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Introduction

I. Change point detection in panel data – location model

The considered model:

Xi,t = µi + δi I{t > t0}+ εi,t , 1 ≤ i ≤ N, 1 ≤ t ≤ T , (1)

εi,t – error terms with Eεi,t = 0 for all i and t plus additional properties

t0 = bTθ0c, θ0 ∈ [0, 1) – the time of change, unknown

µi and δi = δi,N — might be non-random or random

µi changes to µi + δi,N in panel i at time t0

no parameter of factor loading in i-th panel

Typically, both T and N are assumed to be large.

At first we consider both T and N large but then N large and T fixed or moderate.
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Introduction

(i) The null hypothesis
H0 : δi = 0 for all 1 ≤ i ≤ N.

(ii)If H0 rejected change point t0 should be estimated

Motivation: financial econometrics (influence of crisis, influence of change of rules,...)

Tests – Chan, Horváth, Hušková (2013)

VN,T (k)
1

N1/2
T

k(T − k)

N∑
i=1

[
1
σ2

i

(
Si (k)− k

T
Si (T )

)2
− k(T − k)

T

]
,

Si (k) =
k∑

j=1

Xi,j

maxk |VN,T (k)| – test statistic

For large values the null hypothesis is rejected
Approximation of critical values based on limit distribution (max(T < N)→∞)

limit distribution under H0 - supremum of Gaussian process
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Introduction

Estimators

Model:
Xi,t = µi + δi I{t > t0}+ γiηt + ei,t , 1 ≤ i ≤ N, 1 ≤ t ≤ T

γiηt – common factor –they common factors is negligible, it is dominating represents
dependence among panels (unknown)-it can influence the limit behavior of the estimator

The estimator t̂N,T for t0 is defined as a maximizers of the sum of the CUSUM
processes across the panels:

t̂N,T = argmax1≤t<T |
N∑

i=1

(
Si (t)− k

T
Si (T )

)
|

Limit behavior of the estimator studied under several setups ( the influence of common
factor is negligible or it is dominating or both errors and common factors influence)

Bai (2010), Horváth et al (2017)
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N large, T fixed or moderate

Detection of a change in panel data when N is large and T is fixed

Model:

Yi,t = xT
i,t(βi + δi I{t ≥ t0}) + ei,t , 1 ≤ i ≤ N and 1 ≤ t ≤ T ,

where x i,t = (xi,t(1), . . . , xi,t(d))T random or nonrandom
βi ∈ Rd an unknown regression vector in the ith panel
The regressor in the ith panel changes from βi to βi + δi at time t0, where t0 is
unknown.

Possible motivation: Test for breaks in coefficients for the US mutual fund return data
around the sub-prime crisis – January 2006 to February 2010 this corresponds with
other studies (e.g. Dick-Nielsen, Feldhtter, and Lando, 2012). The Fama-French three
factor model is used .
the used estimators:

β̂i,t = (XT
i,tX i,t)−1XT

i,tY i,t , t1 ≤ t ≤ T ,

Y i,t = (yi,1, yi,2, . . . , yi,t)T

X i,t = (x i,1, x i,2, . . . , x i,t)T

Z i,t = XT
i,tX i,t ,
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Tests and estimators

Our interest to test the null hypothesis there is no change, i.e.

H0 :
N∑

i=1

‖δi‖ = 0,

where ‖ · ‖ denotes the Euclidean norm in Rd

and to estimate the change point t0.

• Assumptions on the error terms ei,t :

ei,t = εi,t + γT
i Λt

εi = (εi,1, . . . , εi,T ) , i = 1 . . . ,N,– independent zero mean random vectors and
var(εi,t) = σ2

i , Eεi,t1εi,t2 = 0 for all i and 1 ≤ t1 < t2 ≤ T plus some higher moments
finite.

{λt , t = 1, . . . ,T} and {εi , i = 1, . . . ,N} are independent

γ i – loading factors and Λt – common factors (random vectors)
– they make problem neither of these factors are known
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• Assumptions on x it – uniformly bounded and there exit the inverse matrices of∑t
j=1 x i,jxT

ij

• C it for all i , t are symmetric non-negative definite and uniformly bounded

Possible test statistics 1 < t < T , T – finite:

UN(t) =
N∑

i=1

(
β̂i,t − β̂i,T

)T
C i,t

(
β̂i,t − β̂i,T

)
β̂i,t – LSE of βi,t based on Yi,j , j = 1, . . . , t

With particular choices of C i,t we get, e.g.,

UN,1(t) =
N∑

i=1

(
β̂i,t − β̃i,t

)T
C i,t,1

(
β̂i,t − β̃i,t

)
,

UN,2(t) =
N∑

i=1

( t∑
j=1

x i,j (Yi,j − xT
i,j β̂i,T )

)T

× C i,t,2

( t∑
j=1

x i,j (Yi,j − xT
i,j β̂i,T )

)
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Test based on
max

t
|UN(t)− EH0UN(t)|

Notice that under H0 and negligibility of common factors

EH0UN(t) = σ2
i tr{C i,t(Z−1

i,t − Z−1
i,T )}

Z i,t =
t∑

j=1

x i,jxT
i,j

σ2
i estimated by σ̂2

i

Under null hypothesis, some assumptions and "small"common factors, i.e.

lim
N→∞

1
N1/2 ||γ i ||2 = 0

then

(UN(t)− EH0UN(t)) 1√
varH0 (UN (t))

has asymptotically N(0, 1) as N →∞
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N large, T fixed or moderate Tests and estimators

Test statistics:

uN = max
t

1√
N
|UN(t)− σ2

i tr{C i,t(Z−1
i,t − Z−1

i,T )}|

ûN = max
t

1√
N
|UN(t)− σ̂2

i tr{C i,t(Z−1
i,t − Z−1

i,T )}|

For large values the null hypothesis is rejected, critical values needed.

Approximation of critical values obtained through wild bootstrap:

φi,t = (β̂i,t − β̂i,T )TC i,t(β̂i,t − β̂i,T )

φ∗i,t = ξi (φi,t − φt), φt =
1
N

N∑
i=1

φi,t

ξi , . . . , ξi –i.i.d. r.v. with zero mean and unit variance independent on Yi,t

û∗N = max
t

1√
N
|

N∑
i=1

φ∗i,t |

By simulations this is working reasonably well .
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N large, T fixed or moderate Tests and estimators

Alternatives

Choose
C i,t = Z i,tG i,TZ i,t where G i,T is semi-definite
and if

1√
N

∑
i

δT
i

(
Z i,t0Z

−1
i,T Z̃ i,t0G iT Z̃ i,t0Z

−1
i,TZ i,t0

)
δi →∞

then the test is consistent.
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N large, T fixed or moderate Tests and estimators

Simulations

Linear model

yi,t = xT
i,t(βi + δi I{t ≥ t0}) + ei,t , 1 ≤ i ≤ N and 1 ≤ t ≤ T ,

with d = 2,β = (1, 2)T

C i,t = Z i,tZ i,t .

x i,t – N(1, 1) independent

e i = (ei,1, . . . , ei,T )T , i = 1, . . . ,N –independent random vector s normal distributions
with zero mean and various dependence structures
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A. Empirical versus theoretical significance level

SIMULATION FOR RR 3

1.3. Simulation Result.
Table 1.1 shows the simulation result for all thre type of errors. As can be seen, IID,
Unequal variance, and GARCH (1,1) can produce reasonable result for the nominal rejection
percentage around 5%.

Table 1.1. Simulation Result for H0

σ2
i known σ2

i estimated by σ̂2
i

T\N N100 N200 N500 N1000 N100 N200 N500 N1000

IID

T50 0.045 0.049 0.051 0.055 0.037 0.040 0.052 0.048
T100 0.049 0.044 0.044 0.051 0.044 0.045 0.041 0.033
T200 0.056 0.045 0.047 0.043 0.039 0.049 0.049 0.043

Unequal
Variance

T50 0.042 0.041 0.039 0.047 0.032 0.036 0.032 0.043
T100 0.039 0.028 0.046 0.045 0.039 0.041 0.030 0.040
T200 0.040 0.041 0.039 0.033 0.037 0.035 0.051 0.039

GARCH(1,1)

T50 0.045 0.037 0.056 0.048 0.020 0.036 0.027 0.029
T100 0.038 0.048 0.051 0.042 0.031 0.025 0.037 0.045
T200 0.040 0.044 0.040 0.037 0.054 0.047 0.049 0.040
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B. Empirical power

6 SIMULATION FOR RR

2.3. Simulation Result.
Table 2.1 show the simulation result for the alternative hypothesis with δ = 0.1. As can
be seen, we can reasonable power for all three type of errors, IID, unequal variance, and
GARCH(1,1).

Table 2.1. Simulation Result for HA with δ = 0.1

change in intercept δ = (0.1, 0)> change in slope δ = (0, 0.1)>

number of panels number of panels
N100 N200 N500 N1000 N100 N200 N500 N1000

IID

σ2
i known

T50 0.047 0.086 0.175 0.37 0.151 0.377 0.834 0.987
T100 0.112 0.26 0.648 0.934 0.59 0.933 1 1
T200 0.403 0.792 0.994 1 0.99 1 1 1

σ2
i estimated by σ̂2

i

T50 0.042 0.071 0.172 0.35 0.139 0.35 0.765 0.981
T100 0.113 0.264 0.625 0.904 0.569 0.914 0.999 1
T200 0.408 0.791 0.998 1 0.986 1 1 1

Unequal
Variance

σ2
i known

T50 0.043 0.068 0.161 0.339 0.123 0.308 0.787 0.972
T100 0.097 0.235 0.598 0.901 0.559 0.903 1 1
T200 0.402 0.736 0.993 1 0.983 1 1 1

σ2
i estimated by σ̂2

i

T50 0.036 0.046 0.149 0.284 0.13 0.307 0.765 0.976
T100 0.088 0.21 0.576 0.888 0.522 0.885 0.999 1
T200 0.376 0.754 0.997 1 0.987 1 1 1

GARCH(1,1)

σ2
i known

T50 0.041 0.06 0.123 0.295 0.098 0.251 0.693 0.96
T100 0.076 0.219 0.55 0.884 0.525 0.895 0.999 1
T200 0.423 0.759 0.994 1 0.983 1 1 1

σ2
i estimated by σ̂2

i

T50 0.027 0.043 0.124 0.269 0.104 0.277 0.666 0.96
T100 0.085 0.19 0.541 0.892 0.504 0.878 1 1
T200 0.38 0.785 0.99 1 0.988 1 1 1

Marie Hušková a spoluautoři ( Charles University, Prague )O detekci změn v panelových datech ROBUST 2018, Rybní 16 / 35



O
detekci
změn v
panelo-
vých
datech

Marie
Hušková
a spolu-
autoři

Outline

Introduction

N large,
T fixed
or mode-
rate
Tests
and es-
timators
Application

N large, T fixed or moderate Tests and estimators

C. Changes in some panels

SIMULATION FOR RR 7

3. Sensitivity Analysis to Sample Fraction Experiencing the Change

3.1. Simulation Setting.

• Number of panels N = 100, 200, 500, 1000.
• Number of observations in each panel T = 50, 100, 200.
• Number of independent variables d = 2 (one variable and intercept).
• Three types of error: IID, Unequal variance, and GARCH(1,1).
• σ2

i : known and estimated by σ̂2
i .

• Time of change, t∗ = T/2.
• Size of change, δ = 0.25.
• Percentage of panels having change, ν = 50%, 25%.
• Change occurs in intercept or slope.

• Number of repetition for Monte Carlo M = 1000 .
• Number of repetition for Wild Bootstrap B = 1000.

3.2. Simulation Result.
Tables 3.1 and 3.3 show the simulation result for the alternative hypothesis with υ = 0.50 and υ = 0.25,
respectively.

Table 3.1. Simulation Result for HA with δ = 0.25 and υ = 0.5

change in intercept δ = (0.25, 0)> change in slope δ = (0, 0.25)>

number of panels number of panels
N100 N200 N500 N1000 N100 N200 N500 N1000

IID

sigmasq known
T50 0.251 0.535 0.942 1 0.884 0.998 1 1
T100 0.789 0.985 1 1 1 1 1 1
T200 0.999 1 1 1 1 1 1 1

sigmasq unknown
T50 0.227 0.52 0.939 1 0.895 1 1 1
T100 0.778 0.986 1 1 1 1 1 1
T200 1 1 1 1 1 1 1 1

UnequalVariance

sigmasq known
T50 0.24 0.518 0.928 0.999 0.876 1 1 1
T100 0.751 0.985 1 1 1 1 1 1
T200 1 1 1 1 1 1 1 1

sigmasq unknown
T50 0.18 0.467 0.924 0.999 0.839 0.999 1 1
T100 0.735 0.977 1 1 0.999 1 1 1
T200 0.997 1 1 1 1 1 1 1

GARCH(1,1)

sigmasq known
T50 0.164 0.44 0.9 0.996 0.831 0.991 1 1
T100 0.736 0.973 1 1 0.999 1 1 1
T200 1 0.999 1 1 1 1 1 1

sigmasq unknown
T50 0.143 0.378 0.879 0.995 0.81 0.988 1 1
T100 0.712 0.972 1 1 1 1 1 1
T200 0.998 1 1 1 1 1 1 1
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Influential common factors

Assumptions:

1
rN

N∑
i=1

‖γ i‖2 = O(1) with some numerical sequence rN/N1/2 →∞.

Q(s, v , z) = lim
N→∞

1
rN

N∑
i=1

γ ix
T
i,s

(
Z−1

i,z − Z−1
i,T

)
C i,z

(
Z−1

i,z − Z−1
i,T

)
x i,vγ

T
i ,

1 ≤ s, v ≤ z ≤ T , exists and there are s0, v0 and z0 such that 1 ≤ s0, v0 ≤ z0 ≤ T ,
and at least one element of Q(s0, v0, z0) is different from 0.

Then under H0 and the above assumptions

{ 1
rN

(UN(t)− A(1)
N (t)), t0 ≤ t ≤ T − t̄0} D→ {ξ(3)

t , t0 ≤ t ≤ T − t̄0},

where

ξ
(3)
t =

t∑
s,v=1

ΛT
s Q(s, v , t)Λv , t0 ≤ t ≤ T − t̄0.
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Estimators of t0

Possible estimator of t0 for C i,t = Z i,tG i,TZ i,t where G i,T is semi-definite:

argmax{|UN(t)− E0UN(t)|}
under some additional assumptions

If
1
rN

∑
i

||γi ||2 = OP(1)

for some rN/N →∞ and

1
rN

∑
i

δT
i

(
Z i,t0Z

−1
i,T Z̃ i,t0G iT Z̃ i,t0Z

−1
i,TZ i,t0

)
δi →∞

then the estimator is consistent, e.i. P (̂tN = t0)→ 1
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1√
N

∑
i

δT
i

(
Z i,t0Z

−1
i,T Z̃ i,tGT Z̃ i,tZ−1

i,TZ i,t0

)
δi , t ≥ t0,

1√
N

∑
i

δT
i

(
Z̃ i,t0Z

−1
i,TZ i,tGTZ i,tZ−1

i,T Z̃ i,t0

)
δi , t ≤ t0.

The upper terms for t ≤ t0 are nondecreasing and for for t ≥ t0 are nonincreasing. So
that we still need for consistency that the term for t = t0 is the larger one.
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Application – The capital asset pricing model(CAPM)

Test for breaks in coefficients for the US mutual fund return data around the sub-prime
crisis – January 2006 to February 2010 this corresponds with other studies (e.g.
Dick-Nielsen, Feldhütter, and Lando, 2012).
The Fama-French three factor model augmented with the Carhart (1997) momentum
factor is defined as

Ri,t − R f
t = αi,t +

(
RM

t − R f
t
)
βM

i,t + RHML
t βHML

i,t

+ RSMB
t βSMB

i,t + RMOM
t βMOM

i,t + ei,t ,

1 ≤ t ≤ T , 1 ≤ i ≤ N
Ri,t − R f

t – the excess return on the mutual fund
RM

t − R f
t – the market risk premium

RHML
t – the return difference between portfolios with the highest decile of stocks and

lowest decile of stocks across in terms of the ratio of book equity-to-market equity
(HML);
RSMB

t – the return difference between portfolios with the smallest decile of stocks and
the largest decile of stocks in terms of size (SMB);
RMOM

t is the momentum factor calculated as the return difference between portfolios
with the highest decile of stocks and lowest decile of stocks in terms of recent return
(i.e., momentum, or MOM);
ei,t are the random errors.
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Data – selected the mutual funds that have no missing returns for the period of the
subprime crisis (January 2006 to February 2010).

Categories:

Large Blend, Large Growth, Large Value,

Middle Blend, Middle Growth, Middle Value,

Small Blend, Small Growth and Small Value.

The developed test procedure applied – test statistics, critical values, change point
estimators, some illustrative graphs

UN(t) =
N∑

i=1

(
β̂i,t − β̂i,T

)T
C i,t

(
β̂i,t − β̂i,T

)
VN(t) =

1√
N
|UN(t)− EH0UN(t)|

VN = max
t

VN(t)
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• Repeat Step (2) B = 5000 times, and obtain 90%, 95%, 99% quantile values of
V ∗N , denoted as V ∗N,(90%), V

∗
N,(95%), and V ∗N,(99%), respectively.

(4) Estimate the time of change
• If the null hypothesis is rejected, I estimate the time of change by

t̂ = arg max{VN(t), 1 ≤ t ≤ T} (10.11)

10.4. Result of the First Interested Period: January 2006 to February 2010.
Table 10.1 shows the test result of the first interested period.

Table 10.1. Test Result

Category VN 10% CV 5% CV 1% CV t̂ T N

Large Blend 47125.28 18360.55 21964.06 28961.44 32 50 659
Large Growth 149623.8 36993.04 43448.65 56891.96 39 50 748
Large Value 48210.06 9137.873 10575.63 13238.53 38 50 528
Middle Blend 81238.26 38006.6 44298.88 56424.48 39 50 145
Middle Growth 151827.1 23034.25 26999.37 34195.55 39 50 329
Middle Value 36235.31 14909.84 17268.74 21878.15 34 50 173
Small Blend 37067.02 14893.47 17363.72 22394.08 39 50 279
Small Growth 67004.26 14741.61 16944.26 21574.51 33 50 313
Small Value 40582.5 35503.5 41432.85 52510.34 - 50 135

Figure 10.2 to Figure 10.11 show VN(t), t̂, and critical values for all categories of mutual
funds. It is clear that VN(t) are above the critical values during the sub-prime crisis period
from middle of 2008 to early of 2009. Interestingly, the test can not find change for the
category of small value mutual funds at 5% significance level.
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VN(t) and critical values
for aggressive mutual funds(upper) and large blend mutual funds(lower)

84 SIMULATION & EMPIRICAL STUDY

Figure 10.2 shows VN(t) and critical values for the category of aggressive mutual funds.

Figure 10.2. VN(t) and Critical Values

2006 2007 2008 2009 2010

0
50

00
10

00
0

15
00

0
20

00
0

25
00

0

t̂
1% CV
5% CV
10% CV

Figure 10.3 shows VN(t) and critical values for the category of large blend mutual funds.

Figure 10.3. VN(t) and Critical Values
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Figure 10.4 shows VN(t) and critical values for the category of large growth mutual funds.

Figure 10.4. VN(t) and Critical Values
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Figure 10.5 shows VN(t) and critical values for the category of large value mutual funds.

Figure 10.5. VN(t) and Critical Values
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Table 11.1. Test on Selected Panels

Smallest Largest
beta = 0.1 1-beta = 0.1

Category VN 10% CV 5% CV 1% CV t̂ T N Category VN 10% CV 5% CV 1% CV t̂ T N

Large Blend 6239 6280 7480 9814 32 50 66 Large Blend 108517 52249 62346 80453 32 50 66
Large Growth 15016 8517 9606 11926 34 50 75 Large Growth 243320 110773 131786 171330 39 50 75
Large Value 17068 9176 10289 12922 38 50 53 Large Value 89840 13956 16102 20585 39 50 53
Middle Blend 14583 10772 12807 16281 39 50 15 Middle Blend 212368 73717 86487 111756 39 50 15
Middle Growth 13542 7949 9016 11524 39 50 33 Middle Growth 220673 28754 33202 41498 39 50 33
Middle Value 10930 15216 18017 23595 39 50 18 Middle Value 76995 30573 35787 46239 34 50 18
Small Blend 24897 10627 12556 16474 39 50 28 Small Blend 84757 24902 29248 37366 39 50 28
Small Growth 9870 9556 11200 14335 31 50 32 Small Growth 109139 24987 29106 37693 32 50 32
Small Value 16839 15461 18065 22683 39 50 14 Small Value 110660 93172 108716 144201 39 50 14

beta = 0.25 1-beta = 0.25

Large Blend 4896 4260 4952 6519 32 50 165 Large Blend 88610 34218 40323 53865 32 50 165
Large Growth 18225 8429 9631 12261 32 50 187 Large Growth 237686 71132 84844 112372 39 50 187
Large Value 13205 6385 7188 8726 38 50 132 Large Value 87729 12399 14246 17962 38 50 132
Middle Blend 11826 10151 11796 14737 39 50 37 Middle Blend 159071 64635 75943 99273 39 50 36
Middle Growth 9716 6285 7133 8723 33 50 83 Middle Growth 227813 27627 32140 40432 39 50 82
Middle Value 8273 10685 12647 16377 39 50 44 Middle Value 67462 24941 29282 37805 34 50 43
Small Blend 20421 7444 8559 11018 39 50 70 Small Blend 82266 19579 22836 29031 39 50 70
Small Growth 9186 6573 7701 9716 31 50 79 Small Growth 109459 21709 25239 31376 32 50 78
Small Value 13796 10901 12570 15802 39 50 34 Small Value 88383 64263 75383 97039 39 50 34

beta = 0.4 1-beta = 0.4

Large Blend 3807 3464 4025 5342 32 50 264 Large Blend 76061 27238 32496 42417 32 50 264
Large Growth 23293 7141 8292 10420 32 50 299 Large Growth 221431 57417 68238 89051 39 50 299
Large Value 10506 5336 5964 7302 38 50 211 Large Value 82159 11604 13341 16714 38 50 211
Middle Blend 8304 8391 9670 12141 39 50 58 Middle Blend 132045 54321 64841 86547 39 50 58
Middle Growth 23953 6253 7154 8903 32 50 132 Middle Growth 216500 26496 30473 39857 39 50 132
Middle Value 6604 8442 9947 12998 34 50 69 Middle Value 60437 21284 24728 31868 34 50 69
Small Blend 16667 6311 7308 9364 39 50 112 Small Blend 72680 20515 23864 30195 39 50 112
Small Growth 7951 5836 6714 8365 31 50 125 Small Growth 101291 19367 22299 28391 32 50 125
Small Value 11372 9000 10333 13161 39 50 54 Small Value 73969 52567 61312 79992 39 50 54
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Figure 11.1. Large Blend
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Figure 11.3. Large Growth
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Figure 11.5. Large Value
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Figure 11.9. Middle Growth
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THANK YOU !!!
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