1 FUNCTIONAL ANALYSIS FOR PHYSICISTS: EXERCISE

2 PROBLEMS
3 JAN BLECHTA* AND JOSEF MALEK*
4 Week 1.

5 PrROBLEM 1.1. Let A € R™*™ be given. The following assertions are equivalent:

6 (i) A is non-singular (the equation Az = b has one and only one solution for
7 each b € R™);

8 (ii) the mapping = — Az is injective (the equation Az = b has at most one
9 solution for each b € R™);
10 (iii) the mapping = — Az is surjective (the equation Az = b has at least one

11 solution for each b € R™).

12 In the following exercise we shall demonstrate that in the infinite-dimensional case
13 (ii) and (iii) are not any more equivalent.

14 Consider mapping T': C(]0, 1]) — C(]0, 1]) given by prescription

15 T: f(z) — f(z?), z €[0,1].

16 (i) Verify that this is a correct definition and that the mapping T is linear.

17 (ii) Show that 7" —Id is not injective.

18 (iii) Show that T+ Id is injective.

19 (iv) Show that T + Id is not surjective.

20 Solution.

21 (ii) As T is linear, it is sufficient to show that there is a non-trivial solution of
22 the homogeneous equation (7' —Id)f = 0. This is indeed the case, as any
23 constant function, e.g., f =1, is a solution.

24 (iii) Analogously, to show injectivity of T + Id, we have to show that the only
25 solution of the homogenous equation (7' + Id)f = 0 is the zero function.
26 Using the equation repeatedly, we obtain

27 fl@) = —f(a®) = fa*) = —f(2%) = f(2') = - -

28 The first equality in particular implies that f(0) = f(1) = 0. By induction,
29 for a fixed a € (0,1), we have, for any n € N, that

30 fla) = (=1)"f(0*) =0 as n — oo,

31 with the limit due to continuity of f. This shows that f(a) = 0. As a was
32 arbitrary from (0,1), we conclude that f = 0.

33 (iv) To show that T + Id is not surjective, we need to show that there exists
34 g € C(]0,1]) such that the equation (T' + Id)f = g does not have a solution
35 f€C([0,1]). Assume there is a solution. We have

36 f@*) =g(@) - f(z), xe[0,1],

37 which yields, with change of variable,

38 fe)=g(@'?) = f(='7?),  welo1],
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2 J. BLECHTA, J. MALEK

and, after recursive application of the equation,

f(z) = g(@'?) = g(a*) + f@'),  ze0,1],

(L) f@) =2 (1 @ )+ (), welo]

Set a := 1/2 and suppose that g: [0,1] — R is a piecewise affine function
interpolating the values

g(0) =0, |
g(aTj) = (_1;]1 for j €N,
g9(1) =0

It is left as a homework to show that g € C([0,1]). Substituting this choice
of g into (1.1) yields, for x := a,

fla) =305+ (1@ )

The left-hand side is supposed to be a finite number by the required continuity
of f, the first term on the right-hand side diverges as n — oo, and the last
term goes to zero, which is the desired contradiction. O

Quiz 1.2. Let X and Y be nonempty sets and let a mapping f: X — Y be given.
Which of the following possibilities are true?

(A) We say that f is injective if f(z) = f(y) for some z, y € X implies that
z=1y.

(B) The equation f(z) = b has at least one solution z € X for every b € Y if and
only if f is surjective.

(C) Suppose that the equation f(x) = b has a unique solution = € X for every
b €Y. Then f is surjective.

(D) Suppose that there exist b € Y such that the equation f(z) = b does not have
a solution. Then f is not surjective.

(E) Suppose that there exist b € Y such that f(x) = b and f(y) = b for some z,
y € X with x # y. Then f is not injective.

Quiz 1.3. Let A € R™*™ be a real matrix and let f: R" — R™ be the mapping
given by f(v) = Av. Which of the following possibilities are true?

(A) If det A = 0 then f is injective.

(B) f is surjective if and only f is injective.

(C) There exists k € N such that the equation

(fo...of)(®)=0
k times

has a nonzero solution v € R™.
(D) dimker f =rank AT.
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FUNCTIONAL ANALYSIS: EXERCISE PROBLEMS 3

Quiz 1.4. Let n € N be arbitrary and let v, w € C™ be given vectors. Which of
the following are true?

(A)
(B)
(©)
(D)
(E)
F)

(

Rank of vw?' is 1.

Rank of vw ' is at most 1.
Rank of vw ' is n.
det(vw’) = 0.

det(vw') = 1.

det(vw ') = w .

PROBLEM 1.5.

(1)

(i)

(iii)

For a p > 1 consider the set of sequences

0 = {{oa}is CR, Dy lokl? < o0}

What is the relation between ¢, and ¢, given 1 < p < ¢ < o0?
Let Q :=(0,1). For a given p > 1 consider the set of p-integrable functions

LP(Q) == {u: Q — R measurable, [, [u[f < oo}.

What is the relation between LP(2) and L(Q2) given 1 < p < g < 00?
What is the relation between LP(R) and L?(R) given 1 < p < ¢ < c0?

Solution.

(1)

(iii)

Let {yr}32, be arbitrary such that ), |yx|[P = 1. Then |yi| < 1forall k € N
and hence

(1.2) D Ikl <Y el = 1.

keN keN

Now for an arbitrary nonzero z € £p, set y = which satisfies

> |$:|")1/p’
>k lykl? =1, and hence (1.2) can be used for this y. After little rearrange-
ment one gets (3, [7x|9)Y/? < (32, |zx[?)'/P, which proves the inclusion
ly C L,

Holder’s inequality, for r > 1,

L= (L) (L) Sei=n

gives for f:= |uP, g :=1, and r :== ¢q/p

/
[l < ([ ) jagere
Q Q

After rearrangement,

(e (™

Q
which shows that L?(Q) C LP(2) whenever |Q| < oo.
For ©2 = R the above argument does not work and clearly there are functions
from LP(R) which are not in L?(R) and vice versa. For u(z) := Zg 1)z~ 1/P*e,
where Zj; denotes the characteristic function of set M C R, it is LP(R) >
u ¢ Li(R) if ¢ > 0 is chosen sufficiently small. On the other hand, for
v(x) = E(lm)x’l/q’s with € > 0 sufficiently small, it is L?(R) # v € L(R).0



4 J. BLECHTA, J. MALEK

110 Week 2.

111 PROBLEM 2.1. Decide which of the following are normed spaces. If so, determine
112 whether they are Banach.

113 (i) (R, [l1/2) for

3
114 |22 = (le |1/2)
us (i) (R, ) for

3z ifx >0,
116 lz]|: = _
—x otherwise.

117 (iii) The space of polynomials of degree at most 2 with

118 Ipll = pL)] + o' (1)] + 3[p" (1)]

119 (iv) The space of all polynomials with the maximum norm |[|p||ec = m[ax] Ip(z)].
0,1

120 Solution.

121 (iv) The normed space (P, || - ||eo) of all polynomials on [0,1] is not complete.

122 The sequence of polynomials > " x7/j!, n = 1,2,... converges uniformly

123 in [0, 1], i.e., in the || - || nOrm, to exp(x) ¢ P. O

124 Quiz 2.2. Let f:[0,1] — R be Lebesgue integrable. Which of the following are

125 true7

126 (A) [y f(t)dt is continuous on [0, 1].

127 (B) [, f(t)dt is uniformly continuous on [0, 1].

128 (C) [y f(t)dt is absolutely continuous on [0, 1].

129 (D) foz f(t)dt is Lipschitz continuous on [0, 1].

130 (E) [y f(t)dt is continuously differentiable on [0, 1].

131 PROBLEM 2.3.

132 (i) Show that every subspace of a normed space is also a normed space (under

133 the same norm).

134 (ii) Show that every closed subspace of a Banach space is also a Banach space

135 (under the same norm).

136 Denote by £, the set of all bounded sequences of real or complex numbers, ¢ the set of
137  all convergent sequences of real or complex numbers, ¢q the set of all null (convergent
138 to zero) sequences, and cyo the set of all eventually zero sequences (sequences with
139 finitely many nonzero elements). Consider the supremum norm ||z||ec = supy~g ||
140 and show that

141 (iii)) (Yoo, || - |loo) i & Banach space,

142 (iv) ¢ is a closed subspace of (s, || - ||oo)s

143 (v) co is a closed subspace of (¢, | - ||oo), and

144 (vi) cgp is a subspace of (¢, || - ||oo) Which is not closed.

145 Solution.

146 (iii) We leave the task to verify that ({s, || - ||co) is @ normed space for the reader

147 and proceed with completeness. Suppose that {z"}22, C f, is a Cauchy
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FUNCTIONAL ANALYSIS: EXERCISE PROBLEMS 5

sequence, i.e., for every € > 0 there is N € N such that || — 2" || < € for
all m, n > N, or equivalently, using the definition of || - ||co,

(2.1) |z — x| <e  forallm,n > N and all k € N.

In particular, for a fixed k € N the number sequence {z}}52; C R is Cauchy
and hence convergent to xj, := lim,, . }. Taking the limit m — oo in (2.1)
yields that for every € > 0 there exists N € N such that

(2.2) |[ap —ax| <e foralln > N and all k € N,

which can be rewritten as || — z||cc — 0 as n — oo where = = {x,}72 .
Let us finish by verifying that z € £,. Indeed, fixing € > 0 arbitrarily, (2.2)
implies that for some N € N

l|lzg| — [N+ <& forall k€N,

and in turn |z | < |20 T+ ¢ for all k € N. As 2V+! € £ and ¢ is fixed, one
immediatelly gets that = € £.

Let us show the closedeness. Suppose that {z"}52, C ¢ is a convergent
sequence (in the || - ||ooc norm), ie., ||[z™ — z|lcc — 0 as n — oo and x €
due to its completeness. We shall show that x € ¢. Let us fix ¢ > 0 to an
arbitrary value. By the uniform convergence ™ — x, there exists N, € N
such that

|27 — 2 <§ for all n > N. and all k € N.

The number sequence {x,lcv <122, is convergent by the hypothesis zNe ¢, e,
(for the above chosen e > 0) there exists K € N such that

|x]kvffxévf|<§ forall k, £ > K.

Altogether, for arbitrary € > 0 there exists K € N such that
ok — 2| < |z — 2y + 2 — x| + |z — x4 <s+s5+5=c¢

for all k, £ > K. In the other words, the number sequence {z;}72, is Cauchy
and hence x € c.

Let us show the closedeness. Suppose that {#"}52, C ¢o is a convergent
sequence (in the || - ||oo norm), i.e., ||2" — z||oc — 0 as n — oo and z € ¢
as (¢, | - |loo) is @ Banach space by virtue of the previous task (iv). We shall
show that x € ¢y. Let us fix € > 0 to an arbitrary value. By the uniform
convergence " — x, there exists N, € N such that

|x}§—xk|<g for all n > N, and all k € N.

The number sequence {xﬁ[ <}22, is null (convergent to zero) by the hypothesis
xNe € ¢, i.e., (for the above chosen & > 0) there exists K € N such that

|a:fcvf\<% for all k > K.
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6 J. BLECHTA, J. MALEK
Altogether, for arbitrary € > 0 there exists K € N such that
jen] < o — a2y et <5+ 5=¢

for all £ > K. In the other words, the number sequence {z}}?° ; is null and
hence x € c.

. %,0,0,07 )59, C epo converges in the supre-
...) € ¢, which is not an element of ¢gg. Hence cog is

mum norm to (1,
not closed in (cg, |

HOMEWORK 2.4.
(i) Show that, for a fixed p € [1, 00), coo is dense in the Banach space (£p, || - ||),

where
oo 1
P
lally = (3" lil?) "
j=1
(ii) Show that the closure of cgg in the supremum norm || - || coincides with cp.

HOMEWORK 2.5. We say a subset V' of a metric space is (sequentially) compact
if every sequence in V has a convergent subsequence with the limit in V.

Let X be a Banach space, a set A C X be closed, and a set B C X be compact.
Show that the set A+ B:={x+y, x € A, y € B} is closed in X.

HOMEWORK 2.6. Let

0 otherwise.

Loif g n
fn(x) — {n f € (Oa )7

For every p € [1, 00], determine whether {f,} has a limit in (LP(R), || - ||,),

= p %
I, = ([ r@ras)”. pe oo,
7]l = esssupe | /()]

HOMEWORK 2.7. Consider X, the set of continuous functions u: [0,00) — R such
that

[ulle = sup e*fu(z)]
z€[0,00)
is finite. Show that (X ||-||¢) is a normed space and determine whether it is complete.

HOMEWORK 2.8. For each n € N, let the sequence {z7}7°, C R be given by

k+1 n+1

EETRErTEE

Tp =

(i) Determine whether ™, n € N, belong to co, £1, f2, {3, and L.
(ii) Determine whether the sequence {x"}22; converges in Banach spaces (co, || -
o) and (Yoo, || - |loo)- If yes, establish the limit.
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Week 3.

PROBLEM 3.1.

(i) Consider (C([0,1]),] - |ls), the vector space of continuous functions on [0, 1]
equipped with the maximum norm ||u||s = maxgep,1] [u(z)|. Think through
that this is a normed space. Show that it is complete.

(ii) Show that (C([0,1]),| - |l1), llull1 = fol |u(z)| dx is a normed space which is
not complete. As a counterexample consider the sequence

+

IA A
N|— D[~
s

x
fu(@) =4 5@ —3)+3, x
.

N N~
3l=3=
IA A

(iii) THEOREM 3.2 (Arzela—Ascoli). Let a sequence of continuous functions { f}52 41}
C C([0,1]) be given.

If {fn}5, is uniformly bounded, i.e., there exists M > 0 such that

[fnlloe < M,

and uniformly equicontinuous, i.e., for every ¢ > 0 there exists 6 > 0 such
that for all z,y € [0,1] with |z —y| < & it holds

sup [ fn(2) — fu(y)| < e,
neN

then there exists a subsequence {fn, }72 | that converges uniformly on [0, 1].

The converse is true as well in the following sense: If every subsequence
of {fn}S2 admits a uniformly convergent subsequence then {f,}32; is uni-
formly bounded and uniformly equicontinuous.

Use the theorem to judge whether {f,}52; from (ii) is uniformly convergent.

Solution.

(i) This is the wniform limit theorem. Its proof uses the /3 strategy as in
Problem 2.3 (iv).

(ii) The pointwise limit

o) = {O’ <y

1, x>%,

does not belong to C([0,1]), but a straightforward computation shows that
| fr — flli = 0 as n — oo.

(iii) Clearly it is || fn|| < 1 for all n € N, so the sequence is uniformly bounded.
On the other hand, the modulus of continuity blows up with n — oco: For
arbitrary € > 0, it is

fu@) = ful)| <& iflo—y| < %

So 6 > 0 cannot be chosen independent of n € N, and the uniform equicon-
tinuity is violated. Hence, according to the theorem, it cannot be that
lfn. = flloo — 0. (The reader should think through that selecting a sub-
sequence and/or assuming a different limit instead of f is of no help here.) O
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abis vytahl na ,. operatory

Hrozi funkcionalni analyze nebezpedi?

PROBLEM 3.3.

(i)

(i)

(vii)

Let A € R™ ™ be a given matrix. Consider the mapping T4: R™ — R": x —
Az. Verify that T4 is a linear bounded operator w.r.t. the Euclidean norm on
R™ and R™. Does the operator norm || 74| coincide with some matrix norm
of A? Is the norm attained for some z € R™?

(Diagonal operator on /). Let an arbitrary sequence {A\;}72, C R and
p € [1,00] be given. Consider the operator T : ¢, — ¢, given by

T($1,$2,$3, .. ) = ()\11‘1, )\2.232, )\33}3, .. )

Equip ¢, with its usual norm ||z||, == (332, |z[?) p Compute the norm of
T: (¢, || llp) = (€p, |l - llp)- When is the operator bounded7

For real functions on [0, 1], consider the differentiation mapping f — f’. This
is clearly a linear operator. Consider the sequence {f,}22,, fn(x) = sin(nx).
Compute || fn|loo and || £} ||oo- Is the operator (C1([0,1]), || |lso) — (C([0,1]), ||+
lloo): f + f’ bounded?

(Shift operator on L?). Let a € R and p € [1,00] be given. Consider the
mapping Ty, given for a f € LP(R) by prescription

(Tof)(z) = f(x —a) for a.e. z € R.

Clearly T, is a linear operator and |7, f|l, = ||f|l,. Hence, To: LP(R) —
LP(R) is bounded with || T, || = 1. Observe that T, is a bijection.

(Shift operators on ¢,,). For any 1 < p < oo, define the right shift Sg: £, —
4, and the left shift Sp: £, — ¢, by

SR(.’IZl,IEQ,:Z?g, . ) = (O,xl,xg, .. .),
Sp(w1, 22,23, .. .) = (T2,73,T4,...).

Verify that these are bounded linear operators, compute their norms, and
check whether they are injective or surjective.

(Multiplication operator). Let  C R be open and let g € L>(2) be
given. Consider the multiplication operator, which, for an f € LP(Q), 1 <
p < o0, is given by

(Mgf)(z) = f(z) g(x) for a.e. z € R.

Compute the norm of My: LP(Q2) — LP(Q).
Consider the indefinite integral operator, for f € C([a,b]), a < b, given by

x)z/zf(s)ds for all x € [a, b].

Show that T': (C([a, b)), || |leo) = (C([a,b]), || loc) is bounded and that ||T|| =
b—a.
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Do you know how can be the range of T': L'((a,b)) — C([a,b]) described?

Solution.

(i)

(iii)

We have

ITall = sup [[Ta(@)llz = sup [|Az(l2 = [|All2,

llzll2<1 llz]l2<1

the spectral norm of A. The norm is attained by any dominant right sin-
gular vector: If A = )", o, with oy > o9 > -+ > 0 and {w;}s, {vi}i
orthonormal systems, then ||Av|| = ||oyv1|| = o1 = || 4||2-

Suppose that p < co. We estimate

oo o0
Tzl =D Niwal? < sup [ XlP D Ll = (A%l 13,
i=1 ieN i=1

which implies that

Tx
17 = sup e < ..
220 ||Zllp
For
2" =(0,...,0,1,0,...),
it is n-th pTosition
||1'n||p =1 and ||Txn||p = |Anl-
Hence
Tx Tx™
17 = sup 122l > g WP 0, =
z#0 Hpr neN ||z ||p neN
Using both inequalities we conclude that |T| = ||A|e and clearly T is

bounded if and only if A € /. We leave the modifications necessary to
handle the case p = oo for the reader.

It is
[falle =1 and  [fillc =n
and hence
[ = sup [f'llc = sup|lfyllec =supn = oo,
[l flloo<1 neN neN

that is the operator f — f’ is not bounded.
Assume first p < co. We have

o0

ISpzllh = lzil” = |lIlf,
i=1
oo

ISzl =" lail” < |-
1=2

The inequality becomes an equality if z = (0, 22, 3, . ..). This together shows
that [|[Sg|| = 1 and ||Sr|| = 1. A minor modification shows the same for
p = o0.
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Given any p € [1, o], the equation
Spz = (1,0,0,...)

does not have a solution x € £, and hence Sg is not surjective. On the other
hand the equation

Sszo

only has a trivial solution « = 0 and hence Sg is injective.
Given arbitrary p € [1,00] and y = (y1,y2,...) € £y, the equation

Spr =y

has a solution, for example, x = (0, y1, 2, y3, - . .) and hence Sy, is surjective.
On the other hand, the equation

SLCC =0
has a non-trivial solution = (1,0,0,...) and hence Sy, is not injective. 0O

HoMEWORK 3.4. Consider the vector space of real sequences R>. Show that the
function d: R* x R>® — [0, +00] given by

— . |z =yl
=Y o (L Rt = {z;}520, vy = {y 1521

= L4 |z —y;1

is a metric (distance) on R*. Apply the following proposition to f: s — 5 +S

LEMMA. Let f:[0,00) — R be concave such that f(0) > 0. Then f(a +b) <
fla) + f(b) for alla, b>0.
Proof. By hypotheses, we have, with ¢ € [0,00) and 0 < A < 1, that
FO#) = fF(At+ (1= X)0) > Af(1) + (1= N f(0) = Mf(t).

Hence,

F@+ 50 = 5 (5 0+ 0) + 1 (50 +)
E%H)f(a—kb)—i—%mf(a—i—b):f(a—i—b). ]

Solution to Homework 3.4. First we verify that d(x,y) < +oo for all x, y € R*°.
The inequality

1—T-s -
d(z,y) < ZZ_j =1

The symmetry d(z,y) = d(y,z) is clear and also clearly d(z,z) = 0. On the other
hand if d(z,y) = 0 then |z; — y;| = 0 for all j € N and hence z = y. It remains to
verify the triangle inequality.

concave, and non-negative on [0, +00). So by
the monotonocity and the lemma, for arbitrary a, b, and ¢ > 0 such that ¢ < a + b, it
is
c . _a +b < 0 n b .
l14¢ " 1+a+b " 1+a 145
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Applying the inequality to a = |z; — y;|, b =|y; — 2;|, and ¢ = |z; —

o0
:Zzﬂ-m
; L+ |z — 2]

Jj=1

11

zj| we obtain

o (1T =il ly; — 2
< 2J( | = d(z,y) +d(y,2). O
; L+ |z =yl 1+ |y — 2l

HOMEWORK 3.5 (discrete metric space). Let X be a set and define, for z, y € X,

0 ifx=y,
d(x,y) =
(z,4) {1 otherwise.

Show that (X ,d(e, )) is a metric space. Describe all open balls and spheres in the

space.

‘Week 4.

Quiz 4.1. For p > 1 let £, denote the set of all sequences {z;}72; C R such that

o0
Z |z;|P < oo.
j=1

For p > 1 and an open set @ C R, let LP(2) denote the set of all measurable functions

f:Q — R such that

i@ <.

Which of the following possibilities are true?
(A) 51 D L

(B) L'((0,1)) € L*((0,1));

(C) L'((0,+00)) < L2((0,+00));

(D) L*((0,400)) D L?((0,+00)).

Quiz 4.2. For arbitrary a € R, let c¢(a) denote the set of all convergent sequences
of real numbers with the limit equal to a. Let d be the set of all divergent sequences
of real numbers. Which of the following possibilities are true?

(A) ¢(0) is a vector space;
(B) ¢(1) is a vector space;
(C) d is a vector space.

Quiz 4.3. Consider the sequence of functions f,: (0,

by
fulx) = PR
For each z € (0,1), denote
flx) = nli{go fn(2) if it exists, otherwise

Which of the following possibilities are true?

) >R n=12,..

f(z)

= OQ.

., given
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For every z € (0, 1), the number sequence {f,(x)}52, converges;
fn € L'((0,1)) for every n € N;
fe LH(0,1));

PROBLEM 4.4. On the Banach space (C(]0,1]),] - |loc) consider the following op-
erators and decide whether they are linear and bounded:

(1) Tf(x) = (COS (x)),
(ii) Tf(x) = cos?(f(x)),
(i) T/(2) = (0)"(x),
(iv) Tf(z) = (x— 1)z f(0 +f0
(v) Tf(xz) =y(x), where y is the solutlon of the initial value problem y’ +y = f
in (0,1), y(0) = 0.
Solution.
(i) T is clearly linear and also bounded. Indeed, for arbitrary « € [0, 1], it is
|f(cos® x)] < max [£(t)] = || flloo-
t€0,1]
Hence ||Tf|lcc = max,eo,1) |f(cos? z)| < ||f|loc, which shows that [|T]| < 1.
Choosing f =1 shows that |T|| = 1.
(ii) T is clearly non-linear.
(iii) T is clearly non-linear.
(iv) T is linear and, for arbitrary = € [0, 1],
T 1
ITf ()| < 1£(O0)] & — 1] 2] + \/0 f(s)ds| < 17(0) +/O £(s)] ds
< 2l fllos + 1 flloo-
Hence ||T]| < 2 and T is bounded.
(v) For f1, fo € C(]0,1]), consider y1, y2 € C([0, 1]) such that

vty =h in (0,1), y1(0)
Yo +y2 = fo in (0,1), y2(0)

Due to the linearity of the equations, we have

)

0
0.

(y1+v2) + (1 +y2) = (fi+ f2)  n(0,1),  (y1+92)(0) =0,

which shows that T'(f1 + f2) = T'f1 + T'f2. Proceeding similarly for homo-
geneity, we get that T is linear.
It is readily verified that T" has the explicit representation

Tf(x) = /O exp(t — z) f(£) dt.

Hence, for any z € [0, 1],

Tf ()| S/Ozexp(t—x)lf(t)ldté/Ozlf(t)ldtﬁ [1flloo-

Hence, T is bounded with | T|| < 1. d
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DEFINITION. A function p: X — R on a vector space X over R (or C) is called
a seminorm if it satisties the following properties:

(i) plax) = |a|p(x) for alla € R (or C) and x € X;

(ii) p(z +y) < p(x) +ply) for alz, y € X.
A sequence of seminorms {pj};?‘;l 1s called separating if for every monzero x € X
there exists j € N such that p;(z) > 0.
Observe that (ii) implies that p(0) = 0 and (i) and (ii) together imply that p(z) > 0
for all z € X. Indeed, 0 = p(0) = p(z + (—x)) < p(z) + p(—z) = p(x) + p(z) = 2p(x).

PROBLEM 4.5. Adapt the solution of Homework 3.4 to show the following propo-
sition.

PROPOSITION (metric generated by seminorms). Let {p;}32, be a separating se-
quence of seminorms on a vector space X. Then

o0

— —j_Pilt—y)

is a metric (distance) on X.

DEFINITION. Let X be a vector space over either R or C and {p;}32, be a sep-
arating sequence of seminorms on X. If the metric space (X, d(-, )) with d given by
(4.1) is complete, then (X, {p; ‘;‘;1) 1s called a Fréchet space.

EXAMPLE 4.6 (examples of Fréchet spaces [1, Examples 2.25, 2.26]).

Week 5.

EXAMPLE 5.1 (Schwartz space of rapidly decreasing functions [2]). The Schwartz
space (the space of rapidly decreasing functions)

S(R") = {u € C®(R"), |27 0att]|oc < oo for all multiindices o, 3}

is a Fréchet space (without proof) when equipped with the sequence of seminorms
{Pj }?.;Ov

pj(u) = Z ||xﬁaau“oo’

el |1B1<3

or, for example, {g;}32,

¢j(u) = max [|(1 + |2]*)? ot o
|| <35
These two generate the same topology. Significance of the space is that (i) Fourier
transform F: S(R™) — S(R™) is one-to-one, (ii) Fourier transform F: S(R")" —
S(R™)" on tempered distributions S(R")" is naturally defined (by moving F to test
functions), and (iii) as S(R™) is dense in L?(R™), F can be extended to F: L%(R") —
L?(R™), which is unitary. For details see [2].

PROBLEM 5.2 (Minkowski functional). Let X be a real normed space and B C X

be a nonempty convex open set containing the origin. Let the functional p : X —
[0,00) be defined by

p(z) = inf{\ > 0, x € AB}, for every z € X.
Show that
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(i) there exists M > 0 such that p(x) < M||z|| for all z € X;
(i) B={xc X, plx) < 1)
(iii) p is sublinear, i.e.,
plaz) = ap(x) for all z € X and @ > 0 and
p(z+y) <plx)+ply) for all z, y € X.

Solution.
(i) By the hypothesis, there exists a ball B, := {z € X, ||z| < r} with certain r >
0 such that B, C B. Hence

p(x) = inf{A >0, £ € B} <inf{A >0, £ € B,} = @

(ii) To show “C”, suppose that € B. As B is open, (14 §)x € B for some § > 0
small enough. In the other words, § € B for A = 4, and hence

1 1
— inf{\ B} <inf{ ——} = —
p(z) =inf{A >0, ¥ € B} <in T 1+5<
For the opposite inclusion, suppose that p(z) < 1. By the definition of p,
there exists 0 < § < 1 such that 8 € {A > 0, /X € B}, and hence z/8 € B.
As B is convex and contains the origin, we have

x:ﬂ%—F(I—B)OEB.

(iii) We leave the task to verify positive homogeneity, p(ax) = ap(x), forallz € X
and a > 0, up to the reader, so it remains to prove the triangle inequality.

Suppose that x, y € X and fix € > 0. Then for W’ we have

p(ﬁ(%)er 5) N p(];()x}r e <

where the equality follows from the positive homogeneity, and hence, by virtue
of (ii), p($)+8 € B. Similarly, p(y)+8 € B. By the convexity of B, it follows
that, with arbitrary 0 < p < 1,

Y

— <2 €B.
py) +e

_r 4 1-p)
") e g
p(x)+e
p(x)+p(y)+2e

T4y B plx +y)
g p(p(x) +p(y) + 26) © plz) +py) + 2

Chossing p = and using (ii) and the positive homogeneity yields

As e was arbitrary, it is p(x + y) < p(z) + p(y). 0
HOMEWORK 5.3 (epigraph). For a function f: X — R, its epigraph is defined as
epif:={(z,y) € X xR,y > f(z)}.

Show the following propositions.

LEMMA 5.4. Let X be a convexr subset of a real vector space and suppose that
f: X = R is conver. Then epi f is convex.
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If X is a normed space, the product X xR is a normed space with, e.g., ||(z, y)|| xxr ==
lz]lx + |y|- Recall we say that a function f: X — R is (norm) lower semicontinuous
if ,, — = (in norm) implies liminf f(z,) > f(z).

n—oo

LEMMA 5.5. Suppose that X is a normed space and f: X — R is (norm) lower
semicontinuous. Then epi f is (norm) closed.

‘Week 6.

THEOREM 6.1 (Hahn—Banach separation theorem). Let A, B be nonempty dis-
joint convex subsets of a real normed space X .
(i) If A is open then there exists F € X* and ¢ € R such that

F(z) <c< F(y) forallz € A andy € B.

If both A and B are open, then both of the inequalities can be taken as strict.
(i) If A is closed and B is compact the there exists F € X* and ¢1, co € R such
that

F(z) <c; <ca < Fly) forallz € A and y € B.

First we show part (i) for B singleton, i.e., we show the following claim.

LEMMA 6.2. If C is a nonempty convex open subset of a real normed space X and
z € X\ C, then there exists F € X* with F(x) < F(z) for all z € C.

Proof. For now assume that 0 € C. Set Z := span{z}, which is one-dimensional
as z is nonzero due to C N {z} = 0 and 0 € C. Define linear functional Fy: Z — R
by Fo(tz) =t for t € R. We will show that Fp is dominated on Z by the Minkowski
functional pc: X — [0, 00) given by

pe(x) = inf{A > 0, z € \C} for z € X.

It has been shown in Problem 5.2 that po is a norm-bounded sublinear function and
that C' = {z € X, pc(z) < 1}. In particular it is pc(z) > 1 as z € C. Hence

Fo(tz) =t <tpc(z) = pe(tz) for all ¢t > 0,
Fo(tz) =t <0< pe(tz) for all ¢ <0,

which shows that Fjy < pc on Z. The Hahn—Banach theorem thus ensures that there
exists linear F': X — R such that

F=Fyon Z and F <pconX.
Thus,

—Mllz|| < —pc(—z) < F(z) < po(x) < M|jz||  for any z € X,

where M > 0 is the constant from the estimate po(z) < M||z||. Thus F is bounded.
We also have for z € C

F(z) <pc(z) <1=Fy(z) = F(»),

which finishes the case 0 € C.
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16 J. BLECHTA, J. MALEK
If 0 ¢ C, choose any zp € C' and set
C'::{x—xOGX,xGC} and Z=2z—x.

Itis 0 € C and 2 ¢ C, hence, by virtue of the already proved case “0 € C”, there
exists F € X* with F(&) < F() for all Z € C. Adding F(z0) to both sides yields
F(z)=F(&+x0) < F(Z4+x0) = F(z) for all z € C. 0

LEMMA 6.3. Let X be a normed space and suppose that F is a monzero linear
functional defined on X. Then F is surjective. If M is an open subset of X, then
F(M) is open.

Proof. As F # 0, there is y € X such that F(y) = 1. One-dimensional subspace
span{y} is mapped by F onto R (or C if X is complex), thus F is surjective. Fix
x € M. We need to show that B.(F(x)) C F(M) for some € > 0, where B,(s) is an
open ball of radius r around s in R (or C). The set {z + ty, t € B-(0)} is mapped
by F onto B.(F(z)) as

F(x+ty) = F(x) +tF(y) = F(x) + t.
Altogether we have, with notation BX (z) = {v € X, |lv — z|| < r},
B.(F(z)) = F({z + ty, t € B-(0)} € F(BX (x)) € F(M),

where the last inclusion is true for small enough € > 0 as M is open. ]

Proof of Theorem 6.1. For A open, the set

C = U{x—yeX,xeA}

yeEB

is open (as a union of open sets) and nonempty. Convexity of A and B easily imply
that C is convex, which we leave for the reader to check. It is also 0 € C since A, B
are disjoint. Lemma 6.2 provides F' € X* such that F(z) < F(0) =0 for all € C,
or equivalently F(z) < F(y) for all € A and y € B. This implies that

F(z)<supF(A) <c¢<inf F(B) < F(y) foralz€e Aandy € B

holds true for some ¢ € R. Lemma 6.3 shows that the left-most inequality is strict ow-
ing to A being open and analogously for the right-most inequality if B is additionally
open.

It remains to prove part (ii). For r > 0 let

A= JB@),  Bo= ] B(y),

T€EA yeB

where B,.(z) = {v € X, ||[v — z|| < r} is the open ball in X of radius r centered at z.
We leave it as an exercise to verify that A,., B, are nonempty, convex, and open given
any r > 0. We also claim that there exists R > 0 such that A, N B, = ) whenever
0 < r < R. To see it, assume for contradiction that there are sequences {z,} C A4,
{yn} C B, {vn}, {w,} C X such that

Ty +Vp = Yn +w, forallnéeN, v, — 0, wy, — 0.
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Compactness of B implies that there is a subsequence of {y,} with {y,,} — v € B.
Then

Ty = Yny + Wy — U, Yy +0—-0=1y.

This shows that {z,,} C A converges to y, which thus must be in A owing to its
closedness. Altoghether we have shown that y is an element of A and B at the same
time, which is a contradiction with A N B = (). Thus the claim that Ar, Bgr are
disjoint for R > 0 small enough is thus proved. By part (i) Ag, Br are separated by
a plane, i.e., for some nonzero F' € X* and c € R, it is

Flz+v)<c< Fly+w) forallz € A,y € B, v, w € X with |jv]], |w|] < R.

This implies that, for any =z € A, y € B,

F(z)+ R||F||= sup F(x+v)<c< inf F(y+w)=F(y)— R|F|.
Il <R lwl|<R

The result follows with ¢1 2 = ¢ F R||F|| as R||F| > 0. d
Week 7.

PROBLEM 7.1. We say that a subset M C X of a normed space X is (sequentially)
weakly closed if every weakly convergent sequence {x,},>1 C M satisfies z,, — x €
M. We can immediately see that a weakly closed set is closed. Indeed, suppose that
{zn} C M conveges in norm to z € X. Then {z,} converges weakly to the same x.
As M is weakly closed, it is necessarily € M. The converse holds true for convex
sets:

THEOREM 7.2. A subset of a normed space that is closed and convex is weakly
closed.

We say that f: X — Ris weakly lower semicontinuous if the weak convergence z,, — x
implies liminf f(x,) > f(x).
n— o0

THEOREM 7.3. Let f be a real-valued functional on a normed space which is lower
semicontinuous and convez. Suppose additionally that f is bounded from below. Then
f is weakly lower semicontinuous.

COROLLARY 7.4. LetV be a normed space. Then the norm ||-||: V — R: z — ||z||
is weakly lower semicontinuous, i.e.,

liminf ||z, | > ||| whenever x, — .
n—oo

Prove the theorems and the corollary. Theorem 7.2 can be proved by contradic-
tion, invoking the strict Hahn—Banach (strict) separation theorem (Theorem 6.1 (ii)).
Theorem 7.3 follows from Lemmas 5.4 and 5.5 and Theorem 7.2.

Solution. We shall only show proofs for the case that the underlying normed space
is a real normed space.

Proof of Theorem 7.2. We suppose, according to the hypotheses, that X is a real
normed space and M is its closed convex subset. Suppose that {z; }J"’;l C M converges
weakly to x € X. For the proof, we need to show that z € M. For contradiction
assume that x € X \ M. Then by the Hahn-Banach separation theorem, Theo-
rem 6.1 (ii), M and {z} are strictly separated by a hyperplane. Indeed, the singleton
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set {x} is convex and compact. So there is F' € X* such that sup,, F' < F(x). But
by virtue of the weak convergence it is F'(z;) — F'(z) as j — co. So

F(z) >supF > sup F(z;) > lim F(z;) = F(x),
M JEN J—roeo

which is a contradiction. O

Proof of Theorem 7.3. We suppose, according to the hypotheses, that X is a real
normed and f: X — R is convex, lower semicontinuous, and bounded from below,
ie., infy f > —oo0. According to Lemmas 5.4 and 5.5, the epigraph of f is a closed
convex subset of the product space X x R. Thus, by Theorem 7.2, the epigraph is
weakly closed.

Let {z;}32, C X be an arbitrary sequence that converges weakly in X towards
some z € X. Denote L := liminf f(x;), an element of the extended real line R U
{—00,4+00}. For proof, we need to show that f(z) < L. If L = +o0, the claim is
true and the proof is finished. The case L = —oo would contradict the hypothesis of
boundedness from below. Indeed,

—oo < inf f <liminf f(z;) = L = —o0.
X j—o0
Hence L = —oo cannot happen and it remains to deal with the case L € R.

Consider the sequence {z;, f(x;)}32,, which is a subset of the graph of f, which
is in turn a subset of the epigraph. By the definition of limit inferior, there is a sub-
sequence f(z;,) — L as k — oo. So in the product space X x R, the sequence
{(xje, f(z,.)) 152, a subset of the epigraph, goes weakly to (z,L). By the weak
closedeness of the epigraph, the limit (z, L) also belongs to the epigraph, or equiva-
lently, L > f(x). 0

Corollary 7.4 follows immediately from Theorem 7.3 once we verify its assump-
tions. From triangle inequality we get [|[Ax + (1 — A)y|| < Allz|| + (1 — N)||y|| when
0<A<landz,ye€ X,andalso ||z,]|—|z||| < [|an — 2|, which shows that  — ||z
is continuous (w.r.t. convergence in norm), in particular, lower semicontinuous. Norm
is also bounded from below, ||z| > 0. 0

PROBLEM 7.5 (complex Hahn-Banach theorem).
(i) Let V' be a vector space over C. Show that V' is a vector space over R.
(ii) Let f: V — C be a linear functional on the complex vector space V. Define
jﬁ, jé: V>R by
fi(z) = Re f(z),
falw) = Tm f(2).

Show that f; and fy are linear functionals on V' over R, but they are not, in
general, linear functionals on V over C.

(iii) Show that fo(x) = —f1(iz), and hence f(z) = f1(z) — if1(ix).

(iv) Let X be a complex vector space, p: X — R be a seminorm, and let V C X
be a subspace of X. Suppose that f: V — C is linear such that |f(x)| < p(x)
on V. Apply the real version of Hahn—-Banach theorem to construct a linear
Fi: X — R, an extension of fi: V — R, such that |Fi| < pon X.

(v) From Fj construct a linear F': X — C, an extension of f: V — C, and show
that |F| < pon X.

Solution.
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(ii) For arbitrary =, y € V, we have fi(z+vy) = Re f(z+y) = Re f(x)+Re f(y) =
fi(@)+ f1(y). As of homogeneity, we have fi(Ax) = Re f(Az) = Re(Af(x)) for
any A € C. If X is real, then the last expression equals Afi(x), which shows
that fi is linear on V over R. On the other hand, homogeneity fi(Az) =
Afi(z) is clearly violated if, for example, A = i and fi(x) # 0. Indeed, the
left-hand side is real and the right-hand side is imaginary.

(iii) Indeed, for any = € V, we have f1(ix) = Re f(iz) = Re(if(x)) = — f2(x).

(iv) Linear functional f1: V — R is dominated by p on V. Indeed, |fi(x)| =
|Re f(z)] < |f(z)] < p(x). By the real Hahn—Banach theorem, there exists
Fy: X — R, a linear functional on X over R, such that F; = f; on V and
F; <pon X. As pis a seminorm (recall that a sublinear function which is
additionally absolute homogeneous is a seminorm), it is —F(z) = Fy(—z) <
p(—z) = p(x), which shows, together with Fy(z) < p(z), that |F;| <pon X.

(v) For an arbitrary « € X, let F(z) = Fi(z) — iFy(iz). It is readily verified,
directly from the definition, that F' is a linear functional on X over C. It is
also an extension of f. Indeed, for x € V, it is F(z) = Fi(z) — iFy(iz) =
fi(x) —ifi(iz) = f(z). It remains to verify that |F'| is dominated by p.
Let x € X be arbitrary and fixed. There exists ¢ € R such that |F(z)| =
e F(x) = F(el'z) = Fy(e'x) — iFy(iet'x). The left-hand side is real and Fy
is real-valued so it must be |F(z)| = Fy(e'z) < p(e''z) = |e|p(x) = p(x).

Thus we have proved the complex version of the Hahn—Banach theorem:

COROLLARY. Let X be a complex vector space and V- C X be its subspace. Let

f:V — C be linear, p: X — R be a seminorm, and |f| < p on V. Then there exists
a linear F: X — C such that F = f on'V and |F| <p on X.

PROBLEM 7.6 (Mazur’s lemma). Let X be a real vector space and M C X be an
arbitrary set. We define the convex hull of M as

conv M = {z € X, x is a finite convex combination of elements of M}

Z?ll A; =1, and vectors 1, ..., 2, € M such that z = Y_""

r € X, there exists m € N, positive numbers Aq,..., A, with
j=1 Aji;

(i) Show that M C conv M, that conv M is convex, and that conv M is convex.
(ii) Use Theorem 7.2 to prove the following result:

THEOREM (Mazur’s lemma). Let X be a real normed space and suppose that
{1521 C X converges weakly to some x € X. Then x € conv{z;}3,.

(iii) Show that this statement is equivalently formulated as follows:

THEOREM (Mazur’s lemma). Let X be a real normed space and suppose that
{w;}52, C X converges weakly to some x € X. Then there exists a sequence
of finite convex combinations of {x; }?‘;1 which converges strongly to x. Pre-
cisely, there exists a sequence of integers {mj};‘;l and numbers 0 < \j; <1,
j=12,..,i=12,...,my, with Z;lﬁ Aji = 1 for every j € N, such that

m;
Z Aji®; — strongly as j — o0.
i=1

Solution.
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(ii) M = conv{z;}32, is a closed convex subset of a normed space, so by Theo-
rem 7.2 it is weakly closed. Hence, for {z; };?’;1, a weakly convergent sequence
from M, its limit must be in M. ]

Week 8.

PRrROPOSITION 8.1. A closed subspace of a reflexive normed space is reflexive.

Proof. Suppose that V is a reflexive normed space (and hence Banach) and M C
V' is a closed subspace. We need to show that the canonical map J: M — M**: x —
Jx given by
(Jz)(p) = p(x) for all p € M*

is surjective. Equivalently, for arbitrary given f € M** we need to find x € M such
that Jx = f, ie.,

(8.1) o(x) = f(p) for all p € M*.

Fix f € M**. Define a linear function F' on V* by
F(®) = f(®m) for @ € V*.

We leave it as an exercise to verify that F' € V**. As V is reflexive, there is x € V
such that
D(z) = F(®) = f(Q)p)  forall ® e V™.

We claim that € M. For contradiction assume that x € V' \ M. As M is closed, by
the Hahn-Banach theorem there is ¥ € V* with ¥(z) =1 and ¥ =0 on M. Hence

1=¥(z) = F(¥) = f(¥n) = f(0) = 0,

which is the desired contradiction and thus € M. It remains to show that (8.1)
is satisfied for given f € M*™* and here constructed x € M. Fix ¢ € M*. With its
Hahn-Banach extension ® € V*, @, = ¢, we have

f(o) = (@) = F(®) = ®(2) = Q) (z) = o). a

PROBLEM 8.2 (weak convergence in C'(K)). Let f € C(]0,1]) be piecewise affine
such that

fn(o):fn(%_i_g):fn(%):fn(l):ov fn(%_:,.l)zl

Show that f,, does not converge in norm and that f,, converges to zero pointwise
everywhere in [0, 1].

Quiz 8.3. Consider the sequence {g,}52 ; of functions g, : [0,1] — R given by

gn(x) = exp(nx).

For arbitrary z € [0, 1], consider the Dirac functional ¢, : C([0,1]) — R,

Which of the following possibilities are true?
(A) 0, is a linear functional;
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(B) 0, is a bounded linear functional;
(C) number sequence {3.(g,)}22, converges for z = 3;
(D) the sequence {g,,}22; converges weakly in C([0, 1]).

We can see that a weakly convergent sequence from C([0,1]) is (i) pointwise
convergent in [0,1] and (i) bounded.! In fact, (i) and (ii) together are sufficient
conditions for weak convergence in C([0,1]):

PROPOSITION 8.4. Let K be a compact metric space. Then {f,}°2, converges
weakly in C(K) if and only if {||fnllec} s bounded and {f,} converges pointwise
everywhere in K.

THEOREM 8.5 (F. Riesz representation theorem). Let K be a compact metric
space and suppose that F is a non-negative linear functional on C(K), i.e., if h €
C(K) and h > 0 on K then F(h) > 0. There exists a Radon measure i on K such
that

F(h)z/Khdu for every h € C(K).

Such measure is unique on Borel subsets of K.

Proof of Proposition 8.4. Above we have seen the proof of “=-", so suppose w.l.0.g.
that f, — 0 everywhere in K and sup,, , |fn(2)| < co. Fix F € (C’(K))* arbitrary.
We need to show that F(f,) — 0 as n — co. By Theorem 8.5 there is a real-valued
Radon measure p on K with F(f,) = [, fndp. The integral goes to zero by the
dominated convergence theorem (f,, is dominated by a constant function and f,, — 0
pointwise). d

Proposition 8.4 shows that {f,} from Problem 8.2 converges weakly to zero, while
it does not converge in norm.

PROBLEM 8.6. Consider Lagrange interpolation at arbitrary nodes —1 = zg <
21 <0 < Tpey1 <y =1, de, for f € C(]—1,1]), there is a unique L, f € P,, such
that (L, f)(z;) = f(z;), 7 =0,...,n. Such L, f is given by

n

L.f= Z f(xj)zj’ ej(x) = H
j=0 i=0
i#]

Tr — I

Tj — T4

(i) Show that {L,}>2, are linear bounded operators on C([—1,1]) and that
Ll = 11 3251 1l llo-
Function _ [¢;| is called the Lebesgue function (for nodes zo,...,z,) and number
[|IL.|| is called the Lebesgue constant (for nodes xg,...,z,). Whatever the choice of
the nodes is, the Lebesgue constant || L,|| grows at least logarithmically:

THEOREM (Faber, Fejér). If -1 =z < x1 < -+ < &p_1 < &, = 1, then || L] >

5 logn.
(ii) Use the theorem and the uniform boundedness principle (Banach—Steinhaus
theorem) to show that there exists f € C([0,1]) such that sup,, || L, f|| = co.

(iii) Conclude that for such f, the sequence L, f does not converge in || - ||oo- In
particular L, f does not converge to f.

I PROPOSITION FROM THE CLASS (a consequence of the uniform boundedness principle). Weakly
convergent sequences in a normed space are bounded.
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HoOMEWORK 8.7. Let U be a Banach space and let T: U — ¢, be a linear op-
erator defined on whole U, i.e., such that Tx € ¢, for every x € U. Consider its
components T;: U — R given by T;(x) = (T'x); for x € U and j € N. Prove that T
is bounded if and only if T}, j € N, are all bounded. (Use the uniform boundedness
principle to prove one of the implications.)

Solution. Suppose that T} are all bounded and Tx € (o, for every € U. Thus
for an arbitrary x € U we have

00 > ||Tx||oe = sup |(Tx);| = sup |T}jz|,
jEN JjEN

which shows that {T;x};en is a bounded sequence in R.

As {T}}en is a sequence of bounded linear operators from U to R and {T;z}jen C
R is a bounded sequence for every x € U, the uniform boundedness principle yields
that {7} en is a bounded sequence of operators. Hence

oo >sup ||T;]| =sup sup |[Tjz| = sup sup|Tjz|= sup ||Tz|e = |T].
JEN JjeN[lzllv=1 llzllu=1 €N llzllu=1

Thus T is bounded. The proof of the opposite implication goes along the same lines
but it does not require the uniform boundedness principle. ]

HOMEWORK 8.8.

(i) Show that there exists a bounded linear functional F on ¢, such that F'(z) =
limg_, 0o x whenever x is a convergent sequence. (Use the Hahn-Banach
extension theorem.)

(ii) Show that there exists a bounded linear functional F' € L*(R)* such that
F(f) = esslim,_,o f(z) whenever the limit exists. (Use the Hahn—-Banach
extension theorem.)

(iii) Show that (ii) fails when L°°(R) is replaced by L!'(R). To do this, find
a bounded sequence {f,}>°; C L'(R) with F(f,) — oo as n — oc.

‘Week 9.

PrROBLEM 9.1 (Everywhere-defined unbounded operator on a Banach space).
Let X be an infinite dimensional vector space. We say that a set M = {v;}ier is
linearly independent if for every finite index set J C I, the equation Zje] cjv; =0
implies that c¢; = 0 for all j € J. We say that a set B C X is a Hamel basis of X
if B is linearly independent and every element of X can be written as a finite linear
combination of elements of B.

(i) Let alinearly independent sequence {b;}$2, C X be given. Show, using Zorn’s

lemma, that there exists a Hamel basis B containing {b;}5°, as its subset.

“The Axiom of Choice is obviously true, the well-ordering principle
obviously false, and who can tell about Zorn’s lemma?”’ (Jerry
Bona)
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SYEN GOLLY
MASTER HYPNOTIST
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Let X be a Banach space. Recall that, by the Baire category theorem, {b;}5°,
alone cannot be a Hamel basis of X. In the other words, the dimension of X
is uncountably infinite.

Now assume w.l.o.g. that ||b;]| = 1 for ¢ = 1,2,... and consider the function
F: B — Rgivenas F(b;) =ifori=1,2,...and F(b) =0for b € B\ {b;}2;.
Show that F' is uniquely extended to a linear functional F': X — R. Observe
that F' is unbounded.

PRrROBLEM 9.2. Consider linear operators T, : £o — ¢5 given by

Tn(.’l,‘l,(EQ,...) = (1‘1,122,133,...7M,0,07...>.

For each x € {5, decide whether the pointwise limit of {7}, x},en exists, i.e.,
whether there is Tx € £ such that

1Tz — Thx|| — 0 as n — oo.

Use the uniform boundedness principle to argue that T defines a linear bounded]j
operator.

Show that || T, — T'|| = 0 as n — oo and conclude that T' is compact.

Consider the sequence {e"},cn C £2, where e™ := (0,...,0,1,0,...) with 1 at
n-th place. Show that {e”} does not converge in /.

PROPOSITION (Riesz representation theorem). For every F € (5 there exists a

(v)
(vi)

unique {y;}jen € lo such that F(x) =3,y y;z; for all v = {x;}jen € Lo.

For F' € ¢* consider the value F'(e™). Use the proposition to show that e, — 0
weakly in /5.
Compute the norm limit of {Te™}, .

PROBLEM 9.3. On the Banach space C([0, 1]) consider the following operators and

(i)
(ii)
(iii)
(iv)
( )

v

decide whether they are compact linear operators.

Tf(z)= (COS (),
T f(z) = cos®(f(x)),
Tf(z) = f0)f(x )
Tf(x) = (x—1)af(0) + [y f(
() = y(x), Where y is the solutlon of the initial value problem y’ +y = f
(0,1), y(0) =

Solution.
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(i) We will show that the closed unit ball By == {f € C([0,1]), | fllec < 1}
is mapped by T onto a set containing B;. By the F. Riesz theorem (the
closed unit ball in a Banach space is compact if and only if the space is
finite-dimensional), B; is not compact and thus 7" is not compact.

It remains to show that TB; D B;. Let g € B; be arbitrary. We need to find
f € B such that T'f = g, i.e.,

(9.1) f(cos?z) = g(x) for all z € [0,1].

Obeserve that

o(1), 0<y <o,
fily) = { 5
g(arccos \/y), cos®1 <y <1,
is one of the solutions of (9.1) and that || f1]|ec < ||g]lec < 1 so that f; € By.
(ii, iii) The operators are clearly nonlinear.

(iv) The operator f — (xz — 1)z f(0) is clearly linear, bounded, and of rank 1,
hence compact.” So it remains to show that f fow f is compact. Let
{fn}32; C C([0,1]) be a bounded sequence, i.e., ||fnllcc < M. We need
to show that {[ f,}, is a compact sequence in C([0,1]), i.e., that one can
select a subsequence such that { [ f,,, }x converges uniformly. By the Arzela-
Ascoli theorem (Theorem 3.2) this is the case if and only if [ f, is uniformly
bounded and uniformly equicontinuous. Boundedness has been showed in
Problem 4.4 (iv) and for the required continuity we can estimate

[ ae [al<] [ 5

which shows that { [ f,}, is a uniformly equicontinuous sequence.
(v) It has been showed in Problem 4.4 (v) that T is linear bounded and that
there is an explicit formula for T,

(Tf)(x) = / " () exp(t - @) d.

Similarly as in (iv), take a bounded sequence {f,}n C C([0,1]), || fnlleo < 1,

and show that {T'f,},, is uniformly equicontinuous and bounded. Then the
Arzela—Ascoli theorem (Theorem 3.2) yields compactness of T'. d

< fallolz =yl < M|z —yl,

HOMEWORK 9.4 (Baire property and meager sets in LP(€2)). Let X be a topolog-

ical space. Show that the following properties are equivalent.

(B1) Every countable union of closed sets with empty interior has empty interior.

(B2) Every countable intesection of dense open sets is dense.
We say that a set is a nowhere dense subset of X if its closure has empty interior. We
say that a subset of X is a meager subset of X, meager in X, or of the first category
in X if it is a countable union of nowhere dense subsets of X. A subset of X which
is not meager in X is called a nonmeager subset of X, nonmeager in X, or of the
second category in X. Then the Baire property (B1), (B2) is equivalently expressed
as follows.

21t is a common mistake to conclude that a linear (not necessarily bounded) operator with a finite
rank is compact. As a counterexample consider the unbounded functional F': X — R on an infinite-
dimensional Banach space X constructed in Problem 9.1. Take arbitrary nonzero y € X. Then
T: X — X:z+— F(z)y is defined on the whole X, has rank 1, and is certainly not compact (verify
directly using the sequential definition of compactness).
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very meager subset o as empty interior.
B3) E b f X h i i
very nonempty open subset of X is nonmeager in X.
B4) E b fXi in X
(i) Show that the unit ball in L2((0,1)), i.e., the set {f € L?((0,1)), ||f|l2 < 1},
is a nowhere dense subset of L'((0,1)).
(ii) Building on (i), decide whether L?((0,1)) is a meager or nonmeager subset
of L1((0,1)).

Week 10.

HOMEWORK 10.1 (compactness of integral operator). Let K : [a, b] X [a,b] — R be
a continuous function. Show that the integral operator T': C([a,b]) — C([a,b]) given
by

(10.1) CTf)(r)==J/ K(z,y) f(y) dy

is compact. Use the Arzela—Ascoli theorem (Theorem 3.2).
For f € C([-1,1]) consider the following boundary value problem:

—u" = f in (-1,1), u(—1) =u(l) = 0.

Show that the solution to this problem is unique and that it is represented by the

formula
e = [ I a4 [ 0D g ay

Show that the solution operator f — u can be written in the form (10.1) with cer-
tain K and hence it is compact.

PROBLEM 10.2 (compact embedding of Holder spaces). Let @ C R? be open and
bounded and let 0 < o < 3 < 1 be given. Show that C%#(Q) is compactly embedded
in C%(Q), i.e., show that the identity mapping from C%?(Q) to C%*(Q) is compact.
Use the Arzela—Ascoli theorem (Theorem 3.2).

Consider the sequence {f,} from Problem 8.2 and set u, = # fn. Show that
{u,} is bounded in C%1(]0,1]), i.e., that for some M, C' > 0, it is

and that {u,} does not converge in C%!([0,1]). Observe that {u,} converges in
c([o,1]).
PROBLEM 10.3 (separability of ¢, and LP()).
(i) Show that every subset of a separable metric space is separable.
(if) Show that ¢, is separable for every 1 < p < oo (cf. Homework 2.4 (i)) and
that /o, is not separable.
(iii) Let Q@ C R? be open. Show that LP() is separable for every 1 < p < co and
that, provided §2 is nonempty, L>°(£2) is not separable.

PROBLEM 10.4 (dual of LP). Let Q C RY be open. Let p € (1,00) and 1/p+1/p’ =
1. In the sequel we will use the notation L? := LP(Q) and (LP)* := (LP(2))* for any
1 < p < oo. Consider the mapping T': LP — (LP)* given by

(Tu,f)z/ufdx, felLr.
Q

(i) Show that T is linear.
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889 (ii) Show that T is isometry; precisely ||Tu||(zr)+ = ||ul|,s for every u € L,

890 (iii) Show that T(L?"), the range of T, is closed in (LP)*.

891 (iv) Show that T'(LP ) is dense in (LP)*. Use reflexivity of LP and the following
892 proposition.

893 LEMMA 10.5. Let V' be a normed space and M C 'V be its subspace. Then
894 M =V if and only if

895 {(FeV*, F=0onM}={FeV* F=0onV}.

896 (v) Conclude that, for 1 < p < oo, (LP)* is isometrically isomorphic to L’
897 (through T).

898 Proof of Lemma 10.5. Suppose that M is dense. If I' =0 on M and {zr} C M

899 is such that xp — © € M =V, then 0 = F(x) — F(x) by virtue of continuity of F'.
900 As x € V was arbitrary, this shows that FF =0 on V.

901 For the opposite implication, suppose that M is a proper subspace of V. We use
902 the following proposition from the class:

903 THEOREM (consequence of the Hahn—Banach theorem). Let M be a closed properl}
904  subspace of a normed space V and let x € V' \ M be given. Then there exists F € V*
905  such that F =0 on M, ||F|| =1, and F(z) = dist(z, M) > 0.

906 Thus, there exists a nonzero F' that vanishes on M, and, in particular, on M. 0
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