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CSP - Constraint Satisfaction Problem
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CSP - Constraint Satisfaction Problem

(E;S1,52,...,5)

£ =
similar relational structures
D= (D;Rl,Rz,...,Rn)

@ h: E — D is ahomomorphism from £ to D if
(a1,a2,...,a5) € S; = (h(a1), h(az), ..., h(ax)) € R;
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CSP - Constraint Satisfaction Problem

E=(E;51,52,...,5) o .
similar relational structures
D= (D;R1,Ra,...,Ry)
@ h: E — D is ahomomorphism from £ to D if
(al, as, ... ,ak) & Sz = (h(al), h(ag), cey h(ak)) S Ri
@ CSP(D)
Search: Given & find £ — D.
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Examples:
@ 1-in-3-SAT (NP-complete)
1-in-3 = ({0,1};{(1,0,0),(0,1,0),(0,0,1)})
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Examples:

@ 1-in-3-SAT (NP-complete)
1-in-3 = ({0,1};{(1,0,0),(0,1,0),(0,0,1)})
@ NAE-3-SAT (NP-complete)

NAE-3 = ({0? 1}; {07 1}3\{(07 0, O)a (17 L, 1)})
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Examples:

@ 1-in-3-SAT (NP-complete)
1-in-3 = ({0,1};{(1,0,0),(0,1,0),(0,0,1)})
@ NAE-3-SAT (NP-complete)

NAE-3 = ({0? 1}; {07 1}3\{(07 0, O)a (17 L, 1)})

CSP(A), A - finite, is in P or N P-complete
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PCSP (Promise CSP)

@ PCSP(A, B)
@ A, B - relational structures, A — B
@ Search: Given X such that X — A find X — B.
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PCSP (Promise CSP)

@ PCSP(A, B)

@ A, B - relational structures, A — B

@ Search: Given X such that X — Afind X — B.
@ PCSP(A, A) = CSP(A)
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PCSP (Promise CSP)

@ PCSP(A, B)
@ A, B - relational structures, A — B
@ Search: Given X such that X — Afind X — B.
@ PCSP(A, A) = CSP(A)
@ examples:
o PCSP(1-in-3, NAE-3) (P)
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PCSP (Promise CSP)

@ PCSP(A, B)

@ A, B - relational structures, A — B

@ Search: Given X such that X — Afind X — B.
@ PCSP(A, A) = CSP(A)

@ examples:
o PCSP(1-in-3,NAE-3) (P)
@ 5-coloring of a 3-colorable graph (NP-complete)
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PCSP (Promise CSP)

@ PCSP(A, B)

@ A, B - relational structures, A — B

@ Search: Given X such that X — Afind X — B.
@ PCSP(A, A) = CSP(A)

@ examples:
o PCSP(1-in-3,NAE-3) (P)
@ 5-coloring of a 3-colorable graph (NP-complete)

@ 6-coloring of a 3-colorable graph
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PCSP dichotomy?

@ Dichotomy for PCSP?
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PCSP dichotomy?

@ Dichotomy for PCSP?
@ Yes for symmetric Boolean PCSPs (allowing negations)
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PCSP dichotomy?

@ Dichotomy for PCSP?
@ Yes for symmetric Boolean PCSPs (allowing negations)
@ allows negations:

A= ({0,1};#,...)

B=({0,11#,...)
where # = {(0,1), (1,0)}
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PCSP dichotomy?

@ Dichotomy for PCSP?
@ Yes for symmetric Boolean PCSPs (allowing negations)
@ allows negations:

A=({0,1}#,...)
B=({0,1};#,...)
where #£ = {(0,1), (1,0)}

Symmetric Boolean PCSP that allows negations is in P or NP-hard.
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Classification

jiin-k = {(z1,29,...,2) : Xa; = j}
NAE-k = {0,1}*\{(0,0,...,0),(1,1,...,1)}
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Classification

jiin-k = {(z1,29,...,2) : Xa; = j}

NAE-k = {0,1}*\{(0,0,...,0),(1,1,...,1)}
Theorem ( )

If(P,Q) =

a) (e,e)

b) (e, )

¢) (j-ink, NAEk)

then PCSP(({0,1}; P, #), ({0,1}; Q,#)) is tractable.
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Classification

jiin-k = {(z1,29,...,2) : Xa; = j}

NAE-k = {0,1}*\{(0,0,...,0),(1,1,...,1)}
Theorem ( )

If(P,Q) =

a) (e,e)

b) (e, )

¢) (j-ink, NAEk)

then PCSP(({0,1}; P, #), ({0,1}; Q,#)) is tractable.

All tractable cases: relaxations and modifications of the cases above
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PCSP(1-in-3, NAE-3)

o If A— C — B, then
CSP(C)isin P = PCSP(A,B)isinP
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PCSP(1-in-3, NAE-3)

o If A— C — B, then
CSP(C)isin P = PCSP(A,B) isin P
@ (A,B) = (1-in-3, NAE-3)
e Jsuch acC infinite
@ necessarily so [Barto]

@ If C has to be infinite, we say that the PCSP is infinitary.
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Infinity is relevant

¢) (j-in-k, NAE-k)
@ j - odd, k - odd: infinitary
@ j-even, k-even,j# 5 infinitary
@ j - o0dd, k - even: reducible to finite CSP

@ j - even, k - odd: probably infinitary
(j = 2, k = 5: infinitary)
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Preliminaries

Let C be a CSP template. ¢ : C™ — C'is a polymorphism of C if for
each relation R in C

ai ain clait,...,ain)
. |eRr....| : |er=> : €R.

Am1 Amn C(aml’ s 7amn)

Kristina Asimi (MFF)
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Preliminaries

Let C be a CSP template. ¢ : C™ — C'is a polymorphism of C if for
each relation R in C

ai ain clait,...,ain)
€R....| : |er=> : €R.

Am1 Amn C(aml’ s 7amn)

| A

Definition
c: C" — Ciscyclicif

clar,ag,...,an) =c(ag,...,an,a1)
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Preliminaries

Definition
Let C be a CSP template. ¢ : C™ — C'is a polymorphism of C if for
each relation R in C

ai ain clait,...,ain)
€R....| : |er=> : €R.

Am1 Amn C(amla s 7amn)

| A

Definition
c: C" — Ciscyclicif

clar,ag,...,an) =c(ag,...,an,a1)

Theorem (Barto. Kozik '12)

Let C be a finite CSP template. If CSP(C) is not NP-complete, then C
has a cyclic polymorphism of arity p for every prime number p > |C/|.
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PCSP(2-in-5, NAE-5) that allows negations is infinitary

LetC = (C; R, N) be a finite relational structure such that
({0,1};2-in-5, #) — C — ({0,1};NAE-5, #). Then CSP(C) is
NP-complete.

@ assume CSP(C) is not NP-complete
@ f:({0,1};2-in-5,#) —» C
g:C— ({0,1}; NAE-5, #)
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PCSP(2-in-5, NAE-5) that allows negations is infinitary

LetC = (C; R, N) be a finite relational structure such that
({0,1};2-in-5, #) — C — ({0,1};NAE-5, #). Then CSP(C) is
NP-complete.

@ assume CSP(C) is not NP-complete

@ f:({0,1};2-in-5,#) — C
g:C— ({0,1}; NAE-5, #)

@ ¢gf is a homomorphism
gf(1,1,0,0,0) € NAE-5, gf(0,1) € #

° f(0)# f(1)
We rename the elements of C so that {0,1} C C and f is the
inclusion

@ 2-in-5 C R; (a,b,c,d,e) € R = (g(a),g(b), g(c), g(d), g(e)) € NAE-5
#C N; (a,b) € N = (g(a), g(b)) € #
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@ C has a cyclic polymorphism of arity p for every prime number
p>|C|
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@ C has a cyclic polymorphism of arity p for every prime number
p>|C|

@ For every cyclic polymorphism ¢
glco) = glcr) =+ = g(C[gnJ) # g(c[gnjﬂ) = =g(en),

where n = 51+ 1 > 11 is the arity of cand ¢,,, = ¢(1,...,1,0,...,0)
N——
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@ C has a cyclic polymorphism of arity p for every prime number

p>|C]|
@ For every cyclic polymorphism ¢
gleo) = gler) =+ = gle|3, ) # 9(€ 5, ) =+ = glen),
5 5

where n = 51+ 1 > 11 is the arity of cand ¢,,, = ¢(1,...,1,0,...,0)
N——
m

@ Butthere existi,j € {|2n| +1,...,n}, i # j, such thati + j = n.
Since c is polymorphism, g(c;) # g(c;)
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@ C has a cyclic polymorphism of arity p for every prime number

p>|C]|
@ For every cyclic polymorphism ¢
gleo) = gler) =+ = gle|3, ) # 9(€ 5, ) =+ = glen),
5 5

where n = 51+ 1 > 11 is the arity of cand ¢,,, = ¢(1,...,1,0,...,0)
——
@ Butthere existi,j € {|2n| +1,...,n}, i # j, such thati + j = n.
Since c is polymorphism, g(c;) # g(c;)
@ Contradiction!
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Thanks for your attention!
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