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Data Envelopment Analysis

Notation, Efficiency Dominance

m DMUy ... k-th decision making unit (k=1,...,K)
m X := (xp) € R™K _input matrix
B X = (Xik, - - -y Xmk) ... input vector of DMU,
® X;. := (Xj1,...,Xi) ... values for i-th input (i=1,...,m)
m Y= (yi) € R™K . input matrix
®yi:= (Yik,---,Ymk) ... output vector of DMUj
® Y. := (Yji,...,Yi) ... values for j-th output (j =1,...,n)
m PPS ... production possibility set - combination of allowed
inputs and outputs
m DMU, with (x.g,y.0) ... DMU to be analyzed
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m X := (xp) € R™K _input matrix
B X = (Xik, - - -y Xmk) ... input vector of DMU,
® X;. := (Xj1,...,Xi) ... values for i-th input (i=1,...,m)
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m PPS ... production possibility set - combination of allowed
inputs and outputs
m DMU, with (x.g,y.0) ... DMU to be analyzed

Definition 1

DMU; dominates DMUs wrt. PPS if x < x.o and y > y.o, with at least
one (one-dimensional, input or output) inequality strict

Definition 2

DMU, is efficient wrt. PPS if #i(x,y) € PPS dominating (x.o,y.o)-
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Data Envelopment Analysis - 0-1 Model

Discrete Production Possibility Set

Discrete PPS (BowLIN, BRENNAN ET AL, 1984): PPS, {(x,@ yk,)}ffl
Dominance wrt. PPS;: additive model with integer constraints

max(» s+ s;7) subject to
j i
ZX:'M/( +S; = Xio Vi (inputs)
. _ (1)
Z YikAk — Si = Yjo Vj (outputs)

Z)\k—l /\kG{O 1}K, I,$/+>0

m s ..slackfor XA <x, // st .. slack (surplus) for YA >y,

m DMUj is efficient wrt. PPS, if no slack is greater than O (i. e.,
both inequalities are active) in optimal solution
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PSS Data Envelopment Analysis - 0-1 Model

.'.. Discrete Production Possibility Set
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Data Envelopment Analysis - BCC Model

Continuous Production Possibility Set

Continuous (convex) PPS (BANKER, COOPER, CHARNES, 1984):

PPSc={(x.y) [ x=X\y =Y\ N =1A>0}

Dominance wrt. PPSq: BCC (output oriented) model

max ¢ +e(> s+ s;7) subject to
J i

Z Xik Mk + S; = Xjo Vi (inputs)

k (2)
Z Yikhk — Si7 = Yo Vj (outputs)
k

Z Me=1, A >0, s,-_,s;r > 0, ¢ unconstrained
k

€ ... non-Archimedean infinitesimal
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Data Envelopment Analysis - BCC Model

Continuous Production Possibility Set
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Data Envelopment Analysis - BCC Model

Continuous Production Possibility Set - Dual Problem

Dual problem:

min u’x.o + q subject to
u'x,—vlyi+g>0  Vk (DMUs)
viyo=1  (dual for ¢)
u>e€l, v>el, gunconstrained

(3

q (dual for Y, Ay = 1) ... variable returns to scale (VRS) factor
BCC (output oriented) DEA problem of fractional programming:

.
min w subject to
Viy.o
;
UX69 51 yk (DMUs) )
V'V.k
viyo =1,u/vTy. > €l, v/vly, > €l, g unconstrained
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Data Envelopment Analysis - BCC Model

Continuous Production Possibility Set - DEA Efficiency

Definition 3 (DEA Efficiency)

DMUg is BCC-O (fully) efficient wrt. PPS¢ if
o* =
st =s5*=0

Remark

m weak DEA efficiency: ¢* = 1 but some of s,._*,sj** are not zero

(efficient points which are not extreme points of PPS)
m two-stage solution procedure:

solve the BCC-O problem with ¢ = 0 to obtain ¢*

solve the problem max Z/. s;r +>°;s; subject to remaining
constraints where ¢ = 0 and ¢ = ¢ to obtain maximal possible
slacks
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Data Envelopment Analysis - CCR Model

Linear Production Possibility Set

Linear PPS (CHARNES, COOPER, RHODES (1978)):

PPS, = {(x,y) | x =X\,y = YA, A > 0}

Dominance wrt. PPS,: CCR (output oriented) model

max ¢ +e(D s+ s;) subject to
j i

ZX”‘)‘" +5; = Xijo Vi (inputs)
k (5)

Z Yikhk — Si7 = d¥jo Vj (outputs)
k

A >0, s,-_,s;r > 0, ¢ unconstrained
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Data Envelopment Analysis - CCR Model

Linear Production Possibility Set
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Data Envelopment Analysis - CCR Model

Linear Production Possibility Set - Dual Problem

Dual problem:
Tx.0 subject to
u'x. — va.k >0 Yk (DMUs)
vViyo=1  (dual for ¢)
u>el, v>el

minu

(6)

g =0 ... constant returns to scale (CRS)
CCR (output oriented) DEA problem of fractional programming:

.
min UTX'O subject to
Viy.o
T
Xk 1 vk (DMUs) (7)
V'V.k

Viyo=1Lu/VTyo > el, v/vlyo > €l
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Data Envelopment Analysis - Random Data

Introducing Randomness

Introducing Randomness
m X, Y are random matrices
m PPS random production possibility sets
®m « € [0;1) ... tolerance (risk) level (sufficiently small)

LAND, LovELL, THORE (1993), COOPER, HUANG, LI (1996), CoOPER, HUANG
ET AL (1998), COOPER, DENG, HUANG, Li (2002), COOPER, HUANG, LI (2004)

Definition 4

DMUjy is not stochastically dominated in its efficiency wrt. PPS, if
VA € {0, 1} with > A\ = 1 we have

P{X\ < x.0, YA>yo} <a

m if X, Y are continuous we don't need “at least one strict” notion
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Stochastic 0-1 DEA Model

Stochastic extension of the additive 0-1 model

B* :=maxP{X\ < xg, YA >y}

DMUj is stochastically dominated < g* > a.

Recall PPS, = {(xk,yk)};::l (random discrete production set).
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0520 Data Envelopment Analysis - 0-1 Model

.’. Discrete Production Possibility Set
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Stochastic Extension to BCC Model

Joint Stochastic Efficiency

Definition 5

(x*,y*) € PPSc is a-stochastically efficient wrt. PPSc if YA > 0
with >, A\ = 1 we have

P{X\<x*, YA>y'} <«

the set of all a-stochastically efficient points is called
a-stochastically efficient frontier of PPS¢

DMUy is a-stochastically efficient wrt. PPSc if YA € {0, 1}¥ with
> Ak =1 we have

]P{X)\ < X.0, Y\ > y()} <a

Recall PPSc = {(x,y) [ x =X\,y = YA, > A\« = 1,A > 0} (random).
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Stochastic Extension to BCC Model

Necessary and Sufficient Conditions for Stochastic Efficiency

Testing efficiency of DMU,

Proposition 6 (sufficient condition)

If

P{17(X\ — x0) < 1" (YA —y0)} < a
then DMUy is a-stochastically efficient.

Proposition 7 (necessary condition)
If DMUy is a-stochastically efficient then VA > 0 with >~ Ay = 1 and

P{xi\A <xjp} >1—¢ Vi (inputs)
P{yjA > yio} >1—¢ Vj (outputs)

then
P{17(X\ —x0) < 1" (YA —y0)} < a
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Stochastic Extension to BCC Model

Joint Chance-Constrained Efficiency

Almost 100% Confidence Chance-Constrained Problem

B* := maxP{17(X\ — xo) + 17(y.o — YA) < 0}  subject to
P{xiA <xjo} >1—¢ Vi (inputs)
P{yiA>vyio} >1—¢ Vj (outputs)

A>0) N=1
Proposition 8

If DMUy is a-stochastically efficient then 5* < a.
If p* > o then DMUj is not a-stochastically efficient.
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Stochastic Extension to BCC Model

Joint Chance-Constrained Efficiency

Example: normally distributed outputs

m let Y follow multivariate normal distribution;
m denote X := EX, Y :=EY, and o7 ()\) := var(y/ A — yjo)

B :=min17(X\ — x0) + 17(y.0 — YA) + 0(\)@"Y(a)  subject to
X\ < Xio Vi (inpUtS)
Vid + (V)@Y (e) >y Vj (outputs)

A>0,) Ne=1
Proposition 9

If DMUy is a-stochastically efficient then * > 0.
If 5* < 0 then DMU, is not a-stochastically efficient.
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Marginal Chance-Constrained DEA

E-model for BCC

CooPER, DENG, HuANG, Li (2002, 2003): E-model for BCC

max¢ +e(D st + > s;7)  subject to
j i

P{xiA+5s; <xjp}>1—« Vi (inputs)
P{yiX —s > ¢yio} >1—a  Vj (outputs)

A0, Ne=1

(8)

v

Definition 10

DMUy is a-stochastically DEA efficient if
¢ =1
st =s"*=0.
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Marginal Chance-Constrained DEA

Normally Distributed Outputs

m let Y follow multivariate normal distribution;
m let Y:=EY, and 07(¢, \) := var(y/ X — ¢yjo)
Then the (nonlinear) DEA problem to solve is

max ¢ + e(z s+ Zsi_) subject to
J i

Xi A+ S = Xio Vi (inputs)
)_//1>\ ol ‘I)(_l) (Oé)O'j((b, )\) — Sjﬂ_ = d)}_/jo Vj (outputs)
D=1 M>0,5,5 >0
)

v

(DEA problem with adjusted outputs).

We can use second-order cone programming approximation
scheme to find the upper and lower bounds for the problem (c.f.
CHENG, HouDA, LISSER (2014)).
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