ROBUST 2010 Poster Section

Introduction

Maximal inequality for stochastic convolution integral
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This contribution dealt with stochastic convolution integral fo S(. — s)(s) dM, driven by local mar-
tingale in Hilbert space with contraction Cy—semigroup S(t). The maximal inequality and tail estimate

are presented.

The introduction is devoted to basic notation and a review of necessary objects (more information can
be found in [2] and [4]). In the second section is presented the maximal inequality of Burkholder-Davis-
Gundy type and the tail estimate for stochastic convolution. And the last section contains the Szekdfalvi-
Nagy theorem about semigroup representation by unitary dilatations and the Burkholder-Davis-Gundy
inequality.

We are working on stochastic basis (€2, F, (F;)i>0, P) satistying usual conditions. O is the o —algebra
generated by real continuous adapted processes (o —algebra of well measurable sets).

Let H and G are (real) separable Hilbert spaces. For z € H and y € G we define x @ y € L(H, G)
by the following formula (2** = r ® x)

r®y:H— G h+—— (x,h),y.

We denote (J1(H,G),|.|;) the Banach space of Nuclear operators and (J2(H, G), (.,.),) the Hilbert
space of Hilbert-Schmidt operators. The space of bounded linear operators is denoted L(H, G).

The family (S;)i>o of bounded linear operators on G is called Cy—semigroup on G, if Sy = I,
Siys = Sp 0 S for every s,t > 0 and it R, — G : t —— Sz is continuous for every x € G.
Then there always exist M < oo and w € R such that |S;| < Me" for all ¢ > 0. The Cy—semigroup
(S¢)i>0 is contraction Cy—semigroup if | S| < 1 for all t > 0. Every Cy—semigroup (St);>g has its
generator (A, D(A)) and we write S; = e, If A is bounded, then et = 77 %, otherwise it is just
a symbol for S;.

The family (Uy)ser is unitary Cy—group on G if Uy = I, Uy s = Uy o Uy for every s,t € R, for every
r€GisR— G : t+—— Upx continuous and if U; are unitary operators for every t € R.

We denote M? (H) respective M?_(H) the set of H—valued local Ly—martingales respective square

loc

integrable martingales with cadlag paths. Note that M2 (H) = M? , (H).

loc oo,loc

Let M € MZ? (H). Then there exists a real cadlag process with paths of finite variation, denoted
by [M] and called quadratic variation of M and a J;(H)—valued cadlag process, denoted by [M] and
called the tensor quadratic variation of M, both are uniquely defined (up to P—equality) with prop-

erty: For every increasing sequence (I1,,) = ({O =ty <ty <...)/ oo}) of subdivisions of R, with
SUP;> |ty — 7’| —==—0 and for every ¢ > 0 holds
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where the convergency in probability is the convergency of Jo( H )—valued random variables. There exists
qu J1(H)—valued O—measurable stochastic process such that: ¢y, take its values in positive selfadjoint
elements of J1(H), Trqy(t,w) =1 for ppg—ae t > 0P-as. and [M], = f(o,t} qu d[M] Vvt >0
P—a.s. The process gy is unique in this sense: if ¢ is another process with the above properties, than
qu(t,w) = q(t,w) for ppyw—ae. t > 0P—as. For M € M; (H) we define the processes [M] and
[M] by localisation.

L* (M) is the space of stochastic processes X with values in linear operators from H to G such that:

)V, w) € RTX QgL (t,w)(H) C DX(tw),

1
ii) Vh € H the process X o g;,(h) is O—measurable (G—valued),

2

1 o0 1
i) V(t,w) e Rt x Q X (t,w) o ¢},(t,w) is Hilbert-Schmidt operator and E [ HX o q3 , d|M] < c.
0

We understand the space L* as the space of classes of equivalence, where X ~ Y iff
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d[M] = 0. The mapping (X,Y) — E [“Tr (X o gy 0 Y*) d[M] is a scalar
2

product on L*.
Let M € M? (H) and X € £(L(H,Q)), ie.

X = Z:Ui]l(si,mxpi +zoljoyxr,, Where n €N, z; € L(H,G), 0<s5; <tjand F; € F,, Vi=0,...,n.
i=1

We define the stochastic integral of process X with respect to M as follows

/ X dM = {iﬂw (Migne - MSW)} . (1)

>0

Clearly £ (L (H,G)) C L* (M) and A% (M) denote the space of processes from L* (M) which can be
aproximated by processes from & (£ (H,G)) in L* (M). The stochastic integral of X € A% (M) is de-
fined as a limit (in M2 ) of stochastic integrals of the aproximating sequence. We are working with the
standard generalisation of this stochastic integral by localisation.

Maximal inequality and tail estimate

The integrand of stochastic convolution integral (2) depends on the upper limit of the integral and in
general it is not a martingale. If the semigroup can be extended to a Cy—group, we can take the factor
e’ in front of the integral in (2) and the convolution is then an image of stochastic integral by a bounded
linear operator e, We follow this idea and we use the representation theorem 4, as in [3]. This restricts
results to contraction semigroups.

The first question is what can we tell about paths of stochastic convolutions?

Proposition 1 Let M € M? (H), ¥ € A2 (M) and let (e*);>q is a contractive Cy—semigroup

loc loc
on Hilbert space GG. Then the stochastic convolution integral

My () = /O teA@—%(s) dM,, t>0, (2)

has cadlag paths in G. If M is continuous then My, 1s continuous as well.

Sketch of proof: We apply Sz.-Nagy Theorem 4:

t t
/ A=) (s) dM, = PU, / U_,mib(s) dM, =: PU.N,, (3)
0 0
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where N € M3 (G). Than we use the right continuity of N and strong continuity of group (Uy);er. O
Now we prove the inequality of Burgholder-Davis-Gundy type for convolution integrals, but still only
in the case of contraction semigroup (e!);=o. The result is already known for continuous integrator M
(because in this case quadratic variation coincide with compensator). There already exist a weaker version
for M general and stochastic integral based on compensator (see inequality (1.10) in [3]). The reason to

define stochastic integral via quadratic variation is to know its quadratic variation. This allow us to use
the BDG-inequality (7).

Theorem 2 For every p > 1 there exists a constant C, < oo such that for every M € M3 (H),
Y € N2 (M), T stopping time and every contractive Cy—semigroup (e')

loc >0 on Hilbert space G 1is
p ; . 2

E( su < CPE / d| M S) . 4

(0<£T G) g (( 0 J5(H,G) M ) 4)

It is possible to set C, = 2p for p > 2 (the constant is the same as the one in the BDG-
inequality (7)). If we limit ourself to continuous martingales, we can choose C, such that

Cp, = O(y/p) as p — oo.

/0 A=)y s) dM, () ()

Proof: The assertion results from (3) and Burkholder-Davis-Gundy inequality (Theorem 5). O
2 (H), we can use the Burkholder-Davis-Gundy inequality with
C, = O(\/p) as p — oo and the stochastic convolution is exponential L?—integrable (in our setting
with contraction Cy—semigroup). See Proposition 2.1 in [3].

If we consider only continuous M € M

If M is generally not continuous, we prove only the exponential L!—integrability of stochastic convo-
lutions. The reason is that for generall M the BDG-inequality holds only with C), = O(p) as p — oc.

Proposition 3 There exist constants A > 0 and C)\ < oo such that for every local martingale
M € M? (H), each stopping time T and any x € (0,00) the estimate

loc
t
/ A=) (s) dM, }g C,
0 G

I A
exp { — Ssu
P VE ogtgr

holds for all processes 1 € \? (M) satisfying

loc

i
ess sup /
Q 0

In particular, an exponential tail estimate

2

(5)q3, (5) d[M], < k. (5)

jZ(HaG)

t e
P< su / eAlt=5)a) (s dM,| > e} < Oy ex {——}
{0<th 0 ws) SOy VK
holds for all € > 0.
Sketch of proof: We use the Theorem 2 and the series representation of an exponential. ]

Cy—semigroup e is quasi-contractive if there exist w € R such that HeAt” < e for all t > 0. Let
w > 0. Then Sy := e e is a contraction Cy—semigroup and the maximal inequality (4) has the form

p T 2 5
E( su < CP(eh PP TP / dMS> . (6
(O<t£7' G) p( ) (( 0 Jo(H,G) M] ) (6)

Similarly, for every o > 1 the Proposition 3 is true if we consider only stopping times 7 satisfying
e &5 suP T <y, The constant C') then depends on a and A.

/O A9y (5) dM, (5)ak,(s)

Apendix

Theorem 4 (Szekéfalvi-Nagy) Let (e)~g is a contractive Cy—semigroup on a Hilbert space
G, then there exist a Hilbert superspace G of G and an unitary Cy—group (Us)ier on G such that
m*olU,om =eM VYVt >0, wheren : G — G is an isometric embedding. P = w* 1s an orthogonal
projection from G on G. If G is separable, then the space G can be chosen separable.

Proof: [1], section 7.2, ]

Theorem 5 (Burkholder-Davis-Gundy inequality) Vp > 1 d¢,,C, € R such that for any
M € M,.(H) and any T stopping time is

B [M]? < Esup | My, P < CZE[M]? | (7)

>0

It is possible to set C), = 2p. If we limit ourself to continuous martingales, we can choose C), such

that C, = O(\/p) as p — 0.

For more information on this result see [3], pages 104-105.
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