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V časových okamžićıch i = 1, . . . , n pozorujeme posloupnost
nezávislých dvourozměrných vektor̊u {(X1(i),X2(i)

)} takových, že
corr

(
X1(i),X2(i)

)
= ρ. (Pro začátek předpokládejme, že jsou

studované vektory normálně rozdělené.)

Předpokládáme, že v každé souřadnici došlo v neznámém čase ke
skoku o neznámé velikosti ve sťredńı hodnotě, přičemž doby, ve
kterých docháźı ke skoku se nemuśı shodovat.



Odhady

Problém:

X1(i) = a + e1(i), i = 1, . . . , k∗1 , X2(i) = b + e2(i), i = 1, . . . , k∗2 ,
X1(i) = e1(i), i = k∗1 + 1, . . . , n, X2(i) = e2(i), i = k∗2 + 1, . . . , n.

Prvńı nápad: Odhadněme zvlášt’ k∗1 použit́ım pouze {X1(i)} a k∗2
použit́ım pouze {X2(i)}.



Odhad bodu změny v jedné časové řadě

Parametr a známý:

k̃ =argmink

{ k∑
i=1

(
X (i)− a

)2
+

n∑
i=k+1

X (i)2
}

=argmaxk{
a2(k − k∗)− 2a

k∗∑
i=k

ei +
n∑

i=1

e2i pro k ≤ k∗,

− a2(k − k∗) + 2a
k∑

i=k∗
ei +

n∑
i=1

e2i pro k ≥ k∗
}
.



a2n(k̃ − k∗) D→ ξ,

kde ξ = argmax{−|s|+ 2W ∗(s), s ∈ R1}
}
. Hustota i distribučńı

funkce ξ jsou známé.



Parametr a neznámý:

k̃ =argmin[nβ]≤k≤n

{
min
a

k∑
i=1

(
X (i)− a

)2
+

n∑
i=k+1

X (i)2
}
=

=argmax[nβ]≤k≤n

{1
k

( k∑
i=1

X (i)
)2 − 1

k∗
( k∗∑

i=1

X1(i)
)2}

=

=argmax[nβ]≤k≤n

{
χ2
1(k)− χ2

1(k
∗)
}
=

=argmaxk{
− a2(k∗ − k)− 2a

k∗∑
i=k

ei +
1

k

( k∑
i=1

ei
)2 − 1

k∗
( k∗∑
i=1

ei
)2

pro k ≤ k∗,

− a2(k − k∗)
k∗

k
+ 2a

k∑
i=k∗

ei +
1

k

( k∑
i=1

ei
)2 − 1

k∗
( k∗∑
i=1

ei
)2

pro k ≥ k∗.
}



D(k , k∗) = a2(k∗ − k) pro k ≤ k∗,

D(k , k∗) = a2(k − k∗)
k∗

k
pro k ≥ k∗.

It holds D(k , k∗) ≥ const a2|k − k∗|.



Předpokládejme, že an
√
n → ∞, potom pro všechna C > 0

max
a2n|k−k∗ |≤C

∣∣∣(χ2(k)−χ2(k∗)
)
−
(
−a2n |k−k∗|+2an

k∗∑
i=k

e(i)
)∣∣∣ = oP(1).

a2n(k̃ − k∗) = OP(1).



Rozděleńı

argmax[βn]≤k1≤n

1

k1

( k1∑
i=1

X1(i)
)2

je dáno{e1(i), |i − k∗1 | ≤ C1/a
2
n},

argmax[βn]≤k2≤n
1

k2

( k2∑
i=1

X2(i)
)2

je dáno{e2(i), |i − k∗2 | ≤ C2/b
2
n}.

1
n a2n

→ 0 a 1
n b2n

→ 0 ⇒ k̃1 and k̃2 jsou asymptoticky nezávislé a oba

maj́ı stejné rozděleńı jako ξ = argmax{−|s|+ 2W ∗(s), s ∈ R1}
}
.



Zaved’me Z (i) =(X2(i)− ρX1(i)) /
√

1− ρ2, i = 1, . . . , n.
Pro k1 ≤ k2

Z (i) =
b − ρa√
1− ρ2

+ v(i), i = 1, . . . , k1,

=
b√

1− ρ2
+ v(i), i = k1 + 1, . . . , k2,

= v(i), i = k2 + 1, . . . , n.

Pro k1 ≥ k2

Z (i) =
b − ρa√
1− ρ2

+ v(i), i = 1, . . . , k2,

=
−ρa√
1− ρ2

+ v(i), i = k2 + 1, . . . , k1,

= v(i), i = k1 + 1, . . . , n.

Zaved’me Sx(k) =
∑k

i=1 X1(k) a Sz(k) =
∑k

i=1 Z (i).



Velikost skoku X1(i) v k1 je |a|. Velikost skoku Z (i) v k1 je | ρ a |√
1−ρ2

a v k2 je | b |√
1−ρ2

. Kvadrát normy velikosti skoku v k1 je a2

1−ρ2
.

Kvadrát normy velikosti skoku v k2 je b2

1−ρ2
.



Odhady

(k̂1, k̂2) = argmax[βn]≤k1≤n,[βn]≤k2≤n χ
2(k1, k2),

kde pro k1 ≤ k2

χ2(k1, k2) =

(
Sz(k2)

)2
k2

+

+

k2
k1

(√
1− ρ2

(
Sx(k1)

)− ρ
(
Sz(k1)− k1

k2
Sz(k2)

))2
k2 − ρ2k1

a pro k2 ≤ k1

χ2(k1, k2) =

(
Sz(k2)

)2
k2

+

+

(√
1− ρ2

(
Sx(k1)

)− ρ
(
Sz(k1)− Sz(k2)

))2
k1 − ρ2k2

.



D(k1, k2, k
∗
1 , k

∗
2 ) ≥ const(a2 + b2) · (|k1 − k∗1 |+ |k2 − k∗2 |)



Δ2
n|k̂1 − k∗1 | = OP(1) and Δ2

n|k̂2 − k∗2 | = OP(1).

MC = {(k1, k2); |k1 − k∗| ≤ C/Δ2
n ∩ |k2 − k∗| ≤ C/Δ2

n}.

max
(k1,k2)∈MC

∣∣∣∣∣χ2(k1, k2)− χ2(k∗1 , k
∗
2 )−

(
− a2n|k1 − k∗1 |

1− ρ2
− b2n|k2 − k∗2 |

1− ρ2
+

+
2an√
1− ρ2

sign(k1 − k∗1 )
max(k1,k

∗
1 )∑

i=min(k1,k∗1 )+1

(√
1− ρ2e1(i)− ρv(i)

)
+

+
2bn√
1− ρ2

sign(k2 − k∗2 )
max(k2,k∗2 )∑

i=min(k2,k∗2 )+1

v(i)

)∣∣∣∣∣ = oP(1). (1)



k∗
1 = [nτ ∗1 ], k

∗
2 = [nτ ∗2 ], τ

∗
1 �= τ ∗2

Asymptotické rozděleńı (k̂1, k̂2) as n → ∞. Předpokládejme, že
an → 0, bn → 0 tak, aby 0 < L1 < |bn/an| < L2. Označme
Δ2

n = a2n + b2n a předpokládejme, že Δn
√
n → ∞.

Věta
Za shora uvedených předpokladů

a2n
1− ρ2

(k̂1 − k∗1 )
D→ ξ1,

b2n
1− ρ2

(k̂2 − k∗2 )
D→ ξ2,

kde ξ1 a ξ2 maj́ı asymptoticky stejné rozděleńı jako
ξ = argmax{−|s|+ 2W ∗(s), s ∈ R1}

}
. Nav́ıc jsou odhady k̂1 a k̂2

asymptoticky nezávislé.



Co se stane, když τ ∗1 = τ ∗2 = τ ∗?

Marginálńı rozděleńı a2n(k̃1 − k∗) a b2n(k̃2 − k∗) se nezměńı, ale
odhady budou korelované.

Předpokládejme, že an/bn → L, pak vektor(
a2n(k̂1 − k∗)/(1 − ρ2), b2n(k̂2 − k∗)/(1 − ρ2)

)
konverguje v

distribuci

(t0, s0) = argmax−∞<t<∞,−∞<s<∞X (t, s).



X (t, s) =

= t + s(1− 2Lρ) + 2W ∗
1 (t) + 2W ∗

2 (s), t < 0, s < 0, |t| ≥ L2|s|,
= t(1− 2

1

L
ρ) + s + 2W ∗

1 (t) + 2W ∗
2 (s), t < 0, s < 0, |t| < L2s,

= −t + s + 2W ∗
1 (t) + 2W ∗

2 (s), t ≥ 0, s ≤ 0,

= t − s + 2W ∗
1 (t) + 2W ∗

2 (s), t ≤ 0, t ≥ 0,

= −t(1− 2
1

L
ρ)− s + 2W ∗

1 (t) + 2W ∗
2 (s), t > 0, s > 0, t < L2s,

= −t − s(1− 2Lρ) + 2W ∗
1 (t) + 2W ∗

2 (s), t > 0, s > 0, t > L2s,



kde {W ∗
1 (t),∞ < t < ∞} a {W ∗

2 (t),∞ < t < ∞} jsou náhodné
procesy definované:

W ∗
1 (t) = W11(t), t ≥ 0, W ∗

2 (t) = W21(t), t ≥ 0,

= W12(−t), t < 0, = W22(−t), t < 0,

a {W11(t), t ≥ 0}, {W12(t), t ≥ 0}, {W21(t), t ≥ 0},
{W22(t), t ≥ 0} jsou Wienerovy procesy takové, že

cov
(
W11(t),W12(s)

)
= −ρmin(t, s), cov

(
W12(t),W21(s)

)
= 0,

cov
(
W11(t),W21(s)

)
= 0, cov

(
W12(t),W22(s)

)
= 0,

cov
(
W11(t),W22(s)

)
= 0, cov

(
W21(t),W22(s)

)
= −ρmin(t, s).



ξ(t) = inf{s;X (t, s) = max
0≤s

X (t, s)},
t0 = inf{t̃;X(t̃, ξ(̃t)) = max

0≤t
X
(
t, ξ(t)

)},
s0 = ξ(t0).

V důsledku zákona o iterovaném logaritmu pro Wienerovy procesy
plat́ı P(t0 < ∞∪ s0 < ∞) = 1.

Rozděleńı (t0, s0) záviśı na L. Za předpokladu, že τ∗1 = τ∗2 = τ∗

rozděleńı (k̂1 − k∗, k̂2 − k∗) nezáviśı na τ∗ a typu rozděleńı
{(e1(i), e2(i))}.
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scatterplot of (k̂1, k̂2) for an = 0.4, bn = 0.2, ρ = 0.8
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scatterplot of (k̂1, k̂2) for an = 0.4, bn = 0.4, ρ = 0.8
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scatterplot of (k̂1, k̂2) for an = 0.4, bn = 0.6, ρ = 0.8
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qqplot of k̂1 for an = 0.4, bn = 0.4 and k̂1 for an = 0.4, bn = 0.2, ρ = 0.8
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qqplot of k̂1 for an = 0.4, bn = 0.4 and k̂1 for an = 0.4, bn = 0.6, ρ = 0.8
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scatterplot of (k̂1, k̂2) for an = 0.4, bn = 0.4, ρ = 0.4
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scatterplot of (k̂1, k̂2) for an = 0.4, bn = 0.4, ρ = 0.8



an = bn = 0.4, ρ = 0.4 Var
( 0.42

1− 0.42
|k1 − k∗1 |

)
= 41.68

an = bn = 0.4, ρ = 0.8 Var
( 0.42

1− 0.82
|k1 − k∗1 |

)
= 264.76



Chceme odhadnout rozd́ıl τ∗1 − τ∗2 za předpokladu an = bn

Jestliže τ∗1 �= τ∗2 , k̂1 − k̂2 rozd́ıl dvou asymptoticky nezávislých
veličin se známým asymptotickým rozděleńım.

Jestliže τ∗1 = τ∗2 , rozděleńı pomoćı simulace

ρ=0 ρ=0.4 ρ=0.8

an =0.4 11.8 11.4 11.8
an =0.6 11.8 10.9 12.0

Tabulka 95% horńıch kvantil̊u a2n(k̂
L
1 − k̂L2 )/(1− ρ2).

ρ=0 ρ=0.4 ρ=0.8

an =0.4 16.3 15.6 15.6
an =0.6 15.8 14.4 16.0

Tabulka 97.5% horńıch kvantil̊u a2n(k̂
L
1 − k̂L2 )/(1 − ρ2).
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