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Introduction

CAPM (Capital Assets Pricing Model)

rtj—rtvf:ﬁj(rtvM—rtf)—l—etj,jzl,...,d, t=1,...N

rg -return of an asset j at time ¢t

re,m - return of the market portfolio at time t

re,f - riskless security

ryj — ref - access return (risk premium)

B - measure of risk of the asset j w.r.t. the market portfolio

reparametrized model

rg = o+ Bire,m + €4
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Model with time varying betas:

rtj:atj+/6fjrf,M+€tj’ j:].,...,d,t:].,...,N
or more generally,
ri:ai+ﬁiri,M+€i7 i:].,...,

ri,a;, 3;,e; are d-dimensional vectors
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Model with time varying betas:
rtj:atj+ﬁgrt,M—|—5U, j=1...,d,t=1,...,N
or more generally,
ri=oai+Binm+te, i=1...,
ri,a;, 3;,e; are d-dimensional vectors

Sequential monitoring:

We assume stable historical data of size m such that
o] = ... =0p = O, ,@1:...:6,”:,80,

and with any new observation we want to decide whether the
stability in parameters is violated or not.
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Hypothesis testing problem:

Ho:B1=...=Bo
Hi:Bo=PB1=...=Bmik* # Bmikr41= ..
where k* = k;, is an unknown change point.

The null hypothesis is rejected whenever for the first time
Qk, m)/q(k/m) > ca

where @ is a test statistic, g,(t), t € (0,00) is a boundary
function and ¢, is an appropriately chosen critical value.
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The stopping rule:

) = inf{1 < k< mT +1:Q(k,m)/qg,(k/m) > cu},
T oo, if Q(k, m) /gy (k/m) < ca Y1<k<mT+1.

( closed-end procedure)

Ondrej Chochola, Marie Huskovd, Zuzana Praskova (MFF UK) |  Robustni monitorovani stability v modelu CAPM



The stopping rule:

) = inf{1 < k< mT +1:Q(k,m)/qg,(k/m) > cu},
T oo, if Q(k, m) /gy (k/m) < ca Y1<k<mT+1.

( closed-end procedure)
The constant ¢ = ¢, is chosen such that
lim P(Tm < oo|Ho) = q,
m—oo

lim P(7m < oolH1) = 1,

m—o0
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Sequential monitoring in linear models
Chu, Stinchcombe and White, 1996
Horvath, Huskova, Kokoszka, Steinebach, 2004

Aue, Hormann, Horvath, Huskova, and Steinebach, 2011 for
CAPM

- Koubkova 2006 (monitoring, L1-norm)
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Robust procedures in linear models:

- Wu (2007) robust estimators, dependent variables

Koenker, Portnoy, 1990 - multivariate, independent
Bai et al. 1990, 1992 - multivariate, independent

Chan, Lakonischok (1992), Genton and Ronchetti (2008) -
empirical studies in CAPM
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Sequential robust monitoring in CAPM

ri = o) + B+ (of + Brm)I{i > m+k*} +e5,i =1,2,...,

k* - change point, a?,ﬁf-’,a},ﬁjl,j =1,...,d unknown parameters
1 m
M =rimM—TMm, TMm= - E ri M-
i=1

M— estimators Qjm, 3jm of ozj‘?, ﬁj‘-’, based on the training sample:

m
min E pj(r,-j — aj — bj?,'/\/])
i=1

pj are convex loss functions with the derivatives ¢;,j =1,...,d
M-residuals

Y(&) = (Y1(En), - -, Ya(Eia)) "
with R

gij = rij = Qjm(¥) = TimBjm(¥)
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A test statistic based on first m + k observations

m+k m+k

Qem) = (7= 3 k(@) =t (= Y (@),

where the matrix X, is an estimator of the asymptotic variance

mIi_r}noo var{\/lﬁ Z(r;vm - Ef;,M)w(Ei)}
i=1

based on the first m observations
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Typical score functions ¢(x) = p/(x)
o Y(x) = x, x € Rt (p(x) = x?) - least squares estimators and
L residuals

e (x) =signx, x € Rt (p(x) = |x|) - Ly estimators and Ly
residuals

@ Huber

X x| <K
P
Ksignx |x] > K

for x € R! and some K >0
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Assumptions on score functions v;'s

© 1; are monotone functions,

@ functions \j( — [(x dFj(x), t € R, satisfy
Aj(0) =0, /\j( ) >0, Ni(t ) eX|sts in a neighborhood od 0 and
is Lipschitz in neighborhood of 0 for |t| < ¢, for some ¢, > 0.

@ [ |vj(t)]**2dF;(t) < oo for some A > 0 and

/ [i(x + t2) — j(x + t1)[PdFj(x) < Golta — t1]",
forsome 1 < k<2 ¢,>0,C >0

F; distribution function of ¢;;

Ondrej Chochola, Marie Huskovd, Zuzana Praskova (MFF UK) | Robustni monitorovani stability v modelu CAPM



Assumptions on regressors

e Foranyie€Z, rim= h(&i,&i—1,...), where h is measurable,
{&;}; is a sequence of i.i.d. random vectors and
E|rom|>T™ < oo for some A > 0.

e Forall i € Z,
S i — g ll2 < oo
L=1
where

f,-(,é,) = h(&i, &i-1, - -5/—L+17€,(9L, ,(E)L,p c)s

£,7L,£, |_1>--- areiid. with the same distribution as §;
mdependent of {&}i

= {r M} is L— dependent, (,\2, 2 Vi€l
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Assumptions on errors

e Foranyi€Z, ei =g({i,Ci-1,...), where g is measurable,
{¢i}i is sequence of i.i.d. random vectors

e ForallieZ,

S l(en) — ez < o
L=1

Zsup (e —a) — (el — a)[2 < oo

1—1 lal<ao

for some ag > 0, where

=8¢ Cimty oo Giorens G G )

¢io (L) C,(L)pr ... are i.i.d., independent of {{;};, with the
same distribution as (;.
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Asymptotic results

Model under the null hypothesis
Theorem. Let the above assumptions be satisfied and
Ym—X=o0p(l) as m— oo.

Then under the null hypothesis as m — oo

@(k,m) D 27:1 sz(t)

max ————~ — sup
1<k<mT q3(k/m) 0<t<T/(T+1) t27

I

where {W(t), t € (0,1)}, j=1,...,d are independent Brownian
motions and

9y(t) = (1 + ) (¢/(t +1))7, t € (0,00), v €[0,1/2)
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Critical values ¢, satisfies

S WA(H)
P( sup S 127J

> ca> = q.
0<t<T/(T+1)

The explicit form of the limit distribution is unknown

Model under local alternatives:
rj = af + BFm + (o + B Fm)oml{i > m+ k*} + ¢

om—0and k* < Tm+1
Theorem (consistency): When 6, — 0, |0m|m'/2 — 00, 8} # 0 for
at least one j and k* = [ms|, 0 <s< T, as m— o

~

Q(k, m)

maxi<x<mT———~ — 00, in probability.
== gy (k/m)
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Estimator of asymptotic variance matrix X

(e 9]

S = > El(rom — Erom)(riv — Erim)p(e0)b(ei) 7]

i=—o00
Bartlett -type estimator

Em= Y we(k)Tk

[k|<q

N L Zj";k ek EYEK)T k>0

-
F|k| k<0

o) = (1= Eyiiix < )

g(m) — oo as m — oo, g(m)/m — 0
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Numerical results

Simulations

o Critical values computed from simulated limit distribution

@ Empirical quantiles of sample values of test statistic by Monte
Carlo method

@ Empirical quantiles of sample values of test statistic generated
by pair bootstrap from historical period

@ Empirical level of test

@ Empirical power
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Lo Huber Ly
m \y 0 025 0.45 0 025 0.45 0 025 0.45
100 8.2 9.6 87 | 73 8.5 72 | 7.0 8.1 5.9
rim ~AR(1) 200 6.1 7.1 6.6 | 5.6 6.6 54 | 5.1 6.2 4.5
400 5.6 6.5 5.7 | 4.8 5.9 51 | 47 5.7 5.0
100 7.5 9.6 98 | 5.9 7.2 6.0 | 3.8 5.0 3.4
g; ~VAR(1) 200 5.7 6.9 6.9 | 5.1 6.6 52 | 43 5.2 3.8
400 4.9 5.6 6.6 | 4.3 5.2 53 | 3.9 4.6 3.8
rim ~AR(1), 100 12.1 140 124 | 89 107 87 | 6.4 7.7 6.1
e; ~VAR(1) 200 7.2 8.6 85 | 6.6 7.6 6.2 | 5.1 6.7 5.6
400 5.1 6.8 73 | 5.0 6.6 6.1 | 4.3 5.5 5.0

Table: Empirical sizes for 5% level, T = 10, dependent observations.
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L2 Huber L1
m \~y 0 025 045 0 025 045 0 025 045
100 7.4 8.1 6.9 | 5.9 6.7 53| 3.8 4.9 3.6
N 200 4.7 5.9 50 | 44 5.3 43 | 43 5.0 3.9
400 43 5.0 46 | 45 5.1 44 | 3.2 4.5 4.1
100 6.2 8.5 9.3 | 5.7 7.6 6.5 | 5.2 6.7 6.5
ts 200 6.5 8.5 95 | 5.0 6.7 44 | 45 5.4 6.4
400 3.7 5.3 6.3 | 4.2 5.4 39| 3.8 43 5.2
100 626 65.6 64.2 | 55 6.5 42 | 4.2 5.1 5.6
ti1 200 659 685 679 | 53 6.0 46 | 3.9 4.0 5.6
400 62.6 66.1 654 | 44 4.8 4.1 | 3.7 4.6 5.5

Table: Empirical sizes for 5% level, T = 10, different error distribution.
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L, Huber L;
m \~y 0 025 045 0 025 0.45 0 025 045

100 30 20 15 41 28 22 62 45 39
N 200 38 22 15 50 31 22 73 47 35
400 40 27 16 66 36 22 92 54 34

100 38 25 20 41 27 22 63 44 38
ty 200 48 29 20 50 31 22 73 47 34
400 64 35 21 65 37 22 92 54 35
100 ND ND 186 71 50 42 90 66 60
t; 200 ND 348 301 79 51 36 99 66 52
400 ND ND 766 | 100 59 36 | 120 73 48

Table: Medians of detection delays, k* = 10.

Ondrej Chochola, Marie Huskovd, Zuzana Praskova (MFF UK) | Robustni monitorovani stability v modelu CAPM



Lo Huber Ly
m \y 0 025 045 0 025 045 0 025 045
100 41.0 475 550 98 99 98 97 98 97
200 444 51.8 535 | 100 100 100 | 100 100 100
400 41.4 48.2 57.0 | 100 100 100 | 100 100 100

Table: Empirical power of the test (in %) for t; errors
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Application to real data

Data: not traded indices computed from sector data of global world
economy, serve as benchmarks for investors:

@ World Consumer Disretionary (3)
World Consumer Staples (4)
World Energy (5)

World Financials (6)

World Health Care (7)
Information Technology (9)
Telecommunication Services (11)

@ Market portfolio: MSCI World Daily Index (NDDUWI)
@ Risk-free asset: S&P 3M US Treasury Bill

@ Training period: 31.12. 2004-30.11. 2006 (m=500)

@ Monitoring period: 1.12.2006-1.10. 2010
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global world indices, 29.12.2000-29.3. 2011
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L, L, Huber

a B & B & B
0.00034 1.00939 | 0.00042 1.03095 0.00036 1.01308
0.00043 0.68471 0.00036 0.69194 | 0.00042 0.68609
0.00087 1.30334 | 0.00155 1.30181 0.00118 1.29619
0.00058 1.00013 | 0.00054 1.00746 | 0.00054  0.99581
0.00035 0.71222 0.00020 0.73012 0.00022 0.73045
0.00027 1.09566 | 0.00056 1.10835 0.00030 1.09610
1 0.00026 0.88648 | 0.00014 0.89396 | 0.00023 0.89153

= O ~NO 01w

Table: Estimators of «, 3, historical period 31.12. 2004-30.11. 2006:

4-Consumer Staples, 6-Financial, 7-Health Care
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Index: 6,7 Type:3

Test statistic

12007 12008

Financials (6), Health Care (7): red - v = 0, blue - v = 0.25, black - v = 0.45
solid line - asymptotic critical values, dashed - closed end
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Index: 4,6 Type: 3

N

15
|

Test statistic

12007 12008

Consumer Staples (4), Financials (6)
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Index: 4,7 Type:3

Test statistic

VII 2007 1X 2007 X12007 12008 111 2008 V 2008

Consumer Staples (4), Health Care (7)
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Thank you for your attention
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