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AR(p): Yi = α0 +
∑p

j=1 αjYi−j + εi

Gaussian likelihood
ratio test statistic
(see Davis et. al.)
Score test statistic
(see Gombay)
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AR(p) with change at time τ :

Yi − µ =

p∑
j=1

φj(Yi−j − µ) + εi i ≤ τ

Yi − µ∗ =

p∑
j=1

φ∗j (Yi−j − µ∗) + εi i > τ

{εi , i ≤ τ} martingale difference sequence with E[ε2
i ] = σ2

ξ = (µ, σ2, φ1, . . . , φp) - before change
ξ∗ = (µ∗, σ∗2, φ∗1, . . . , φ

∗
p) - after change
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Efficient score test statistic:

B̂(u) = n−1/2I−1/2(ξ̂n)

 ∂
∂µ`[nu](ξ̂n)
∂

∂σ2 `[nu](ξ̂n)

∇φ`[nu](ξ̂n)


I is an information matrix (in this case block-diagonal)
The main advantage of this test statistic is, that we may test the
change in every parameter separately.
For testing change in any of the parameters of AR(p) we use
maxj=1,...,p+2 B̂(j)(u), where B̂(j)(u) are the elements of B̂(u).

Which estimates should we use as ξ̂n?
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Theorem
Let us assume that there is no change in any of the parameters. Let
{εt} be an i.i.d. sequence with E[ε2

i ] = σ2 and E|εi |κ < ∞ for some
κ > 4. Assume that characteristic polynomial φ(z) = 1−

∑p
j=1 φjz j

satisfies φ(z) 6= 0 for all |z| ≤ 1. ξ̂k = (µ̂k , σ̂2
k , φ̂1k , . . . , φ̂pk )′

(i) Under the hypothesis σ2 = σ2
0 and φ = φ0

|µ̂k − µ| = O
(√

log log k
k

)
a.s.

(ii) Under the hypothesis µ = µ0 and σ2 = σ2
0

‖φ̂k − φ‖ = O
(√

log log k
k

)
a.s.

(iii) Under the hypothesis µ = µ0 and φ = φ0

|µ̂k − µ| = O
(√

log log k
k

)
a.s.
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The parameters of mean

µ̃k =
1
k

k∑
i=1

Yi

The autoregressive parameters

φ̃k = (X′
k Xk )−1X′

k Zk

Xk =

0B@ Y0 − µ̃k . . . Y−p+1 − µ̃k
...

...
...

Yk−1 − µ̃k . . . Yk−p − µ̃k

1CA, Zk =

0B@Y1 − µ̃k
...

Yk − µ̂k

1CA
The variance of noise sequence

σ̃2
k =

1
k

k∑
i=1

Yi − µ̃k −
p∑

j=1

φ̃kj(Yi−j − µ̃k )

2
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Theorem

Let us assume that {Yi} satisfy AR(p). Let {εt} be a stationary and
ergodic martingale difference sequence with E[ε2

i ] = σ2,
E[ε2

i |Fi−1] = σ2 and E|εi |κ < ∞ for some κ > 4. Assume that the
characteristic polynomial φ(z) = 1−

∑p
j=1 φjz j satisfies φ(z) 6= 0 for

all |z| ≤ 1. Then the following results hold:

(i) |µ̃k − µ| = O
(√

k−1 log log k
)

a.s.;

(ii) ‖φ̃k − φ‖ = O
(√

k−1 log log k
)

a.s.;

(iii) |σ̃2
k − σ2| = O

(√
k−1 log log k

)
a.s..
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