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Standard mixture regression models

Standard linear regression model
Y= X;[,B +¢€j
The mixture of linear regression models can be written as
X! B1 +e1;  with probability 1
X; Bz +€2;  with probability >
Y= . where g ~ N(0, 0?)

X[ B, +cg  with probability

Accounting for the mixture structure, the conditional density of y;|x; is

1%, W) = > mio(y|x] Br, 0F).

i=1

W denotes the vector of all parameters

‘u:(7T17~'~77T07(:31T70'12)v"'7( Zvog))T'
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Maximizing the log likelihood function
n c
Iog L(w|X1 yoes Xy Y1, 7yn) = Z Iog (Zﬂ,¢(}ll|xlTﬂ,,0',2))
= =1

The EM algorithm is an iterative procedure which alternates between an
Expectation step and a Maximization step.

(k + 1)th iteration of EM algorithm:
1. E-step: Given the observed data y and current parameter estimates

~ (k) . . ) ) . I
\u( ) in the kth iteration, calculates estimated a-posteriori probabilities,
assigning each observation j to each cluster i.

~ (K)o
o _ w%(y,\x%f g ,-“)>
T
l/
S8 70y X8y 55 0)

if

2. M-step: Given the estimates T( ) for the a- posteriori probablhtles T

(which are functions of g ), obtain new estimates gl of the
parameters by maximizing expected complete log—likelihood, which is in
general easier to maximize than the original likelihood.

(K n c R
ow, v = ZZTIEK) log ¢(yj|X] By, o?)

j=1 i=1
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The maximization is equivalent to solving the weighted least squares

problem:

BIY = rw x) = xw®ly  for i=1,... ¢,

Parameter estimation

wherey = (y1,...,yn)7 is the vector of observations and
X=(xq,.. x,,)T is the design matrix, both are weighted by 7, 1/2( ).

In order to estimate & cr, and 7; we use

~(k+1) (k1)

T
32(”1):(!’ X6 ) Wily — XB; )7 for i=1,...,¢,
n
and L
A(HU 211 for i=1,...,¢c

n



Mixture regression models with concomitant
variables

We consider mixture of regressions with concomitant variables of form
c
(X, wp) = > mi(w), ) (yj1x] By, 0F),
i=1

Multinomial logit model for the =; is given by

T
W o
exp /! .,
n,(wﬁa,):ip for i=1,...,c,

T
S5 g exp®i ¥

with a = (e, ...,a¢) and ay = 0.
The vector of all parameters is given by

V= ((a,B],0%),.... (a8, BT, 02).
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Parameters estimated via EM algorithm.

Kristy
M-step: maximization of expected complete log likelihood Va'ﬁ'ﬁé‘&"ﬁé
; o (k) Q)
O(ww ) O1(B/7 gi, = 7 --7C;w )+02(a7w )7
where
n e Mixtures of
. (k) ~(K) regressions with
Q ,3-,0-2,I =1,..., 7 log (p(y;|XF B;, & concomitant
1( =i 121: 2 i 9 ( (yj‘ ! )) variables

and

3>
o

~(k R
)) = E ,fk IOg 7"/ wj7al))
j:‘l =1

Formulas Q; and Q. can be maximized separately. The maximization of
. . ~(k+1) .

Qq gives new estimates ,65 * ),a,.z(k“), i=1,...,c, and the

maximization of @, gives a**"). @ is maximized using the weighted

ML estimation of linear models and Q. by means of the weighted ML
estimation of multinomial logit models.



Categorical concomitant variable

The data comes from two component mixture of the following structure:

1500bs.: y=5—-10x+c¢; e ~ N(0, 15)
1500bs.: y=10—-2x +¢; e ~ N(0,15)
Categorical concomitant variable assigns value 1 and 2 to observations

from the first component (with accuracy of 90%) and value 3 and 4 to
observations from the second component (with accuracy of 90%)
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Comparison of true data classification (top left), classification via ! .
regresnich modell

ordinary mixture of regressions (bottom) and classification via mixture of
regressions with concomitant variable (top right). Kristyna
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Continuous concomitant variable

The data comes from three component mixture of the following structure:

500bs.: y =150 —1.2x +¢; e ~ N(0, 10)
80obs.: y=40—-4x+¢; e ~ N(0, 40)
300bs.: y=40—-1x+¢; e ~N(0,10)

Explanatory variable can be used as concomitant variable for better
estimates of observations membership.
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Shlukové analyza

Comparison of true data classification (top left), classification via ve smésich
ordinary mixture of regressions (bottom left & bottom right) and regresnich modeld
classification via mixture of regressions with concomitant variable (top Kristyna
right). Vankatova
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The MSE and variance of the regression parameters and standard error

estimates for both mixture models:

MSEPAR(tm)

Bio Bt Bao B2t | B B Bao Bt Bzo  Bai
klasicka smés | 2.098 0.095 2.189 0.023 | 5.508 0.006 55.368 0.069 149.421 0.028
smés s dopr. | 1.763 0.057 1.809 0.017 | 5.017 0.006 30.709 0.059 61.040 0.011
prom.
VAR(tm) Bio  B11 B Bar| B B Baog B2t Bzo Bt
klasicka smés | 2.033 0.051 2.063 0.018 | 3.683 0.005 34.297 0.059 13.816 0.003
smés s dopr. | 1.713 0.048 1.799 0.016 | 4.772 0.005 29.577 0.059 56.016 0.010

prom.

For three component mixture - most of the standard mixture estimates
are completely inaccurate and not included in the estimates quality
comparison.
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Conclusions

Mixtures of regression models can be applied to data where
observations originate from various groups and the group
affiliations are not known.

Mixture of regressions with concomitant variables provides
quality estimates in the sense of lower MSE and variance of
parameters.

Concomitant variable enhances the classification of
observations.
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Thank you for your attention!

Shlukové analyza
ve smésich
regresnich modell

Kristyna
Varikatova

Continuous concomitant
variable - explanatory
variable



References =

regresnich modell

Kristyna
Varikatova
BENAGLIA, T., CHAUVEAU, D., HUNTER, D.R. a YOUNG, D.S.. Mixtools: An R Package for
Analyzing Finite Mixture Models. Journal of Statistical Software. 2009, Vol. 32, No. 6.
www.jstatsoft.org [online 27.2.2014]

DE VEAUX, R.D. Mixtures of linear regressions. Comput. Statist. Data Anal. 1989, No. 8, pp.
227-245.

DESARBO, W.S. a CRON, W.L.. A Maximum Likelihood Methodology for Clusterwise Linear
Regression. Journal of Classification. 1988, No. 5. URL: deepblue.lib.umich.edu [online 3.3.2014]

FARIA, Susana, SOROMENHO, Gilda. Fitting mixtures of linear regressions. Journal of
Statistical Computation and Simulation (Impact Factor: 0.63). 03/2010; 80:201-225.
DOI:10.1080/00949650802590261. URL: http://www.researchgate.net [online 10. 2. 2014]

GRUN, B. a LEISCH. F.. Fitting Finite Mixtures of Generalized Linear Regressions in R.
Computational Statistics and Data Analysis. 2006. URL: http://www.ci.tuwien.ac.at [online 5. 5.
2015]

GRUN, B. a LEISCH. F.. FlexMix Version 2: Finite Mixtures with Concomitant Variables and
Varying and Constant Parameters. Journal of Statistical Software. 2008, Vol. 28, No. 4. URL:
cran.at.r-project.org [online 3.3.2014] References

HOSHIKAWA, Toshiya. Mixture regression for observational data, with application to functional
regression models. 2013. URL: arxiv.org [online 10.3.2014]

JONES, P.N., MCLACHLAN, G.J. Fitting finite mixture models in a regression context. Aust. J.
Statist. 1992, No. 34, pp. 233-240.

LEISCH, Friedrich. FlexMix: A General Framework for Finite Mixture Models and Latent Class
Regression in R. Journal of Statistical Software. 2004, Vol. 11, No. 8.


http://www.jstatsoft.org/v32/i06/paper
http://deepblue.lib.umich.edu/bitstream/handle/2027.42/45937/357_2005_Article_BF01897167.pdf?sequence=1
http://www.researchgate.net/publication/228464588_Fitting_mixtures_of_linear_regressions
http://www.ci.tuwien.ac.at/papers/Gruen+Leisch-2007b.pdf
http://cran.at.r-project.org/web/packages/flexmix/vignettes/mixture-regressions.pdf
http://arxiv.org/pdf/1307.0170.pdf

	Mixture regression models
	Standard mixture regression models
	Parameter estimation

	Mixtures of regressions with concomitant variables
	Simulation study
	Categorical concomitant variable
	Continuous concomitant variable - explanatory variable


