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Hospitalizace cyklist̊u z důvodu poraněńı hlavy
vývoj zastoupeńı věkových skupin v letech 1999-2009
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Zobecněný lineárńı model

I Y i = (Y1,i ,Y2,i ,Y3,i )
′ ∼ Multi(ni ,πi ), i = 1, . . . ,N.

I EY = nπ.

I Předpokládaný model:

ln
π1(x)

π2(x)
= α1 + β1x

ln
π2(x)

π3(x)
= α2 + β2x .

I Adjacent-categories logit model (
”
log-lineáńı model šanćı

sousedńıch kategoríı“).

I Parametry (α1, α2, β1, β2) odhadujeme metodou maximálńı
věrohodnosti.



Analýza kompozičńıch dat

I Y i = (Y1,i ,Y2,i ,Y3,i )
′, i = 1, . . . ,N považujeme za N

pozorováńı 3-složkové kompozice.
I Kompozici lze vyjáďrit pomoćı r̊uzných

”
logratio“ soǔradnic:

I soǔradnice založené na sousedńıch kategoríıch:

Z1(x) = ln
π̂1(x)

π̂2(x)
, Z2(x) = ln

π̂2(x)

π̂3(x)

I ortogonálńı soǔradnice:

Z∗1 (x) = ln
π̂1(x)

π̂2(x)
, Z∗2 (x) = ln

√
π̂1(x)π̂2(x)

π̂3(x)

I π̂(x) = (π̂1(x), π̂2(x), π̂3(x))′ = 1
n(x)Y (x),

tud́ıž π̂k (xi )
π̂l (xi )

=
Yk,i

Yl,i
k , l = 1, . . . , 3.

(p̌redpokládáme nenulovost všech
”
složek“)



Analýza kompozičńıch dat (lineárńı model logratio soǔrad.)

Z1(xi ) = ln
π̂1(xi )

π̂2(xi )
= a1 + b1xi + ε1,i ,

Z2(xi ) = ln
π̂2(xi )

π̂3(xi )
= a2 + b2xi + ε2,i .

I εi , i = 1, . . . ,N i.i.d.
I εi = (ε1,i , ε2,i )

′ ∼ N(0,Σ)

I Σ =

(
σ21 ρσ1σ2

ρσ1σ2 σ22

)
Tud́ıž:

EZ1(x) = E ln
π̂1(x)

π̂2(x)
= a1 + b1x

EZ2(x) = E ln
π̂2(x)

π̂3(x)
= a2 + b2x .



Podobnost/rozd́ılnost

Sousedńı kategorie
(zob.lin.model):

ln
π1(x)

π2(x)
= α1 + β1x

ln
π2(x)

π3(x)
= α2 + β2x .

Ortonormálńı soǔradnice
(zob.lin.model):

ln
π1(x)

π2(x)
= α∗1 + β∗1 x

ln

√
π1(x)π2(x)

π3(x)
= α∗2 + β∗2 x .

Sousedńı kategorie
(kompozičńı data):

E ln
π̂1(x)

π̂2(x)
= a1 + b1x

E ln
π̂2(x)

π̂3(x)
= a2 + b2x .

Ortonormálńı soǔradnice
(kompozičńı data):

E ln
π̂1(x)

π̂2(x)
= a∗1 + b∗1x

E ln

√
π̂1(x)π̂2(x)

π̂3(x)
= a∗2 + b∗2x .



Korespondence mezi parametry p̌ri použit́ı r̊uzných
logratio-soǔradnic

ln
π1(x)

π2(x)
= lnπ1(x)− lnπ2(x) = α1 + β1x

ln
π2(x)

π3(x)
= lnπ2(x)− lnπ3(x) = α2 + β2x

ln
π1(x)

π2(x)
= lnπ1(x)− lnπ2(x) = α∗1 + β∗1 x

ln

√
π1(x)π2(x)

π3(x)
=

1

2
lnπ1(x) +

1

2
lnπ2(x)− lnπ3(x) = α∗2 + β∗2 x

α∗1 = α1, β
∗
1 = β1, α

∗
2 = α1/2 + α2, β

∗
2 = β1/2 + β2.

+ princip invariance pro maximálně věrohodné odhady:

α̂∗1 = α̂1, β̂
∗
1 = β̂1, α̂

∗
2 = α̂1/2 + α̂2, β̂

∗
2 = β̂1/2 + β̂2.



Podobnost obou p̌ŕıstupů

I π = (π1, π2, π3)′

I π̂ = (π̂1, π̂2, π̂3)′ = Y /n

g : R3 → R2

I Zob.lin.model: g(π) =
(

ln π1
π2
, ln π2

π3

)′
I An.kompoz.dat: g(π̂) =

(
ln π̂1

π̂2
, ln π̂2

π̂3

)′



Podobnost obou p̌ŕıstupů

I π = (π1, π2, π3)′

I π̂ = (π̂1, π̂2, π̂3)′ = Y /n

√
n(π̂ − π)

D→ N(0,Σ0),
kde Σ0 =diag(π)− ππ′.

g : R3 → R2

I Zob.lin.model: g(π) =
(

ln π1
π2
, ln π2

π3

)′
I An.kompoz.dat: g(π̂) =

(
ln π̂1

π̂2
, ln π̂2

π̂3

)′
√
n(g(π̂)− g(π))

D→ N(0, (∂g/∂π)Σ0(∂g/∂π)′),

kde ∂g/∂π =

( 1
π1
− 1

π2
0

0 1
π2

− 1
π3

)



Podobnost obou p̌ŕıstupů

I π = (π1, π2, π3)′

I π̂ = (π̂1, π̂2, π̂3)′ = Y /n

√
n(π̂ − π)

D→ N(0,Σ0),
kde Σ0 =diag(π)− ππ′.

g : R3 → R2

I Zob.lin.model: g(π) =
(

ln π1
π2
, ln π2

π3

)′
I An.kompoz.dat: g(π̂) =

(
ln π̂1

π̂2
, ln π̂2

π̂3

)′
√
n(g(π̂)− g(π))

D→ N(0, (∂g/∂π)Σ0(∂g/∂π)′),

kde ∂g/∂π =

( 1
π1
− 1

π2
0

0 1
π2

− 1
π3

)



Rozd́ılnost obou p̌ŕıstupů

√
n

((
ln π̂1

π̂2

ln π̂2
π̂3

)
−
(

ln π1
π2

ln π2
π3

))
D→ N (0,ΣG (π)) .

ΣG (π) =

( 1
π1

+ 1
π2

− 1
π2

− 1
π2

1
π2

+ 1
π3

)
Připomenut́ı, p̌redpokládaná var. matice v lineárńım modelu pro
logratio soǔradnice (analýza kompozičńıch dat):

Σ =

(
σ21 ρσ1σ2

ρσ1σ2 σ22

)



Numerická ilustrace I

ln
π1(x)

π2(x)
= −0.4x , ln

π2(x)

π3(x)
= 0.4x .

x π1 π2 π3 nσ2
1 nσ2

2 ρ
0 0.33 0.33 0.33 6.00 6.00 -0.50
1 0.29 0.43 0.29 5.83 5.83 -0.60
2 0.24 0.53 0.24 6.12 6.12 -0.69
3 0.19 0.62 0.19 6.92 6.92 -0.77
4 0.14 0.71 0.14 8.36 8.36 -0.83
5 0.11 0.79 0.11 10.66 10.66 -0.88
6 0.08 0.85 0.08 14.20 14.20 -0.92
7 0.05 0.89 0.05 19.57 19.57 -0.94
8 0.04 0.92 0.04 27.61 27.61 -0.96
9 0.03 0.95 0.03 39.65 39.65 -0.97

10 0.02 0.96 0.02 57.63 57.63 -0.98



Numerická ilustrace I
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Numerická ilustrace II

I ln π1(x)
π2(x)

= 0.2, ln π2(x)
π3(x)

= 0.5

I (π1(x), π2(x), π3(x)) = (0.432, 0.354, 0.214) pro všechna x

I počet pozorováńı n = 100 pro x ∈ {0, 1},
n = 10 000 pro x ∈ {2, . . . , 10}

I p̌ri testováńı hypotézy nulovosti směrnice v lineárńım modelu
pro logratio soǔradnice H1 : b1 = 0 źıskáváme 19-20 %
(nesprávných) zaḿıtnut́ı.

I stejný výsledek též pro test H2 : b2 = 0

I
”
důvod“...(viz následuj́ıćı obrázek)



Numerická ilustrace II
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Hospitalizace cyklist̊u
Zobecněný lineárńı model:

ln
π1(x)

π2(x)
= α1 + β1x

ln
π2(x)

π3(x)
= α2 + β2x .

Lineárńı model pro logratio soǔradnice (an. kompozičńıch dat):

E ln
π̂1(x)

π̂2(x)
= a1 + b1x

E ln
π̂2(x)

π̂3(x)
= a2 + b2x .

Odhady parametr̊u:

kompozičńı p̌ŕıstup zob. lin. model rozd́ıl

α1 (a1) 0.1137 0.1215 -0.0078
α2 (a2) -0.4502 -0.4526 0.0023
β1 (b1) -0.0245 -0.0266 0.0021
β2 (b2) -0.0613 -0.0608 -0.0005



Hospitalizace cyklist̊u – porovnáńı model̊u
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Hospitalizace cyklist̊u – porovnáńı model̊u

Srovnáńı směrodatných odchylek pro odhady parametr̊u

kompozičńı p̌ŕıstup zob. lin. model pod́ıl

α1 (a1) 0.0438 0.0254 1.73
α2 (a2) 0.0310 0.0228 1.36
β1 (b1) 0.0074 0.0050 1.48
β2 (b2) 0.0052 0.0043 1.22



Daľśı praktický p̌ŕıklad
– vývoj věkové sktruktury ČR od roku 1990 (do roku 2014)

podle dat věrejně p̌ŕıstupných na stránkách ČSÚ



Vývoj věkové sktuktury ČR v letech 1990-2014
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Vývoj věkové sktuktury ČR v letech 1990-2014,
logratio soǔradnice
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Statistik versus opičák

I Statistik má k dipozici sofistikované modely: zobecněný lineárńı
model, analýzu kompozičńıch dat, použ́ıvá lokálně lineárńı trend
(červené body)

I Opičák p̌redpov́ıdá proložeńım posledńıch dvou hodnot p̌ŕımkou
(modré body)
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pod́ıl pr̊uměrných absolutńıch predikčńıch chyb statistika proti opičákovi
je 1,39 pro prvńı soǔradnici a 1,44 pro druhou soǔradnici



rok délka pred. intervalu pod́ıl délek
kompozičńı p̌ŕıstup zob. lin. model

1993 0.0317 0.0056 5.6
1994 0.0096 0.0058 1.7
1995 0.0279 0.0057 4.9
1996 0.0159 0.0058 2.7
1997 0.0691 0.0057 12.0
1998 0.0277 0.0061 4.5
1999 0.0224 0.0060 3.7
2000 0.0027 0.0061 0.4
2001 0.0098 0.0061 1.6
2002 0.0606 0.0062 9.7
2003 0.0177 0.0062 2.8
2004 0.0086 0.0064 1.4
2005 0.0173 0.0062 2.8
2006 0.0595 0.0063 9.4
2007 0.0203 0.0064 3.2
2008 0.0996 0.0064 15.6
2009 0.1614 0.0065 25.0
2010 0.2046 0.0065 31.6
2011 0.2270 0.0063 35.8
2012 0.2685 0.0064 42.1
2013 0.1577 0.0064 24.8
2014 0.0061 0.0063 0.96



(Abs.predikčńı chyby) versus (délky pred. interval̊u)
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Variabilita v datech

1.diference, 1.souradnice
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Zobecněné lineárńı modely, nebo analýza kompozičńıch
dat? (závěr)

I Podbnost obou p̌ŕıstupů: už́ıvaj́ı stejné logratio transformace.

I Modely se však p̌resto lǐśı.

I Rozd́ıl je ve variančńı struktǔre var(transformace(π̂(x))), která je
v p̌ŕıstupu zobecněných lineárńıch model̊u závislá na regresorech x a
na počtu pozorováńı n, zat́ımco p̌ri analýze kompozičńıch dat ji
pokládáme za nezávislou na x a n.

I Oba modely dávaj́ı v námi řešených praktických úlohách velmi
podobné odhady parametr̊u a tedy i velmi podobné predikce, nedá
se ř́ıci, že by odhady jednou z metod byly p̌resněǰśı (ve smyslu nižš́ı
variability odhadů).

I Při hodně vysokých počtech pozorováńı (úloha týkaj́ıćı se věkové
struktury populace ČR) může být p̌resnost predikce na základě
zobecněného lineárńıho modelu nižš́ı, než bychom dle modelu
očekávali. Zdá se, že druhý p̌ŕıstup t́ımto problémem netrṕı.


