Universal Algebra Exercises - Sheet 9

Exercise 1. Given two varieties of groups ¥V and W, define
VW= {Ggroup |IN <G, N eV, G/NGW}.

Show that this is a variety of groups.

Exercise 2. Let G be a group and let A be the variety of abelian groups.

Let A be the smallest congruence of G with an abelian quotient.

o Show that the congruence class of the identity element is the subgroup

of G generated by elements of the form [z, y] := xyz 'y~
1/)‘3 = SgG([x7y] ’ T,y € G)
o Show that the variety A - A is axiomatized by the group laws and

Hxay]a [Z,'LUH =1.

Exercise 3. Let A, be the variety of abelian groups satisfying 2" ~ 1. Show
that

o Az Ay = Mod( group axioms U{z®~ 1, [2%, ¢~ 1, [z,y]®~ 1})
o Ay - Ay = Mod( group axioms U {(z%y?)? ~ 1})

Exercise 4. Let cRing,, be the vareity of commutative rings satisfying 2" ~ z,
and let Fg be the field of order 9. Show that HSP(Fy) is axiomatized by the

axioms of cRingg together with

r+x+x=0.
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