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The copula wave (1986–2005)
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1. Copulas: Definition

What is a copula?

The joint distribution function of a random pair (U,V ), where

U ∼ U(0, 1), V ∼ U(0, 1).

For all u, v ∈ (0, 1),

Pr(U ≤ u) = u,

Pr(V ≤ v) = v ,

Pr(U ≤ u,V ≤ v) = C (u, v).

The copula C describes how U and V vary together.



1. Copulas: Illustration

Draw 1000 observations from U and V independently:
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Theoretical model for U (or V ):

F (u) = Pr(U ≤ u) = u,
d

du
F (u) = f (u) = 1.



1. Copulas: Illustration

Plot the pairs (U,V ):
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Theoretical representation of the joint behavior of U and V :

C (u, v) = Pr(U ≤ u,V ≤ v) = Pr(U ≤ u) Pr(V ≤ v) = uv

and
∂2

∂u∂v
C (u, v) = 1.



1. Copulas

Other sampling mechanisms
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1. Copulas

Analytical example

For arbitrary θ ∈ [−1, 1], set

Cθ(u, v) = uv + θuv(1− u)(1− v), u, v ∈ (0, 1).

This is the Farlie–Gumbel–Morgenstern parametric copula family.

Case θ = 0:
C⊥(u, v) = uv ⇔ U ⊥ V .



1. Copulas

Other examples (there are book treatments of this)

I Archimedean copulas

I Elliptical copulas

I Extreme-value copulas

I Vine copulas



1. Copulas

Innumerable applications, e.g., in finance and insurance

X Analysis of CDOs X Annuity valuation

X Asset modelling X Capital assessment

X Credit risk X Joint life tables

X Option pricing X Portfolio modelling

X Premium calculations X Reinsurance contracts

X Risk aggregation X Risk assessment



1. Copulas

Why is it so?

Because copulas...

I reveal the true nature of dependence between variables;

I lead to flexible multivariate stochastic models.

Most existing models assume margins of the same form.



1. Copulas

“Reveal dependence”
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1. Copulas

“Reveal dependence”
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1. Copulas

Characterize dependence

Sklar (1959) showed that when H is continuous,

I one can always write

H(x , y) = C{F (x),G (y)}, x , y ∈ R;

I C is unique.

The case where H can have jumps is trickier.



1. Copulas

Flexible models

If C is a copula and F , G are univariate distribution functions, then

H(x , y) = C{F (x),G (y)}, x , y ∈ R

is a joint distribution for the pair (X ,Y ) with margins F ,G , viz,

Pr(X ≤ x ,Y ≤ y) = C{Pr(X ≤ x),Pr(Y ≤ y)}.

Ex.: The FGM model

H(x , y) = F (x)G (y) +θF (x)G (y){1−F (x)}{1−G (y)}, x , y ∈ R.



1. Copulas

Two FGM distributions
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1. Copulas

X ∼ N (0, 1),Y ∼ N (0, 1), C =?

y

−1

−2 1

1

−1

0

−2

x

2

2

0

y

−1

−2 1

1

−1

0

−2

x

2

2

0

x

−2

1

0

2

−3

−3

−1

0

−2

−1 1 2

y

1

y

−2

x

−1

−1

−2

1

0

20

2

1

2

−1

x

−2

3

y

1

−2

30

0

2

−1



2. Copula models

Definition

Regression model:

E(Y |X = x) = α + βx + ε.

Copula model:

H(x , y) = C{F (x),G (y)}, x , y ∈ R

with
C ∈ Cθ, F ∈ Fα, G ∈ Gβ.



2. Copula models

Advantages

In the model
H(x , y) = Cθ{Fα(x),Gβ(y)},

I Fα,Gβ are arbitrary;

I can involve covariates;

I Cθ, Fα,Gβ can be treated separately.



2. Copula models

Illustration: Grégoire et al. (2008)

Variables:

I Price of Oil (Light Sweet Crude)

I Price of Natural Gas (mmBTU)

Period: 2004–01–01 → 2006–08–31

Margins: GARCH



2. Copula models
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2. Copula models

-0.05 0.00 0.05

-2
0

2
4

oil

ga
s

Residuals



2. Copula models

Can one see the copula?

Estimate the margins by

Fn(x) =
1

n + 1

n∑
i=1

1(Xi ≤ x), Gn(y) =
1

n + 1

n∑
i=1

1(Yi ≤ y).

Plot the pairs

(Ûi , V̂i ) = (Fn(Xi ),Gn(Yi )) =

(
Ri

n + 1
,

Si
n + 1

)
.



2. Copula models
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Source: Grégoire et al. (2008)



2. Copula models

Empirical copula

For all u, v ∈ [0, 1],

Ĉn(u, v) =
1

n

n∑
i=1

1(Ûi ≤ u, V̂i ≤ v),

Idea: Rüschendorf (1976), Deheuvels (1979)

Convergence: Fermanian et al. (2004), Segers (2012), etc.

For the discrete case: Genest, Nešlehová & Rémillard (2016)



2. Copula models

Asymptotic result

If the copula C is “regular,” then, as n→∞,

Ĉn =
√
n (Ĉn − C ) Ĉ,

where

Ĉ(u, v) = C(u, v)− ∂C (u, v)

∂u
C(u, 1)− ∂C (u, v)

∂v
C(1, v),

with C = Brownian sheet. In short, if n is large, then Ĉn is a good
approximation of C , viz.

Ĉn ≈ C .



3. Inference

Steps to consider

3A Model selection

3B Model fitting

3C Model validation

Once a model has been validated, it can be used for prediction.



3A. Descriptive statistics

Doing what comes naturally

Compute the correlation ρn using
the pairs

(Û1, V̂1), . . . , (Ûn, V̂n).

This is in contrast to the
standard Pearson correlation,
based on the pairs

(X1,Y1), . . . , (Xn,Yn).
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3A. Descriptive statistics

Spearman’s rho

When n→∞,

ρn = rank correlation

→ ρ = −3 + 12

∫ 1

0

∫ 1

0
C (u, v)dvdu

= corr{F (X ),G (Y )}.

Under H0 : C = C⊥,

ρn ≈ N
(

0,
1

n − 1

)
.



3A. Descriptive statistics

Pearson’s correlation

This traditional measure of dependence has many faults:

I corr(X ,Y ) measures linear dependence;

I is margin dependent;

I can be quite misleading;

I may not exist (e.g., Cauchy).



3A. Descriptive statistics

Bounds on corr(X ,Y )
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3A. Descriptive statistics

The empirical copula: A unifying concept

I Linear functionals of Ĉn =
√
n (Ĉn − C ) are Gaussian.

I Margins are nuisance parameters.

I Pairs of ranks are maximally invariant.



3A. Descriptive statistics

Example: Consistent tests of independence

A test of independence is designed to check whether

H0 : C = C⊥

Consistent tests of this hypothesis can be based on

Ĉn =
√
n (Ĉn − C⊥)

and its Möbius decomposition.

See, e.g., Genest & Rémillard (2004).



3B. Parametric estimation

Suppose you believe that C = Cθ for some θ ∈ Θ. How can you
estimate θ?

A popular solution (among others)

Maximize

`(θ) =
n∑

i=1

ln[cθ{Fn(Xi ),Gn(Yi )}]

=
n∑

i=1

ln{cθ(Ûi , V̂i )},

called the pseudo-likelihood.



E1. Parametric likelihood inference

Log pseudo-likelihood

Under the assumption that C ∈ C = (Cθ), the equation to solve is

˙̀(θ) =
∂

∂θ
`(θ)

=
n∑

i=1

ċθ

(
Ri

n + 1
,

Si
n + 1

)/
cθ

(
Ri

n + 1
,

Si
n + 1

)
= 0.



E1. Parametric likelihood inference

Example: FGM copula

Suppose that Cθ(u, v) = uv + θuv(1− u)(1− v).

In this case,

cθ(u, v) = 1 + θ(1− 2u)(1− 2v)

and

ċθ(u, v)

cθ(u, v)
=

(1− 2u)(1− 2v)

1 + θ(1− 2u)(1− 2v)

for all u, v ∈ (0, 1).



E1. Parametric likelihood inference

FGM log pseudo-likelihood

It is given by

`(θ) =
n∑

i=1

ln

{
1 + θ

(
1− 2Ri

n + 1

)(
1− 2Si

n + 1

)}
and the corresponding pseudo-score function is

˙̀(θ) =
n∑

i=1

(
1− 2 Ri

n+1

)(
1− 2 Si

n+1

)
1 + θ

(
1− 2 Ri

n+1

)(
1− 2 Si

n+1

)
=

n∑
i=1

(n + 1− 2Ri ) (n + 1− 2Si )

(n + 1)2 + θ (n + 1− 2Ri ) (n + 1− 2Si )
.



E1. Parametric likelihood inference

FGM log pseudo-likelihood (left) and score function (right)
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3B. Parametric estimation

Asymptotic results

It can be shown that the maximum pseudo-likelihod estimator

θ̂n ≈ N
(
θ,
ν2

n

)
and one can also get an estimate of ν2.

This procedure is

I margin-free;

I efficient near independence.



3B. Parametric estimation

Initial values

When θ ∈ R, classical nonparametric measures of dependence are
often increasing in θ, e.g.

X Spearman’s rho: ρ = ψ(θ);

X Kendall’s tau: τ = φ(θ).

Simple moment-like estimates can then be obtained by inversion:

θ̌n = φ−1(τn), θ̆n = ψ−1(ρn).



3B. Parametric estimation

Spearman’s rho

ρ(X ,Y ) = −3 + 12

∫ 1

0

∫ 1

0
C (u, v)dvdu = corr{F (X ),G (Y )}.

Kendall’s tau

τ(X ,Y ) = −1 + 4

∫ 1

0

∫ 1

0
C (u, v)dC (u, v)

= −1 + 4 Pr(X1 < X2,Y1 < Y2)

where (X1,Y1), (X2,Y2) are independent copies of (X ,Y ).



3B. Parametric estimation

Illustration

In the FGM model,

ρ = θ/3, τ = 2 θ/9.

θ ∈ [−1, 1] can be estimated by

θ̌n = 3 ρn, θ̆n = 9 τn/2.

In general, consistency and asymptotic normality follow from
U-statistic theory; see, e.g., Lee (1990).



3B. Estimation

Illustration with oil-and-gas data
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Fitting a t(20) copula using ρn ≈ 0.522.



3C. Goodness-of-fit tests

Best model?
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3C. Goodness-of-fit tests

General approach

I Assume H0 : C ∈ Cθ.

I Compute θn: estimate of θ.

I Measure a “distance”

Dn = Dn(Ĉn,Cθn).

I Find the distribution of Dn or approximate it as n→∞.

I Compute a p-value or an approximation thereof:

p = Pr(Dn > Dn|H0).



3C. Goodness-of-fit tests

Common approach

Dn = n

∫ 1

0

∫ 1

0
{Cθn(u, v)− Ĉn(u, v)}2dĈn(u, v)

=
n∑

i=1

{Cθn(Ûi , V̂i )− Ĉn(Ûi , V̂i )}2.

Other popular choice

Tn = max
1≤i≤n

|Cθn(Ûi , V̂i )− Ĉn(Ûi , V̂i )|.



3C. Goodness-of-fit testing

Complication

The distribution of

Dn = n

∫ 1

0

∫ 1

0
{Cθn(u, v)− Ĉn(u, v)}2dĈn(u, v)

depends on the unknown value of θ0.

Options

I Parametric bootstrap

I Multiplier method



3C. Goodness-of-fit testing

Warning
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3C. Goodness-of-fit testing

Warning
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3. Goodness-of-fit testing

“The Formula that killed Wall Street?”
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4. Current issues

There are many, hence our presence here!

New challenges arise when data are...

I multivariate;

I discontinuous;

I incomplete;

I time series;

I dependent on covariates;

I etc.



4. Current issues

Dealing with large-dimensional problems

Idea: Proceed by successive conditionings

Advantages:

I There is already a rich class of bivariate copulas.

I Complete flexibility and no compatibility issues.

Ref.: Joe (1997), Bedford & Cooke (2002),
Aas et al. (2009), Kurowicka & Joe (2011)



4. Current issues
C-Vine
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4. Current issues

D-Vine
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4. Current issues

Looking for models with interpretation

Models with an underlying structure, such as “factor models.”

For example, McNeil & Nešlehová (2009) suppose that

X = RAU

with A = Id , R > 0 being independent from U, uniformly
distributed on

{(s1, . . . , sd) ≥ 0 : s1 + · · ·+ sd = 1}.

This leads to Archimedean copulas, viz.

C (u1, . . . , ud) = ψ{ψ−1(u1) + · · ·+ ψ−1(ud)}.



4. Current issues

Dealing with extreme events

Extreme-value copulas are used to predict the frequency and size
of catastrophic events due to simultaneous events:

X Floods X Droughts
X Hurricanes X Heat waves, etc.

A bivariate extreme-value copula looks like this:

C (u, v) = exp

[
ln(uv)A

{
ln(v)

ln(uv)

}]
where A : [0, 1]→ [1/2, 1] must satisfy specific conditions.



4. Current issues

The Saguenay Flood: July 19, 1996

100 mm of rain in two days
1.5 billion dollars in damage in Chicoutimi and surroundings


