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Introduction

e Consider the following differential equation

X+ 2ax + bx = 0.
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Introduction

e Consider the following differential equation
X+ 2ax + bx = 0.

e Solve the characteristic equation A\?> + 2a\ + b = 0.
e If 22 — b < 0, then Ap2=—ativb— a2 and the solution is

x(t) = Cie ?*sin (\/ b — a2 t) + Goe?t cos (\/ b — a2 t) )
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Introduction

e Now we add a noise part and introduce the stochastic
differential equation

X 4 2ax + bx = 0 B(t),

where B(t) is the formal time derivative of the standard
Brownian motion and o > 0.

e Since the previous equation is a linear equation, it admits
a mild solution, which is called the Ornstein—Uhlenbeck
process.



Introduction

e Consider the following wave equation

‘;’;(r,g) bAu(t, )_2;9 (£:€) + Q2B(¢,€), (£,€) € Ry x D,
u(0,8) = u(§), €D,

2%0.6)= w(e). €eD.
u(t, &) =0, (t,&)eRy xaD,

where D € R? is a bounded domain with a smooth boundary,
a> 0, b > 0 are unknown parameters and the B(t,§) is the
formal time derivative of a space dependent Brownian motion.

e Based on the observation of trajectory of process

{X(t) = (u(t,"), %(t, )T, 0 < t < T}, the strong consistent

estimators of parameters a and b will be proposed.



Assumptions

e Assume that {e,, n € N} is an orthonormal basis in L?(D)
and the operator A : Dom(A) C L?(D) — L?(D) is such that

(i) Ae, = —anen,
(i) vneN a, >0,
(i) an = 0o for n — oo.

e These assumptions cover the case, that if the set D C R? is
open, bounded and with a smooth boundary, then the
operator A = Alpgm(a) and Dom(A) = H*(D) N H§(D).



Assumptions

e Assume that the operator @ is a symmetric positive nuclear
operator in L?(D). Then there exists an orthonormal basis
{e},, n € N} of L?(D) consisting of eigenvectors of @, that is
(iv) Qel, = Aqel,

(v) VneN X\, >0,
(Vi) D202, An < o0

e We consider "non—diagonal case”. It means that the
eigenvectors {e},, n € N} of the operator Q are not necessarily
the same as the eigenvectors {e,, n € N} of the operator A.



General setting

This problem may be rewritten as an infinite dimensional
stochastic differential equation

dX(t) = AX(t) dt + & dB(t), (1)
X(0) = xo = < L‘g )

To this aim, introduce the Hilbert space
V = Dom((—A)2) x L2(D) endowed with the norm

2
X1 . 2 2
[ )], = 1Bty * el
= |[bf), -+ ol? )
o 1 12(D) 2llL2(D) -




General setting

e Define the linear operator A:

o X1 o 0 / X1
AX_A<X2>_<bA —2a/><x2>’

vV x € Dom(.A) = Dom(A) x Dom((—A)%).

e Also define the linear operator ¢ in V as follows

0 O
(1 a)



Semigroup S(t)

e Assume that
VneN a?— ba, <0. (3)

e Under this assumption, the eigenvalues {/,, n € N} of the
operator A equal to

/,:}’2 = —a+£ivba,— a2

and the operator A generates a Cy—semigroup in V/, which
has the following form.



Semigroup S(t)

Lemma
For all x = );1 > € V, the semigroup S(t) equals to
2
X1 511(1‘) 512(1') ) ( X1 >
S(t = ,
( )< X2 ) < s21(t) (1) )\ x

where

s11(t) = e " (cos(Bt) + aB*sin(Bt))

t) = e % (=B — aB71) sin(5t),

(t)
slz(t): —atg~lsin(Bt),
(1)
(t) = e~ 571 (—asin(Bt) + B cos(Bt)) -

Soolt



Semigroup S(t)

e The operator 8 : L2(D) — L?(D) in the previous formulae is
defined by 8 = (—bA — 221)2.

o All operators are defined by their respective series. For
example

Bx = Z Vba, — 2% (x, en) 12(p) €n
n=1

sin(St)x = Zsin ( ba, — a2 f) (x, en>L2(D) €n,
n=1

where x € L2(D) are from their respective domains.



: b
Covariance operator Q&‘;’ )

e The equation (1) is a linear equation = there exists a mild
solution X(t).

e The semigroup S(t) is exponentially stable = there exists an
invariant measure u((;z; ), which fullfils u(a b) = (O Q(ab )

(a:b)

e The covariance operator Qog’ of the limit measure poo
satisfies

QR = / 7 S(1)00r S (1) dt. (4)
0



: b
Covariance operator Q&‘;’ )

e We need to compute

by _ [ qu(t) qua(t)
Q2 _/0 ( g21(t) g(t) > dt,

where
q11(t) = e 273 Lsin(Bt)Q(—A)2 3 L sin(Bt)(—A)?,
qi2(t) = 2‘”6*1 sin(ft)Q (cos(ﬁt) —af” sm(ﬁt))
g21(t) = —2at (cos(ﬁt) — aﬁ_l sin(ﬁt)) Qx

x (—A)28  sin(Bt)(—A)z,
q2(t) = e 2 (cos(Bt) — aB~*sin(Bt)) Qx
x (cos(8t) — aB~tsin(fBt)) .



: b
Covariance operator Q(;) )

e The expansion for the operator g11(t)xy is the following

0 sin (1/bay, — a2 t)
t — a—2atp-—1 t N (
qui(t)xy = e " sin(p )Q;a N X

X (X1, €n) 12(p) €n

oo 00 i \/b n— 2
:e_2atﬁ_1sin(6t)22ansm< e t>><

)
n=1 k=1 ban —a

X (Qen, ex) 2(p) (X1, €n)12(p) €
00 00 sin( boz,,—azt) sin( bak—a2t)
_ e—2at Z an
e V ba, — a2 \ bay — a2

X (Qen &) 12(p) (X1, €n) 12(p) €-




: b
Covariance operator Q&‘;’ )

Lemma
The covariance operator Qég’b) equals to

Qem ek>L2
(a,b) (D)
Qs < > Z Z (o *F8b(antap) | )

n=1 k=1

dace, (x1, €n>L2(D) ex + b(ax — an) (x2, en>L2(D) €k
ban(an — k) (X1, €n) 12(py €k + 2ab(an + k) (X2, €n) 12(p) €k

for any ( f ) e V.
2



: b
Covariance operator Q&‘;’ )

e |f we consider "diagonal case”, i.e., Qe, = A\,e, for

orthonormal basis {e,, n € N} in L2(D), the covariance
)

will take the form

1
(avb)— abQ 0
agy - (=9 0 ).

operator Qég’b



What if a2 — ba, > 07

o If
IneN a%—ba, >0, (7)

or

3neN a%—ba,=0, (8)

then the eigenvalues of the operator A are different and the
semigroup S(t) has different forms. But the covariance

b) . )
operator Qég’ ) will remain the same.



Estimation of parameters

e According to [Maslowski, Pospi3il], some Birkhoff-type
ergodic theorem may be applied. Namely

|.ml " Ixeo(e) R dt = /HYHVC/M By)  (9)

T—oo

= Tr Q") (10)

for any initial condition xp € V.

e Trace of the nuclear operator Qég’b) equals to

Tr QP = - bz ﬁ—ZA

b—|-1
= 13b Tr Q. (11)




Estimation of parameters

Theorem
If we set
1 T X 2
Ir== [ IX*@)ly dt, (12)
0
then the processes
b+1
A _ 1
T = bl Tr Q, (13)
b Q (14)

T:4alT—TrQ

are strongly constistent estimators of the parameters a and b,
respectively, i.e., a1 — a, by — b, P—a.s. as T — .



New estimators — Introduction

1 T
im Iy = fim [ (@) de = Tr @l
o0 0

T—oo
for any initial condition xg € V.
Tr QY = 4ab Tr Q+4a Tr Q.

X 2 _ X0 2 X0
s = G2+ IS0 o)

/—1/ﬂwwmﬁm—1/ﬂwwm2 dt
7T Jo VETT Jo m((~A)%)
1 T X0 2
T T A 1X5° (D)1 72 py dt-



New estimators — Introduction

1 T
im Iy = fim [ (@) de = Tr @l
o0 0

T—oo
for any initial condition xg € V.
Tr QY = 4ab Tr Q+4a Tr Q.

X 2 _ X0 2 X0
s = G2+ IS0 o)

/—1/ﬂwwmﬁm—l/ﬂwww2 dt
T/ VT 1 Dom((—A)?)

1 4 X0 2
+ 7/, 1X3°(0) |72 py .



New estimators — Formulae

e Birkhoff theorem (again) yields, that

1
—_— 2 —
/ [ X" || ((fA)%)dt_>4ab Tr Q, T — oo,

. 1
Hr := T./o \|X2°(t)Hf2(D) dt — 12 TrQ, T — oc.



New estimators — Formulae

e Birkhoff theorem (again) yields, that
y -—/ X2 dt— L T Q Too
T m(-A)%) " " 4ab T ’
T .
Hy = T/o 12Dl py dt — 1= Tr @, T = 0.

e Based on above, new strong consistent estimators may be
proposed:

Tr Q
ar = 17
ar 4HT7 ( )
br = fr (18)

Y1



Asymptotic normality

e Are the estimators asymptotically normal?

VT (41 —a) 5 Zy ~ N(0,V4), T — oo,
ﬁ(BT—b) 2 Zy ~ N(0, Va), T — oo

VT (51 —a) 5 Zs ~ N(0, V5), T — oo,
ﬁ(ET—b) 2 Zy ~ N0, V), T — oo



Asymptotic normality

o Define the operator R : V — [2(D) by

~ 2 X1 23 X1
Rx= (21 /)<X2>:b+1xl+xz, vX:<X2 ) eV

and note that the adjoint operator of R has the following form

R*: 1%(D) — V,

/i’*xz( b‘*‘}A >X:( b+1A X>, Vx € L2(D).



Asymptotic normality

Theorem
1) The estimator &1 is asymptotically normal, i.e., for T — oo

Law (ﬁ(ér - a)) N (0, (7":3(2?)2 Tr (QﬁQS’“f\’*)) .

2) The estimator BT is asymptotically normal, i.e., for T — oo

Law (VT (Br—5)) =5 (0. 2L 70 (0R0EIR)).



Asymptotic normality

e Also define the operator Ry : V — [2(D) by

Ii’lx:(O /)(2)2&, \V/X:(i;

and the operator Ry : V — L2(D) by

I%zx:(2al O)<2>:2ax17 Vx:<



Asymptotic normality

Theorem
1) The estimator a1 is asymptotically normal, i.e., for T — oo

Law (ﬁ(ér - a)) N (0, (;8(3)2 Tr (Qli’lQéj’b)li’i‘)) .

2) The estimator bt is asymptotically normal, i.e., for T — oo

Law (ﬁ (ET - b)) N <o, (73[);)2 Tr (Qézagb)f%;)) .



Asymptotic normality

e Since
Tr (QR)Qég,b),Q*) = _: g Tr (Qli’ngg’b)'%)
+ Tr (Qﬁl Qéi’b) ’%f) )

the limiting variance of V' T (47 — a) is smaller than the
limiting variance of v/ T (47 — a) and the limiting variance of

VT (ET — b) is smaller than the limiting variance of
VT (br - b).



Asymptotic normality

If we consider "diagonal case”, the limiting variances of
Gaussian distributions may be specified as

*

Law <ﬁ(§r — a)) *,
(TrlQ)z <b(b4i31)2 Tr (Qz(—A)il) +aTr Q2>> )
Lo (VF (br - ) 5

(Tr Q)2
Law (VT (37 = 2)) “> N (0, ag:g” :
o (VT (b7 ) 0 o4 TLEL D),

for T — 0.



Simulation — Setup

e D =(0,1) — We consider the wave equation for the oscillating
rod. Hence we model it as a function from the space

L2((0,1)).

e The choice of the orthonormal basis of the space L2((0,1)) is
{en(&) = V2sin(nm&),n=1,...,N =10},

which makes the boundary condition u(t,0) =0 = u(t, 1), for
any t > 0, always satisfied.



Simulation — Basis
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Simulation — Setup

e T =100 — The length of the time interval which is used.
e At =0.0001 — The mesh of the partition of the time interval
[0, T].

e The intial functions u; and up have the following form

N
ui(€) = V2 sin(nm€) = un(€).
n=1

This means that (ug, e,,>L2(D) =1= (up, e,,>L2(D) for any
n=1,...,N, ie., the initial conditions are the same in all N
dimensions.



Simulation — Initial condition
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Simulation — Setup

a=1, b= 0.2 — The setup of the parameters that are to be

estimated.

—a, = —n?m? — The eigenvalues of the operator A.

An = 1?780 — The eigenvalues of the operator Q.

We consider the "diagonal case”, i.e., the eigenvectors of the
operators A and @ coincide and form the basis

{en(§),n=1,...,N}.



Simulation — R code

e T <- 100
N <- 1000000
Delta <- T/N
K <- 10
t <- seq(0, T, length = N+1)
X <- matrix(0, K, N+1)
Y <- matrix(0, K, N+1)
X0 <- c(rep(1,K))
YO <- c(rep(1,K))
a <-1
b <-0.2



Simulation — R code

e sequence <- 1:K
alpha <- sequence”2*pi~2
lambda <- 1000/sequence”2
X[,1] <- X0
Y[,1] <- YO
set.seed(123)
Z <- matrix(rnorm(K#*N), K, N)
for (i in 2:(N+1)){
X[,i] <- X[,i-1] + Y[,i-1]*Delta
Y[,i] <= Y[,i-1] - (b*alpha*X[,i-1] +
2xaxY[,i-1])*Delta +
sqrt (lambda)*Z[,i-1]*sqrt (Delta)

}



Simulation — Time evolution — First coordinate

X[1,]

-20
1




Simulation — Time evolution — Tenth coordinate
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Simulation — Time evolution
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Simulation — Time evolution, At = 0.05
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Simulation — Time evolution, At = 0.05
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Simulation — Time evolution, At = 0.05
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Simulation — Time evolution, At = 0.05
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Simulation — Time evolution, T = 100
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Implementation of estimators — R code

e I <- numeric(N+1)
ahat <- numeric(N+1)
bhat <- numeric(N+1)
I[1] <- sum(alpha*X[,1]172) + sum(Y[,1]1°2)
ahat[1] <- sum(lambda)*(b+1)/(4xb*xI[1])
bhat[1] <- sum(lambda)/(4*a*xI[1] - (sum(lambda)))
for (i in 2: (N+1)){
I[i] <- (I[i-11*(i-1) + sum(alphaxX[,i]"2) +
sum(Y[,i]°2))/i
ahat[i] <- sum(lambda)x*(b+1)/(4*xb*xI[i])
bhat[i] <- sum(lambda)/(4*a*xI[i] - sum(lambda))
}
Tr <- sum(lambda)*(b+1)/(4*ax*b)
Tr
I[N+1]
ahat [N+1]
bhat [N+1]



Simulation — Results

e From the generated trajectory, we obtained these results:

o | =2827.041

o Tr QP — bELSN=I0 )\ ' 9394652

o 47 =0.8223, by = 0.1588

e The limiting variance of the random variable v T (471 — a)
equals to 1.0466.

e The limiting variance of the random variable v/T (b7 — b)

equals to 0.0776.
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Simulation — Results

e The results for the family of estimators (47, br) are the
following:

1 N=10
Y1 = 2396. = » = 1937.210,
T =2396.570, ;1 A 937.210

N=10
Hr = 430471, -~ Zl A\, = 387.442,
n=

57 = 0.9000, by = 0.1796.
e The limiting variance of the random variable v/ T (31 — a)
equals to 0.4505.

e The limiting variance of the random variable /T (b7 — b)
equals to 0.0343.
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The values of v/ T(47 — a) — Overall

o
~ 4
o o o ° °
& o
@ o © o o ©
- - o o ° )
° o o o o
T o o
£ o o0 o ©
= o o ° o o o0Q o
S o 4 o > o ? o
< ® o ©O o
E o o oo 5 ©
2 0% o 000 ° 0 90 o
< o0 %94 o o 0g,
o
= o ° ® 0° o °
° e}
o ° o
N
[ o o
o
o
o _|
|
T T T T T
0 20 40 60 80 100

Index



The values of \/T(br — b) — Overall
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The values of v/ T(37 — a) — Overall

o -
N o
o
© o
o (o]
- -
_ % o5 0
[ ° N ° o© o O
£ o © <)) ° o 00
5] @ © o OOO o ©
co—&)o 0 0,° & o 0o 0@ % ©
K] ¥ 0 S e b0 o ,2° @ 9
2 0o o o 00 o
5 o 00 o0 o
- | o o o % o
1 o o
[s} op
o
1
™ _|
1
T T T T T T
0 20 40 60 80 100

Index



o %
(o]

100

[e]
60 80
Index

40

20

The values of v/ T(br — b) — Overall
o &°
¥ e

[ewsousping



Simulation — Conclusion

e Due to smaller limiting variances, the family of the estimators
(37, br) is better than the family (47, bt) not only in conrete
example, but it is better overall.

e The limiting variances are accurate. It really seems that
05, 45% of all data lie within the 95,45% confidence intervals.

e Data from the previous Figures seems to be normally
distributed as prescribed. The Wilk—Shapiro test of normality
did not reject the hypothesis of normality on 5%-significance
level. (The p—values of the tests were actually over 25%.)



Estimation of parameters — Observational window

e Fix z € V, z # 0. Birkhoff theorem yields

T

: 1 X 2 (a,b)
0 — ) .
Tll—r:lo 7/, (X*(t),z)y, dt <Qoo z, Z>v’ P—as.

for any xp € V.

e Remind that V = Dom((—A)z) x L2(D).

e The orthonormal basis of L2(D) consists of vectors
{en,n € N}.

e The orthonormal basis of Dom((—A)%) consists of vectors

{fn, n € N}, where f, = \/eng

e Consider "diagonal case”.




Estimation of parameters — Observational window

o Let z= ( zO > where z, € L2(D). Then the strongly
2

consistent estimator of parameter a is

(Qz2, 22) 12
T o :
7Jo <X20(t)722>i2(o) dt

§T7Z2 =

o letz= ( 201 > where z; € Dom((—A)%). Then the strongly

consistent estimator of parameter b is

192 21 oy

a T /yx 2
Flo X205

BTZ = .
»41 dt



Estimation of parameters — Observational coordinate

o Letz= ( t‘i > where e, € L?(D). Then the strongly
consistent estimator of parameter a is
Ak
+Jo (X°(8), &) oy It

ark =

o Letz= ( g ) where fj € Dom((—A)%). Then the strongly

consistent estimator of parameter b is

- A;
bTJ: T J

F o (X°(2).5);

1 dt'
Dom((—A)?2)



Estimation of parameters — Observational coordinate

e If we use 37 instead of a and set j = k, we may go even
further

T /yx
T %fo <X20(t)aek>i2(p) dt

btk = T 5
7o OO Fdp Cahy

dt



Asymptotic normality— Observational coordinate

Theorem
1) The estimator ar j is asymptotically normal, i.e., for T — oo

Law (ﬁ(épk - a)) AN N (0, a).
2) The estimator Epk,k is asymptotically normal, i.e., for T — oo

Law(ﬁ (Br sk — b)) N <0 43b>

g
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Parameter estimation — Conclusion

Rewrite the stochastic partial differential equation to the form
dX(t) = AX(t) dt + ¢ dB(t), X(0) = xo.

Compute the semigroup S(t).

Check if the semigroup S(t) is exponentially stable.
Compute the covariance operator Q.

Use suitable ergodic theorem.

Derive the estimator from the limiting property.

Try to prove asymptotic normality for the estimator.
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