
Parameter estimation for the stochastic equation
of second order

Josef Janák

Charles University, Department of Probability and
Mathematical Statistics

Robust, Jeseńıky
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Introduction

• Consider the following wave equation

∂2u

∂t2
(t, ξ) = bAu(t, ξ)− 2a

∂u

∂t
(t, ξ) + Q

1
2 Ḃ(t, ξ), (t, ξ) ∈ R+ × D,

u(0, ξ) = u1(ξ), ξ ∈ D,

∂u

∂t
(0, ξ) = u2(ξ), ξ ∈ D,

u(t, ξ) = 0, (t, ξ) ∈ R+ × ∂D,

where D ⊂ Rd is a bounded domain with a smooth boundary,
a > 0, b > 0 are unknown parameters and the Ḃ(t, ξ) is the
formal time derivative of the Brownian motion.

• Based on the observation of trajectory of process
{Xt = (u(t, ·), ∂u∂t (t, ·))>, 0 ≤ t ≤ T}, the strong consistent
estimators of parameters a and b will be proposed.



Assumptions

• Assume, that {en, n ∈ N} is the orthonormal basis in L2(D)
and the operator A : L2(D)→ L2(D) is such that

(i) Aen = −αnen,
(ii) ∃ε > 0 ∀n ∈ N αn > ε,
(iii) αn →∞.

• These assumptions cover the case, that if the set D ⊂ Rd is
open, bounded and with a smooth boundary, then the
operator A = ∆|Dom(A) and Dom(A) = H2(D) ∩ H1

0 (D).



Assumptions

• Assume, that the operator Q is positive nuclear operator in
L2(D) with eigenvalues {λn, n ∈ N}, i.e.

(iv) Qen = λnen,
(v) ∀n ∈ N λn > 0,
(vi)

∑∞
n=1 λn <∞.

• We consider the diagonal case. That means, that the
eigenvectors {en, n ∈ N} of the operator Q are the same as
the eigenvectors of the operator A.



General setting

• This problem may be rewritten as an infinite dimensional
stochastic differential equation

dXt = AXt dt + Φ dBt , (1)

X0 = x0 =

(
u1
u2

)
.

• To this aim, introduce the Hilbert space

H = Dom((−A)
1
2 )× L2(D) endowed with the norm∥∥∥∥( x1

x2

)∥∥∥∥2
H

= ‖x1‖2
Dom((−A)

1
2 )

+ ‖x2‖2L2(D)

=
∥∥∥(−A)

1
2 x1

∥∥∥2
L2(D)

+ ‖x2‖2L2(D) . (2)



General setting

• Define the linear operator A:

Ax = A
(

x1
x2

)
=

(
0 I
bA −2aI

)(
x1
x2

)
,

∀ x ∈ Dom(A) = Dom(A)× Dom((−A)
1
2 ).

• Also define the linear operator Φ in H as follows

Φ =

(
0 0

0 Q
1
2

)
.



Semigroup S(t)

• Assume, that
∀ n ∈ N a2 − bαn < 0. (3)

• Under this assumption, the eigenvalues {ln, n ∈ N} of the
operator A equal to

l1,2n = −a± i
√
bαn − a2

and the operator A generates a C0–semigroup in H, which
has the following form.



Semigroup S(t)

Lemma

For all x =

(
x1
x2

)
∈ H, the semigroup S(t) equals to

S(t)

(
x1
x2

)
=

(
s11(t) s12(t)
s21(t) s22(t)

)(
x1
x2

)
,

where

s11(t) = e−at
(
cos(βt) + aβ−1 sin(βt)

)
,

s12(t) = e−atβ−1 sin(βt),

s21(t) = e−at
(
−β − a2β−1

)
sin(βt),

s22(t) = e−atβ−1 (−a sin(βt) + β cos(βt)) .



Semigroup S(t)

• The operator β : L2(D)→ L2(D) in the previous formulae is

defined by β = (−bA− a2I )
1
2 .

• All operators are defined by their respective series. For
example

βx =
∞∑
n=1

√
bαn − a2 〈x , en〉 en,

sin(βt)x =
∞∑
n=1

sin
(√

bαn − a2 t
)
〈x , en〉 en,

where x ∈ L2(D) are from their respective domains.



Covariance operator Q
(a,b)
∞

• The equation (1) is a linear equation ⇒ there exists a mild
solution Xt .

• The semigroup S(t) is exponentially stable ⇒ there exists an

invariant measure µ
(a,b)
∞ , which fullfils µ

(a,b)
∞ = N

(
0,Q

(a,b)
∞

)
.

• The covariance operator Q
(a,b)
∞ of the limit measure µ

(a,b)
∞

satisfies

Q(a,b)
∞ =

∫ ∞
0

S(t)ΦΦ∗S∗(t) dt. (4)



Covariance operator Q
(a,b)
∞

• The computation yields

Q(a,b)
∞ =

∫ ∞
0

(
q11(t) q12(t)
q21(t) q22(t)

)
dt,

=

(
1

4abQ(−A)−1 0
0 1

4aQ

)
, (5)

where

q11(t) = e−2atβ−1 sin(βt)Qβ−1 sin(βt),

q12(t) = e−2atβ−1 sin(βt)Qβ−1 (−a sin(βt) + β cos(βt)) ,

q21(t) = e−2atβ−1 (−a sin(βt) + β cos(βt))Qβ−1 sin(βt),

q22(t) = e−2atβ−1 (−a sin(βt) + β cos(βt))Qβ−1×
× (−a sin(βt) + β cos(βt)) .



Estimators of parameters

• According to [Maslowski, Posṕı̌sil], some Birkohoff–type
ergodic theorem may be applied. Namely

lim
T→∞

1

T

∫ T

0
‖X x0

t ‖2H dt =

∫
H
‖y‖2H dµ(a,b)∞ (y) (6)

= Tr Q(a,b)
∞ , (7)

for any initial contidion x0 ∈ H.

• From the expression (5), Tr Q
(a,b)
∞ equals to

Tr Q(a,b)
∞ =

1

4ab
Tr Q(−A)−1 +

1

4a
Tr Q (8)

=
1

4ab

∞∑
n=1

λn
αn

+
1

4a

∞∑
n=1

λn. (9)



Estimators of parameters

• If we denote YT := 1
T

∫ T
0 ‖X

x0
t ‖2H dt, then (based on (7) and

(8)) some strongly constistent estimators of parameters a and
b may be proposed.

• If the true value of the parameter b is known, then the
strongly consistent estimator of the parameter a is

âT =
1

4YT

(
1

b
Tr Q(−A)−1 + Tr Q

)
. (10)

• If the true value of the parameter a is known, then the
strongly consistent estimator of the parameter b is

b̂T =
Tr Q(−A)−1

4aYT − Tr Q
. (11)



What if a2 − bαn ≥ 0?

• If
∃ n ∈ N a2 − bαn > 0, (12)

or
∃ n ∈ N a2 − bαn = 0, (13)

then the eigenvalues of the operator A are different and the
semigroup S(t) has different forms. But the covariance

operator Q
(a,b)
∞ will remain the same.



Asymptotic normality

• Are the estimators asymptotic normal?

•
√
T (âT − a)

?→ Z1 ∼ N(0,V1),
√
T
(
b̂T − b

)
?→ Z2 ∼ N(0,V2).

• If so, we could make interval estimators very easily.

• We could test some hypotheses about the parameters.



Possible future extensions

• We could consider a non–diagonal case.

• We could consider another operator A.

• We could consider BH
t instead of Bt .
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