for any of sinh, cosh. Nevertheless, the limit is not uniform:

cosinh(j(y — g))
cosinh(j %)

—1 as j — oo for y € {0, 7}.

3 Discretization of the preconditioner

In this section we will propose a discrete realization of the PCD operator in a general setting.
This will allow us to introduce the PCD approximation for any L2-conforming pressure space.
In particular, the case of a pressure space using discontinuous elements previously required
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a special treatment because of the W1 2-conformity needed for the PCD Laplacian solve and
discretization of the convection operator; see [22, pp. 368-370], which essentially proposes
a finite difference scheme for the pressure Laplacian and the pressure convection operator.

In Section we propose a general framework which allows the use of a wide range of
standard discretization schemes regardless of differentiability-smoothness of the pressure space.
Then we apply the framework to three different situations: a W'2-conforming pressure space
(Section , a general L?-conforming pressure space (Section , and the piece-wise constant
pressure space (Section , which requires special treatment. As a byproduct we also recover
in Section the approach for a W2-conforming pressure space described by Elman, Silvester,
and Wathen |21} section 8.2.1] and we identify it with the approximation of the L2-inner product
on the pressure space by its diagonal. This approximation can be avoided for the price of one
extra mass matrix solve. In Section [3.5] we provide a comparison of our results with published
accounts on PCD.

Note that the framework, and in fact the whole chapter, is largely motivated by the desire
to shed some light on correct incorporation of boundary conditions into PCD, an issue which
has not been completely understood yet.

These boundary conditions are not well understood, and a poor choice can critically
affect performance. (Elman and Tuminaro |23| p. 257])

We believe that our study could move the problem closer towards correct understanding. We
summarize and compare our work to historical results in Section [3.5]

We stress and we are aware that the approaches we propose in this section need numerical
testing. A high-perfomance implementation of PCD by Blechta and Rehot [6] based on the FEn-
iCS project [41}, (1], PETSc [2, 3], and petscdpy |13], which has been supported by preliminary
results of this work and has been used to study problems in high-performance computing |56,
55], will be used to implement the PCD variants described below in the future.

We note that this study omits completely any issues related to floating point round-off error.
Furthermore, efficient and scalable approximations of the mass matrix, the Laplacian, and the
convection-diffusion solves are beyond the scope of this work. We refer the interested reader to
the monograph by Elman, Silvester, and Wathen [22} section 9.3.3].

From the implementation standpoint it is important to note that it is very common com-
putational practice to use £?-inner products for GMRES. This is mostly due to the simplicity
of existing implementations and the goal of achieving maximal performance. Nevertheless, any
performance analysis for the right-preconditioned case uses the problem-dictated inner product
on (WB2)# x (L?)#, which requires a Laplacian and mass matrix solve in each application. It
is seems to be hardly justifiable to replace it by the ¢2-inner product, especially on adaptively-
refined meshes, although this has not been identified as a possible issue in the literature due
to limited test suites mostly working with uniformly and quasi-uniformly refined meshes. We
think that this is worth further research and remark that the inner product on (WB2)# can
be mesh-independently localized due to results of Ciarlet and Vohralik [9] and Blechta, Malek,
and Vohralik [5], similarly to the classical approximation of the inner product on (L?)# by its
diagonal due to Wathen [63], and thus obtaining a cheap and accurate approximation of the
full problem-dictated inner product.

3.1 General considerations

Consider a finite-dimensional pressure space Q" and a finite-dimensional auxiliary space W"
such that

Wh e wih™, Q" c I?, (3.1)
with bases {¢; }jV:Ql and {9, }é\g, respectively, so that
Q w
Q" = span{¢;}711, W = span{y; 172, ,
and with the inner products

(thI2)Qh = <MQQI7(]2>(Q’L)# xQh Q1,92 € Qh7 (3.2a)

(w1,w2)Wh = <MWw1,w2>(Wh)#><Wh wy, W € Wh, (32b)
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which we leave so far unspecified. By the Riesz representation theorem the operators M% :
Q" — (QM#, MW . W — (Wh)# are isometries (in the norms induced by the respective
inner products). Furthermore assume that there is a linear transfer operator I : Q" — W".
Now define IIT : W — Q" as the Hilbert adjoint of IT with respect to the inner products ,
ie.,

(I w, Q) or = (Hg, w)yn for all ¢ € Q", w e W". (3.3)
Definition (3.3)) can be rewritten using (3.2) as
= (MQ)~ta# MW, M= (MY)~'"1# M9, (3.4)

In the following lemma we will characterize the invertibility of TITIT : W’ — W,
Lemma 3.1. The following statements are equivalent:

(i) TIIT is invertible,

(ii) 11 is surjective,

(iii) Tt is injective.
A necessary condition for the validity of (i), (i), and (i) is

dim W < dim Q". (3.5)

Proof. Implications (i)=-(ii) and (i)=(iii) are obvious.

Choose arbitrary z € W" such that IIII*z = 0. Then, by setting w := z, ¢ := IITz in (3.3),
we obtain

0= Iz, 2)yn = (2,11 2) gn = [[TTT2] 3,0,
and hence
Mz =0. (3.6)

If (iii) holds, (3.6)) implies z = 0, so that the kernel of IIIIT consists of {0} and implication
(iii)=-(i) is proved. On the other hand, (3.3) and (3.6) imply that

0= (II"z, q)or = (g, 2)yn for all ¢ € Q". (3.7)

Assuming (ii) holds, we can choose ¢ in (3.7) such that IIg = z, so that 0 = (z,z)y». This
implies that the kernel of IIIIT is {0} and implication (ii)=-(i) is proved.
For proof of the second part of the lemma, consider that by the rank-nullity theorem

0 < dim{y € Q", Iy = 0} = dim Q" — dim TIQ".
Condition (ii) implies that TIQ" = W" so that dim [IQ" = dim W" and (3.5) follows. O

Now consider operators M : Q" — (Q")#, A, K, K® : W — (W")# given, for parameters
w € Wh2 and « € [0,1], by

(Mp, q) :/qu paeQ", (3.82)
(Au,v>:/Vu~Vv u,v € Wh, (3.8b)
Q
(Ku,v>:/w~Vuv+adikuv u,v € W, (3.8¢)
Q
<KRu,v>:/w~Vuv+adikuv—/ wW-nuv u,v € Wh. (3.8d)
Q oL
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All the integrals are indeed finite thanks to the requirements (3.1)). Assuming that |I'| > 0 and
IT is surjective, we can define the action of the two variants of the discrete PCD operator by

X Ui= MY 4+ TI# K A7) ~#117#), (3.9a)
Y- l= (7 +afmm) A KRy ML (3.9b)

The following theorem shows that the definition is valid and that the operators are under certain
conditions invertible.

Theorem 3.2 (Invertibility of discrete PCD operator). Let Q C R? be a Lipschitz domain and
I' C 9Q be open with || > 0. Let w € W2 « € [0,1]. Let spaces (3.1) be given. Assume that
there is a surjective linear operator II : Q" — W and let TIT : W" — Q" be given by (3.3)).

Then the definition of X1, Y1 : (Q™")# — Q" through (3.§)), (3.9) is valid.
Further assume that (2.20) holds. If w-n > 0 on 9Q\ T then X! is invertible and its
inverse is given by

X =(I-T#K(A+ K) (I~ #II'%) M. (3.10a)
If w-n <0 ondQ\T then Y1 is invertible and its inverse is given by
Y = M(I -1 I@mh) (A + K™ RR). (3.10b)

Proof. M~ exists by the Riesz representation theorem. By the surjectivity of IT and Lemma
the operator ITIT! is invertible. Thanks to the Dirichlet boundary condition W" c Wll’oo
with |T'| > 0, the Laplace operator A is also invertible by the Riesz representation theorem.
Therefore the PCD operators are well-defined.

Denote P := IIT(IIIIT)~'II. Obviously P : Q" — Q" is a projector. Note that

I=(I-P)+P=(I-P)+T0T(III" A AL

Plugging this into (3.9b]) we get
Y~ IM = (I —-P)+ I A7 (A + K®IL (3.11)

A projector on a finite-dimensional space is always continuous, and hence Q" = (I — P)Q" @
PQ". The term (I — P) in is injective on (I — P)Q". It remains to show that the second
term in is injective on PQ", which would in turn yield that Y ' M : Q" — Q" is injective
and the proof would be finished. First consider that II is injective on PQ". To see this, assume
that IIPq = 0 for some ¢ € Q". Hence 0 = IT(IIII")"'TIPq = P%2q = Pq which shows the
injectivity of H‘PQh. Next we show that (A 4+ K®) : W — (W")# is injective. Fix u € W"
and estimate using integration by parts (noticing that «u =0 on I" and w-n < 0 on 9Q\ T),
Holder’s inequality, and the Sobolev-Poincaré inequality ||u|le < Cp(2,Q,T)||Vul|a:

2 2 2
((A+KR)u,u>:HVUH%—I—/W~Vu—+2a/diku——2/ won -
Q 2 Q 9O\T 2

u? u?
:|\VUH§+(2a71)/divw—7/ w-n—
Q 2 AO\T 2

[2ce — 1]

> [|Vull3 ~ I divwllg [JullZ

> (1 Ja — 4Cp(2, 2. 7)) divwls) [ Vul3.

The parenthetical term in the last line is positive thanks to . Therefore A+ K is elliptic,
and hence injective. Factors A~! and (IIIIT)~! in E[) are injective by construction and IIf
is injective by the surjectivity of IT and Lemma E Altogether ITF(TITTT) =1 A=Y (A + K®)II is
injective on PQ" and Y~ is hence invertible. The formula is verified against by
direct computation of Y ~1Y’; by virtue of the ellipticity of A + K&, the term (A + K®)~! and
the formula are well-defined. Hence the proof for the Y ~! case is finished. The X !
case is proved in the same way. O
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The first reason for the employment of the auxiliary space W" and the transfer operator
II: Wh — Q" is that formulas are given meaning also when the pressure space Q" is not
regular enough to define the differential operators in directly on Q", for example when Q"
is a discontinuous finite element space. An alternative to this would be to use a non-conforming
discretization for the differential operators in , possibly including a discontinuous Galerkin
method; cf. the finite difference construction in [22, pp. 368-370]. We do not consider this
possibility further in this study.

Another reason for the presence of the space W" is that it incorporates the zero boundary
condition on T for the Laplacian solve A~! and for the convection-diffusion operator A + K or
A+ K® in order to obtain its ellipticity; see the proof of Theorem

The significance of Theorem [3.2] is that it guarantees the very first requirement put on the
preconditioner — its invertibility. Indeed, a solution p of the underlying problem can be arbitrary
in the space Q" or L?, in the discrete or continuous case respectively, and hence it must be in
the range of the preconditioner for consistency.

The leading-order term M ! in is known to be an appropriate preconditioner for the
Stokes case w = 0; see [8, 51]. This motivates the construction which ensures that the
leading term is recovered when w = 0 and that the boundary conditions from W" do not pollute
the leading term.

Now we look at the significance of the wind direction assumption in Theorem For
a typical non-linear iteration scheme (either Picard or Newton) it is natural to assume that
the wind has a correct direction on the inflow boundary, whereas it is difficult to guarantee
the sign of the wind on the outflow boundary; cf. the discussion in Section [I] Typically, one
would have but not . Hence, using the Y ~!-variant with I' = I'y; when holds
guarantees that the assumption of Theorem regarding the wind direction is met. On the
other hand, for the X ~!-variant with the choice I' = I'j, the wind-direction assumption of the
Theorem would be met if was satisfied which is difficult to guarantee. This might indicate
that the Y-variant is more robust, which might incidentally correspond to its preference in the
recent literature 23], |22, Remark 9.3]. Nevertheless our argument indicating robustness of
the Y-variant seems to be new. We would like to note that more general cases, e.g., a velocity
Dirichlet condition with vP-n > 0 on (parts of) I';,, should be treated slightly differently.
Indeed, the subscript i, is not very descriptive in this case as 'y, is no longer exclusively an inflow
boundary. It is not difficult to realize that such a case can be treated using the Y-variant with
[ = Dou U {x € Ty, vP(x) - n(x) > 0} in order to satisfy the wind-direction condition of the
theorem.

We will proceed by establishing £(L?)-bounds on discrete PCD operators X!, Y1, and
their inverses X, Y, analogously to the infinite-dimensional case in Section 2:2] We start with
the case of wind controlled in ||w||s + a|| div w]|3 and later comment on a difficulty concerning
the case ||w||¢ + «| div w||2, which we leave as future work.

Theorem 3.3 (A priori bounds on discrete PCD). Let the conditions of the first part of The-
orem be fulfilled. Furthermore, assume that the operators 11 : Q" — W and (IIIIT) 1T :
Wh — Q" are bounded in L(L?), the wind w € L, and, if « > 0, divw € L3. Then the
following bounds hold true:

— _ 1
X 1||L((L2)#7L2) < 1A T[] £y T (TITT) =Y 212y O (2, 2, T) 2] 5
(3.12a)

% (IWlloe + Cp(2,2,T) o | div w3 )

— — 1
Y gy g2 < L+ I ecan I () ) i (2, 2.1) (2
(3.12D)

X (IWlloo + Cp(2,2,T) o || divw]]s ).

Further assume that ([2.20) holds. If w-n >0 on OQ\T then X~ is invertible, the inverse
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is given by (3.10a), and

_ 1
X1 g (12 oy < 1+ I M)~ e Cr (2,2, T) 2

% (IWlloo + Cp(2,2.T) 0 || divwls) (3.13a)
X (1 — | 1| Cp(2,0,T)2 ||divw||%>7
If w-n <0 ondQ\T then Y~ is invertible, the inverse is given by (3.10b), and

V1 o gy < 1 [T s N0~ gy O (2,2, T) 2]

X (||w||oo +cp(2,sz,r)a||divw||3) (3.13b)

1
x (1_\a_7\cp (2,,T)2 || div w] s )

Proof. Under the appropriate conditions of Theo formulas (3.9) and (3.10) make sense

and it remains to prove the estimates (3.12)) and (3.13)). Note that the definition (3.9a)) can be
rewritten as (M X! — 1) : (Q")#* — (Q")" : f + g such that u € W" is given by

/ Vu-Vou = (f, HT(HHT)_IU>(Q;L)#7Q;L for all v € Wh (3.14)
Q
and g € (Q")* is given by
(9,0 @myr.on = /(w -Vu+ adivwu) g for all ¢ € Q". (3.15)
Q

Testing by u in (3.14) and by M~'g in (B.15)), noticing that (g, M ~'g)gny# on = ||g||%L2)#
whenever g € (Q")#, using (3.8), Holder’s inequality, and the Sobolev-Poincaré inequality
lulle < Cp(2,,T)||Vul|2 yields the estimate (3.12a]). Estimate (3.13a)) then follows in a similar

way using formula (3.10a)) and obtaining the ellipticity (2.4) for A + K in the same way as in
the proof of Lemma Concerning the Y-case, estimates (3.12b]), (3.13b]) follow in the same
way. O

Remark 3.4. We used the assumption concerning the W13t€_regularity of the Laplacz'an
solve, whzch is fulfilled when Q is a creased Lipschitz domaz’n to get a priori bounds
and (| on the infinite-dimensional PCD operator Xa _ and its inverse Xq w.r, whzch are
umform in |wlle+al|divwl|y < C||W|1.2, thus avoiding the dependence on ||w||oo+a|| divwl|3.

The same can be achieved in the discrete case if the W3¢ -reqularity carries over to the discrete
Laplacian; if the problem: for f € W find u € W" such that

/Vu-Vv:/fv for allve Wh
Q Q

admits the estimate
[Vullzre < CW™)Ifl2, (3.16)
with some € >0 if « =0 and € > 0 if a € (0,1], then one would get
X gy 1) < €0 T OV, [T gy, NIy, Il o v wis),
(3.17a)

”Y_l”L((Lz)#,m) < C(Q, L, C(W"), Tl g2y, [T (TIIT) 1| 22y, (w6, o diVW||2)7
(3.17D)
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and, if further (2.20) holds, then

||X|\£(L27(L2)#) < 0(97 L, COV™), [T gz, ITEF (I Y 22y, wllo, all divw]s,

. (3.18a)
(1-la—3Cp(2,2T) | divwl]|s) )
ifw-n>0ondQ\T, and
”Y”c(p,(m)#) < 0(97 L, COW"), [T gz, ITFAILD) ™ 222y, [[wlls, ol div w]la, (3.15b)

(1 la— 3 Cp(2,2,T)? |[divwily) )

if wen <0 ondQ\I'. The proof of this follows along the same lines as the proofs of Theorem|3.9
Lemma[2.5, and Theorem [2.15

Due to assumption @, which we have deliberately taken, the regularity estimate i
always true for a fived space W with some C(W") > 0. Of course, it would be desirable if
the constant was bounded uniformly with refinement, which would render estimates and
3.18)) independent of mesh refinement as well. Nevertheless, it seems that a uniform estimate
3.16) is problematic even for quasi-uniform refinement; the standard technique, which uses
an inverse estimate and convergence order h3+ in the L?-norm, fails here because Wate2.
reqularity of the Laplacian does not hold even in the Dirichlet case; see [11|].

Concerning the case of adaptive refinement, the refinement of pressure space Q" would have
to ensure validity of . Indeed, we will typically define W" in terms of Q" in the subsequent
sections; we already know that W" is related to Q" by .

In other words, unsuitable or insufficient refinent of the pressure space can spoil the validity
of the uniform estimates and and thus the performance of the preconditioner in the
worst case. On the other hand, the uniform estimates of Theorem which depend on ||W||oo +
adiv || div |5, are valid for arbitrary refinement. For better understading, whether and/or when
the dependence on ||W||e + adiv| div]||s or [|[wl|l¢ + adiv || div ||z is acceptable/appropriate, it
is necessary to take into account the employed non-linear iteration scheme and its a priori
estimates; we remark here once more that the underlying non-linear problem does not
admit a priori estimates in general cases, i.e., for large data, cf. the discussion in Section [1].
Nevertheless, this is beyond the scope of this work.

Remark 3.5. The bounds on the Schur complement in Lemma are true in the discrete
case with B(Q, D) replaced by the velocity-pressure discrete inf-sup constant, provided that the
velocity-pressure pair discrete space is inf-sup stable; we did not treat any stabilized case in this
study. This implies, together with the bounds and (3.13), or (3.17) and (3.18)), a spectral
bound on the discrete preconditioned Schur complement analogous to (2.47)), with a modification
of which additionally depends on the discrete inf-sup constant, the norms |||z L2y and
|IIF(ITIIT) Y| 222y, and, in the case |[wl¢ + || divwl|s, the constant C(W") of the discrete
Wh3te_estimate , all under the appropriate condition on the wind direction on 02\ T'.

The result of Theorem|[2.10, which relates GMRES convergence of the preconditioned saddle-
point system to GMRES convergence of the preconditioned Schur complement with the lag L,
stays true in the discrete case under technical conditions on the discretization which we do not
discuss. The lag L, i.e., the length of the Jordan chain, is finite in the infinite-dimensional case
and thus there is hope that it is uniformly bounded in the discrete case; nevertheless we did not
prove this. On the other hand, the results of Sections[2.4) and[2.5 are not obviously transferable
to the discrete case; indeed, the decay rates might be difficult to establish in the discrete
case and would likely depend on appropriate approximation properties of the involved discrete
spaces and the transfer operator II.

3.2 Case of continuous pressure discretizations

Now we consider the important case where Q" is smooth enough such that it contains a subspace
suitable for conforming discretizations of Laplacian and convection-diffusion; specifically, when
Q" C Wll’oo, we can consider the choice of W" given by

Wh=Qhnwp™. (3.19)
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Then we can consider the transfer operator I : Q" — W given by
(Hgq, w)wn = (q,w)n for all g € Q", w e Wh. (3.20)

Note that this definition is only valid thanks to the fact that the right-hand side of makes
sense due to the inclusion W" c Q", which is a consequence of . As an important example
consider Q" being a continuous finite element space; specifically, assuming  is a polytopic
domain partitioned into simplicial conforming mesh 7j, define, for integer k > 1,

Pe(Th) ={p: Q- R, Py polynomial of total degree at most k for all K € T},

3.21
Q= g e WS, g € P(TA)). 21

Indeed, such Q" is the space of continuous, piece-wise polynomials of degree at most k and W"
given by (3.19) is merely its subspace with zero boundary values on T'.
Now we turn to the derivation of a specific form of X ~! and Y~ for the case (3.19), (3.20).

Relations (3.3) and (3.20) imply that

(¢. TTw)on = (q,w)gn for all ¢ € Q", w € W"

which means that ITT : W" — Q" is merely the inclusion (identity) operator W" c Q". Hence,
in block form, with blocks corresponding to W" and Q"/W",

mt — (é) , (3.22)

Note that in the case (3.21) with the standard dual basis (also nodes or degrees of freedom),
the splitting W" @ Q"/W" is identified with DOFs interior to @ \ I" and I-boundary DOFs.

Relations (3.22)) and (3.4]) imply

m=M")"" (M2 MY) (3.23)

with Mg blocks corresponding to W and Q"/W" in

M? = <M121 MlZ?).
M21 M22

Taking the special choice

MY = M8 (3.24)

yields
M= (1 (M3)"'M3), (3.25a)
I (Tt =t = (é) : (3.25b)

Note that so far we have not fixed the inner product on Q". We argue that it makes sense to
choose the L?-inner product, i.e.,

(q1,q2)or = <MQq17q2>(Qh)#><Qh = /9(11 ")) q1,q2 € Q" (3.26)

Indeed, it is easy to check that with this choice we have

1Pl <1, T[22y < 1, 1Tl 2 pey < 1, (3.27)

so that II fulfills the conditions of Theorem and (3.27) yields estimates (3.12) and (3.13
independent of mesh refinement. On the other hand, in the typical finite element settings (3.21
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with {¢; }jvfl being the usual local basis functions of the space (3.21)), one can use only the
diagonal part of the L2-inner product ([3.26)), i.e.,

The advantage of this is that Mg = 0; subtituting into (3.25)) yields

= (I 0), (3.29a)
I (Tt =t = (é) , (3.29h)

which is a particularly simple form of the transfer operators in . Under certain conditions,

is equivalent to uniformly with mesh refinement, which allows one to recover

L?-estimates (3.27) also for the diagonal inner product (3.28); specifically, Wathen [63] shows

that and ([3.28)) are equivalent for Lagrange elements on simplices under any refinement

and points out that the equivalence is also true on quads/hexes under shape-regular refinement.
Summarizing, with the choice of inner products (3.24]) we have

X‘le_l(((I) ?)+<M§(]\I41Ql)_l) KA (I 0)), (3.30a)
yr= (5 ) o (D) a0 (uQ)-1mQ) | m, (3.30D)
(G 9)-G) )

which is further equivalent to
-1
1 _ a1 (I O I 0\ (K 0\ /A O I 0
o <(0 I)Jr(Mﬁ(Mﬁ)‘l o)lo o)/lo 1) \o o)) (3.31a)
-1
-1 _ I O I O A 0 KR O I (Min)flM% »
' _<<O I>+<0 0) (0 I 0 0)\o 0 M~'. (3.31b)

Note that with the choice of the diagonal inner product (3.28]) the terms M % and Mﬁ in (3.30)

and (3.31) vanish. Also note that (3.31]) can be equivalently rewritten without the projection

factors ( 8) but it might be better to keep them in the case that an approximation in
-1

<§ ?) leads to loss of the projection property.

Consider operator G : Q" — Q" given by

o (1T ()M
0 1

This is a similarity transformation which diagonalizes P and I — P, i.e.,
I 0
0 0/’
_1/(0 0 o B -1_ (0 0
G(OIG—I P, G(I P)G_OI'

It is straightforward to check that (3.31) is equivalent to

-1
_ _ A+K O A 0 _
1 1 v #
X" =M"G ( 0 I) (O I) G, (3.32&)

ylog (A o) B (A + KR

G-! <I 8) G=P aPG-

~ o

—1
0 7 0 )GM : (3.32b)
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In the case of the diagonal inner product (3.28)), where M g = 0, the formulas ([3.32)) immediately

reduce to
-1
_ 4 (A+K 0 A 0
1 1
‘XdiagL2 =M ( 0 I) (O I) ; (333&)

_ A 0\ (A+ER 0\,
Ydialng:(O I) ( o )M (3.33b)

Note that it might be useful to expand

A 0\ (A o\ A 0\ (A 0
0 I/)\0 I ’ 0 I 0 I
in (3.33)) to the explicit identity in the case that the solve is approximated and recovery of the

identity is not guaranteed, i.e., to prefer definition (3.31) with Mf% = MQQI = 0, so that the

leading order term is preserved even when ({ is eventually approximated.

Let us consider once more the case that M@ is the full L2-inner product (3.26)). In that case
all of the formulas (3.30)), (3.31)), and (3.32)) are valid. But consider that now M = M and

-1
(M) TIMBY o _ (M1 0) (M3 MR\ (M M
0 0 0 0) \M& ML) \ME M

(M2 o0\ (T 0
S\ 0 I 00
which we can use to simplify (3.31]) into

1 -1
a1 (IO (ME 0 K 0\ /A 0 I 0
X =M +(0 0)( o 1) Lo o)lo 1) \o o) (8:34a)

-1 -1

0 a1, (I 0\ (A O K% 0\ (ME 0 I 0
Yo =M +(o 0) <0 I o o/j\o 1) \o o) (3.34)
I 0
0 0>

beneficial, considering that the solves in ([3.34)) might be approximated and the identity recovery
in the Q"/W" block might be lost, whereas keeping the projection factors is a very cheap
operation (zeroing Q" /W" entries of the intermediate vectors). Notice that the extra cost of

using formulas (3.34)), which use the full L2-inner product (3.26)), compared to formulas (3.33)),
which use the diagonal inner product ([3.28)), is essentially one extra solve, the L2-projection to

Again, some of the projection factors could be removed but it is not clear if this is

Q —1
whe (M3 o (I) 8 .

Formulas (3.30]) (or equivalently , , and the special case for inner prod-
uct ) seem to be new and provide a very explicit description of how the boundary condi-
tions should be incorporated. Formula seems to have appeared in the literature in the
form of a verbal description; we will provide a detailed comparison with published results in
Section

3.3 Case of higher-order discontinuous pressure discretizations

In this section we will sketch the construction of a discrete PCD preconditioner in the case that
the inclusion Q" € W™ does not hold but the definition is still valid. We will see below
that this does not apply to the lowest-order discontinuous Lagrange pressures, which is the case
we will treat in the next section. To our knowledge, the discontinuous case has not received
much attention in the literature. The only study we are aware of, which treats the case of
discontinuous pressures is [22}, pp. 368-370], which is essentially a finite difference construction.
We are not sure if the present functional approach can cover this construction. On the other
hand the material in the previous Section [3.2] seems to be a refinement of previously published
approaches, as will be described in Section [3.5
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The case we consider in this section is when W can be again defined by . This
is clearly not possible when Q" consists of piecewise constant functions. In this case
implies that W consists of functions constant in  and further W* = {0} when |T'| > 0. This
is certainly undesirable. Nevertheless when Q" consists of piecewise discontinuous higher-order
polynomials the definition yields a non-trivial W”. In this case most of the exposition in
Section [3:2) remains valid. But one must be more careful with its interpretation. Specifically,
the splitting Q" = W" @ Q" /W" does not have a straightforward meaning. In the context of
Section [3.2]it was clearly a splitting into the degrees of freedom corresponding to the boundary I'
and the remaining degrees of freedom. When Q" is discontinuous this is no longer the case and
the decomposition depends on the chosen inner product M®. Because of the aforementioned
reasons, we refrain from going into details and merely comment that the formulas of Section [3.2]
can be given meaning with some extra Riesz liftings (typically a mass matrix solve or its
approximation) implementing the inclusion W" C Q" and the quotient Q"/W", cf. ,
which would propagate further into the final formulas for X ' and Y 1.

3.4 Case of piecewise constant pressure discretizations

This section is motivated by the case of piecewise constant pressures, which does not allow one
to define W" as a subset of Q", as explained above, and the construction of Section does
not apply. But first we will proceed generally, with minimal assumptions.

Define IT : Q" — W" by

(g, w)ynr = / qw for all g € Q", w e W".
Q

Using ([3.2b]) we can express
m=M")"'L (3.35)

where L : Q" — (W")# is given by (Lg, w)qyny# wn = [oqw. From (8.35), (3.3), and (3.2)
we immediately get ITT = (M®@)~'L#. Assume that L is surjective. Then by virtue of (3.35)
and Lemma the operator IITI is invertible, and hence

(T~ = (MQ) " L# (L(M®@) " L#) T MW, (3.36)

After choosing the spaces Q" and W" and the inner products M® and MW, formulas ,
, , and fully define the preconditioners X ~! and Y !, provided that the choice
of Q" and W" renders II given by surjective.

Motivated by the desire to obtain X ~! and Y ! bounded in £(L?), one would require M?
to be the L?-inner product in Q" given by formula (3.26]), or at least some equivalent inner
product, e.g., (3.28)), which is equivalent under certain circumstances. A pitfall is the term
L(M®@)=1L# irﬁ@%]_tﬁb, which could be dense and thus infeasible to be inverted. Nevertheless, if
Q" is a space of discontinuous, piecewise polynomials, then with an appropriate local basis, e.g.,
the classical discontinuous Lagrange basis, M@ is block-diagonal. In such case L(M®)~1L# is
still sparse. Thus this construction makes sense for discontinuous pressures.

In the sequel we will consider the case of piecewise constant pressures. Assume €2 is polytopic,
partitioned into a simplicial conforming mesh 7}, which comprises of cells K € T;,. We assume
that

Q" ={qecL? q, = const VK € Tn}, (3.37a)
W = {w e Wp™, wy, € Pi(K) VK € Th}. (3.37b)

The first concern is whether the necessary condition (3.5]) holds for this choice. To provide the
answer we first prove the following lemma.

Lemma 3.6. Let Q C R? be a bounded polytopic domain and Ty, be a conforming simplicial
triangulation of Q. Then the number of vertices in Ty, is less than or equal to the number of
cells in Ty, plus d.



116 CHAPTER I1I. PCD PRECONDITIONER

Proof. Removing any cell connected by a facet to some other cell removes at most one vertex.
By virtue of the assumption that €2 is connected, the removal can be done on the boundary, so
that the triangulations stays connected after the removal. Such removals can be repeated until
one cell is left. The remaining cell has d + 1 vertices. O

The validity of condition (3.5)) is now established as a simple consequence of the lemma.

Corollary 3.7. Let the conditions of Lemma be fulfilled. Assume that T' C 0N) satisfies
IT| > 0. Then the spaces Q" and W given by (3.37) satisfy condition (3.5).

On the other hand, very simple counterexamples show that the necessary condition (3.5)) does
not hold for (3.37)) with P; replaced by P2. We gain further confidence in the choice (3.37)), (3.35)
by showing that IT is surjective and thus by virtue of Lemma (3.36)) is well defined.

Theorem 3.8. Let 2 C RY be a bounded polytopic domain and Ty be a conforming simplicial
triangulation of Q. Further let T C 0 be such that |T'| > 0. Then for Q" and W" given

by (3.37), 11 given by (3.35) is surjective, IIIIT is invertible, and thus (3.36) is well defined.

Proof. By virtue of Lemma the surjectivity of IT and invertibility of IIIIT are equivalent to
the injectivity of II#, which is in turn equivalent to the injectivity of L#.
Choose w € W" such that L#w = 0. Hence

O:/d)iw:/ w  foralli=1,2,...,N9. (3.38)

On any cell K adjacent to a facet intersecting T, s W)y is affine, vanishing on such facet, and,
by virtue of ( -7 has zero mean over K. Hence Wy, = = 0. By virtue of the assumption that

Q) is connected, one can iterate this argument throughout the whole mesh in order to arrive at
w = 0. Hence L# is injective and the proof is finished. O

Theorem ensures, in particular, that IT is surjective and that Theorem [3.2] which guarantees
invertibility of X ! or Y ! under the appropriate conditions, can be invoked.

Finally, we prov1de explicit matrix entries of the operators (3.35]) and (3.36) for the choice
of the spaces and particular choices of M@ and MW . Con81der the standard basis of Q":

‘zK = 4,5, i,j = 1,2,...,NQ. Then M® = M is diagonal with entries |K;|, i = 1,2,..., N9.

Now consider a choice of the inner product on W":

(wl,wg)wh, = (Mle,w2>(Wh)#XWh, = / w1 Wy w1, W2 € Wh. (3.39)
Q
Hence we have
MVsz/z/)iwj i,j=1,2,...,NV, (3.40a)
Q
Lij:/leid)j i=1,2,...,NV, j=1,2,... N9, (3.40b)

which implies that

(L(MQ IL# Zfﬂ‘/’ﬂbk fsﬂz’ﬂbki Z qul’z waJ

2

fQ ‘¢k| Kew;Nw; |K| (340C)

|w7; ﬂwj| .. w

=2 =1,2,...,N
(d+ 1)2 Z’] b b b )
b T = Q
T e (A
i [ el 0 otherwise j=1,2,...,NV,

where wj; is the patch of the cells adjacent to vertex j. Formulas , , and give
a precise definition of the transfer operators IT and ITT(IIIIT)~! which appear in the definition
of X~ 1 and Y~!; see (3.9). Notice that the two extra solves are necessary due to the transfer
operators, namely a solve with and a solve with . Note that the first solve can be
avoided by approximating M" by its diagonal. This is an inner product which is (uniformly
with mesh refinement) equivalent to (3.39); see Wathen [63]. Note also that it is desirable to use
the same choice (approximation) of M" in and for the validity of Theorem
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3.5 Historical remarks

There has been a consensus for a long time that natural boundary conditions for the Laplacian
solve and convection-diffusion operator in the preconditioner are appropriate in the case of
enclosed flows, i.e., when D = 9. In our framework this corresponds to I' = ) although we did
not treat this case as it requires special care since the pressure is determined up to a constant.
Nevertheless this is well understood and it would be possible to incorporate it into our analysis
for the price of a few more technical difficulties and if-thens.

On the other hand, it has been clear from the beginning that for inflow-outflow problems the
treatment of boundary conditions in the preconditioner must be different in order to preserve
good performance of the method. From today’s perspective it seems that many contradictory,
or at least vague, conclusions have been reached and published. Even the recent monograph by
Elman, Silvester, and Wathen [22], together with its supporting code IFISS [58], a gives rather
ambiguous account of the issue.

In this historical exposition we will focus only on the case of a continuous pressure space Q"
in which we can define W" by . Motivated by the enclosed flow case, which we omit, it
is natural to consider

X t=MT1FATY (3.41a)
Yyl = A FRpY (3.41b)

with some F, FR A : Q" — (Q")* and (3.8a)). Note that the cases (3.41a) and (3.41D) were
not considered together until this study. In the enclosed flow case, it is well justisfied to choose

(Mp,q) = /qu p.q€Q, (3.42a)
(Ap,q) = /QVp-Vq p.q € Q" (3.42D)
(Kp,q) = / w-Vpg+adivwpg p.q € Q" (3.42¢)
Q
(K%p,q) :/W~qu+adivwzvq7/ w-npgq pqeqQ", (3.42d)
Q Q\T
F=A+K, FR=A4KFR (3.42¢)

up to the technicality of dealing with constantsm Now, in the inflow-outflow case it has been
demonstrated above that A F and FR have to be somehow modified to account for the
boundary conditions in W”. The necessity of this has been clear from the first studies of the
preconditioner in view of experience with preconditioner performance. The approach of most
studies consists of two steps:

1. assemble ([3.42)),

2. modify the action of (a subset of) M, A, F', and E® on the boundary (in a more or less
ad hoc way) before plugging them into (3.41)).

One of the first accounts of this issue states:

In the case of a boundary segment with standard outflow boundary conditions, the
Schur complement S (and its preconditioner [X]) must be defined with Dirichlet
data for the pressure on that part of the boundary in order to ensure that the pre-
conditioning operator is elliptic over the pressure solution space. (Elman, Silvester,
and Wathen |20, p. 668])

"In the enclosed flow case, contrary to inflow-outflow problems, the pressure is determined up to a constant
and it is natural to look for a pressure in a space isomorphic to L2?/R, for example {¢ € L2, fnq = 0}.
Constants can be factored out from Q" in the same or similar way. On the other hand it is convenient from
an implementation standpoint to keep the full Q" and use solvers which suitably handle the nontrivial kernel
in consistent systems; Elman, Silvester, and Wathen |22 section 9.3.5] describe this paradigm with the phrase
“singular systems are not a problem”. Hence, for the case of enclosed flows, A=1in is to be understood
as the solution operator for A : Q"/R — (Q"/R)#
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This does not seem to provide a sufficiently specific method for defining X ~'. Moreover it
is also very misleading, if not incorrect; the Schur complement, at least for inf-sup stable
conforming discretizations, is a bijection S : Q" — (Q")* and it does not seem to feature the
aforementioned Dirichlet data. On the other hand, a later monograph by the same authors is
more specific:

[Flor the reduced problem [w - Vu = f] occurring in the limiting case of pure
convection, the solution is determined by specified Dirichlet boundary conditions
on the inflow boundary, where [w - n < 0]. This suggests using Dirichlet boundary
conditions along inflow boundaries to define [I:_'] This means that the rows and
columns of [ﬁ ] corresponding to pressure nodes on an inflow boundary are treated
as though they are associated with Dirichlet boundary conditions. At nodes on
other (characteristic or outflow) components of 952, the entries of [F) are defined by

[do-nothing condition]. [A] is defined in an analogous manner so that [F] an [A] are
derived from consistent boundary conditions.

We note that this discussion only concerns the definition of the algebraic operators,
[F ] and [A] That is, the only place where boundary conditions have any impact is on
the definition of the preconditioning operator. In particular, there are no boundary
conditions imposed on the discrete pressures, no values of Dirichlet conditions to
determine, and there is no right-hand side that is affected by these boundary node

modifications. (Elman, Silvester, and Wathen [21, pp. 348-349])

Perhaps “the rows and columns [...] corresponding to pressure nodes on an inflow boundary
are treated as though they are associated with Dirichlet boundary conditions” was meant to

express that
A A 0
i-(4 ) 53

~ (A+K 0O rrn (A+KR 0
F( 0 I), F < 0 ]> (3.44)

with (3.8b)), (3.8c]), and (3.8dl), which leads exactly to formulas (3.33). Even more intersting is

the second paragraph of the above quote; one can guess that “no right-hand side [...] is affected
by these boundary node modifications” means that (3.43) is devised to be used instead of

(30 (50, (3.49

Indeed, ([3.45) is a solution operator for the problem: for a given f € (Q")* find u € W’ =
Q"n Wllm such that

/ Vu-Vou=(fv) forallveWh (3.46)
Q

Notice once more that (3.45)) really “implements” the boundary-value problem ([3.46)). It is cru-

cial to observe that using (3.44]) and (3.45|) renders both (3.41)) singular, simply because (|3.45))
is singularlﬂ This demonstrates how much potential confusion can occur due to the contradic-

tion between and (3.45)). Perhaps Olshanskii and Vassilevski [52, paragraph under (2.7)]
thought that the formul should be used rather than . This is manifested in the
encountered singularity of the precondioner which they circumvent by enforcing the Dirichlet
boundary condition on a fictitious boundary slightly outside of €2 introduced along I':

8Indeed, the right-hand side of (3.45) is singular when taken as an operator (Q")# — Q™ but the motivation
for calling it an inverse operator is that it can be viewed as a solution operator to (3.46) in the sense that

A= @ o S W o Q!

with (é 8) representing the inclusion operator (Q")# «— (Wh)#.
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[[n the continuous counterpart of the preconditioner ([X ) . = F, wrAp']) one
has to prescribe boundary conditions only for the Poisson prbﬁlem solution operator
[A;'], while in the discrete case some boundary conditions are involved in the
definition of both matrices [EF] and [A]. [...] Furthermore, from the implementation
standpoint, Dirichlet boundary conditions for [F] may not be imposed on the nodes
at [I'] since these nodes have to contribute to the set of pressure degrees of freedom.
For this reason one introduces outside ) a fictitious one-cell layer attached to [I'].
Dirichlet boundary conditions are assigned at layer nodes not belonging to [I'].

(Olshanskii and Vassilevski [52, p. 2691])

Dirichlet boundary conditions may not be imposed on the boundary nodes, since
these nodes contribute to the set of pressure degrees of freedom. The Dirichlet
condition is imposed on fictitious boundary nodes of an h-extension of the original
mesh. Therefore, the actual boundary nodes are considered as interior in the ex-
tended mesh. This may be implemented in two ways. For a rectangular mesh we
simply copy matrix entries for interior nodes to matrix entries for actual boundary
nodes. However, for a general mesh one has to generate the fictitious mesh layer by
reflecting the close-to-boundary layer of cells with respect to the actual boundary.
(Olshanskii and Vassilevski [52, pp. 2700-2701])

Perhaps under the influence of Olshanskii and Vassilevski [52], the second edition of Elman,
Silvester, and Wathen |22] omits the verbal description which advocates over in
the first edition [21, pp. 348-349]. In fact no details concerning this issue appear in the sec-
ond edition while the reference implementation, the Matlab package IFISS, uses the technique
of Olshanskii and Vassilevski [52], which is obvious from the comments

file navier_flow/fpzsetup_q2pl.m:

% Dirichlet b.c. for Ap and Fp at outflow: add effect of ‘‘ghost points’’ to the
% right of the boundary back to the diagonal

file navier_flow/fpzsetup_ql.m:

% Dirichlet conditions for Ap and Fp at outflow boundary: mimic finite differences

[...]

% Augment diagonal with values from ‘¢

ghost elements’’ outside outflow boundary

(IFISS package version 3.3 [58])

We want to point out that our description of the discrete PCD operator, at least in the case
of continuous pressures, see Section [3.2] leaves no space for confusion. All details concerning
the boundary conditions are explicitly described by the formulas of the preceding sections, in
contrast to verbal descriptions prevalent in previous studies. In fact our definitions of the PCD
operators, in the general case, (3.30)([3.34)), or (3.35)), (3.36)) in certain specific cases, are
constructed such that the invertibility of the operators is ensured by Theorem [3.:2} Precisely,
provided that (2.20) holds, X ! is invertible if w-n > 0 on dQ \ ' and Y ! is invertible if
w-n < 0on 90\ T. This corresponds to the choice of I' being the inflow boundary for the
X-variant as in |21, pp. 348-349], and [52} paragraph under (2.7)] and I" chosen as the outflow
boudary for the Y-variant as in |22, second paragraph on p. 372]. Furthermore, a priori bounds
uniform in certain norms of the data are provided by Theorem and Remark

A completely different approach is chosen by Deuring |15], who for inflow-outflow problems
substitutes the Dirichlet condition on I" with the Robin condition

or

- =—kronl
On

using the special choice kK = 1. The borderline case k = 0, the Neumann condition, is known

to perform poorly for inflow-outflow problems. The limiting choice x — oo, which corresponds

to the Dirichlet condition on I', has had the most attention in the literature but suffers from
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the problems described above in this section. Using x < oo can be seen as an attempt to
circumvent these problems while it is indeed unclear why x = 1 should be preferable choice. We
would like to point out that [15] is a very careful and precise study, although it relies heavily
on discretization properties like approximation properties (with quasi-uniform refinements),
inverse estimates, etc., thus making it less general than our functional analytic approach of
Section

Next we would like to comment on eigenvalue bounds for the preconditioned Schur com-
plement which appeared in the literature. To our knowledge, this work is the first study
providing analysis in the function spaces, which is thus agnostic to discretizations. In the pub-
lished literature there appear spectral bounds for the discrete operator which are analogous to
, . In light of the aforementioned confusion regarding the boundary conditions, it
is hard to imagine that the published spectral analyses apply to the inflow-outflow case consid-
ering that even the definition of the PCD operator is unclear. But even if we ignore this issue
and focus on the enclosed flow case, I' = ), Q" C {q € L?, fQ g = 0}, a special case we do not
treat in this study, the validity of published eigenvalue bounds for or with
(see [43, Corollary 9A], [18, Theorem 2.1], |42 p. 2046], |21, Theorem 8.5], |52, Theorem 3.2],
[22, Theorem 9.9]) is still questionable. All these results boil down to [43] Theorem 7] which
assumes the validity of W?22-estimates for the Laplacian and convection-diffusion, i.e., that
A= F~1 e £(L?, W?22) uniformly with mesh refinement. This cannot be justified on general
corner domains. Moreover, the bound is derived under the assumption divw = 0 and depends
on ||wl|, which are both very restrictive assumptions; cf. Lemma Lemma Apart of
that, the result of Loghin [43] is very difficult to grasp because it works with and provides
estimates in ¢? matrix norms, which rely heavily on specific discretization properties (inverse
estimates, approximation properties) that typically hold under quasi-uniform refinements and
are difficult to transfer into general, possibly adaptive, refinements. We circumvent this by
starting our analysis purely in the functional setting of Section [2] also called the operator pre-
conditioning approach, and by working in problem-dictated norms rather than ¢2; in Section
we transfer the results of the analysis to some discrete cases.

At this point we would like to note that some studies, e.g., [22 section 9.3.4], give the
impression that spectral bounds of the preconditioned Schur complement are useful for bounding
the GMRES convergence rate. Consider that for diagonalizable operator T' = V =t diag({\; }:)V/
and polynomial p it holds that

(D) < [VIHIVTH| max |p(t)].
te{\i}i

Furthermore, when 7T is normal then V is unitary so that |[V| = |[V7!|| = 1. Nevertheless
there does not seem to be any evidence of normality or diagonalizability of the preconditioned
Schur complement in general geometry. It is important to recall that spectrum does not give,
in general, any valid bound on the convergence of GMRES as noticed by Greenbaum, Ptak,
and Strakos [26].

Appendix A Spectrum of bounded linear operators

In this section we restate some classical textbook matter concerning spectra of bounded linear
operators as well as recent results describing the rate of accumulation of eigenvalues at essential
spectrum for certain classes of operators.

First we state Banach’s bounded inverse theorem, which is a corollary of the open mapping
theorem. For a proof see |17, Theorem I1.2.2] or [64, Corollary on p. 77].

Theorem A.1 (Bounded inverse theorem). Let V be a Banach space and let T' be a bounded
linear operator on V. If T is bijective then the inverse operator T~ : V — V is bounded.

We continue with a characterization of invertibility of a bounded linear operator.

Lemma A.2 (Characterization of invertibility). Let V' be a Banach space and T a bounded
linear operator on V. The inverse operator T—1 € L(V) exists if and only if the following
conditions are met:
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(i) T is bounded from below, i.e., there exists ¢ > 0 such that

T z||v > cllzllv forallz eV, (A1)
(ii) the range of T is dense, i.e.,
Tz:zeV] =V (A.2)

Proof. First assume that conditions (i), (ii) hold. Condition (i) implies that 7" is injective and
the range of T is closed, which together with (ii) implies that T is surjective. Hence T~ exists

and by (A.1)) is bounded.
On the other hand if (i) does not hold, there exists {x;}72; C V with [jzgx|[y = 1 and

Txj, — 0. If T~ existed and was bounded, then it would hold that z;, = T~ 'Tz; — 0, which
is a contradiction. Hence (i) is necessary. Condition (ii) is obviously necessary. O

The spectrum o(7') of a bounded operator T on a Banach space is a subset of the complex
plane containing those A such that 7' — Al is not continuously invertible, or equivalently by
Theorem T — M is not invertible. By the characterization of Lemma the spectrum
can be broken down into two, not necessarily disjoint, parts:

1. the approximate point spectrum o, (7") consisting of those A € C such that T — AI is
not bounded from below; this is equivalently characterized by the following: there exists
a sequence {zx} C V, ||zg|lv = 1 such that

(T = A)zkllv — 0; (A.3)

if A is an eigenvalue, i.e., there exists © € V| ||z||v = 1 such that Tz — Az = 0, then one
can choose the sequence in (A.3)) as xp = x; henceforth we define the point spectrum
0p(T) C 0ap(T) as the set of eigenvalues;

2. the compression spectrum oq,(1") consisting of those A € C such that the closure of the
range of T'— AI is a proper subset of V.

We proceed by bounding the approximate point spectrum by the operator norm.

Lemma A.3. Let V be a Banach space. Let the operator T € L(V) have an inverse T—1 €
L(V). Then the approxzimate point spectrum of the operator T is contained in the set

{rec:IT g, <N < ITlewn - (A.4)

Proof. Let A € C be from the approximate point spectrum of 7. Then by characterization (A.3))
there exists a unit sequence xj such that Tz — Az goes to zero in V. By the triangle inequality,
considering that ||zk||v = 1,

0« [[Tzg — Az|lv > || Torllv — A,

hence [|Twg|lyv — |A|. But ||Twg|ly is bounded from above by ||T'[|z(yy and hence is |A|.

On the other hand, the sequence ||z — AT~ x|y goes to zero because ||z — AT 1z ||y <
1T~ conl Tk — Azgllv — 0. Hence |A[7! < [T ay|lv < [T (vy and therefore [A|71 <
1T vy O

Now we show inclusion of the compression spectrum in the point spectrum of the adjoint.

Lemma A.4. Let V be a Banach space and T a bounded linear operator on V. Let V# denote
the topological dual of V. Let T# : V# — V# be an adjoint of T defined by

<<,z5, T:c>v# v = <T#¢, x>v# v forallz €V and ¢ € V7. (A.5)
Then
IT#]l cv#y = 1Tl covy (A.6)

and ocp(T) C op(TH).
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Proof. The adjoint T# is bounded and its norm is

_ <¢’T”7>V#,v _ <T#¢vx>v#,v
Tl zevy = sup sup

= = |T#|| vy, (A7)
cev.oevt [0llve zllv — zev.geve lllve [zllv v

which proves (A.6]).

Let A € op(T). Hence by definition (7' — )\I)VV is a proper subset of V. By the Hahn-
Banach theorem there exists non-zero ¢ € V# vanishing on (7' — AI)V . Hence for all z € V
it holds 0 = (¢, (T — A)z)y# v = (T# — XI)¢,z)y# . So X is an eigenvalue of T7. O

Now we are in the position to bound the spectrum by the norm from above and by the
inverse norm from below.

Theorem A.5. Let V be a Banach space and T be a bounded linear operator on V. Then the
spectrum of T fulfills the inclusion

o(T) < {A e C:IT gy <IN < ITleery } (A.8)
with the convention HT‘1||Z(1V) = 0 whenever T is not invertible.

Proof. First assume that 7T is invertible. By Lemma we already have ||T_1HZ(1V) <Al <
IT|lzvy for A € ap(T). By virtue of (A.6) the norms of T and T# are equal, as well as
the norms of T~! and T~#, the adjoint of 71 defined by (A.5). Now let A € o.,(T). By
Lemma X € 0, (T#) and also, by definition, A € o,,(T#). Now we can apply Lemma|A.3|to
T# to conclude, with the help of (A7), that ||T’1HZ(1V) = ||T*#||Z(1V#) SN N T# || gvey =
|IT|lz(vy- By Lemma we have that 0,,(T) U oep(T) = o(T). The case of T not invertible
is a simple modification. O

Remark A.6. In fact there is an elementary proof of Theorem [A.5, in contrast to the given
proof, which invokes the Hahn-Banach theorem through Lemma [AJ), and the open mapping
theorem through Theorem . Indeed, if |N| > ||T| z(vy then (I —T/X)~" can be expressed by
the Neumann series. Similarly, for |A| < ||T_1||Z(1V) the Neumann series of (I — AXT—1)~! =

T(T — N)~! exists.

Now, for a linear operator T' on a complex Hilbert space H with inner product (-,-)y we
define the numerical range of the operator as a subset of the complex plane given by

Num(T) = {(Tz, z)n, |2/l = 1}.
The following statement is taken from Davies [14, Theorem 9.3.1].

Theorem A.7. Let H be a complex Hilbert space and T be a bounded linear operator on H.
Then Num(T) is a convex set and

o(T) c Num(T) c {z € C, || <||T||}
where Num(T') is the closure of Num(T).

Proof. For the proof of the convexity of Num(7'), which is known as the Toeplitz-Hausdorff
theorem, see |14, Theorem 9.3.1], or [27].

The right-hand side inclusion is trivial. For the left-hand side inclusion, consider first A €
oap(T), i.e., there is a sequence {x;}32, C H with ||zgx|lg =1 and ||[(T — M)x||g — 0. That
implies |(Txg, xx) g — A| — 0, which means that A € Num(7T"). On the other hand, if A € o4, (T),
then by Lemmathere is ¢ € H? with ||¢||gz# = 1 such that T#¢ = A\¢. Equivalently, by the
Riesz representation theorem, there is € H with ||z||g = 1 and TTx = Az, where TT : H — H
is a Hilbert adjoint of T', which is given by

(Ty,2)g = (y, T 2)g for all y,z € H.

That implies (Tz,2)y = (v, T'x)g = (v, \r)g = A so that A\ € Num(7T) and the proof is
finished. O
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The following theorem due to F. Riesz establishes the properties of the spectral projection.
The following version, which we state without proof, is due to Davies |14, Theorem 1.5.4,
Theorem 1.5.1].

Theorem A.8 (Spectral projection). Let V' be a Banach space and T be a bounded linear
operator on V. Let v C C be a closed Jordan curve, i.e., v is an image of a continuous map
¢ :[0,1] = C such that l0.1) is injective and p(0) = ¢(1). Suppose that v encloses a compact

component S of o(T) and o(T) \ S is outside of y. Then

1
Ps=—— [ (T —zI)"tdz
211 5

is a bounded projection on V, which commutes with T. It is independent of the choice of ~
subject to the aforementioned conditions. The restriction of T to PsV has spectrum S and the
restriction of T to (I — Pg)V has spectrum o(T) \ S.

Now we proceed by presenting the spectral theory of the Fredholm operators, largely fol-
lowing Davies |14, section 4.3].

Definition A.9 (Fredholm operators, essential spectrum). Let V, W be Banach spaces.
A bounded linear operator T : V. — W is said to be a Fredholm operator if its kernel and its
cokernel,

Ker(T) ={x €V, Tx = 0},
Coker(T) =W/TV ={{y+2,2€ TV}, yec W},

are both finite-dimensional. The index of T is defined by
Ind(7T) := dim Ker(T") — dim Coker(T").
The essential spectrum of T € L(V) is defined as
Oess(T) = {\ € C, T — AI is not Fredholm}.

In the following theorem we collect some facts about essential spectra that can be found,
including proofs, in |14, Corollary 4.3.8, Theorem 4.3.18].

Theorem A.10. Let V' be a Banach space and T be a bounded linear operator on V. Then for
any compact linear operator K on V it holds true that

Uess(T) - Uess(T + K)

Denote the unbounded component of C\ oess(T) by U. Then, for every A € U, T — A is
a Fredholm operator and Ind(T — XI) = 0. Furthermore, o(T)NU consists of at most countably
many eigenvalues of finite algebraic and geometric multiplicities; accumulation points of o(T)N
U, if any, are located only on O0egs.

This immediately implies the spectral theory of compact operators first developed by F. Riesz,
i.e., that if V' is an infinite-dimensional Banach space and K € £(V) is compact, then gess(K) =
{0} and o(K) \ {0} consists of at most countably many eigenvalues of finite multiplicity, which
can only accumulate at {0}.

In the rest of the section we present recent results which quantify the rate of accumulation
for a special class of operators, namely bounded linear operators A + K with A self-adjoint
and K compact but not necessarily self-adjoint. First we need a measure of compactness, so
we introduce approximation numbers of linear operators and the space of p-Schatten operators.
Approximation numbers of a bounded linear operator T : V; — V5 between Banach spaces V7,
V5, are defined by

(T) = inf T-M , i=1,2,... A9
a;j(T) Meﬁl?‘/hw) | ||£(V1,V2) J (A.9)
rank(M)<j
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The approximation numbers fulfill, see Pietsch [53| paragraph 2.2.1, p. 79, Theorem 2.3.3, p. 83],

1Tl v va) = a1(T) Z a2(T) = ... 2 0, (A.10a)
aj+k71<S+T) <a ( )+ak<T) j?k:1a27"'a (AlOb)
a;(WTU) < Wl zva,v)ai (DUl v, 11 J=12,... (A.10c)

with any U € L(Vo, V1), S, T € L(V1,V3), W € L(V3,V3) on Banach spaces Vg, ..., V.

Definition A.11 (p-Schatten class). A linear operator T : Vi — Vs is said to be of p-Schatten
class for some 1 < p < oo, symbolically T € S,(V1,V2), if its p-Schatten norm

Tl 00 = (3 0 (7)) (A1)

is finite.

Class S, (V4, V) is a subspace of compact operators from V; to V2, a Banach space with respect
to norm (A.11]), and an operator ideal; see [53]. Notation S, can be used instead of S,(V4, V2)
for brevity if the choice of spaces is clear.

We continue with two recent results which can be seen as a generalization of Kato’s result [32]
to perturbations which are not necessarily self-adjoint.

Theorem A.12 (Hansmann |28, Theorem 2.1]). Let A, B be bounded operators on a Hilbert
space H, let A be self-adjoint, and B — A € S,(H) for some p > 1. Then

> dist(A, Num(A4))” < [|B = A% ),
AEUP(B)

where each eigenvalue is counted according to its algebraic multiplicity.
We present the proof from [28]:
Proof. Note that the Schatten norm (A.11)) can be characterized, for p > 1, by

oo

1Ky = s DI L9 (A.12)
335201953521 5=

where the supremum is taken over all extended orthonormal sequences (sequences which are
either orthonormal or finite, extended by zeros) in H; see |53, Lemma 2.11.12, Proposition on
p. 127].

Another needed tool is Schur’s lemma, which roughly says that that the spectral projection
of a bounded linear operator corresponding to (some of) its isolated eigenvalues with finite
multiplicity is unitarily similar to a triangular operator in ¢2. Precisely, for T € L(H) there
exists a double sequence {t;,}5%_, C C with ¢t;; = 0 for j > k, t;; = A; and an extended
orthonormal sequence {f;}22; C H such that

Tfj :tjlfl +tj2f2+'-~+tjjfj forall j =1,2,..., (A13)

where {);}72 is a subset of eigenvalues of T which have finite algebraic multiplicity; see [25, Re-
mark 4.1]. After all, this result is easily deduced from Theorem and Schur’s decomposition
for matrices.

With Aj, f; of applied to T := B we have, using with K .= B — A,

”B_AHZP(H) Z ((B— Af]:f] Zp‘ Afjafj)|p

Z dist()\;, Num(A))?,
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where the sum is over all eigenvalues of B with finite algebraic multiplicity while repeating the
eigenvalues according to their algebraic multiplicity. By virtue of Theorem[A.10] the eigenvalues
of infinite multiplicity are only located in Num(A) and hence the sum can be extended to all
eigenvalues of B and the proof is finished. O

Theorem A.13 (Hansmann |29, Corollary 1]). Let A, B be bounded operators on a Hilbert
space H, let A be self-adjoint, and B — A € S,(H) for some p > 1. Then

Y dist(A\,0(A4))" < Gy B—Al% 4,
A€oy (B)

where each eigenvalue is counted according to its algebraic multiplicity. The constant Cp, > 2
depends only on p; in particular it is independent of H.

Notice that Theorem @ does not feature the multiplicative constant C}, > 2 and its proof is
very simple. Observe that, in particular when p = 6, which is our application in Theorem
the proof of Theorem in [29] uses Cs which is known to fulfill

7.05 x 10° < Cg < 1.71 x 107.

On the other hand, Theorem gives finer infomation about the accumulation around non-
convex o(A).

Appendix B Stability of contractive GMRES convergence
under compact perturbations

The purpose of this section is to extend the result of Moret [48] to show that when operators
which are subject to contractive GMRES convergenceﬂ are compactly perturbed, contractive
GMRES convergence with the same contraction factor is preserved up to a superlinearly quickly
vanishing delay. A measure of compactness determines the convergence rate of the delay.
Moret’s result [48], as a special case, considers only compact perturbations of the identity; in
this case the convergence rate for the perturbed operator is superlinear; see Remark

Consider a complex Banach space V and operator T € L(V). Let ug,b € V such that b is in
the range of T. Denote g :== b — Tug. The GMRES (generalized minimal residual) algorithm
constructs a sequence {u}32, C V given by

ug, = uo + Pr.(T)ro, (B.1a)
Pr = argmin ||ro — TH(T)ro|lv, (B.1b)
PEPr-1

where Py, is the space of polynomials of degree at most k with complex coefficients. It is easy
to see that if T' is invertible and V is strictly convex, relations (B.1]) in fact fully and uniquely
determine {ug};2,. It is convenient for notation to rewrite (B.1b) as

pr = argmin ||p(T)rollv. (B.2)
PEPL, p(0)=1
The polynomials py are then recovered by pg(t) = lfpf’“(t). Denoting 7y = b — Tuy yields
r = min r <|r min . B.3
L - ps(Tyrolly < liroflv __min o) pe(D)leev) (B.3)

The equality in (B.3]) motivates the name of the method: rj are the residuals to be minimized.

9We say that operator T on a Banach space V is subject to contractive GMRES convergence with a contraction
factor M € [0, 1) if for every initial residual rg € V there is a decrease in GMRES residual norm (B.3)) by factor M
in every step, i.e.,
e llv
llrk—1llv

<M for all k € N and every initial residual g € V.
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In the remainder of this section we assume that V is a Hilbert space with an inner prod-
uct (+,+), T is a bounded linear operator on V, and the symbol || - || stands for either the
norm on V induced by (-,-) or the induced operator norm on L(V). For k = 0,1,2,... define
a Krylov subspace Kj, = span{rg, Tro, T?r¢,...,T* 1ro} C V. Then the GMRES algorithm
characterized by can be equivalently described as

up = argmin || f — Tuy|. (B.4)
ur €V up—uo €L

Assume that t1,ts,...,t is the orthonormal basis of Ky, £k = 1,2,..., and 21, 29, ..., 2% is the
orthornormal basis of Ty, k = 1,2,.... This is well-defined if

Kit1 2 Ki forall k=1,2,.... (B.5)

It is well-known that in the converse case, when IC,,, 11 = K,y 2 Kpm1 2 ... for certain m, the
solution has been reached, i.e., Tu,, = b, provided that T is invertible. To see this, observe
that TXC,,, C K41 but at the same time dim TK,,, = dim IC,,, = dim IC,,4-1 by the invertibility
of T; hence TK,, = K41 D ro, ie., 7o = p(T)Tro with some p € P,,—1 which means that
rm =10 — P(T)Tro = 0. All following convergence results will cover this situation as a special
case. Hence we can assume from now on, without loss of generality, that holds.

Moret [48] proves the following auxiliary result.

Lemma B.1 (Moret [48, Lemma 6]). Let T' be invertible. For every k € N and A € C it holds

7kl = [t 2= [l = [(Eerrs (T = XT™H)2) -1 |- (B.6)
Note that the second equality of follows trivially by construction.

Lemma B.2 (Pietsch [53, Lemma 2.11.13, p. 125]). Let T be a bounded linear operator on
a Hilbert space H. Let a1(T) > a2(T) > as(T) > ... > 0 denote the approzimation num-
bers of T as defined by (A.9). Then for any pair of orthonormal families {f1, fa,..., fr},
{91,92,- -, 9k} C H it holds that

k
det{(T'f:,9;)} H (B.7)

Now we provide a modification of [48] equation (2.7)].

Lemma B.3. Let T be invertible and A\ € C be arbitrary. Denote the approximation numbers
of I = ATt by ay(I = AT7Y) > as(I —AT7') > ... >0. Then

k
H (I —\T~ (B.8)

Proof. From we have

k
II (841, (T = AT71)2)).

The matrix

(i, (T =XT Dz},

is upper triangular because by construction,

0= (tj+2,2j) = (tj43,25) = -+,
0= (thrl,T_le) = (tj+2,T_IZj) =....

This implies that H§:1 |(tj1, T=AT71)z;)| = det{|(tit1, (I—)\T_l)zj)|}fj:1 which is bounded
by [15_; a;(I = AT~1) due to (B-7). O
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Now we are in the position to characterize GMRES convergence for a (non-self-adjoint)
compact perturbation of a self-adjoint operator.

Theorem B.4. Let T = B + C be an invertible linear operator on a Hilbert space. Let B be
self-adjoint and positive, with spectrum o(B) C [a,b] C (0,00), and let C' be compact. Then
GMRES iterations with T and ro produce residuals i, with the norm

Irall = raig (ol
p(0)=1
which fulfills
: el b—a
hiri)sip H'rkﬁlll < 1ra- (B.9)

Furthermore, if C is of p-Schatten class for some p > 1, then there exists ¢ > 0 independent of
ro such that

el \% < b=a -1
(H:g”)k S m-i—ck P, (BlO)
The constant c fulfills the bound
< 2L T HIC s, - (B.11)
Proof. Set \ == W For the spectrum of I —AB~! we then have o(I-AB~1) C [fﬁ—g,g_—g].
Thanks to the assumptions we can express T~' = B! — B~'CT~!. Hence by Lemma
el < [ (pgr, (T = AB™)20)| 4+ (a1, ABT1CT 12|
< b+ 21T 2.

The sequence {z;}%2, is an orthonormal system which is, by Bessel’s inequality, weakly null.
By the compactnesb of C, - ) follows.

Denote M = 222 > ||[I — AB~!|. By (B.§] ., the AM-GM inequality, and the Minkowski
inequality we obtaln

k k
)E< Haj I=XT7Y)% <> a;(I - AT (B.12)

1
P

k
<M+k v (Z(aj(I—ATl) —M)”> : (B.13)
j=1
By the properties of approximation numbers (A.10) and A||B~Y|| < (1 + M) we get
aj(I =AT™Y)=a;(I = AB~ '+ A\B~'CT 1)
<ay(I =AB Y +a;(AB7'OT™) < M + (1 + M)||TY|a; (C).

Henceforth, with the aid of (A.11),

k

k
> (a;(T=AT71) = M)” < (1+MP|THP> a;(C)
j=1 j=1

< (L +M)PITHPIC,

which shows that the sum in (B.13]) is bounded independently of & and the estimate (B.10)

with (B.11) follows. O
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Remark B.5. Notice that the result of Moret [48] for B = A, A # 0, follows as a special case of
Theoremﬂ by settinga = b = A; gives the g-superlinear convergence limy_, o Irell —

[

of [48, Theorem 1] and (B.10) gives the rate ||ry|* = O(kii) of [48, equation (1.1)].

Remark B.6. Theorem holds for non-self-adjoint B provided

M= |I-AB7Y| <1 for some ¢ C. (B.14)

Then (B.9)~(B.11)) are replaced by

1

)F<MAckTr, < A+MITICls,,  (B.15)

e

lim sup [l [l <M, (H?”k|

i <
P e

respectively. We leave the obvious modification of the proof to the reader. If B is normal,

a sufficient and necessary condition for validity of (B.14)) is
NumB~! c BM‘,\_1|()\_1) for some A € C and M < 1,

where Br(2) is a closed ball of diameter R and center z in the complex plane. For a non-normal
operator B it holds, see Horn and Johnson (31, Problem 5.7.P20], that

I-XBY <2 suplel
z€Num(I-AB—1)

and hence a sufficient condition for the validity of (B.14) for non-normal B is

NumB~! c B%I/\‘ll()‘_l) for some A € C and M < 1.

Remark B.7. Nevanlinna [50, Theorem 1.2] shows in a setting similar to (B.14), when B
and C are not necessarily self-adjoint and C' is additionally of 1-Schatten class, that for any
€ > 0 there exist C. > 0 and ko € N such that

1
(i) <2 oratiz

and C¢ — oo with € — 0+. It is not difficult to see that this result is covered by . Malinen
/46, Lemma 6.8] similarly deals with polynomial iterations of B+ C with C' of p-Schatten class,
p > 1, and provides only a result, which is valid only asymptotically, for large enough k. Both
of these results use methods of complex analysis to study iterations using monic polynomials
and subsequent normalization to p(0) = 1 gives only asymptotic behavior.

On the other hand, Nevanlinna [50, Theorem 4.2] provides a result valid for all k € N:

[l I

(ertfrer) ™ <

where 1 is determined in terms of the capacity of o(B); the disadvantage of this estimate is that
the ck™ v term of (B.15) is forgotten at the cost of a potentially large constant C,,, which does
not pollute (B.15).

Remark B.8. Herzog and Sachs [30, Theorem 3.12] provide an estimate similar to (B.12)) in
the context of MINRES for self-adjoint T' such that T — A\ is compact for some A # 0 (or, more
generally, p(T)T — I is compact for some polynomial p); specifically,

=

k
(h* < %>l

where X\;(C) are distinct eigenvalues of C' ordered by decreasing magnitude. A notable prop-
erty is that the eigenvalues are not taken according to multiplicity, i.e., repeated eigenvalues
contribute just once, which seems to be only possible under normality of T .
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Now let us consider how to prevent the influence of isolated eigenvalues of B on the con-
traction factor S;—Z in Theorem Assume S C 0,(T) is a set of finitely many isolated
eigenvalues of finite multiplicity and define Pg to be the spectral projection provided by Theo-
rem Then we can write T = B+ C = B(I — Ps) + BPs + C. The projector Ps has finite
rank, and hence BPg + C' is compact. The operator B(I — Pg) might have a better spectral
bound than B so one could expect a better contraction factor in and . But we
cannot apply Theorem directly as B(I — Ps) is singular unless S = (). The following
theorem gives a composite bound which removes the contribution of the isolated eigenvalues to
the contraction factor.

Theorem B.9. Let T = B + C be an invertible linear operator on a Hilbert space. Let B be
a bounded linear operator with spectrum o(B) C SUa,b] with 0 < a < b < co and S C op(B) C
C\ {0} consisting of only a finite number of isolated eigenvalues of finite multiplicity. Assume
that C is compact. Then GMRES iterations with T and ro produce residuals r with norms

Il = min p(T)roll
p(0)=1
which fulfill
: el b—a
hinjip Treaal < bra” (B.16)

Furthermore, if C is of p-Schatten class for some p > 1, then there exists ¢ > 0 independent of
ro such that

(Iely® < b=a | g, (B.17)

Define Ps as the spectral projection corresponding to S as defined by Theorem . Set \ =

ﬁ. Then the constant ¢ fulfills the bound

e<|ABT'CT™' + (I - AB™Y)Ps|s, < oc. (B.18)

Proof. Thanks to the assumptions we can express 7-! = B~! — B~1CT~!. With X and Pg
from the statement of the theorem we have

I—AT"'=(I=AB NI —Ps)+AB~'CT~' + (I — AB™Y)Ps. (B.19)

bta’ bta
AB=H(I — Ps)|| < ZI—Z =: M. By the assumptions, C' and Pg are compact and hence by the
same arguments as in the proof of Theorem we obtain (B.16).
By the properties of approximation numbers (A.10) and using (B.19) we obtain

By virtue of Theorem we have o((I — AB~Y)(I — Ps)) C | b=t i’_ﬁ] and hence ||(I —

~

a;(I = ANT™Y) < ||(I = AB™Y)(I — Ps)|| +a;(AB~*CT~ 4 (I — AB~!)Ps)

<M

so that, with the aid of (A.11)), we get

(a;(T = AT = M)? <> a;(ABT'CT™' + (I = AB™!)Ps)?

1 =1

k k
J:

<|ABT'CT' 4 (I - AB™)Ps|%

where the right-hand side of the last inequality is finite because C' € S, and Ps has finite rank.

Using (B.13]), but with M, X instead of M, ), respectively, we obtain (B.17), (B.18) and the
proof is finished. O
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Remark B.10. Analogously to Theorem [B.9, which improves Theorem [B]] by removing the
contribution of a finite number of isolated eigenvalues to the contraction factor, for B which is
not self-adjoint one can improve the bound of Remark[B.4 to

. PN
timsup iy < A7, ()T < 0 ek
¢<|ABT'CT™' + (I - AB™")Ps]s, .
which is valid provided that, instead of (B.14)), it holds
M= |(I-AB YU —Ps)|<1 for some \eC. (B.21)

The proof involves a minimal modification of the proof of Theorem[B.9 and we leave it as an
ezercise.

Remark B.11. It seems plausible that Theorem [B-9 would hold for countable sets S provided
that S accumulates at [a,b]. Proving this might require a finer, or different, approach.
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Conclusion

In Section [[.2] we provided a novel view on the classification of incompressible fluids. Table [[.T]
displays the range of considered constitutive relations. A new class of activated Euler fluids,
which includes the Euler/Navier-Stokes fluid ([.2.30) and the Euler/power-law fluid ,
has been considered; see also Figure [.6] In Section [.2.7] activated boundary conditions, e.g.,
stick-slip, have been investigated. A characterization of simple shear flows of the Euler/Navier-
Stokes fluid is provided in Sections[[.:2.6]and [.2.7} see also Table[[.:3] In Section [[.I] we discussed
a potential employment of the Euler/Navier-Stokes fluid and other activated Euler fluids for the
description of boundary layers. Section is devoted to large-data existence analysis of flows,
both steady and unsteady, of activated Euler fluids under (i) the no-slip boundary condition
and (ii) a variety of slip-like boundary conditions including activated ones.

The main result of Chapter [T is Theorem which establishes localizability of norms
of functionals on dual Sobolev spaces W14, 1 < ¢ < oo. This allows one to construct a pos-
teriori error estimators for PDE problems with residuals in W9, such that the estimate is
reliable and locally efficient (II.1.10). This result holds under the condition of Galerkin
orthogonality . Section tigates situations where the condition is violated.
A very simple generalization of the main result for such situations is provided in Theorem
while Example links the approach, in a simplified setting, with ¢?-estimates of the alge-
braic residual (which is a very common, but often too crude, practice) and demonstrates that
the approach of Theorem [[T.Z.T| might be to crude to be efficient. Theorem [[T.4.3] together with
Example [T.4.4] gives a remedy to this problem, which requires a more complicated approach
but allows one to recover the local efficiency. Section gives a numerical example which
supports the theoretically obtained results.

In Section we developed a theory for the PCD preconditioner in infinite-dimensional
function spaces. Section investigated conditions under which the PCD operator is guaran-
teed to be well-defined and invertible on appropriate spaces and provided uniform estimates for
its norms and spectrum. A novel aspect of the approach was the relaxation of the requirements
on regularity and divergence of the wind. A very important observation about the structure of
the preconditioned Schur complement appears in , i.e., that the preconditioned Schur
complement SX_ | 1 is a compact perturbation of the Stokes Schur complement S°°, which is
a positive self—adjom’c operator. Furthermore, in Section 4]it is shown that the perturba—
tion is of (6 + €)-Schatten class and that this implies that the spectrum of SX { . accumulates
at the spectrum of S°° with the rate 6 + e. In Section [[TI.2.5] we discuss the implications of
this for the convergence of the GMRES method. Section [[IT.2.6] discusses the relation of the
two PCD variants and of the boundary conditions imposed in the definition of the PCD oper-
ators. Section provides a methodology for the construction of discrete PCD operators
for a broad class of pressure discretizations, including the inflow-outflow situation. The main
results are Theorems [[T[.3.2] and [[T[.3.3] which ensure invertibility of and a priori bounds on
the discrete PCD operators under appropriate conditions. The subsequent sections then derive
particular forms of the PCD operator for specific discretizations. In Section[[I[.3.5] we elaborate
on some aspects of previously published accounts and compare these to our results.

Appendix [[TL.B] which is of independent interest in the theory of Krylov subspace methods,
provides a new result regarding the convergence of the GMRES method. In particualar, it is
shown that compact pertubations of certain operators for which GMRES exhibits contractive
convergence are subject to asymptotically contractive convergence with the same contraction
factor. Furthermore, if the compact pertubation belongs to some p-Schatten class, the expo-
nent p gives the rate at which this asymptotic behavior is approached.
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